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Notations

Traditional name

Jacobi elliptic function cd

Traditional notation

cd(z| m

Mathematica StandardForm notation

Jacobi CD[z, m]

Primary definition

09.25.02.0001.01
cn(z| m)

Specific values

Specialized values

For fixed z

Casem=0

09.25.03.0001.01
cd(z| 0) == cos(2)

09.25.03.0002.01

T
cd(z+ —
2

0) = —-3sin(2

09.25.03.0025.01

nk nk
cd[z+ — O) = cos(z+ —)/; kez
2 2

Casem=1

09.25.03.0003.01
cdz| D=1
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For fixed m

Values at quarter-period points in the fundamental period parallelogram
09.25.03.0004.01
cd0|m =1

09.25.03.0005.01
cd(K(m) |m)==0

09.25.03.0006.01
cd2K(m)|m)=-1

09.25.03.0007.01
cdBK(m)|m)==0

09.25.03.0008.01
cd4K(m) | my==1

09.25.03.0009.01

1
cdi K@ -m) | m)= ——
m

09.25.03.0010.01
cd2iK(1-m)| m)=

09.25.03.0011.01

1
cdBiK@A-m)|m)= ——
m

09.25.03.0012.01
cd(4i K(1—m) | m) ==

09.25.03.0013.01
cdK(m +iK@A-m)|m) =&

09.25.03.0014.01

1
cd2Km +iK@A-m)|m)=—-——
m
09.25.03.0015.01
cdBKmM) +iK@A-m)|m)=2c
09.25.03.0016.01
1
cddK(m +iK@A-m)|m)=——
m

09.25.03.0017.01
cd KM +2iKA-m)|m)==0

09.25.03.0018.01
cd2Km) +2iK(@L-m)|m)=-1

09.25.03.0019.01

09.25.03.0020.01
cddK(m)+2iK(A-m)|m)=
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09.25.03.0021.01
cd@r+DHKmMm+2s+)iKA-m|m=5/{r,se”Z

Values at half-quarter-period points

09.25.03.0022.01
1

2

K(m)
o

1+v1l-m

09.25.03.0023.01
iK(1-m) 1
o ——— |m]=
2 Vm
09.25.03.0024.01
K(m iK@1d-m 1-i
A% )

B {‘/H(\/Prm —i‘/l—m)

+
2 2

General characteristics

Domain and analyticity

cd(z | m) is ameromorphic function of zand mwhich is defined over C2.
09.25.04.0001.01

(z#m)—cd(z|m):: (CRC)—C

Symmetries and periodicities
Parity
cd(z| m) isan even function with respect to z.

09.25.04.0002.01
cd(—z| m) = cd(z| m)

Mirror symmetry

09.25.04.0003.01
cd(z| m) == cdz| m)

Periodicity
cd(z| m) isadoubly periodic function with respect to zwith periods 2 i K(1 — m) and 4 K(m).

09.25.04.0004.01
cd(z+ 2K(m) | m) == —cd(z| m)

09.25.04.0005.01
cd(z+4K(@m) | m) == cd(z| m)

09.25.04.0006.01
cd(z+2iK(@A-m)| m)==—cd(z| m)
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09.25.04.0007.01
cd(z+2KM) +2i K(1—m) | m) == —cd(z| m)

09.25.04.0008.01

cd(z+2rKm +2siK(@d-m) | m)= (-1 cd(z| m) /;{r,sleZ

Poles and essential singularities
With respect to z

For fixed m, the function cd(z | m) has an infinite set of singular points:

8 z=(2r+ 1) K@m +@2s+1iK(@L-m), {r, s} € Z, are the smple poles with residues —(;/1_)"1;
m
b) z== & isan essentia singular point.

09.25.04.0009.01
Sing (cd(z| M) == {{{(2s+ )i KL - m) +(2r + 1) K(m), 1} /; {r, s} € Z}, {&, oo}}

09.25.04.0010.01

-1 r-1
res,(cd(z| m) (2s+ D i K@A-m) + 2r + 1) K(m)) == b

/i{r,steZ
m

Branch points
With respect tom

For fixed z, the function cd(z| m) is ameromorphic function in mthat has no branch points.

09.25.04.0013.01
BPm(cd(z| m)) == {}

P. Walker

With respect to z
For fixed m, the function cd(z| m) does not have branch points.

09.25.04.0011.01
BP(cd(z| m) = {}

Branch cuts
With respect tom

For fixed z, the function cd(z| m) is a meromorphic function in mthat has no branch cuts.

09.25.04.0014.01
BCrm(cd(z| m)) = {}

P. Walker

With respect to z

For fixed m, the function cd(z| m) does not have branch cuts.
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09.25.04.0012.01
BC,(cd(z| m)) == {}

Series representations

Generalized power series

Expansions at generic point z== 7,

For the function itself

09.25.06.0005.01
1
cd(z| m) e cd(zo | M) + (M~ 1) Nz | m) sZo | M) (2 Z0) + — (M= 1) cdzo | m) (nd(zo | M+ msd(zo | M7) (z- 29)% +

(m=1)sn(zo | M) ) ) 5
———————— (4men(zo | M + (M= 1) (msn(zy | M) + 1)) (z— 20)* +
6dn(zo | m)*
(m-1)cn(zy | m)
—————————— (4m(msn(zo | M? + 1) en(zo | M)? + (M= 1) (M(msn(Z | M)? + 14) sn(z | M)* + 1)) (z— 20)* +
24dn(zg | m)5
(m=1)ysn(zo | M 5 5
———————(16mPen(zo | M)* + 44 (m— 1) m(msn(zo | M) + 1) en(zo | M) +

120dn(z | m)6
(m=1)% (m(msn(zo | m)? + 14) sn(Zo | M)? + 1)) (2= 2)° + ... /; (2> 20)
09.25.06.0006.01
cd(z| m) cc ed(zg | M) (1 + O(z - 2))
Expansionsat z==0

09.25.06.0007.01

1 1
cd(z|m)<x1+5(m—1)22+z(l—em+5mz)z4+.../;(z—>0)

09.25.06.0001.02

1 1
cd(z|m)o<1+E(m—1)22+£(1—6m+5mz)z4+

1 (1-412m+ 2142 n? - 3116 0 + 1385 nt) 22
— (-1+47m- 1077 + 6117°) 2° + +
720 40320
(—1+3693m- 45530 7 + 130250 m?® - 138933 nt* + 50521 ) 210 2
+ 0|
3628800 )

09.25.06.0008.01
© Kk (j+1 (- enyj(m)

L1 1 & (i+i=k (=1 dni(m) pjy
cdizlm = ZZ Z( )(:)pr,jZZK/;pj,Ozl/\pj,k=EZ s /\

k=0j=0 (2k-2))! Hr+1 - (2i)!
n n 2n
keN* /\ Snp(m) = 1/\ snp(m) = Z( 2] )cnj (M) dni (M) 6 4—n /\ cng(m) = 1/\
j=0 k=0

n-1n-1

=15 2n-1
onn(m) = ZZ( 2] +1)sn (M) dn(m) 8,1 e /\ dno(m) = 1\ dno(m) = mZZ( 2] +1)sn () M) 8k vt

j=0 k=0
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09.25.06.0009.01
cdz| m) « 1+ O(Z)

