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Notations

Traditional name

Jacobi éliptic function ds

Traditional notation

ds(z| m)

Mathematica StandardForm notation

Jacobi DS[z, m]

Primary definition

09.30.02.0001.01
dn(z| m)

Specific values

Specialized values

For fixed z

Casem=0

09.30.03.0001.01
ds(z| 0) == csc(2)

T

ds(z+ —

2
09.30.03.0025.01

nk nk
ds{z+ — O):: ®(2+ —)/; kez
2 2

Casem=1

09.30.03.0002.01

0) == %C(Z)
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09.30.03.0003.01

i
ds(z+—
2

09.30.03.0026.01

ink
ds{z+—
2

For fixed m

1) == —i sech(2)

ik
1] == csch(z+ 7] likeZ

Values at quarter-period points in the fundamental period parallelogram

09.30.03.0004.01
ds(0 | m) = &
09.30.03.0005.01
dsK(m |m=+v1-m
09.30.03.0006.01
ds2K(m) | m) =&
09.30.03.0007.01
dsBKM|m=-v1-m
09.30.03.0008.01
ds(4K(m) | m) = &
09.30.03.0009.01
dsiK(1-m)|m)y=—iVvm
09.30.03.0010.01
ds2iK@L-m)|m =&
09.30.03.0011.01
dsBiK(@A-m)|m=iVvm
09.30.03.0012.01

ds4iK@d-m)|m) =&

09.30.03.0013.01
ds(K(m) + i K(L—m) [ m)==0

09.30.03.0014.01

ds2Km +iK@d-m | m=ivVm
09.30.03.0015.01

ds@BKm) +iK@d-m|m=0
09.30.03.0016.01

dsAKm +iK@-m|m=—ivm
09.30.03.0017.01

ds(K(m) +2i K@ -m) [ m)=—-v1-m
09.30.03.0018.01

ds2K(m) + 2i K(L—m) | m) = &

09.30.03.0019.01
dS(3K(m)+2uK(l—m)|m =v1l-m
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09.30.03.0020.01
ds(4K(m) +2iK(1-m) | m) =

09.30.03.0021.01
ds@2rKm +2siK@-my|m==&%/;{r,sleZ
Values at half-quarter-period points
09.30.03.0022.01
m)::x‘yl—m Vi+vVi-m
09.30.03.0023.01

09.30.03.0024.01
Km iK@d-m) 4 4 \/1+\/1—m —w‘\/l—\/l—m
ds( +—‘m)== 1-m+vm
Vievm +ivi-vm

K(m)
{
2

2 2

General characteristics

Domain and analyticity

ds(z | m) isameromorphic function of z and mwhich is defined over C2.
09.30.04.0001.01

(z+m)—ds(z| M) :: (C®C)—C

Symmetries and periodicities
Parity
ds(z| m) isan odd function with respect to z.

09.30.04.0002.01
ds(—z| m) = —ds(z| m)

Mirror symmetry

09.30.04.0003.01
ds(z| m) == ds(z| m)

Periodicity
ds(z| m) isadoubly periodic function with respect to z with periods 4 i K(1 — m) and 4 K(m).

09.30.04.0004.01
ds(z+2K(m) | m) == —ds(z| m)

09.30.04.0005.01
ds(z+4K(m) | m) ==ds(z| m)
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09.30.04.0006.01
ds(z+2i K(1-m) | m) == —ds(z| m)

09.30.04.0007.01
ds(z+4i KA -m) | m) ==ds(z| m)

09.30.04.0008.01
ds(z+ 2K(M) +2i K(1—m) | m) == ds(z| m)

09.30.04.0009.01

ds(z+2isK(1-m)+2rKm | m = (-1)"Sdsz|m)/; {r,s}eZ

Poles and essential singularities

With respect to z

For fixed m, the function ds(z | m) has an infinite set of singular points:
a)z=2rK@m +2siK(@l-m), {r, s} € Z, are the simple poles with residues (- 1)"*%;
b) z== co isan essential singular point.

09.30.04.0010.01
Sing (ds(z| M) == {{{2si K(1 - m) + 2r K(m), 1} /; {r, s} € Z}, {0, oo}

09.30.04.0011.01
res,(ds(z| m) (2si K(A-m)+2rKmy) = (=D /;{r,sleZ

Branch points
With respect tom
For fixed z, the function ds(z| m) is a meromorphic function in m that has no branch points.

09.30.04.0014.01
BPm(ds(z| M) == {}

P. Walker
With respect to z

For fixed m, the function ds(z| m) does not have branch points.

09.30.04.0012.01
BP,(ds(z| m)) == {}

Branch cuts

With respect tom
For fixed z, the function ds(z| m) is a meromorphic function in m that has no branch cuts.

09.30.04.0015.01
BCm(ds(z| M) = {}

P. Walker

With respect to z
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For fixed m, the function ds(z| m) does not have branch cuts.

09.30.04.0013.01
BC,(ds(z| m) == {}

Series representations

Generalized power series

Expansionsat z==0

09.30.06.0005.01

1 1 1
dsz|m o —+=(1-2mz+ — (7+8m-8n?)Z +... /; (2> 0)
z 6 360

09.30.06.0001.02

1 1 1
dsz|m o —+—-(1-2mz+ —(7+8m-8n?) 2 +
Szl m e~ + - ( ) 360( )

(31-78m+48n? -32m?) 2 (127 -224m+ 96 n¥ + 256 m® — 128 1) 7/
+ +
15120 604800

——— ((511- 1294 m+ 1072 n¥ - 1568 ¥ + 1280 m* — 512n°) 2°) + O(z)
23950080

09.30.06.0006.01
(+ 1 (- dn_j(m) 1 K& (i+i=k (=D sm(m) gy

i (- i K=
ds(z|m) ZZ (2k—2])! Z ( ]quZZk_l/qJO—l/\qlk—_Z . /\

parr o r+1 ki i+ 1!

f

n n
keN* /\sno(m) = 1/\snn(m) = ZZ( )cnj(m) dny (M) 6.4n /\cno(m) = 1/\

=0 k=0

n-1n-1 n-1n-1
Cnn(m) = Z;Z(;( 2i+1 )Sn,-(m) AN 8jknes /\ dno(m) =1 /\ diy(m) = mZ(;Z;( 21 )Snj(m) CN(M) 8k i1
] ]

09.30.06.0007.01

ds(z| m) o z (1+0(2))
z

Expansionsat z==2r K(m) + 2i sK(1 - m)

09.30.06.0008.01

1 1 1
ds(z| m) o (=1)*S —+6(1—2m)(z—zo)+ %(—Bmz+8m+7)(z—zo)3+... /i

Z-o2)Nzp=2rKm +2isKA-mAreZ A\seZ
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09.30.06.0009.01

o K (j+D D dnm) -1y [
ds(z| m) = (_1)r+szz PTeeT Z ('J,)Qr,j 2= 2021

i
k=0 j=0 o F+1

1K (i+i—k (=D sm(m) gk

20=2I‘K(m)+2iSK(1—m)/\l’EZ/\SEZ/\QJ’():l/\q]',k: —Z

k& @i+1!

