
KelvinBei

Notations

Traditional name

Kelvin function of the first kind

Traditional notation

beiHzL
Mathematica StandardForm notation

KelvinBei@zD

Primary definition
03.13.02.0001.01

beiHzL � -
1

2
ä JI0J -1

4
zN - J0J -1

4
zNN

Specific values

Values at fixed points

03.13.03.0001.01

beiH0L � 0

Values at infinities

03.13.03.0002.01

lim
x®¥

beiHxL � ¥�

General characteristics

Domain and analyticity

beiHzL is an entire, and so analytic, function of z, which is defined in the whole complex z-plane.

03.13.04.0001.01

z�beiHzL � C�C

Symmetries and periodicities



Parity

03.13.04.0002.01

beiH-zL � beiHzL
Mirror symmetry

03.13.04.0003.01

beiHz�L � beiHzL
Periodicity

No periodicity

Poles and essential singularities

The function beiHzL has only one singular point at z = ¥� .  It is an essential singular point. 

03.13.04.0004.01

SingzHbeiHzLL � 88¥� , ¥<<
Branch points

The function beiHzL does not have branch points.

03.13.04.0005.01

BPzHbeiHzLL � 8<
Branch cuts

The function beiHzL does not have branch cuts.

03.13.04.0006.01

BCzHbeiHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

03.13.06.0001.01

beiHzL µ beiHz0L +
beiHz0L - ber2Hz0L

4
Hz - z0L2 +

bei1Hz0L - ber1Hz0L
2

 Hz - z0L + ¼ �; Hz ® z0L
03.13.06.0002.01

beiHzL µ beiHz0L +
bei1Hz0L - ber1Hz0L

2
 Hz - z0L +

beiHz0L - ber2Hz0L
4

Hz - z0L2 + OIHz - z0L3M
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03.13.06.0003.01

beiHzL � â
k=0

¥ H-1 + äLk 2-
3 k

2
-1

k !
â
j=0

f k

2
v

k
2 j

II1 + äkM bei4 j-kHz0L - ä I1 - äkM ber4 j-kHz0LM +

â
j=0

f k-1

2
v

k
2 j + 1

II-1 - äkM bei4 j-k+2Hz0L + ä I1 - äkM ber4 j-k+2Hz0LM Hz - z0Lk

03.13.06.0004.01

beiHzL �
ä Π

2
â
k=0

¥ 2k

k !
1F

�
2

1

2
;

1 - k

2
,

2 - k

2
; -

1

4
Iä z0

2M - 1F
�

2

1

2
;

1 - k

2
,

2 - k

2
;

ä z0
2

4
 z0

-k Hz - z0Lk

03.13.06.0005.01

beiHzL µ beiHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

03.13.06.0006.01

beiHzL µ
1

4
z2 1 -

z4

576
+

z8

3 686 400
-

z12

104 044 953 600
+ OAz16E �; Hz ® 0L

03.13.06.0007.01

beiHzL µ
1

4
z2 1 -

z4

576
+

z8

3 686 400
-

z12

104 044 953 600
+ OIz16M

03.13.06.0008.01

beiHzL �
z2

4
â
k=0

¥ H-1Lk

HH2 k + 1L !L2
 K z

2
O4 k

03.13.06.0009.01

beiHzL �
1

4
z2

0F3 ; 1,
3

2
,

3

2
; -

z4

256

03.13.06.0010.01

beiHzL µ
z2

4
+ OIz6M

03.13.06.0011.01

beiHzL � F¥HzL �;
FnHzL �

1

4
z2 â

k=0

n H-1Lk

HHa + 2 kL !L2
 K z

2
O4 k

� beiHzL +
H-1Ln 4-2 n-3 z4 n+6

GH2 n + 4L2
 1F4 1; n + 2, n + 2, n +

5

2
, n +

5

2
; -

z4

256
í n Î N

Summed form of the truncated series expansion.