Expansionsat z== (2r + 1) K(M) + (2s+1)i K(1 - m)
09.25.06.0010.01

-pt [ 1

m \Z-2%

Z->29)NZ=Q2r+HKm+R2s+1iKA-mArezZ AseZ

cd(z| m) «

1 1
+—M+D)@Z-2z)+—(7TmP=22m+7)(z-2)°+...|/;
5 M+Dz-2) 360( ) (- 20) /

09.25.06.0011.01
r -1 o

cdz| m) = Z(k 1)2 ( ]prk(z )7 /;
1K (Gi+i—k (=1 sn(m) pjy-
=@r+ KM+ @s+Dika-m A\rez Asez \po=1/\px=- e A
k & i+ 1!
n n
keN* /\sno(m) = 1/\snn(m ZZ( )cnj(m) dny (M) 6.4n /\cno(m) = 1/\
j=0 k=0
n-1n-1 n-1n-1
Cnn(m) = Z;Z(;( )sn () AN 8t nva /\ dno(m) = 1 /\ dng(m) = Z(;Z;( 2i+1 )snj(m) CN(M) )it
i j=0 k=
09.25.06.0012.01
(_1)!’—1
cdz|moe ———— (1+0((z- 20)?)) ; o= Rr+ DKM+ (2s+1)i KA-mAreZAseZ
Vm (z-z)
Expansionsat generic point m == mg
For the function itself
09.25.06.0013.01
nd(z| mp) sd(z| my)
cd(z| m) oc cd (z] mp) + e ((mp — 1) z+ E(am(z | mp) | Mp)) (M— M) +

E(@an(z| mp) | mp) — F(am(z| myp) | my)
+

—2(E(am(z| my) | mg) + z(my — 1)) sd(z | mp) nd(z | mg) + 2sd(z | my) (2+ e

———— ((E@@am(z] my) | my) + z(mg — 1)) dn(z| my) — Mg cn(z | mg) sn(z | mp)) y 1 — My sn(z | mp)? ]
2(my—1)my

1
mp nd(z | my) + — (E(am(z | my) | my) + z(m — 1)) cd(z| my) nd(z | mp)°

1
(E(am(z| mp) | mp) — my dn(z | my) sc(z | my) + z(mp — 1)) + nrb_1rlrb(E(am(ZInrb)lrrb)+2(nrb—l))

cd(z | my) (E(@m(z | mp) | mg) — dn(z | M) se(z | mp) + 2(My — 1)) sd(z| mp)* [ (m—mp)? + ... /; (M- my)

09.25.06.0014.01
cd(z | m) e ed(z | M) (1 + O(m—my))
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Expansionsat m==0

09.25.06.0015.01

1
cd(z| m) « cos(z) + Z sin(2) (z+ cos(z) sin(2)) m+

1
P ((7-82) cos(z) - 8cos(32) + cos(52) + 24 zsin(2) - 12zsiN(32)) NP + ... /; (M- 0)

09.25.06.0016.01

1
cd(z| m) « cos(z) + Z sin(2) (z+ cos(2) sin(2) m+

1 1
—((7-82) cos(2) — 8cos(32) + cos(52) + 24 zsin(z) — 12zsin(32)) mP — ———
256(( ) cos(2) S(32) +cos(52) (2) (32) 5258

(3(882 - 67) cos(2) — 6(36 2 — 41) cos(32) — 48 cos(52) + 3¢0s(7 2) + 322(Z — 21) sin(2) + 468 zsin(32) — 60 zsin(52))

+

196608 (2(16 2* — 1560 Z + 1107) cos(z) + 81 (48 Z — 35) cos(32) — 30(20Z — 23) cos(52) — 72C0S(7 2) +

3c05(92) - 42(1287 - 1845)sin(z) + 72z(127 - 83)sin(32) + 1260 zsin(52) — 84 zsin(7 2)) * +
————(120(287' - 1628 7 + 1101) cos(2) — 45 (288 7! — 6600 Z + 3887) cos(32) — 240 (325 Z — 204) cos(52) +
15728640

30(196 2 — 221) cos(7 2) + 480 cos(92) — 15cos(112) + 82(16 7' — 4580 7 + 55245) sin(2) +

14402(69 7 - 272) sin(32) — 200z(100 Z - 531) sin(52) — 12180 zsin(7 2) + 540 zsiN(92)) P +
———(-8(322° - 211807 + 955575 7 — 622845) cos(2) — 270 (40327 — 48564 7 + 25081) cos(32) +
754974720

15(20000 7" — 301800 7 + 139557) cos(5 2) + 720 (833 Z — 465) cos(7 2) — 90 (324 Z — 359) cos(9 2) —

1800 cos(112) + 45 cos(132) + 122(832 7' — 129240 7 + 1397 055) sin(2) — 648z(144 7' — 8180 Z + 24.385)

sin(32) - 3002(6200 7 - 16 761) sin(52) + 8402(196 2 — 909) Sin(7 2) + 59940 zsin(92) — 1980 zsin(112)) m® —
———(14(39682° - 1331760 7' + 51350220 Z — 32480415) cos(2) — 63
84557168640

(20736 2° — 2453760 7 + 21261240 7 — 10022 255) cos(32) — 315 (240000 2 — 1750000 7 + 668241) cos(52) +

735(10976 7 — 133560 7 + 51573) coS(7 2) + 5040 (1701 7 — 874) cos(92) — 630 (222 23) (22 z+ 23) co(11 2) —

15120 cos(132) + 315 cos(152) + 42(256 2° — 337344 7* + 38446 800 7 — 384987 645) sin(2) +

7562(28512 7 — 801960 Z + 2009 245) sin(3 2) — 2100 2(4000 7' — 135400 7 + 257 937) sin(52) —

88202(5096 7 — 11175)sin(7 2) + 22680 (108 Z — 461) sin(92) + 623700 zsin(112) — 16380 zsin(132)) m’ +
———— (5122 - 1211392 7 + 285670560 Z* — 9875050920 7 + 6089 965 245) coS(2) +
1352914698240
63 (787968 2° — 44102880 7' + 310448520 7 — 136673455) cos(32) —

70(400000 % - 26280000 7" + 130369500 Z — 43550 109) cos(52) —

5880 (60368 7' — 334950 7 + 102195) cos(7 2) + 315(69984 7* — 745848 7 + 253307) cos(92) +

55440 (275 2 — 133) cos(11 2) — 630 (676 Z — 731) cos(132) - 17640 cos(152) +

315c08(172) — 122(3072 2 - 1950368 7 + 183014720 2 — 1730146 845) sin(2) +

6487(3456 2° — 758016 7 + 14749280 7 — 32740365) sin(32) +

210002(164007" — 257560 7 + 392841) sin(52) — 5882(76832 7' — 1977640 7 + 2906 355) sin(7 2) —

1134027(10152 7 - 19451) sin(92) + 9240 2(484 7 — 1953) sin(11 2) + 868140 zsin(13 2) — 18900 zsin(152)) i +
1

194819716546 560

(18(10496 2 - 11495680 ° + 2165834 160 7' — 69005 718180 7 + 41633 079075) cos(2) -
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162 (186624 7 — 69745536 2° + 2616 757920 7 — 15922895940 7 + 6643081 375) cos(3 2) -
630 (18400000 2 — 542880000 7" + 2102352300 Z — 635484 717) cos(52) +
126 (15059072 2° — 719147520 7 + 2605542660 2 — 673078005) cos(7 2) +
45360 (2274487 — 1059399 7 + 274.924) cos(92) — 945 (4685127 — 4562184 7 + 1409 247) cos(11 2) -
45360 (4901 7 — 2264) cos(13 2) + 28350 (180 Z — 193) cos(15 2) + 181440 cox(17 2) — 2835 cos(192) +
82(256 7 — 1008000 2° + 434436912 7* - 35584337880 7 + 321447804 615) sin(2) +
38882(2229122° — 22302000 7" + 342903750 7 — 695415875) sin(32) —
900 z(800000 2° — 92400000 Z* + 959477400 7 — 1251408501) sin(52) —
52927(37647687" — 42904400 7 + 48678885) sin(7 2) + 204122(69984 7' - 15174007 + 1876 715) sin(9 2) +
415802(532407 - 92781) sin(112) — 982802(676 Z — 2619) sin(132) -
1
15585577 323724800
(—(4096 7'° — 25320960 7 + 18304957 440 2° — 2944262714400 7 + 88003507 762800 7 — 52079 055504 525)