A

n

Z( ;T ) cn; (M) dni (M) &k-n /\ cng(m) =1 /\

n
=0 k=0

keN* /\ som) =1 /\ sn(m) =

n-1n-1

2n-1 B 2n-1
cnn(m) = Z;kz(;( 21 )Snj(m) AN i nea /\ dno(m) = 1\ dny(my = mz(;kz;( 2i+1 )Snj(m) CN(M) 6k
j=0 k= j=0 k=

09.30.06.0010.01
_ 1 r+s

ds(z| m) «

(1+0(z-2)%) /i zo=2rK(mM +2isKA-mAreZA\seZ

Expansionsat m==0

09.30.06.0011.01
1
ds(z| m) oc csc(2) + E (4zcos(z) - 7sin(2) + siN(32)) csc?(2) m+

1
0 (247 +12sin(22) z- 4sin(42) 2+ 8(Z + 4) cos(22) - 3cos(4 2) - 29) csC* () NF + ... /; (M 0)

09.30.06.0012.01

1
ds(z| m) o csc(2) + % (4zcos(2) - 7siN(2) + Sin(32)) csc(2) m +

1
o (247 +12sin(22)z-4sin(42) 2+ 8(Z + 4) cos(22) — 3cos(4 2) — 29) cC* (D) NP +

1
—— (162(46 2 + 15) cos(2) + 16 (2 Z — 21) cos(32) + 96 zcos(52) +
49152

6(16coS(22) Z +8Cox(42) Z + 168 Z + 257 COS(2 2) — 18C0S(4 2) — coS(6 2) — 238) Sin(2)) csc’(2) M + 1572864

(36807 + 94807 + 12(632 7 + 407) sin(22) z+ 12 (40 Z — 307) sin(42) z— 4(8 7 - 195) sin(6 2) z+ 36Sin(82) z+
(24327 - 9768 7 + 30447) cos(22) + 2(16 7 + 300 2 — 4233) cos(4 2) - 39 (8 Z - 7) cos(6 2) + 60 cos(8 2) — 22314)
csc(2) mt + _ (82(269127 + 54080 7 + 28635) cos(2) + 48 2(632 Z — 8350 7 — 8325) cos(32) +
251658240
162(87" - 2170 2 + 12615) cos(52) + 1802(16 2 — 149) cos(7 2) — 4500 zcos(92) +
280(1388 7 + 56797 — 15162) sin(2) + 30 (6512 7 — 19620 7 + 72503) sin(32) + 15(96 ! + 3704 7 - 31017)
sin(52) +10(16 2 — 1320 Z + 39) sin(72) — 30(36 2 — 161) sin(92) + 15sin(112)) csc®(2) P +
— (3014144 7° + 16319520 7' + 56 145600 7 + 24 (485744 7' + 1269960 Z + 770145) sin(22) z+
24159191040
84(225927 - 160320 Z — 205725) sin(42) z+ 36 (288 7} — 34920 7 + 166 925) sin(6 2) z—
24(167' - 1680 Z + 7305) sin(82) z+ 180 (72 Z - 1381) sin(102) z— 900sin(122) z+
2(1349504 2% - 39758407 — 38433240 7 + 116 155 305) cos(2 2) +
4(462082° — 20841607 + 5587560 7 — 23539905) cos(4 2) +
(256 2° - 201607 — 1808640 7 + 15633 045) cos(6 2) — 30(368 Z* — 2736 Z2 — 19017) cos(82) +
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225 (432 7 - 967) cos(102) — 1620 cos(12 2) — 154135350) csc’(2) m° +
1
5411658792960
1227(5176064 2° — 94961216 7' — 332047520 7 — 204001 455) cos(32) +
82(2789127° - 274478407 + 145308660 7 + 187870725) cos(52) +
42(2567° - 3669127 + 176862007 — 76415535) cOS(72) +
842(896 7' + 143240 7 - 784815) cos(92) — 5040 2(630 7 — 5647) cos(112) +
258300zcos(132) + 189(3207168 2° + 20784960 7' + 85868640 7 — 253271975) sin(2) +
28(16336768 2° + 1462800 7' — 300501630 7 + 1026 824535) sin(32) +
14(2404096 2 - 57351120 7" + 136471140 7 - 678730635) sin(52) +
7(43527° - 8356807 — 6135120 7 + 172064.925) sin(7 2) + 7 (256 2° + 115680 7' — 6263280 7 + 14958 765)
sin(92) - 630(4327* - 22276 7 + 35169) sin(11 2) + 2520 (25 7 - 109) sin(13 2) — 315sin(152)) csc’() M’ +
1
173173081374720
28(2256824322° + 1385952768 7 + 3229458120 7 + 1284454 305) sin(22) z+
4(464093696 2° — 3559129056 7' — 17629256400 7 — 9048398625 sin(42) z+
72(9598722° — 47697552 7" + 230563200 7 + 193412625) sin(62) z+
12(332872° - 273056 7' — 23444120 7 + 42941 325) sin(8 2) z— 8(128 2° + 544656 7' — 59191440 7 + 252167 265)
sin(102) z+ 756 (864 Z* — 95200 7 + 578 185) sin(12 2) z— 420 (1000 Z — 16371) sin(14 2) z+ 8820sin(16 2) z+
2(6362337282% — 1429788416 2° — 27307576800 7' — 154793887 920 7 + 499901 171175) cos(2 2) +
4(42446336 7 — 2032549120 2° - 27925128007 + 31520509650 7 — 123914 582505) cos(4 2) +
63 (532487 — 10261760 2° + 168837600 7! — 321859800 7 + 2156834 375) cos(6 2) +
2(256 2 — 151424 7° + 158348400 7' — 1186709580 7 — 6231 780 135) cos(82) —
21(2816 2 + 3608800 7" — 66159480 7 + 99713535) cos(102) + 1260 (8640 7' — 195390 7 + 251237) cos(122) —
1
49873847 435919360
(82(17769803264 7 + 154333234944 ° + 658896 390432 7' + 1407530896 380 Z + 362130876 765) CoS(2) + 4
(11114481664 2 — 217986748416 2° — 1797855073056 7' — 5056519328 280 7 — 1382731177 275) cos(3 2) +
202(179849216 2 — 17460979200 2° + 71947897 056 7' + 564 845891400 7 + 161241 132465) cos(5 2) +
82(5036288 2 — 16862872322 + 60858081648 7' — 313633139400 7 — 15268961 295) coS(7 2) +
82(256 2 — 1169280 2° — 963679248 7* + 33854058000 2 — 99675132795) cos(92) +
362(97287° + 66681888 7' — 2916648840 7 + 10776893 715) cos(11 2) —
113402(23328 7' — 1053928 7 + 5114407) cos(13 2) + 56 700 (3400 7 — 23959) cos(15 2) — 4524660 zcos(17 2) +
63 (5765827584 7 + 64166102528 2° + 333730895520 7 + 1325343713760 7 — 4307074 148655) sin(2) +
2161654030208 7 + 3788596 000 2° — 26569322920 7' — 230872244295 7 + 831876 702090) sin(32) +
360 (149785536 72 — 3223529792 2° — 7078597 260 Z* + 44068988880 7 — 209000751 309) sin(52) +
9(120776192 2 - 10973310208 2% + 131103658560 7' — 134 250966 360 7 + 1915278069 285) sin(7 2) +
9(128007 - 59381504 2° + 10897393920 7 — 90497521800 7 — 110680748 955) sin(9 2) +
36(128 7 + 2929920 2% — 606 712680 7' + 7685227620 7 — 9452706 795) sin(11 2)
189(622082° — 12659840 7 + 187016 760 7 — 212694 795) sin(132) +
945 (20000 7 — 800040 7 + 997 737) sin(15 2) — 5670 (196 7 — 839) sin(17 2) + 2835sin(19 2)) csc'(2) NP +
1
7979815589747 097 600