For small integer powers of the function
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03.13.06.0012.01

beiHzL2 µ
1

16
z4 1 -

z4

288
+

59 z8

16 588 800
-

z12

1 040 449 536
+ ¼ �; Hz ® 0L

03.13.06.0013.01

beiHzL2 µ
1

16
z4 1 -

z4

288
+

59 z8

16 588 800
-

z12

1 040 449 536
+ OIz16M �; Hz ® 0L

03.13.06.0014.01

beiHzL2 �
1

2
â
k=0

¥ 2-4 k z4 k

Hk !L2 H2 kL !
-

1

2
â
k=0

¥ 16-k H-1Lk J 1

4
N
k

J 3

4
N
k

z4 k

J 1

2
N
k

3 Hk !L3

03.13.06.0015.01

beiHzL2 �
1

2
0F3 ; 1, 1,

1

2
;

z4

64
-

1

2
2F5

1

4
,

3

4
;

1

2
,

1

2
,

1

2
, 1, 1; -

z4

16

03.13.06.0016.01

beiHzL2 µ
z4

16
+ OIz8M

03.13.06.0017.01

beiHzL2 � F¥HzL �; FnHzL �
1

2
â
k=0

n 2-4 k z4 k

Hk !L2 H2 kL !
-

1

2
â
k=0

n 16-k H-1Lk J 1

4
N
k

J 3

4
N
k

z4 k

J 1

2
N
k

3 Hk !L3

�

beiHzL2 -
2-4 n-5 z4 Hn+1L

GHn + 2L2 GH2 n + 3L  1F4 1; n +
3

2
, n + 2, n + 2, n + 2;

z4

64
-

H-1Ln z4 n+4 GJ2 n + 5

2
N

2 Π GH2 n + 3L3
 3F6 1, n +

5

4
, n +

7

4
; n +

3

2
, n +

3

2
, n +

3

2
, n + 2, n + 2, n + 2; -

z4

16
í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansions inside Stokes sectors

Expansions containing z ® ¥

In exponential form |||  In exponential form
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03.13.06.0018.01

beiHzL µ -
1

2 2 Π z
 ã

-
z

2 -ã
-

1

8
Hä ΠL-

ä z

2 + ã

ä Π

8
+

ä z

2 +

ã

z

2 ã
-

1

8
H3 ä ΠL-

ä z

2 + ã

3 ä Π

8
+

ä z

2 +
1

8 z
 ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2 + ã

ä Π

8
+

ä z

2 + ã
-

z

2 ã
-

1

8
H3 ä ΠL-

ä z

2 - ã

3 ä Π

8
+

ä z

2 +

9 ä

128 z2
 ã

-
z

2 ã
-

1

8
Hä ΠL-

ä z

2 + ã

ä Π

8
+

ä z

2 + ã

z

2 ã
-

1

8
H3 ä ΠL-

ä z

2 - ã

3 ä Π

8
+

ä z

2 +

75 ä

1024 z3
 ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2 - ã

ä Π

8
+

ä z

2 + ã
-

z

2 -ã
-

1

8
H3 ä ΠL-

ä z

2 - ã

3 ä Π

8
+

ä z

2 + ¼ �; -
Π

2
< argHzL £ Π í H z¤ ® ¥L

03.13.06.0019.01

beiHzL µ

-
1

2 2 Π z
 â

k=0

f n

2
v

4-k

H2 kL !
 ã

-
z

2 -H-1Lk ã
-

1

8
Hä ΠL-

ä z

2 + ã

ä Π

8
+

ä z

2 + ã

z

2 ã
-

1

8
H3 ä ΠL-

ä z

2 + H-1Lk ã

3 ä Π

8
+

ä z

2
ä

z2

k 1

2 2 k

2

+

1

2 z
 â

k=0

f n-1

2
v

4-k

H2 k + 1L !
ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2 + H-1Lk ã

ä Π

8
+

ä z

2 + ã
-

z

2 H-1Lk ã
-

1

8
H3 ä ΠL-

ä z

2 - ã

3 ä Π

8
+

ä z

2
ä

z2

k 1

2 2 k+1

2

+

¼ �; -
Π

2
< argHzL £ Π í H z¤ ® ¥L í n Î N

03.13.06.0020.01

beiHzL µ -
1

2 2 Π z
 ã

-
z

2 ã

ä Π

8
+

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
- ã

-
1

8
Hä ΠL-

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
+

ã

z

2 ã
-

1

8
H3 ä ΠL-

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
+ ã

3 ä Π

8
+

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
+

1

8 z
 ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
+ ã

ä Π

8
+

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
+ ã

-
z

2 ã
-

1

8
H3 ä ΠL-

ä z

2

4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
- ã

3 ä Π

8
+

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

03.13.06.0021.01

beiHzL µ -
1

2 2 Π z
 ã

-
z

2 ã

ä Π

8
+

ä z

2 1 + O
1

z2
- ã

-
1

8
Hä ΠL-

ä z

2 1 + O
1

z2
+

ã

z

2 ã

3 ä Π

8
+

ä z

2 1 + O
1

z2
+ ã

-
1

8
H3 ä ΠL-

ä z

2 1 + O
1

z2
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

In trigonometric form |||  In trigonometric form
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03.13.06.0022.01