cos(z) — 1215(5971968 7 — 988533504 2° + 28639981440 7' — 156 265593 960 7 + 62399823 955) cos(3 2) +
225(40000000 2 - 7554400000 Z° + 143925600000 7' — 467583076800 Z + 130698 250 767) cos(5 2) +
945 (542126592 2% - 11186739200 7 + 30686626 320 Z — 6994 157 055) coS(7 2) —
17010(2519424 2° - 98210880 7' + 289458900 7 — 61 983655) coS(9 2) —
113400(11712807' — 4826206 7 + 1109661) cos(112) + 4725 (913952 7' — 8335080 7 + 2394 237) cos(132) +
680400 (2475 7 — 1103) cos(15 2) — 28350 (1156 72 — 1231} cos(17 2) — 1020600 cos(192) + 14175 cos(21 2) +
16027(2944 7 - 5196384 2 + 17454021487 — 129145913190 7 + 1124016 300855) sin(z) -
1312202(1536 2 — 917760 2 + 59976 224 7 — 780845800 7 + 1475445 055) sin(32) —
5400002 (3400002 — 17170300 Z* + 136270295 7 — 158031489) sin(52) +
176402(2151296 2 — 174254976 7 + 1268918700 7 — 1197550395) sin(72) +
9185407(4432327' — 4107600 Z + 3812645) sin(92) -
41580(4685127" - 9026600 Z + 9864 255) sin(11 2) — 7371002(28392 7 - 46115) sin(132) +
17010002(300 Z — 1127) sin(152) + 66509 100 sin(17 2) — 1077300 zsin(19 2)) m'® + O(m™)

10376100zsin(152) + 192780 zsin(172)) m’ +

09.25.06.0017.01
cd(z| m) « cos(2) (1 + O(m))

Expansionsat m ==
09.25.06.0018.01

1 1
cdiz| m) o« 1+ E sjnhz(z) (m-1)+ § sinh(z) (8 zcosh(2) — 11sinh(z) + sinh(32) (M- 1)? + ... /; (m > 1)
09.25.06.0019.01
1 ) 1
cdz| m) o« 1+ E sinh“ (2 (m-1) + 5 sinh(2) (8 zcosh(z) — 11 sinh(2) + sinh(32)) (M- 1) +

1
o (322 + 159) cosh(2 2) — 20 cosh(4 2) + cosh(6 2) — 136 zsinh(2 2) + 16 zsinh(4 2) — 140) (M- 1)% —

1
29152 (-12(176 Z + 553) cosh(2 2) + 12(32 2 + 85) cosh(4 2) — 84 cosh(62) +

3cosh(82) +82(327 + 789) sinh(22) — 1200 zsinh(4 2) + 72 zsinh(6 2) + 5697) (m— 1)* +

E—— (5127 + 376327 + 95013) cosh(22) — 720 (16 Z2 + 23) cosh(4 2) + 24 (36 Z + 73) cosh(6 2) — 108 cosh(8 2) +
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3cosh(102) - 96z(72 7 + 1001) sinh(2 2) + 64 z(32 Z + 363) sinh(4 2) — 2376 zsinh(6 2) + 96 zsinh(8 2) — 80100)
(m-1°+ _ (—20(4096 7' + 156864 7 + 346599) cosh(2 2) + 5 (8192 " + 250752 7 + 264 093) cosh(4 2) —
62914560
480 (342 7 + 341) cosh(6 2) + 60 (128 Z + 223) cosh(8 2) — 660 cosh(102) + 15 cosh(12 2) +
82(5127" + 87360 7 + 913065) sinh(2 2) — 802(4480 Z + 25707) sinh(4 2) +
34560z(Z + 8) sinh(6 2) — 19680 zsinh(8 2) + 600 zsinh(10 2) + 5762460) (M- 1)° + ——————
3019898880
(16384 2° + 5568000 7 + 152570880 7 + 307 546 425) cosh(2 2) — 60 (81920 7 + 1205568 7 + 1044 537) cosh(4 2) +
90(6912 7" + 140688 7 + 96 553) cosh(6 2) — 720 (1472 Z + 1183) cosh(8 2) + 720 (50 Z + 79) cosh(10 2) —
2340 cosh(12 2) + 45 cosh(14 2) — 48 2(9472 7 + 794640 7 + 6956 025) sinh(22) +
482(8192 7" + 542080 7 + 2182305) sinh(4 2) — 10802(4128 7 + 15533) sinh(6 2) +
19202(128 7 + 837) sinh(8 2) — 88200 zsinh(10 2) + 2160 zsinh(12 2) — 252766800) (M- 1)” +
1
333228674560
28(262144 2 + 32747520 7" + 326691360 7 + 246 944 475) cosh(4 2) —
2520 (82944 7 + 766584 7 + 414 119) cosh(6 2) + 420 (32768 Z* + 524160 Z + 277 311) cosh(8 2) -
100800 (135 Z + 94) cosh(10 2) + 1260 (288 Z + 425) cosh(12 z) — 18900 cosh(14 2) + 315 cosh(16 2) +
82(163842° + 9988608 7* + 576959040 7 + 4465 358415) sinh(2 2) — 16802(73728 7" + 2254336 7 + 7243 269)
sinh(42) + 3024 2(6912 7 + 290640 Z + 730025) sinh(6 2) — 10080 (8704 7 + 25441) sinh(82) +
3360027(100Z + 573) sinh(102) — 861840 zsinh(122) + 17640 zsinh(14 2) + 26179325865) (M- 1) +

(—84(57344 2 + 9164800 Z* + 203281440 7 + 382829805) cosh(2 2) +

——(2(65536 2 + 66404352 2° + 7085084 160 7' + 135511382160 7 + 242044097 715) cosh(22) —
5411658792960

560 (655360 2° + 36642816 7' + 284593104 7 + 194 260 275) cosh(4 2) +
63(1327104 2% + 101606400 7' + 611222400 Z + 278 728555) cosh(6 2) —
1680 (458752 7" + 3196224 7 + 1287 903) cosh(8 2) + 210 (160000 Z* + 2180400 7 + 966 489) cosh(102) —
15120(1488 Z + 935) cosh(12 2) + 2520 (196 Z + 275) cosh(14 2) — 21420 cosh(16 2) +
315cosh(182) - 82(770048 2° + 213126 144 7 + 9695105280 7 + 68466 371 715) sinh(2 2) +
647(2621447° + 56340480 7' + 1135602720 7 + 3112652025) sinh(4 2) -
3024 2(366336 7' + 6796800 7 + 13139615) sinh(6 2) + 26882(32768 7" + 1048960 7 + 1972635) sinh(82) —
2100027(9440 7 + 23283)sinh(102) + 1814402(32 7 + 167)sinh(122) —
1
779278866 186 240
(-72(851968 2 + 380821504 2° + 31281384960 7' + 535531809960 7 + 916547 119425) cosh(22) +
9(335544327 + 11589910528 2° + 417380597 760 Z* + 2713786 145280 7 + 1710278838 765) cosh(4 2) —
2268(19243008 2° + 634798080 7' + 2883765600 Z + 1157 463 185) cosh(6 2) +
1008 (4194304 2° + 238141440 7 + 1047009600 7 + 347 193495) cosh(82) —
7560 (2560000 7 + 14721000 Z + 4843803) cosh(102) + 22680 (27648 7 + 335952 7 + 130913) cosh(122) —
3175200(98 7 + 57) cosh(14 2) + 11340 (512 Z + 691) cosh(16 2) — 215460 cosh(18 2) + 2835 cosh(20 2) +
162(65536 7 + 104103936 2° + 18753928704 7' + 720595355760 7 + 4737962919 375) sinh(2 2) -
28802(2883584 2 + 270219264 7 + 4153099776 7 + 10103019 129) sinh(4 2) +
19447(1327104 2° + 1697310727 + 2006780160 7 + 3218991 965) sinh(6 2) -
241927(1998848 7 + 27271680 7 + 38385765) sinh(82) + 756002(32000 7" + 852400 7 + 1314741) sinh(102) -
1360802(25728 7 + 56 137) sinh(122) + 846 7202(98 2 + 477) sinh(142) —