(82(332445447° + 170063712 7 + 342812400 7 + 160989885) cos(2) +

(1196803584 7 + 11636626 176 2° + 54896637600 7' + 205016064 120 Z +

1260 (2300 72 — 4459) cos(14 2) + 16 380 cos(16 2) — 625789226 790) csc”(2) mP +

(3127485374464 7'° + 43993064586 240 22 + 329797 755302400 2° +
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15139011721680007Z* + 5479777375934400 Z + 240
(83 452515584 7 + 827660584512 2° + 3867171581448 7 + 9326318248800 7 + 1174089492 135) sin(2z) z+

120(69804 095 744 7 — 411013092096 2° — 5327507 238480 Z* — 18940300243 200 7 — 1802961717 165)
sin(42) z+40(18228084992 2 — 790535470464 2° +
1646629919424 7 + 25904678506 560 7 — 1148910594615) sin(62) z+
360(22940672 7 - 3575028736 2° + 110596 799712 7 — 658808191440 7 + 477 932160 195) sin(8 2) z+
120(4352 2 + 37633920 2° — 14004944352 7 + 342040028400 7 — 979532361 045) sin(102) z—
20(512 7 + 53217792 ° - 18912731040 7 + 539471197440 7 — 1819814251 815) sin(122) z+
540(186624 2% — 62952736 7' + 17853637207 — 7673444625) sin(142) z—
18900(200007" — 1596816 7 + 7072143) sin(16 2) -+ 18900 (2744 Z — 41535) sin(18 2) z— 510300sin(202) z+
(37147577630727'° — 723491573760 2 — 262397077 770240 2° — 1943491 925642400 7" —
8702764 170067800 Z + 30758 459515640325) cos(2 2) + 2 (365160251392 7% — 18369497514 240 2 -
81320502170880 2° + 133554 317929200 7' + 2091791621455 200 7 — 8657 487490731 975) cos(4 2) +
(37339713536 7' — 6398908139520 2 + 87398181884 160 2° + 235747 4824152007 —
978366651 759000 7 + 6218861 152229 775) cos(6 2) + 32 (7556 864 2'° — 4114395360 2 +
240986274480 2° — 1951658197650 7' — 1928846922975 7 — 37158 703329825) cos(82) +
(4096 7'° — 8202240 2 + 158795884800 2° — 13173126876 000 7' + 103379598264 600 7 + 26 012863464 525)
cos(102) — 90(11008 2 + 346123008 2% — 28798124880 7" + 295641672480 Z — 323929341 225) cos(122) +
4725(622080 2% — 47770336 7' + 557 168808 72 — 594087 585) cos(14 2) -
4725(1120000 7 - 18727968 7 + 17561337) co(16 2) + 2778300 (124 7 — 221) cos(18 2) -
963900 cos(20 2) — 18525543027 901875) csc(2) m™ + O(m')

09.30.06.0013.01
ds(z| m) « csc(2) (1 + O(m))
Expansionsat m ==

09.30.06.0014.01
1
ds(z| m) oc csch(z) - E (4zcosh(z) — 7sinh(z) + sinh(3 2)) cschz(z) (m-1)+

1
o (247 +12sinh(22) z— 4sinh(4 2) z+ 8(Z - 4) cosh(22) + 3cosh(4 2) + 29) csch®(@) (m=1)2+ ... /;(m> 1)

09.30.06.0015.01

1
ds(z| m) oc csch(z) — 1_6 (4 zcosh(z) — 7sinh(z) + sinh(3 2)) cschz(z) (m-1) +
1
=r (247 + 12sinh(22) z— 4sinh(4 2) z+ 8 (2 — 4) cosh(22) + 3cosh(4 2) + 29) csch’(2) (M- 1)? —

1
15 (162(46 Z - 15) cosh(2) + 16 (2 2 + 21) cosh(32) — 96 zcosh(52) + 3(320 2 + 733) sinh(2) +

3(82 - 275)sinh(32) + 3(82 + 17) sinh(52) + 3sinh(7 2)) csch*(2) (M- 1)° +

———(2(1840Z* - 4740 7 - 11157) + (2432 7 + 9768 Z + 30447) cosh(2 2) +
1572864

2(167* — 300 Z — 4233) cosh(4 2) + 39 (8 Z + 7) cosh(6 2) + 60 cosh(82) + 122(632 7 — 407) sinh(2 2) +
122(402 + 307) sinh(42) - 42(8 2 + 195) sinh(6 2) - 36 zsinh(82)) csch™(2) (M- 1)* —

———— (82(269127 - 54080 7 + 28635) cosh(2) + 48 (632 7" + 8350 7 — 8325) cosh(32) +
251658240
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16z(8 7" + 2170 Z + 12615) cosh(5 2) — 180 2(16 7 + 149) cosh(7 2) — 4500 zcosh(9 2) +

280(13887" — 56797 — 15162) sinh(2) + 30 (6512 7" + 19620 7 + 72503) sinh(32) +

15(96 2 — 3704 Z — 31017) sinh(52) + 10(16 7' + 13207 + 39) sinh(7 2) + 30(36 Z + 161) sinh(9 2) + 15sinh(112))

csch’(@) (m—1)° + __t (2(15070722° - 81597607 + 28072800 7 + 77067 675) +
24159191040

2(1349504 2 + 3975840 7 — 38433240 7 — 116 155305) cosh(2 2) +

4(46208 2% + 2084160 7' + 5587560 7 + 23539 905) cosh(4 2) +

(256 2° + 20160 7 — 1808640 7 — 15633 045) cosh(6 2) + 30 (368 7" + 2736 Z — 19017) cosh(8 2) +

225(432 7 + 967) cosh(10 2) + 1620 cosh(12 2) + 24 2(485744 7' — 1269960 7 + 770145) sinh(2 2) +

847(225927" + 160320 7 — 205725) sinh(4 2) + 36 2(288 7' + 34920 7 + 166 925) sinh(6 2) —

247(167" + 1680 2 + 7305) sinh(8 2) — 180(72 2 + 1381) sinh(10 2) - 900 zsinh(12 2)) csch’(2) (M- 1)° -

1

5411658792960

127(5176064 2° + 94961216 7* — 332047520 7 + 204001 455) cosh(32) +

82(2789127° + 274478407 + 145308660 7 — 187870725) cosh(52) +

42(2562° + 3669127 + 17686 200 Z + 76 415535) cosh(7 2) —

842(896 7' — 143240 7 — 784815) cosh(9 2) — 5040 z(630 Z + 5647) cosh(112) -

258300zcosh(132) + 189 (3207168 2% - 20784960 7" + 85868640 Z + 253271 975) sinh(2) +