Aam A A an~A . PN AA A aA~A . PN —AAA—m AAa Aa= AAA) 10 ~ A 11N

1146600 zsinh(14 2) + 20160 zsinh(16 z) — 390888 160 740) (m-1°+
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09.25.06.0020.01
cd(z|m) o« 1+0O(mMm-1)

g-series
09.25.06.0002.01
2n ® (DX qm)k2 QCk+Drnz
CO!
2K(m)

cd(z| m) =
Vm K@m) ico 1-qmy?t
Other series representations

09.25.06.0003.01

T — K (m) 1 z
cdz|m= —————— Z (=1 tanh(ﬂ (k+ -+ ))
2vm K(1-m) k—w K@d-m) 2 2K(@m)

09.25.06.0004.01
o
cd(z| m) +0(D) /;(z-» 2s+DiKA-m+2r+ 1 HKM)Af{r,sleZ
Vm z-i@2s+ 1D K(L-m)—2r + 1) K(m))

Product representations

09.25.08.0001.01

2Vam cos( ik )m 1+2q(m)2kcos(%)+Q(m)4k
2K (m)

cd(z| m) ==

k=1 1+ 2q(m)?k? cos( 2 ) +q(m)*<-2

a—
m K (m)

Differential equations

Ordinary nonlinear differential equations

09.25.13.0001.01
W (2) - W(2) (2mw(2)? - m-1) =0 /; W(2) = cd(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.25.16.0001.01
cdi@z|m)==nd(z| 1-m)

09.25.16.0002.01
cdz|1-m)==nd@Ez| m)

09.25.16.0003.01
cdi@z|1-m)==nd(z| m)

09.25.16.0007.01
enx|myeny|1—m)—isn(x| mydn(x|mysn(y| 1-m)dn(y|1-m)
cd(x+iy|m) == /%yt eR
dn(x|menly|1-mydn(y|1-—m)—imsn(x| m)cn(x| mysny|1-m)
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09.25.16.0008.01

cd(\/l—m z m )::cn(z|m)
m-1

09.25.16.0009.01

1
cd[v mz —) ==dc(z| m)
m

09.25.16.0010.01

(\/_zml

) =nc(z| m)

09.25.16.0011.01

1
cd(ixll—m z 1

) =dn(z| m)
m

Landen's transformation:

09.25.16.0012.01
1—~/1—m]2 1-(V1-m +1)sn(z|m)2
1+v1-m

cd(1+\/1—m)z [
1—(1—\/1—m)sn(z|m)2

Gauss' transformation:
09.25.16.0013.01

cd(1+\/ﬁ)z 4vVm _ cn(z| m)dn(z| m)
(1+«/H)2 1-vVm sn(z| m?

n th degree transformations:

09.25.16.0014.01
nt 2r-)K 2
5 1—ns(7( ] n) m ‘m) sn(z | m)>

cd(&‘l) ==cd(z|m)ﬁ /i

R 2
=11- msn(L 13K<m) ‘ m) sn(z| m?

-1
T sn((Zr 1) K(m) |m)

n+1 7 @r—-Km | \®
<z A= [T === ] Am=[]

i afeen of

09.25.16.0015.01

n rK(m 2
cd[ z  Km ‘ ) 1 dnz|mysnz|m) .2 1—ns(—2 ﬁ( d ‘m) sn(z| m?

z., e o= n . /s
M  nM M cn(z| m rzll_mm(@‘m) sn(z| my?

((Zr 1) K(m) |m)

e N o 22 o e T

r=1 (2r K(m) )

Argument involving half-periods
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09.25.16.0004.01
cd(z+ K(m) | m) == —sn(z| m)

09.25.16.0020.01
cd(z— K(m) | m) =sn(z| m)

09.25.16.0021.01
cd(z+3K(mM) | m) =sn(z| m)

09.25.16.0022.01
cdz+2r+HKm | m=-D"tsnzIm/rez

09.25.16.0005.01

dc(z| m)
cdz+iK@A-m)|m)=
m
09.25.16.0023.01
dc(z| m)
cdz-iK@A-m|m) =
m

09.25.16.0024.01

1
cdz+3iK@A-m|m=——dcz|m)/;seZ
m

09.25.16.0025.01

1
cdz+ (2s+1DiKA-m)|m=——dc(z|m)/;se”Z

m
09.25.16.0006.01
ns(z| m)
cdiz+i KA -m)+K@m) | m)=—
m
09.25.16.0026.01
ns(z| m)
cdz—iKA-m+K@m|m=-
m
09.25.16.0027.01
ns(z| m)
cdz+iKA-m-Km|m =
vm
09.25.16.0028.01
ns(z| m
cdz-iK@A-m-K@m|m =
Vm
09.25.16.0029.01
ns(z| m)
cdz+iK@A-m+3Km)|m) =
m

09.25.16.0030.01

ns(z| m)
cdz+(2s+ D) iK@A-m)+@r+1Km|m=- /i{r,slez
m
09.25.16.0031.01
ns(z| m)
cdz+ (2s+DiKA-m+@r-1HKm) | m = L{r,steZ

m
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09.25.16.0032.01

(-1 nsz|m) \

cdz+(2s+1DiKA-m+Q2r+LHKm|m = {fr,slez

m

Argument involving inver se Jacobi functions

09.25.16.0033.01
2 22
cdlentzim|m)” = ———
mzZ-m+1
09.25.16.0034.01
2 22
cdlcszim|m)” =
ZZ-m+1
09.25.16.0035.01
_1 1
cd(de™ (z| m) | m) = —
z
09.25.16.0036.01
1 2 ZZ+m-1
cddn~zlm|m = ———
mz

09.25.16.0037.01

1 2 1-m
cdds™zIm|m =1- ——
2
09.25.16.0038.01
) 1
cdnctzim|m’ = ——
m-(m-1)2
09.25.16.0039.01
1-(1-m)Z
cd(nd’l(z| m | m)2 =
m
09.25.16.0040.01
cdns™zim|m = ——
-m
09.25.16.0041.01
2 1
cdisctzlm|m’ = ——
1-(m-1 272

09.25.16.0042.01
2
cd(sd_l(z| m|m =1-1-m?2

09.25.16.0043.01

1 2_ 22—1
cd(sntz|m) | m)" =

mz -1

Addition formulas

09.25.16.0016.01
cn(u | m)en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

cdu+v|m) =
dn(u | mydn(v| m)—msn(u| m)cn(u| m)sn(v| m)cn(v| m)
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09.25.16.0017.01

en(v | my2 — dn(v | m)® sn(u | m)?
cdu+v|mcdu—-v|m)==

dn(v ] m)? — men(v | m2 snu | m)?

Half-angle formulas

09.25.16.0018.01
z 2 cn(z| m) +dn(z| m)
3|

1-m+dn(z| m)+mcn(z| m)

Multiple arguments

Double angle formulas

09.25.16.0019.01

en(z| m)? — sn(z| m2 dn(z| m?
cd(2z| m) ==

dn(z| m? — msn(z| m?2 cn(z| m?

Identities

Functional identities

09.25.17.0001.01
Mmw(2)* - 2W(2? + (MW2)* - 2mw(2? + 1)w(22) + 1= 0/; W(2) = cd(z| m)

Complex characteristics

Real part

09.25.19.0001.01

cn(x | m) dn(x | mydn(y | 1—m) (en(y | 1 - m)? + msn(x | m)? sn(y | 1 - m)?)
Re(cd(x+iy|m)) ==

en(y | 1—m2dn(x | m?dn(y | 1 —m)% + m? en(x | m2sn(x | m?2sn(y | 1 - m)?

Imaginary part

09.25.19.0002.01

cn(y | 1—m) (men(x | m)? — dn(x | m?dn(y| 1- m)z) sn(x | m)ysn(y | 1—m)

Im(cd(x+iy| m)) ==
en(y | 1—m2 dn(x | m? dn(y | 1— m)? + m2 en(x | m)? sn(x | m2sn(y | 1 — m)2

Absolute value

09.25.19.0003.01

\/ en(x | mZen(y | 1 - my? + dn(x | m? dn(y | 1 - m)® sn(x | m?2sn(y | 1 — m)?
lcd(x+dy | m) =

en(y | 1 - m2dn(x | m)? dn(y | 1 - m)? + m2 en(x | m? sn(x | m?2 sn(y | 1 — m)?

Argument

L%y, meR

Xy, meR

Lixy, meR
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09.25.19.0004.01
arg(cd(x + iy | m) = tan~*(cn(x | m) dn(x | m)dn(y | 1—m) (en(y | 1 - m)® + msn(x | m?sn(y | 1 - m)?),

en(y | 1= mysn(x| mysn(y | 1—m) (men(x | m)? — dn(x | m?dn(y|1- m)z)) Xy, meR

Conjugate value

09.25.19.0005.01
cn(x|myen(y | L—m)+idn(x| mydn(y| 1-m)sn(x| mysn(y|1-m)
cd(x+iy|m == /i %y, mbeR
cn(y | 1-mydn(x| mydn(y|1—m)+imen(x| m)sn(x| mysny|1—m)

Differentiation

Low-order differentiation

With respect to z

09.25.20.0001.01

acd(z| m)
= (m-1)nd(z| m)sd(z| m)
0z
09.25.20.0002.01

?cd(z| m) 5 5
———— ==(m-1)cdz| m)(nd(z| m* + msd(z| m)°)

iV
With respect tom

09.25.20.0003.01
ocdizlm  (m-21)z+E@m(z| m) | m)) nd(z| m)sd(z| m)

om 2m

09.25.20.0004.01

?cd(z| m)
o
1( ( E(@am(z| m) | m) — Fam(z| m) | m)
—|-2((mM-Dz+E@m(z|m)| m)sdiz| mynd(z| m)+2msd(z| m)|z+ +
4¢P 2m
1
7((((m—1)z+E(am(z|m)|m))dn(z|m)—mcn(zlm)sn(zlm)) 1-msn(z| m)® )]nd(z|m)+
2(m-1)m

1
_1 (((m— 1) z+ E(@am(z| m) | m) cd(z| m) nd(z | m)® (m— 1) z+ E@m(z | m) | m) — mdn(z| m) sc(z | m))) +

_1 (m((m— 1) z+ E(am(z| m) | m)) cd(z| m) (M- 1) z+ E(@m(z| m) | m) — dn(z | m) sc(z | m)) sd(z | m)z))

Symbolic differentiation

With respect to z

09.25.20.0007.01
o"cd(z| m)

1. n_1ydsdz|m) 87" 1ndiz| m)
=cd(2|m)6n+(m—l)2( ) /;

. - - neN
07" P 0z az i1
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09.25.20.0005.02

d"cd(z| m) 21-n g+l

Fractional integro-differentiation

With respect to z

09.25.20.0006.01

1
dcdzim  20ig¥R2ze = (—kqm)z [ 1-a L@ 2k+ 1?2 2

172
oz Vm Km) o 1-qm?k?

Integration

Indefinite integration

Involving only one direct function

09.25.21.0001.01
log(nd(z| m) + V'm sd(z| m))

vm

fcd(z| mdz==

Representations through equivalent functions

With inverse function

09.25.27.0001.01
cd(cd'l(z| m | m)=z

With related functions

Involving am

09.25.27.0026.01

) cos?(am(z | m))
cd(z| m® =

1-ms nz(am(z | m))

Involving one other Jacobi elliptic function

Involving cn

09.25.27.0004.01
cn(z| my?

cd(z| m)? =
men(z| m? —m+1

Involving cs

$ D @K+ D gmE (7 @k+Drz
= co§ —+ ——
0" A/ m K(m)ml pary 1— q(m)2k+l 2 2K(m)

277 27 1eKm?

]/;neN

|
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09.25.27.0007.01
cs(z | m)?

cdz|m=s ——
cs(z|mZ-m+1

Involving dc

09.25.27.0008.01

1
cd(z| m) =

dc(z| m)

Involving dn

09.25.27.0010.01

| 2 dn(z | m)2+m—1
mdn(z | m)2

Involving ds

09.25.27.0012.01

) 1-m
cdzlm=1- ———
ds(z| m)?

Involving nc

09.25.27.0014.01
1

cd(z| m)2 =
m— (m- 1) nc(z| m)?

Involving nd
09.25.27.0015.01
cdizlm=ndi@z|1-m)

09.25.27.0016.01

S 1-(1-mndz|m’

m

Involving ns

09.25.27.0017.01
, hszlm?-1
cdz|m?= —— =
ns(z| m?-m

Involving sc

09.25.27.0019.01

1
cd(z| m)? =

1—(m-1)sc(z| m?
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Involving sd
09.25.27.0020.01
cd(z] m? =1-(1-m)sdz| m?
Involving sn
09.25.27.0021.01
sn(z|m?-1

cdz|mi=—— "~
msn(z| m? -1

Involving two other Jacobi eliptic functions

Involving cn and dn

09.25.27.0002.01

cn(z| m)
cd(z| m) =

dn(z| m)

Involving cn and nd

09.25.27.0003.01
cd(z| m) == cn(z| m) nd(z| m)

Involving cs and ds

09.25.27.0005.01

cs(z| m

Involving cs and sd

09.25.27.0006.01
cd(z| m) == cs(z| m)sd(z| m)

Involving dc and nd

09.25.27.0027.01
de(z| m) (mnd(z| m)? - nd(z| m? + 1)

cdiz|m = -

Involving ds and sc

09.25.27.0011.01

1
cdiz|m= ——————
sc(z | m) ds(z| m)

Involving dn and nc
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09.25.27.0028.01
dn(z| m)nc(z| m)

cd(z|m =-
mnc(z| m? - ncz| m?2 - m

Involving nc and dn

09.25.27.0009.01
1

nc(z| m)dn(z| m)

Involving nc and nd

09.25.27.0013.01

nd(z | m)
cd(z| m) =
nc(z| m)
09.25.27.0029.01
nc(z| m) (mnd(z| m)? - nd(z| m? + 1)
cd(z|m =

mnd(z | m)

Involving sc and sd

09.25.27.0018.01
sd(z| m)

Involving three other Jacobi eliptic functions

Involving cn, dn and sn

09.25.27.0030.01

cn(z| mydn(z| m)
cdzlm= ———
1-msn(z| m)®

Involving cs, ds and ns

09.25.27.0031.01
c(z| myds(z| m)

ns(z| m?-m

cdiz|m =

Involving other functions

09.25.27.0032.01
cn(z| m)? de(z| m)

cd(z|m) = -
(en(zlm) — 1) (en(z| m) + 1) ds(z| m)2

09.25.27.0033.01

de(z| m) (dn(z| m) — ds(z| m)) (dn(z | m) +ds(z | m))
cd(z|m =-

dn(z| m)2 ds(z | m)2
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09.25.27.0034.01

(cstz| m)? + 1) dn(z| m)
cdiz|m = -

(—csz] m? +m- 1) nc(z| m)

09.25.27.0035.01
de(z| m)

cdiz|m =
dsz| m? (ne(z| m) — 1) (ne(z| m) + 1)

09.25.27.0036.01

dn(z| m)nc(z| m)
cd(z| m) =

ds(z| m? (nez| m) — 1) (ne(z| m) + 1)

09.25.27.0037.01
cn(z| m) (es(z| my? + 1)

cd(z| m) = -
(—csz| m? + m- 1) nd(z | m)
09.25.27.0038.01

cs(z| my? ne(z| m) nd(z | m)
cd(z| m) =

csz| m?+1
09.25.27.0039.01
cs(z| m)? de(z | m) nd(z | my?