28(163367682° — 1462800 7 — 300501630 7 — 1026824 535) sinh(32) +

14(2404096 2 + 57351120 7* + 136471140 7 + 678730635) sinh(52) +

7(43527° + 8356807 — 61351207 — 172064 925) sinh(7 2) +

7(2562° - 1156807 — 6263280 7 — 14958 765) sinh(92) + 630(432 7 + 22276 7 + 35169) sinh(112) +

2520(25 7 + 109) sinh(132) + 315sinh(152)) csch’(2) (M- 1)7 +

(82(332445447° - 170063712 7 + 342812400 7 — 160989 885) cosh(2) +

(18(66489088 2 — 646479232 7° + 3049813200 7' — 11389781340 7 — 34766068 155) +

173173081374720
2(636233728 2% + 1429788416 2° — 27307576800 7" + 154793887920 7 + 499901 171175) cosh(2 2) +
4(42446336 2 + 2032549120 2° — 2792512800 7' — 31520509650 Z* — 123914 582505) cosh(4 2) +
63 (532487 + 10261760 2° + 168837600 Z* + 321859800 7 + 2156834 375) cosh(6 2) +
2(256 2 + 151424 7° + 158348400 7 + 1186 709580 7 — 6231780 135) cosh(82) +
21(28162° — 36088007 — 66159480 7 — 99713535) cosh(102) +
1260 (8640 Z* + 195390 7 + 251 237) cosh(122) + 1260 (2300 Z + 4459) cosh(14 2) +
16380 cosh(16 2) + 282(225682432 2% — 1385952768 7 + 3229458120 7 — 1284454 305) sinh(22) +
47(464093696 2° + 3559129056 7' — 17629256400 7 + 9048 398625) sinh(4 2) +
722(9598727° + 47697552 7 + 230563200 7 — 193412625) sinh(62) +
127(33282° + 273056 7' — 23444120 7 — 42941 325) sinh(82) -
82(1287° — 544656 7' — 59191440 7 — 252167 265) sinh(10 2) — 756 2(864 7' + 95200 7 + 578 185) sinh(122) —

1
49873847 435919360
(82(17769803264 7 — 154333234944 ° + 658896 390432 7' — 1407530896 380 Z + 362 130876 765) cosh(2) +
47(11114481664 2 + 217986 748416 2° — 1797855073056 7' + 5056519328280 7 — 1382731177 275)
cosh(32) + 202(179849216 7 + 17460979200 2° + 71947897 056 7 — 564845891400 7 + 161241132 465)
cosh(52) +82(5036288 2 + 1686287232 2° + 60858081 648 7' + 313633139400 7 — 15268961 295) cosh(7 2) +
82(256 2 + 1169280 2 — 963679248 Z* — 33854058000 7 — 99675132795) cosh(92) —

4202(1000 2 + 16371) sinh(14 2) — 8820 zsinh(16 2)) csch’(2) (m— 1)° —
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362(97282° - 666818887 — 2916648840 7 — 10776893 715) cosh(112) — 11340z

(233287 + 1053928 7 + 5114407) cosh(13 2) — 56 700 (3400 22 + 23959) cosh(15 2) — 4524660 zcosh(17 2) +
63 (5765827584 7 — 64166102528 2° + 333730895520 7 — 1325343713760 7 — 4307 074 148655) sinh(2) +
2161654030208 7 — 3788596 000 2° — 26569322920 7 + 230872244 295 7 + 831876 702090) sinh(32) +
360 (149785536 7 + 3223529792 2° — 7078597 260 Z* — 44068988880 2 — 209000751 309) sinh(52) +
9(120776192 2 + 10973310208 2° + 131103658560 7* + 134250966 360 7 + 1915278069 285) sinh(7 2) +
9(12800 7 + 59381504 2° + 10897393920 7' + 90497521800 7 — 110680 748955) sinh(92) +
36(1282 — 2929920 ° - 606 712680 7' — 7685227620 — 9452706 795) sinh(112) +
189 (62208 2° + 12659840 7 + 187016 760 Z + 212694 795) sinh(132) +

945 (20000 7" + 800040 7 + 997 737) sinh(15 2) + 5670 (196 7 + 839) sinh(17 2) + 2835 sinh(192))

1
csch®(2) (m-1)° + (3127485374464 7'° - 43993064 586240 2 +
7979815589747 097 600

329797 755302400 2° — 1513901 172168000 Z* + 5479777 375934400 7 + 240 (83452515584 7 —
827660584512 7° + 3867171581448 7' - 9326318248800 7 + 1174089492135) sinh(22) z+ 120
(69804095744 7 + 411013092096 2° — 5327507 238480 Z* + 18 940300243200 7 — 1802961717 165) sinh(4 2)
z+40(18228084992 7 + 790535470464 2° + 1646629919424 7' — 25904 678506560 7 — 1148910594 615)
sinh(6.2) z+ 360(22940672 7 + 3575028 736 2 + 110596 799712 7* + 658808191440 7 + 477932160195)
sinh(82) z+120(4352 2 - 37633920 2° — 14004944352 7' — 342040028400 Z — 979532361 045) sinh(102) z—
20(5127° - 53217792 7° - 18912731040 7 — 539471197440 7 — 1819814 251 815) sinh(122) z—
540 (186624 2° + 62952736 7! + 1785363720 7 + 7673444 625) sinh(14 2) -
18900 (20000 7" + 1596816 72 + 7072143) sinh(16 2) z— 18900 (2744 Z + 41535) sinh(182) z—
510300sinh(202) z+ (3714757 763072 7° + 723491573760 7 — 2623970777702402° +
19434919256424007' — 8702764 170067800 7 — 30758 459515 640325) cosh(22) +
2(365160251392 7' + 18369497514 240 22 — 81320502170880 2 — 133554317929200 7 +
2091791621455200 7 + 8657 487 490 731 975) cosh(4 2) +
(37339713536 7' + 6398908139520 7 + 87398181884 160 2° — 235747 4824152007 -
978366 651 759000 7 — 6218861152229 775) cosh(6 2) + 32 (7556864 7'° + 4114395360 2 +
240986274480 2° + 1951658197650 7* — 1928846922975 7 + 37 158 703329825) cosh(82) +
(4096 7'° + 8202240 2 + 158 795884800 2 + 13173126 876000 7' + 103379598264 600 7 — 26012863464 525)
cosh(102) + 90(11008 2 — 346123008 2° — 28798124880 7* — 295641672480 7 — 323929341 225) cosh(122) +
4725(6220802° + 47770336 7 + 557 168808 Z + 594 087 585) cosh(14 2) +
4725(11200007 + 18727968 7 + 17561 337) cosh(16 2) + 2778300 (124 7 + 221) cosh(182) +
963900 cosh(202) + 18525543027 901 875) csch™(2) (m - 1)™° + O((m - ™)

09.30.06.0016.01
ds(z| m) oc csch(2) (1 + O(m— 1))

g-series

09.30.06.0002.01
z 21 & m)2k+t 2k+Vrz
iz m) = s CSC( P g )_ n Z q(m) sin(( +Dnr ]
2Km  \2Km)/  Km) i35 qm2t +1 2K(m)

Other series representations




http: //functions.wolfram.com

11

09.30.06.0003.01

K
ds(z| m Z( 1) cscl ( m (k+ z ))
T 2K@-m) m & K(1-m) 2K(m)