cd(z|m) =
cs(z| mP+1
09.25.27.0040.01

c(z| m) ds(z| m) nd(z | m)>
cdiz| m) =

cs(z| m?+1

09.25.27.0041.01
cs(z| my2ne(z| m) (nd(z| m) — 1) (nd(z| m) + 1)

cdiz|m =
zlm mnd(z | m)

09.25.27.0042.01
nc(z| m) (dn(z| m) + mnd(z| m) — nd(z| m))

cd(z| m) = =

09.25.27.0043.01
de(z| m) (ds(z| mynd(z| m) — 1) (ds(z| m) nd(z| m) + 1)

cd(z| m) = .
ds(z| m)

09.25.27.0044.01

nc(z| m) (ds(z| m)nd(z| m)— 1) (ds(z| m)nd(z| m) + 1)
cdiz|m) =

ds(z| m)2 nd(z| m)

09.25.27.0045.01

dc(z| m)+ mnc(z| m) nd(z| m) — nc(z| m) nd(z| m)
cdiz|m =

m
09.25.27.0046.01
cs(z| m) (es(z| m? + 1) dn(z| m)
(csiz| m? - m+1)ns(z| m)

cdiz|m) =
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09.25.27.0047.01

cdiz|m =

cs(z| mns(z| m
(cstz| m? + 1) dn(z| m)

09.25.27.0048.01

cdiz|m =

cs(z| mydn(z| mns(z| m)

cs(z| m?-m+1

09.25.27.0049.01

cdiz|m =

(dn(z| m)? +m-— 1)ns(z| m)

mcs(z| m)dn(z| m)

09.25.27.0050.01

cdiz|m =

cs(z| mnd(z| mns(z| m)

cs(z| m?+1

09.25.27.0051.01

cdiz|m) =

cs(z| m) (nd(z| m)— 1) (nd(z| m) + 1) ns(z| m)

mnd(z | m)

09.25.27.0052.01

cd(z| m) =

de(z| m) (ns(z| m) — 1) (n(z| m) + 1)

ds(z| m)?

09.25.27.0053.01

cdiz| m) =

nc(z| my(ndz| m -1 (ndz|m+1)s(z|m-1)(ns(z| m)+1)

mnd(z | m)

09.25.27.0054.01

cd(z| m) =

nc(z| mnd(z| m (ns(z| m)—1) (ns(z| m) + 1)

ns(z| my?

09.25.27.0055.01

cdiz| m) =

do(z| m)ndz| m? (nsz| m) — 1) (ns(z | m) + 1)

ns(z | m?

09.25.27.0056.01

cd(z| m =

nc(z| m)(ns(z| m - 1) (ns(z| m) + 1)

ds(z| m) ns(z| m)

09.25.27.0057.01

cdiz|m =

dn(z| m)ns(z | m)2

nc(z| m) (ns(z| m? - m)

09.25.27.0058.01

cdiz|m =

cn(z | m) ns(z | m?

nd(z| m (ns(z| m)? - m)

09.25.27.0059.01

cdiz|m =

dn(z| m) ns(z| m)

(ns(z| m? - m) sc(z| m)
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09.25.27.0060.01

cn(z| my? sc(z| m)
cd(z| m) = -

(en(z|m) —21) (en(z| m) + 1) ds(z| m)

09.25.27.0061.01

cd(z| m =

(dn(z| m) —ds(z| m) (dn(z| m) + ds(z| m)) sc(z | m)

dn(z| m)2 ds(z| m)

09.25.27.0062.01

(ds(z| mynd(z| m) — 1) (ds(z| m)nd(z| m) + 1) sc(z| m)

cd(z| m) = o

09.25.27.0063.01

(ns(z| m) - 1) (ns(z| m) + 1) sc(z| m)

cdiz|m = szIm

09.25.27.0064.01

nd(z| m) (ns(z| m) - 1) (ns(z| m) + 1) sc(z| m)

cdiz|m) = szl m

09.25.27.0065.01

(nd(z| m) — 1) (nd(z| m) + 1) (ns(z| m) — 1) ns(z | m) (ns(z | m) + 1) sc(z | m)

cdiz|m) =

mnd(z | m)

09.25.27.0066.01
nc(z| m) nd(z| m)
cdzlm=———
sc(z| m? +1
09.25.27.0067.01

de(z| m)nd(z| m)2
cdzlm= ————
sc(z| m? +1

09.25.27.0068.01

ds(z| m)nd(z | m)2 sc(z| m)

cdiz|m) =
sc(z| m?+1

09.25.27.0069.01
nd(z| m) ns(z | m) sc(z| m)

cdiz| m) =
sc(z| m?+1

09.25.27.0070.01

dn(z| m) nc(z | m)
cd(z| m) = -

msc(z| m? - sc(z| m? -1

09.25.27.0071.01
dn(z| m) (sc(z| m? + 1)

cdiz|m = -

nc(z| m (mso(z| m? - se(z| my? - 1)

09.25.27.0072.01

cn(z| m) (so(z | my? + 1)
cdiz|m =-

nd(z| m) (msc(z| m? - sc(z| m? - 1)
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09.25.27.0073.01

dn(z| m) (sc(z| m? + 1)
cdiz|m = -

ns(z| m) so(z | m) (msc(z| m)? - so(z| m)? — 1)

09.25.27.0074.01
cn(z| myns(z| m)

cdiz|m =
(ns(z| m? — m) sd(z| m)

09.25.27.0075.01

nc(z| m) (n(z| m - 1) (ns(z| m) + 1) sd(z| m)
cdiz|m =

ns(z| m

09.25.27.0076.01

cn(z | m)? sc(z| m) sd(z | m)
cdiz|m) =

(enz| m)— 1) (en(z| m) + 1)

09.25.27.0077.01
(dn(z| m?Z+m- 1) sc(z| m) sd(z| m)

cdiz|m =-
(dn(z| m) = 1) @dn(z| m)+ 1)

09.25.27.0078.01

(mnd(z| m)% - nd(z| m? + 1) sc(z| m) sd(z| m)
cdiz|m) =

(nd(z| m) = 1) (nd(z| m) + 1)
09.25.27.0079.01
cd(z| m) = (ns(z| m) — 1) (ns(z| m) + 1) sc(z | m) sd(z| m)

09.25.27.0080.01

en(z| m)? de(z | m) sd(z | my?
cdiz|m =-

(en(z| m) - 1) (en(z| m) + 1)

09.25.27.0081.01

de(z| m) sd(z| m)®
cdiz|m =
nc(zlm -1 (nc(zlm+1)

09.25.27.0082.01
cd(z| m) = de(z| m) (ns(z| m) — 1) (ns(z| m) + 1) sd(z| m)®

09.25.27.0083.01
cd(z| m) =dc(z| m) (nd(z| m) —sd(z| m)) (nd(z| m) + sd(z| m))

09.25.27.0084.01

nc(z| m) (nd(z| m) — sd(z| m)) (nd(z| m) + sd(z| m))
cd(z| m) =

nd(z | m)

09.25.27.0085.01
sc(z| m) (nd(z| m) - sd(z| m)) (nd(z | m) + sd(z | m))

sd(z| m)

cd(z| m) =

09.25.27.0086.01

dc(z| m) (dn(z] m)sd(z| m) — 1) (dn(z| m) sd(z| m) + 1)
cd(z| m =—

dn(z| m)2



http: //functions.wolfram.com

24

09.25.27.0087.01
cd(z| m) =dc(z| m) + msc(z| m)sd(z| m) — sc(z| m) sd(z| m)

09.25.27.0088.01
cS(z| m)ynd(z| m)

cdiz|m =
(cstz| m)? + 1) sn(z| m)
09.25.27.0089.01

(dn(z| m? +m- 1)sn(z| m
cd(z| m) = -

cS(z| m) (dn(z| m) — 1) dn(z| m) (dn(z| m) + 1)

09.25.27.0090.01
nczimsnizim
cdiz| m) = C(z| m) sn(z| m)
ds(z| m) (nc(z| m) — 1) (nc(z| m) + 1)

09.25.27.0091.01
cs(z| m) (es(z| m)? + 1) sn(z| m)
(cs(z| m? - m+ 1) nd(z| m)

cd(z| m) =

09.25.27.0092.01

(se(z| m)? + 1) sn(z| m)
cd(z| m) = -

nd(z| m) sc(z | m) (msc(z| m)? — so(z| m)? - 1)

09.25.27.0093.01
nc(z | m) sn(z| my

cdz|m =-
(mnc(z| m)? - ne(z| m)? — m) sd(z| m)

09.25.27.0094.01
cd(z| m) = —nc(z| mnd(z| m)(sn(z| m)—1)(sn(z| m) + 1)

09.25.27.0095.01

de(zm)(sn(z| m)y—21) (sn(z| m) + 1)
cdiz|m =-

ds(z| m)? sn(z| m?

09.25.27.0096.01
sc(z| m) (sn(z| m) — 1) (sn(z| m) + 1)

cdiz|m =-
ds(z| m)sn(z| my?

09.25.27.0097.01

se(z| mysd(z| m) (sn(z| m) — 1) (sn(z| m) + 1)
cdiz| m) = -

sn(z| m)?

09.25.27.0098.01

do(z | m) sd(z| m)” (sn(z| m) — 1) (sn(z| m) + 1)
cdiz|m) =-—

sn(z| my?

09.25.27.0099.01
nd(z| m)(sn(z| m -1 (sn(z|m+1)

cd(z| m) =-
zIm cs(z| m)sn(z| m)

09.25.27.0100.01
cn(z| my

cd(z| m = -
nd(z| m (msn(z| m? - 1)
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09.25.27.0101.01

cn(z| m)sn(z| m)
cd(z| m = -

sd(z| m) (msn(z| m? - 1)

Involving four other Jacobi elliptic functions

09.25.27.0102.01
cn(z| m)de(z| m)

cdz|m = -
ds(z| m? (en(z| m) — nc(z | m))
09.25.27.0103.01

de(z| mydn(z| m) — ds(z| m) nc(z | m)
cdiz|m = -

2
dn(z| m)ds(z| m)
09.25.27.0104.01

nc(z| m) (dsz| m)? nd(z| m) — dn(z | m)
cd(z| m) =

ds(z | m)2
09.25.27.0105.01
ds(z| m)2 nc(z| m)nd(z| m) — dc(z| m)

cdiz|m =
ds(z | m)2

09.25.27.0106.01

(dn(z| m) + mnd(z| m) — nd(z| m)) ns(z| m)
cd(z| m) =

mcs(z | m)

09.25.27.0107.01

nc(z| m) (ds(z| m) ns(z| m) — dn(z| m))
cd(z| m) =

ds(z| m)2

09.25.27.0108.01

ds(z| m)nc(z| myns(z| m) —dc(z| m)
cdiz|m =

ds(z | m)?

09.25.27.0109.01
nc(z| m)ns(z| m) — sc(z| m

cdzim = ds(z|m)

09.25.27.0110.01

nd(z| m) (nc(z| m) ns(z| m) — sc(z| M)
cdiz|m) =

n(z| m

09.25.27.0111.01

(dn(z| m) — nd(z | m)) n(z| m)
cdiz|m =-

msc(z | m)

09.25.27.0112.01
cn(z| m)sc(z| m)

ds(z| m) (cn(z| m) — nc(z | m))

cdiz|m) = -

09.25.27.0113.01

cS(z| m)nc(z | m) nd(z| m)
cd(z| m) =

cs(z| m) + sc(z| m)
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09.25.27.0114.01

c(z| m) de(z | m) nd(z | m)?
cdiz|m) =

cS(z| m)+sc(z| m)

09.25.27.0115.01

ds(z| m)nd(z | m)2
cdzlm=—"——
CcS(z| m)+sc(z| m)

09.25.27.0116.01

nd(z| m)ns(z| m)
cdzlm= ———

CcS(z| m)+sc(z| m)
09.25.27.0117.01
dn(z| m)ns(z| m)

cdiz|m) =
nc(z| myns(z| m) — msc(z| m)
09.25.27.0118.01

(cs(z| m)? + 1) dn(z| m)
cd(z| m) =

ns(z| m) (cs(z| m) —msc(z | m) + sc(z | m)

09.25.27.0119.01

dn(z| myns(z| m)
cd(z| m =

Ccs(z| m) —msc(z| m) + sc(z| m)

09.25.27.0120.01
dn(z| m) (cs(z| m) + sc(z | m))
nc(z| m) (cs(z | m) — msc(z | m) + sc(z | m))

cd(z| m) =

09.25.27.0121.01

cn(z| m) (cs(z | m) + sc(z | my)
cdiz|m) =

nd(z| m) (cs(z| m) — mse(z| m) + sc(z | m))

09.25.27.0122.01
dn(z| m)sc(z| m) —ds(z| m)nc(z| m)

dn(z| m)ds(z| m)

cdiz|m) =—

09.25.27.0123.01

dn(z| m) (cs(z| m) +sc(z| m))
cdiz| m =-

ns(z| m) (msc(z| m)? - so(z| m)? - 1)
09.25.27.0124.01
cd(z| m) = so(z| m) (ds(z| m) nd(z | m* - sd(z| m))

09.25.27.0125.01

nc(z| m) (nd(z| m) ns(z| m) — sd(z| m))
cdizlm =

ns(z| m

09.25.27.0126.01
cd(z| m) = sc(z| m) (nd(z| m) ns(z| m) — sd(z| m))

09.25.27.0127.01
cd(z| m) = (nc(z| m) ns(z | m) — sc(z| m) sd(z | m)
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09.25.27.0128.01

cn(z| m) sc(z| m)sd(z | m)
cd(z| m) = -

cn(z| m) — nc(z| m)

09.25.27.0129.01

(dn(z| m) + mnd(z| m) — nd(z| m)) sc(z| m) sd(z| m)
cd(z| m) = -

dn(z| m) —nd(z| m)
09.25.27.0130.01

cn(z| myde(z| m)sd(z| m)2
cdiz| m =-

cn(z| m)—nc(z| m)

09.25.27.0131.01
cn(z| m)ns(z| m)

cdiz|m =
nd(z| m)ns(z| m) — msd(z| m)

09.25.27.0132.01
cd(z| m) = —sd(z| m) (de(z | m) sd(z | m) - nc(z| m) ns(z | m)
09.25.27.0133.01

sc(z| m) (dn(z | m)? sdz| m) - ds(z| m)
cdiz|m =-

dn(z| m)2

09.25.27.0134.01
nc(z| m) (dn(z| m) + mns(z| m) sd(z| m) — ns(z| m) sd(z| m))

cdiz|m = -

09.25.27.0135.01
cd(z| m) = nc(z| m)nd(z| m) —sc(z| m) sd(z| m)
09.25.27.0136.01
cd(z| m) =dc(z| m) nd(z| m)2 —sc(z| m)ysd(z| m)
09.25.27.0137.01
cd(z| m) = dn(z| m) nc(z| m) + msc(z| m) sd(z| m) — sc(z| m) sd(z| m)

09.25.27.0138.01
cn(z| m)sc(z| m) sd(z| m) — nd(z| m)

cd =
zlm cn(z| m)

09.25.27.0139.01
dn(z| m)sc(z| m) sd(z| m) — nc(z| m)

cd(z| m) = -
lm dn(z| m)

09.25.27.0140.01

dn(z| m)2 sc(z| m)sd(z| m) —dc(z| m)
cd(z| m) =-

dn(z| m)2

09.25.27.0141.01

1
cd(z| m) = ( (dn(z| m) sc(z | m)? + mnc(z| m) sd(z| m) sc(z | m) — ne(z| m) sd(z| m) se(z | m) + dn(z | m)
nc(z