09.30.06.0004.01

—_1)*s
ds(z| m) oc b +0() /; (z-2siKA-m+2rKm)Alr,steZ
z-2siK(1-m)—-2rK@m)

Product representations
09.30.08.0001.01
Vm xz )w 1+ 29 cog =) + gmy**-2

2 Ar o(m) 2K(m)

ds(z| m) == \/

el 1- 2q(m)2kcos( )+q(m)4k

K(m)

Differential equations

Ordinary nonlinear differential equations

09.30.13.0001.01
W (2) - W(2) (2W(2? + 2m-1) = 0 /; W(2) == ds(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
09.30.16.0001.01

ds(iz| m)==—ids(z| 1-m)
09.30.16.0002.01

ds(z| 1—-m)==ids(iz|m

09.30.16.0003.01
ds@z|1-m)=—ids(z| m)

09.30.16.0007.01
ds(x+iy|m) = (@dn(x|mecnly|1-mydn(y|1-m —imsn(x|mcnx|msny|1l-m))/
(dn(y | 1-mysn(x|m)+zcn(x| myen(y | L-mydn(x| mysn(y | 1-m) /; {X, y} € R

09.30.16.0008.01

i )

m-1

09.30.16.0009.01

1) cs(z| m)
Vm

09.30.16.0010.01

1 ;
ds(u'\/l—mz ) fnszim

ds(x/_

1-m 1-m
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09.30.16.0011.01

s(\/_z m-— 1):_u‘cj%m)

Landen's transformation:

09.30.16.0012.01

Vim Y 1-(1-v1- (z] m)?
ooy [ ]] AR
1+vV1-m (1+\/1—m)sn(z|m)cn(z|m)

Gauss' transformation:

09.30.16.0013.01

4 1- 2
ad(1+vm )2 Vm | _i-Vmsneim

(1+\/H)2 (1+Vm) szl m

n th degree transformations:

09.30.16.0014.01

2
2r-1)K
- - msn(w‘m) sn(z| m)?

ds(—‘ )——Mds(z|m)]_[ " /i

1- ns(m;ﬂ ’ m)2 sn(z| my?

9

n+1 Z+A|-_ L 2r— DK 8/\M__21 (m|m)
TE l_[ [ ‘m) __1_[—

=1 r=1 Sn(Z’i(m) ‘m)

09.30.16.0015.01

S( K(m)‘] 1-1 2 1—msn(
— 4+ —
dn(z|m ,_; 1- S((Zr DKM

2r K(m)

‘m) sn(z| m)?

)

‘ m) sn(z | m)?

s S [

n
2 2r- 1)K(m) |m)
r=1 Sn(Zr K(m) )

5 8
—ez+/\|-—mn]_[ [(Zr 1)K(m)‘ )/\M

Argument involving half-periods
09.30.16.0004.01

ds(z+ K@m) |m)=+v1-m ncz| m
09.30.16.0020.01

ds(z— Km) |m)=-v1-m ncz| m
09.30.16.0021.01

ds(z+3Km) |m) =-+v1-m ncz| m
09.30.16.0022.01

dsz+Q2r+DHKm | m=-L"Vvi-mncz|/m/rez
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09.30.16.0005.01
ds(z+i K1 -m) | m)==—ivVm cnz| m
09.30.16.0023.01
ds(z—iK(@L-m) | m =ivVm cnz| m
09.30.16.0024.01
dsiz+3iK@L-m |m=ivVmcnz|m/;seZ
09.30.16.0025.01
ds(z+ 2s+ 1) iK@A-m)|m) = (—1)5‘11‘\/ch(z| m)/;se”Z
09.30.16.0006.01
ds(z+ KM +iK@d-—m|m=ivVm v1-m sdz|m
09.30.16.0026.01
dz-iK@L-m+Km|m=-ivm vV1-m sdz|m
09.30.16.0027.01
dz+iK@L-m-Km|m=-ivm v1-m sdz|m
09.30.16.0028.01
dz-iK@L-m-Km|m=ivm vV1-m sdz|m
09.30.16.0029.01
dsiz+iK(@L-m) +3Km |m=-ivVm V1-m sdiz| m
09.30.16.0030.01
dsiz+(4s+ D) iKA-m+@r+HKm | m=ivVm v1-m sdiz| m)
09.30.16.0031.01
dsiz+(4s+ D) iKA-m+@r-HKm | m=-ivm vV1-m sdz|m
09.30.16.0032.01
ds(z+ (4s-DiKA-m+@r+1DHK@m)|m) = —ivm vV1-m sd(z| m)
09.30.16.0033.01
dsiz+(4s—1DiKA-m+@r—-HKm | m=ivVm v1-m sdiz| m)
09.30.16.0034.01
dsiz+(2s+DiKA-m+@r+HKm | m=(-1"ivVm V1-m sdiz| m

Argument involving inver se Jacobi functions

09.30.16.0035.01

ds(cd‘l(z| m | m)2 = 1—_m
1-2

09.30.16.0036.01
mzZ-m+1

ds(eni(z| m) m’ =
son et m = 2

09.30.16.0037.01
ds(cs iz m) | m)2 =Z-m+1

09.30.16.0038.01

1-m2Z
d dc"l(zlm) mzzi
etz m | m)" = = —
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09.30.16.0039.01

ds(dn’l(z| m) | m)2 = E
1-7

09.30.16.0040.01
> (M=1DZ-m

ds(nct(z|m|m)" =
st mf =
09.30.16.0041.01

ds(nd*(z| m) | m)2 __m
-1

09.30.16.0042.01

ds(ns(z| m) | m)2 —Z2-m
09.30.16.0043.01

, 1-(m-1Z7

dy(scH(z| m) | m)" = T

09.30.16.0044.01

1
ds(sd’l(z lm)|m)= .

09.30.16.0045.01
1-mZ

ds(sn'(z| m) | m)2 =

Addition formulas

09.30.16.0016.01
dn(u | mydn(v | m)—msn(u| m)cn(u | m)sn(v| m)cn(v| my

dstu+v|m)==
cn(v | m)dn(v| m)sn(u| m) +cn(u| m)dn(u | m)sn(v| m)

09.30.16.0017.01

dn(v| m)? — men(v | m?2 sn(u | my?
dsiu+v|mdsu—v|m==

sn(u | m)? — sn(v | m)®

Half-angle formulas

09.30.16.0018.01
z 2 1-m+dn(z| m)+men(z| m
of5[m)

1-cn(z| m)

Multiple arguments

Double angle formulas

09.30.16.0019.01

dn(z| m? — msn(z| m? cn(z| m)2
ds(2z|m) =

2sn(z| m)ycn(z| m)dn(z| m)

Identities
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Functional identities

09.30.17.0001.01
4w(2)? (W(2)? + m- 1) (W2 + M W22? - (W(2)* - n? + m)2 =0/, W(2) = ds(z| m)

Complex characteristics

Real part

09.30.19.0001.01

Re(ds(x+iy| m)) =
(en(y | 1= mydn(x | mydn(y | 1- m)? sn(x | m) — men(x | m32 en(y | 1 —m) dn(x | mysn(x | mysn(y | 1 - m?)/

(dn(y | 1—m)” sn(x | m? +en(x | m2en(y | 1- m?dn(x | m sn(y | 1-m)?) /; {x, y, m} € R

Imaginary part

09.30.19.0002.01

cn(x | mydn(y | 1—m) (cn(y | 1 - m)? dn(x | m)? + msn(x | m?)sn(y | 1-m)
5%y, meR

Imds(x+iy|m))=—
dn(y ] 1-m?sn(x| m?2 +cn(x| mZen(y | 1—my?2dn(x | m?Zsn(y | 1 - m)?2
Absolute value
09.30.19.0003.01
en(y | 1 - m?dn(x | m? dn(y | 1 — m)? + n2 en(x | m? sn(x | m?2 sn(y | 1 — m)?
lds(x+ iy | m)| == Xy, meR

dn(y | 1 - my?sn(x| m?2 +cn(x | mZen(y | 1—m)? dn(x | m?sn(y| 1 - m)?

Argument

09.30.19.0004.01

arg(ds(x+iy| m)) ==
tan~*(cn(y | 1— m)dn(x | m)dn(y | 1 - m)? sn(x | m) —men(x | mZen(y | 1 - m)dn(x | m)sn(x | m)sn(y | 1 — my?,

—(en(x | mydn(y | 1-m) (en(y | 1 - m)? dn(x | m)? + msn(x | m?)snty | 1-m)) /; {x, y, m} € R

Conjugate value

09.30.19.0005.01
cn(y | 1-mydn(x| mydn(y|1—m)+imen(x| m)sn(x| mysny|1—m)

ds(x+iy|m)== /i Iy, meR
sn(x|mydn(y| 1-m)—zicn(x| mydn(x| myen(y | 1—-m)sn(y|1-m)

Differentiation

Low-order differentiation

With respect to z

09.30.20.0001.01
ods(z| m)
0z

= —cs(z| m) ns(z| m)
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09.30.20.0002.01
02ds(z| m)

== ds(z| m) (cs(z| m)? + ns(z| m)?)
07

With respect tom

09.30.20.0003.01
ods(z| m)

= (cszl mns(z| m) (M- 1) z+ E(@an(z| m) | m) - mdn(z| m) sc(z | m)))
am 2m(1-m)

09.30.20.0004.01
82ds(z| m) 1

am? 4(m-1)>%n?

(ds(z| m) (M- 1) z+ E(am(z| m) | m) — mdn(z| m) sc(z | m)) ((m— 1) z+ E(@m(z| m) | m) — mcd(z| m) sn(z| m)) cs(z| m)® +

2(m-=1)ns(z| m)(m-1)z+ E(@m(z| m) | m) — mdn(z| m)sc(z| m)) cS(z| m) +
2mns(z| m)(m-1)z+ E(am(z| m) | m) — mdn(z| m) sc(z| m)) cs(z| m) +

E(@am(z| m) | m) - Fam(z| m) | m)
(1—m)mns(z|m)(22+ —2dn(z| mysc(z| m) +
m

1
— (men(z| m)se(z| m) (M- 1) z+ E(am(z| m) | m) — dn(z| m) sc(z| m)) sn(z| m)) -

1
—1 (de(z| mydn(z] mync(z| m) (m-1) z+ E(@am(z| m) | m) — mcd(z| m) sn(z| m))) +

( D [(((m—l)z+E(am(z|m)|m))dn(z|m)—mcn(z|m)sn(z|m)) 1—msn(z|m)2))cs(z|m)+ds(z|m)
m-1)m

ns(z| m)2 (m-=21) z+E@m(z| m) | m)—mdn(z| m)sc(z| m) (Mm-1)z+ E(am(z| m) | m) — mcd(z| m) sn(z| m)))

Symbolic differentiation

With respect to z

09.30.20.0007.01

ands(z| m) 1o n_1ydleszlm i Insz| m)
7=ds(z|m)6n—2( . ) : : sineN
82" =0 J 02 az—ﬁ-n—l

09.30.20.0005.01
ads(z| m) o (—1k? (22k_1 - 1) Boy ( nz )2k

=(-D"nlz" 4zt
0z ;‘ k2k—-n-1)! 2K(m)

ANl = 2k+ )" gmP*t  (an Rk+ 1z
( 7]N
2 2K(m)

K(m)n+1 =0 q(m)2k+l+1

Fractional integro-differentiation

With respect to z
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09.30.20.0006.01

*ds(z| m) o (—DRL(22KL_ 1By 1 32K
Tyl i L. S S
9z ~ r2k-a)2k+1)  \2K(@m)

2(1/—1 7T5/2 Zl—ar o0 (2 k + 1) q(m)Z k+1

N a 3-a (2k+1)271'222
1F2 1;1—5, i =

K2 i qm?<lel 2 ' 16Kmp?

Integration

Indefinite integration

Involving only one direct function

09.30.21.0001.01

1-cn(z| m)
fds(z| m)dz::log(—]
sn(z| m)

Representations through equivalent functions

With inverse function

09.30.27.0001.01
ds(ds_l(z| m | m) =z
With related functions

Involving am

09.30.27.0026.01
ds(z| m? = csc?(am(z| m)) — m

Involving one other Jacobi elliptic function

Involving cd

09.30.27.0004.01
5 1-m

ds(z| m)® = ————

1-cdz| m)2

Involving cn

09.30.27.0005.01
menz| m?-m+1

ds(z| m)? =
1-cn(z| m)?

Involving cs

09.30.27.0007.01
dsz| m? == cs(z| M2 —m+ 1
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Involving dc

09.30.27.0009.01

ds2 P (1-m)dez| m?

de(z | m)2 -1

Involving dn

09.30.27.0012.01

dsz|m 2 mdn(z | m)2
1-dn(z| m)2

Involving nc

09.30.27.0013.01

gz | mP = (m=1ncz| m?-m

1-nc(z| my?

Involving nd

09.30.27.0016.01

dsz|m?= —
nd(z| m? -1

Involving ns
09.30.27.0017.01
dsz| m? = ns(z| m2-m
Involving sc

09.30.27.0018.01
1—(m-1)sc(z| m?

so(z | m)?

ds(z|m2==

Involving sd
09.30.27.0019.01
1

ds(z| m) ==
| sd(z| m)

Involving sn

09.30.27.0020.01

,  l-msn(z| m?

dsz|mle=—
sn(z| my?
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Involving two other Jacobi eliptic functions

Involving cd and cs

09.30.27.0002.01

cs(z| m)

Involving cd and sc

09.30.27.0003.01

ds(z|my= —— ——
cd(z| m)sc(z| m)

Involving cs and dc

09.30.27.0006.01
ds(z| m) == dc(z| m) cs(z| m)

Involving dc and sc

09.30.27.0008.01
de(z| m)

Involving dn and ns

09.30.27.0010.01
ds(z| m) = dn(z| m)ns(z| m)

Involving dn and sn

09.30.27.0011.01
dn(z| m)

09.30.27.0027.01
mdn(z| m)sn(z| m)

ds(iz|m) = -
(dn(z| m)— 1) @dn(z| m)+ 1)

Involving nd and ns

09.30.27.0014.01
ns(z| m)

nd(z| m)

Involving nd and sn
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09.30.27.0015.01