09.25.27.0142.01

1
cdz|m) = « (en(z| m) se(z | m)? + mnd(z | m) sd(z| m) sc(z| m) — nd(z | m) sd(z | m) sc(z| m) + en(z| m))
nd(z
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09.25.27.0143.01
cd(z| m) = ne(z| mynd(z| m) — de(z| m) sd(z | my>
09.25.27.0144.01

do(z| m) dn(z| m) sd(z| m)? - nc(z | m)
cdiz|m) = -

dn(z| m)

09.25.27.0145.01

ns(z| m) (nez| m ns(z | m? sd(z | m)? - nc(z| m) sd(z| m)? - en(z | m)
cd(z| m =

msd(z| m)

09.25.27.0146.01
CcS(z| m)ync(z| m) —sn(z| m)

cs(z| mydn(z| m)

cdiz|m) =

09.25.27.0147.01
nd(z| m) (cs(z| myne(z | m) —sn(z| m))

cs(z| m)

cdiz| m) =

09.25.27.0148.01
nd(z | m) (cs(z| m) de(z | mynd(z | m) —sn(z| my)

cs(z| m)

cd(z| m) =

09.25.27.0149.01
nc(z| m) (ds(z| m) nd(z| m) — sn(z| my)

ds(z| m)

cd(z| m) =

09.25.27.0150.01

nd(z | m) (ds(z| m) nd(z | m) — sn(z| my)
cd(z| m) =

cs(z| m)

09.25.27.0151.01

ns(z| m)—sn(z| m)
cdzlm=————
cs(z| mydn(z| m)

09.25.27.0152.01
nc(z| m) (ns(z| m) — sn(z| my)

ds(z| m)

cd(z| m) =

09.25.27.0153.01
nd(z | m) (ns(z | m) —sn(z | m))

cs(z| m)

09.25.27.0154.01
nc(z| mynd(z| m) (ns(z| m) — sn(z| m))

cd(z| m) =

cdiz|m =

ns(z| m)

09.25.27.0155.01

(dn(z| m)+ mnd(z| m) — nd(z| m)) sn(z| m)
cd(z| m = -

cs(z| m)(dn(z| m)—1) (dn(z| m) + 1)

09.25.27.0156.01
(cs(z| m? + 1) sn(z| m)

cd(z| m) =
nd(z | m) (cs(z| m) — msc(z| m) + sc(z | m))
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09.25.27.0157.01

(cs(z| m) + sc(z| m)) sn(z| m)
cd(z| m = -

nd(z| m) (msc(z| m? - sc(z| m? - 1)

09.25.27.0158.01

nc(z| m) (mnd(z| m)sd(z| m) — nd(z| m) sd(z| m) + sn(z| m))
cd(z| m) =

msd(z| m)

09.25.27.0159.01

nc(z| m) (sdz| m? ns(z | m)® - sd(z | m® ns(z| m) - ns(z| m) + sn(z| m)
cdiz|m =

msd(z| m)

09.25.27.0160.01
cn(z| m)

cd(z| m) =
sd(z| m) (ns(z| m) — msn(z | m))

09.25.27.0161.01
ds(z| m)nc(z| m) —dc(z| m)ysn(z| m)

cd(z| m) =
dsz| m? sn(z| m)

09.25.27.0162.01

cs(z| m)de(z| m) —dn(z| m)sn(z| m)
cd(z| m) =

cs(z| m)dn(z| m)?

09.25.27.0163.01

dn(z| m)ysn(z| m)—ds(z| m)
cdiz|m =-

cs(z| m)dn(z| m)2

09.25.27.0164.01
cn(z| m) + sc(z| m)sn(z| m)

cd(z| m) = -
nd(z| m) (msc(z| m? - sc(z| m? - 1)

09.25.27.0165.01

sc(z| m)sn(z | m) — nc(z | m)
cdiz|m) = -

ds(z| m)sn(z| m)

09.25.27.0166.01

sd(z| m) (sc(z| m) sn(z| m) — nc(z| m)
cdz|m =-

sn(z| m)

09.25.27.0167.01

cn(z| m)de(z| m)
cdiz|m =

cn(z| m) —msc(z| m)sn(z| m) + sc(z| m)sn(z| m)

09.25.27.0168.01

sc(z | m) (sd(z| m) sn(z| m) — nd(z| m))
cdiz|m =-

sn(z| m)

09.25.27.0169.01

cn(z| m)
cd(z| m) =

nd(z| m) — msd(z| m) sn(z| m)
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09.25.27.0170.01

cn(z| m)yde(z| m) + msd(z| m)sn(z| m) —sd(z| m)sn(z| m)
cd(z| m) =

cn(z| m)

09.25.27.0171.01

sd(z| m) (de(z| m) sd(z| m) sn(z| m) — nc(z| m))
cd(z| m) = -

sn(z| m
Involving five other Jacobi elliptic functions
09.25.27.0172.01

1
cd(z| m) = -———— (—nc(z| M ns(z| m) nd(z| m)? + nc(z | m) sd(z| m) nd(z| m) + en(z| m) ns(z| m)
msd(z| m

09.25.27.0173.01

1
cdiz|m = o] )(cn(z|m)+dn(z|m)sc(z|m)sd(zlm)+mnd(z|m)sc(z|m)sd(z|m)—nd(z|m)sc(z|m)sd(z|m))
nd(z| m

09.25.27.0174.01
cs(z| m)de(z| m)nd(z| m) —sn(z| m)

cdiz|m) =
cs(z| mydn(z| m)

09.25.27.0175.01
ds(z| m)nd(z| m) —sn(z| m)

cs(z| mydn(z| m)

cd(z| m) =

09.25.27.0176.01
nc(z| m) (—-ns(z| m nd(z| m)? + sdz| m) nd(z| m) + ns(z| m) — sn(z| m)

cdiz|m =-—
lm msd(z | m)

09.25.27.0177.01

—nc(z| m)nd(z| m)2 +nc(z| m)sd(z| m)2 +cn(z| m)
cdiz|m =-

msd(z| m) sn(z| m)

09.25.27.0178.01

nc(z| m)ns(z| m? sd(z| m)2 - nc(z| m)sd(z| m)2 —-cn(z| m)
cdiz|m =

msd(z| m) sn(z| m)

09.25.27.0179.01
cdz|m) =-sn(z| m)/(c(z| m)dn(z| m)—cs(z| mnd(z| m) + mnd(z| m)sc(z| m) —nd(z| m) sc(z| m))

09.25.27.0180.01

1
cdiz|m) = o] (en(z| m) +mnd(z| m)sc(z| m)sd(z| m) —nd(z| m) sc(z| m) sd(z| m) + sc(z| m) sn(z| m))
nd(z| m

Involving Weler strass functions

09.25.27.0022.01

Ul[mx 92 93) .

Ve

cd(z| m) ==

02

y G2, 93)

w3

(w1, w2, W3} = 1Tz, Ba). ~W1(G2, Ga) ~ Wa(G2, Ga), walGp B} [\ M= A(—) /\ &= o(n g2 00 \nei1, 2,3
wy
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09.25.27.0023.01

z . _
W[\/ﬁrgbg?!) € .

z . _
p[\/ﬁ’ 02, gS) €

cd(z|m2::

w3

(w1, Wp, W3} = (W1(G2, Gp), ~W1(Gz, Go) — W( Gz, o), ws(Gp, Ba)) [\ M= A(—) /\ &= 9(wn &2 g \neiL 23
wy

Involving theta functions
09.25.27.0024.02

1 02(%, Q(m))
W 03(2E:m>’ Q(m))

09.25.27.0025.01
de(z| m)

cd(z| m) =

cd(z| m) =

da(z| m)

Zeros

09.25.30.0001.01
cd2r+ DKM +2siKA-m)|m=0/;{r,sleZ

History

—C. G. J. Jacobi (1827)
—N. H. Abel (1827)
—J. Glaisher (1882) introduced the notations cd, cs, dc, ds, nc, nd, ns, sc, and sd.
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