1
dsiz|my=s== ———
nd(z| m)sn(z| m)

Involving three other Jacabi elliptic functions

09.30.27.0028.01
cn(z| m? de(z| m)

(en(z| m)—1) (en(z| m) + 1) cs(z| m)

ds(z|m) = -
09.30.27.0029.01
en(z| m) (es(z| m? + 1) dn(z| m)
cs(z| m)

09.30.27.0030.01
(cstz| m)? + 1) dn(z| m)

ds(iz|m) =

ds(iz| m) =

cs(z| m)ne(z| m)

09.30.27.0031.01

dc(z| m)
ds(iz| m) =

cs(z|m)(nc(z| m)—1)(nc(z| m)+ 1)

09.30.27.0032.01

dn(z| m) nc(z| m)
ds(iz| m) =

cs(z| m)(nc(z| m—1) (nc(z| M) + 1)

09.30.27.0033.01

cd(z| m) (cs(z| m)? + 1)
ds(z| m) =

cs(z| m)nd(z| m)2

09.30.27.0034.01

cn(z| m (es(z| my? + 1)
ds(z| m) =

cs(z| m)nd(z| m)

09.30.27.0035.01

dn(z| m)
ds(iz|m) = -

(en(zlm)—1) (en(z| m) + 1) ns(z| m)

09.30.27.0036.01

(cstz| m)? + 1) dn(z| m)
ds(iz| m) =

ns(z| m

09.30.27.0037.01

dc(z| m) ne(z | m)
ds(iz| m) =

(nc(zim)y—1) (nc(z| m)+ 1) ns(z| m)

09.30.27.0038.01
dn(z| m) nce(z| my?

ds(z| m) =
(nc(z| m)— 1) (nc(z| m) + 1) ns(z| m)
09.30.27.0039.01

de(z| m) (ns(z| m) - 1) (ns(z| m) + 1)
ds(z| m) =

cn(z| m)yns(z| m)
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09.30.27.0040.01

nc(z| m (ns(z| m—1) (ns(z| m) + 1)
ds(iz| m) =

cd(z| m)ns(z| m)

09.30.27.0041.01

mcen(z| m) dn(z| m)
ds(z| m) =

(dn(z| m? +m- 1) sc(z| m)

09.30.27.0042.01
cn(z| my? sc(z| m)

ds(z| m) = -
cd(zl m)(en(z| m)—1) (cn(z| m) + 1)

09.30.27.0043.01
_ (nszlm) -1 (nsz| m) + 1) sez| m)

ds(z| m)
cd(z| m)
09.30.27.0044.01

dn(z| m) (sc(z| m)? + 1)
ds(iz| m) =

ns(z| m)sc(z| m)?
09.30.27.0045.01
cn(z| mydn(z | m) (sc(z| m? + 1)

ds(z| m) = Py

09.30.27.0046.01
dn(z| m) (sc(z| m? + 1)

dsz|m =
nc(z | m)sc(z| m)
09.30.27.0047.01

cd(z| m) (se(z | m)? + 1)
ds(iz| m) =

nd(z| m)2 sc(z| m)

09.30.27.0048.01
cn(z| m) (se(z | my? + 1)

ds(iz| m) =
nd(z| m) sc(z| m)
09.30.27.0049.01

(cstz| m)? + 1) sd(z| m)
ds(iz| m) =

nd(z | m)2

09.30.27.0050.01
nc(z| m)? sd(z| m)

ds(iz| m) =
(nc(z| m) — 1) (nc(z| m)+ 1) nd(z| m)2

09.30.27.0051.01

de(z| m)? sd(z| m)
ds(z| m) =

B (de(z| mynd(z| m) — 1) (de(z| mynd(z| m) + 1)

09.30.27.0052.01

(se(z| m)? + 1) sd(z| m)
ds(iz| m) =

nd(z | m)? so(z | m)2
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09.30.27.0053.01
ds(z| m) = (cs(z| m? + 1) dn(z | m) sn(z| m)

09.30.27.0054.01

dc(z| m)2 dn(z| m)sn(z| m)
ds(z| m) =

(de(z| m) —dn(z| m)) (de(z| m) + dn(z | m))

09.30.27.0055.01

dn(z| m)sn(z| m)
ds(z| m) =

* (cd(z| mydn(z| m) — 1) (cd(z| m)dn(z| m) + 1)

09.30.27.0056.01
nc(z | mysn(z| m)

cd(z| m)(nc(z| m) — 1) (nc(z| m) + 1)

ds(iz| m) =

09.30.27.0057.01

dc(z| m)yne(z| m) sn(z| m)
ds(iz| m) =

(nc(zlm -1 (ncz|m+1)

09.30.27.0058.01

dn(z| m) nc(z| m? sn(z| m)
ds(z| m) =

(nc(z|m) —1)(ncz| m + 1)

09.30.27.0059.01
(cstz| m)? + 1) sn(z| m)

ds(z| m) =
Szim nd(z| m)

09.30.27.0060.01
nc(z | my? sn(z| my
(nc(z| m) — 1) (nc(z| m) + 1) nd(z| m)

ds(iz|m) =

09.30.27.0061.01
nd(z | m)sn(z| m)

- (cd(z| m) — nd(z| m)) (cd(z| m) + nd(z| m))

ds(iz| m) =

09.30.27.0062.01

dn(z| m) (sc(z| m)? + 1) sn(z| m)
ds(iz| m) =

sc(z | m)?

09.30.27.0063.01
(sc(z| m? + 1) sn(z| m)

ds(z| m) =
nd(z| m) sc(z| my?

09.30.27.0064.01
de(z| m) (sn(z| m) - 1) (sn(z| m)+ 1)

ds(iz|m) = -
cs(z| m) sn(z| m)?

09.30.27.0065.01

sc(z| my(sn(z| m) — 1) (sn(z| m) + 1)
ds(z| m) = -

cd(z| m) sn(z| m)?

Involving four other Jacobi eliptic functions
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09.30.27.0066.01

cn(z| m)de(z| m)
ds(iz|m) = -

cn(z| m)cs(z| m) — ns(z| m)

09.30.27.0067.01

de(z| m)
ds(iz|m) = -

(en(z| m) —nc(z| m) ns(z| m)

09.30.27.0068.01

dn(z| m)nc(z| m)
ds(z| m) = -

(en(z| m) - nc(z| m) ns(z| m)

09.30.27.0069.01
dc(z| m)dn(z | m)

ds(iz| m) =
de(zl myns(z| m) —cs(z| m)dn(z| m)

09.30.27.0070.01

nc(z| myns(z| my)—sc(z| m)
ds(iz|m) =

cd(z| m)

09.30.27.0071.01

mcen(z| m) —mne(z | m) + nc(z| m)
ds(iz| m) =

dn(z| m)sc(z| m)

09.30.27.0072.01
cn(z| m)sc(z| m)
ds(z|m = -

cd(z| m) (en(z| m) — nc(z | m))

09.30.27.0073.01

dn(z| m)sc(z| m)
dszlm=-———-——
cn(z| m)—nc(z| m)

09.30.27.0074.01

dn(z| m) sc(z| m)
ds(z|m = -

cd(z| m)ydn(z| m) — nc(z| m)
09.30.27.0075.01

ds(z| m) = cn(z| m)dn(z| m) (cs(z| m) + sc(z | m))

09.30.27.0076.01

dn(z| m) (cs(z| m) + sc(z| m))
ds(z| m) =

nc(z | m)

09.30.27.0077.01
B cd(z| m) (cs(z | m) + sc(z | m))

nd(z| m)2

ds(z| m)

09.30.27.0078.01
cn(z| m) (cs(z| m) + sc(z | my)
nd(z| m)

ds(z| m) =

09.30.27.0079.01
dn(z| m) (cs(z| m) + sc(z | m))

ns(z| m) sc(z | m)

ds(iz|m) =
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09.30.27.0080.01

dn(z| m) sc(z| m)
ds(iz|m) =

ns(z| m) sc(z| m) —cn(z| m)

09.30.27.0081.01

(cs(z| m) + sc(z | m)) sd(z | m)
ds(iz| m) =

nd(z| m)2 sc(z| m)

09.30.27.0082.01

cs(z| m) + dc(z| m)sd(z| m)
ds(iz|m) =

de(z| m)nd(z| m)2

09.30.27.0083.01
cs(z| m)nd(z| m) +nc(z| m) sd(z| m)

ds(z| m) = ;
nc(z| mynd(z| m)
09.30.27.0084.01

dn(z| m)2 (cd(z| m) + sc(z| m) sd(z| m))
ds(iz| m) =

sc(z| m)

09.30.27.0085.01

cd(z| m) +sc(z| m)sd(z| m)
ds(iz| m) =

nd(z | m)2 sc(z | m)

09.30.27.0086.01
cn(z| mnd(z| m) +sc(z| m)sd(z| m)

ds(iz| m) =
nd(z| m)2 sc(z| m)

09.30.27.0087.01

—cn(z| m) + mdn(z| m)sc(z| m)sd(z| m) —dn(z| m)sc(z| m)sd(z| m)
ds(iz|m) = -

dn(z| m) sc(z| m)

09.30.27.0088.01

de(z| m) (ns(z| m) - sn(z | m))
ds(iz| m) =

cn(z| m)

09.30.27.0089.01

ns(z| m) —sn(z| m
dsz|m = -,
cd(z| m*dn(z| m)

09.30.27.0090.01

de(z| m)? (ns(z| m) — sn(z| m))

ds(iz| m) =
Szim dn(z| m)

09.30.27.0091.01

nc(z| m (ns(z| m) — sn(z| m))
ds(z| m) =

cd(z| m)

09.30.27.0092.01

de(z| m) (ns(z| m) —sn(z| m)
ds(z| m) =

cs(z| m)sn(z| m)
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09.30.27.0093.01

(m-=1)dc(z| m)ysn(z| m)
ds(iz|m) = -

de(z| mydn(z| m) —cn(z| m)

09.30.27.0094.01

sn(z| m)
ds(z| m) = -

cd(z| m) (cd(z| m)dn(z| m) — nc(z| m)

09.30.27.0095.01

mdc(z| m) sn(z| m)
ds(z| m) =

- de(z| mydn(z| m) — nc(z| m)

09.30.27.0096.01

sn(z | m)
ds(z| m) = -

cd(z| m)2 dn(z| m) — nd(z| m)

09.30.27.0097.01
do(z| m)? sn(z| m)

ds(z| m) =
de(z| m)2 nd(z| m) —dn(z| m)

09.30.27.0098.01
nc(z| mysn(z| m)

ds(iz|m) =
nc(z| mynd(z| m) —cd(z| m)

09.30.27.0099.01
dn(z| m) (cs(z| m) +sc(z| m)) sn(z| m

sc(z| m)

ds(iz| m) =

09.30.27.0100.01

(cs(z| m) + sc(z| my) sn(z | m)
ds(z| m) =

nd(z| m) sc(z| m)
09.30.27.0101.01
ds(z| m) = dn(z| m) (cd(z| m) c(z| m) dn(z| m) + sn(z| m))

09.30.27.0102.01

de(z| m)ysn(z| m)
ds(z| m) =

de(z| mynd(z| m) —cs(z| m)ysn(z| m)

09.30.27.0103.01

dn(z| m) (cs(z| m) dn(z | m) +dc(z| m) sn(z | m))
ds(iz|m) =

dc(z| m)

09.30.27.0104.01

c(z| m) + nc(z| m)sn(z| m)
ds(z| m) =

nc(z| mynd(z| m)

09.30.27.0105.01

cd(z| mycs(z| m) + nd(z| m)sn(z| m)
ds(z| m) =

nd(z | m)2

09.30.27.0106.01
cn(z| m) + sc(z | m)sn(z| m)

nd(z | m) sc(z| m)

ds(z| m) =
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09.30.27.0107.01

sc(z| m) sn(z| m) — nc(z| m)
dsiz|m = -

cd(z| m)sn(z| m)

09.30.27.0108.01

—cn(z| m)+msc(z| msn(z| m) —sc(z| msn(z| m)
ds(iz|m) = -

dn(z| m)sc(z| m)

09.30.27.0109.01

—cn(z| m) + mde(z| m)sd(z| m)sn(z| m) —dc(z| m)sd(z| m)sn(z| m)
ds(iz|m) = -

de(z| m)sn(z| m)

Involving five other Jacobi eliptic functions

09.30.27.0110.01

cn(z| m) +dn(z| m)sc(z| m)sd(z| m)
ds(z| m) =

nd(z| m) sc(z| m)

09.30.27.0111.01

cd(z| m)cs(z| m)dn(z| m) +sn(z| m)
ds(iz|m) =

nd(z | m)

09.30.27.0112.01

cs(z| mydn(z| m) + dc(z| m)ysn(z| m)
ds(iz|m) =

dc(z| m) nd(z | m)

Involving Weier strass functions

09.30.27.0021.01

0’2( L 92, 93]

ds(z| m) == ae
Ve -6 z_.
0'[ ek 92, 93)

w
{w1, w2, w3} == {W1(G2, G3), —w1(G2, G3) — W3(G2: Ga), W3(T2: Ga)) /\ m= 7{—3) /\ €n == P(wn; G2, Gs) /\ nei{l 23}

w1

09.30.27.0022.01

¥4 . _
%’[mvgzygs) € |

€ -6

ds(z | m)2 ==

w3

{w1, wa, w3} == {w1(F2: Ga), ~W1(T2, Y3) — W3(G2, Ts)» W3(Tr Ga)} /\ m= A(—] /\ €n == 9(wn; G2, 93) /\ nei{l 23}
w1

Involving theta functions

09.30.27.0023.01

05( = A(M)

nz

ds(z| m) == (m(1 - m)**
01 2Km)’ Q(m))
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09.30.27.0024.01

z
80, qim) 03(03<0,q<m>>2’ Q(m))

M = S 550, )

m) ¢s(0, q(m z
¢ (%(Qq(m»z’ Q(m))

09.30.27.0025.01
dq(z| m)
ds(z| m) ==

ds(z| m)

Zeros

09.30.30.0001.01
ds2r+ DKM +2s+1)iKA-m|m=0/;{r,sleZ

History

—C. G. J. Jacohi (1827)
—N. H. Abedl (1827)
—J. Glaisher (1882) introduced the notation ds
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