beiHzL µ -ã

z

2 sin
1

8
IΠ - 4 2 zN - ä ã

-
z

2  cos
1

8
I3 Π - 4 2 zN +

1

8 z
 -ã

z

2 cos
1

8
I4 2 z + ΠN + ä ã

-
z

2 cos
1

8
I4 2 z - ΠN +

9

128 z2
 -ã

z

2 cos
1

8
I4 2 z - ΠN + ä ã

-
z

2 sin
1

8
I4 2 z - 3 ΠN +

75

1024 z3
 ã

z

2 sin
1

8
I-4 2 z - ΠN + ä ã

-
z

2 sin
1

8
IΠ - 4 2 zN + ¼ �; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

03.13.06.0023.01

beiHzL µ

1

2 Π z
 

1

2 z
 â

k=0

f n-1

2
v 4-k J- 1

z2
Nk J 1

2
N
2 k+1

2

H2 k + 1L !
 ä H-1Lk ã

-
z

2 cos
Π k

2
+

1

8
I4 2 z - ΠN - ã

z

2 cos
Π k

2
+

1

8
I4 2 z + ΠN -

â
k=0

f n

2
v 4-k J- 1

z2
Nk J 1

2
N
2 k

2

H2 kL !
 ã

-
z

2 ä cos
Π k

2
+

1

8
I3 Π - 4 2 zN + H-1Lk ã

z

2 sin
Π k

2
+

1

8
IΠ - 4 2 zN +

¼ �; -
Π

2
< argHzL £ Π í H z¤ ® ¥L í n Î N

03.13.06.0024.01

beiHzL µ
1

2 Π z
 

8F3

1

8
,

1

8
,

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
;

1

4
,

1

2
,

3

4
; -

16

z4
ã

-
z

2 H-äL cos
1

8
I3 Π - 4 2 zN - ã

z

2 sin
1

8
IΠ - 4 2 zN +

1

8 z
 ä ã

-
z

2 cos
1

8
I4 2 z - ΠN - ã

z

2 cos
1

8
I4 2 z + ΠN 8F3

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
;

1

2
,

3

4
,

5

4
; -

16

z4
-

9

128 z2
 8F3

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
;

3

4
,

5

4
,

3

2
; -

16

z4

ã

z

2 cos
1

8
IΠ - 4 2 zN + ã

-
z

2 ä sin
1

8
I3 Π - 4 2 zN +

75

1024 z3
 ã

-
z

2 H-äL sin
1

8
I4 2 z - ΠN - ã

z

2 sin
1

8
I4 2 z + ΠN

8F3

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
,

13

8
,

13

8
;

5

4
,

3

2
,

7

4
; -

16

z4
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

03.13.06.0025.01

beiHzL µ -
1

2 Π z
 ã

z

2 sin
1

8
IΠ - 4 2 zN + ã

-
z

2 ä cos
1

8
I3 Π - 4 2 zN 1 + O 

1

z4
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L
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Expansions containing z ® -¥

In exponential form |||  In exponential form

03.13.06.0026.01

beiHzL µ -
1

2 2 Π -z
 ã

z

2 ã

ä Π

8
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä z

2 + ã
-

z

2 ã

3 ä Π

8
-

ä z

2 + ã
-

1

8
H3 ä ΠL+

ä z

2 +

1

8 z
 ã

-
z

2 -ã

ä Π

8
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä z

2 + ã

z

2 ã

3 ä Π

8
-

ä z

2 - ã
-

1

8
H3 ä ΠL+

ä z

2 +

9 ä

128 z2
 ã

z

2 ã

ä Π

8
-

ä z

2 + ã
-

1

8
Hä ΠL+

ä z

2 + ã
-

z

2 -ã

3 ä Π

8
-

ä z

2 + ã
-

1

8
H3 ä ΠL+

ä z

2 +

75 ä

1024 z3
 ã

-
z

2 ã

ä Π

8
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä z

2 + ã

z

2 ã

3 ä Π

8
-

ä z

2 + ã
-

1

8
H3 ä ΠL+

ä z

2 + ¼ �; Π

2
< argHzL £ Π í H z¤ ® ¥L

03.13.06.0027.01

beiHzL µ

-
1

2 2 Π -z
 â

k=0

f n

2
v

4-k

H2 kL !
 ã

z

2 ã

ä Π

8
-

ä z

2 - H-1Lk ã
-

1

8
Hä ΠL+

ä z

2 + ã
-

z

2 H-1Lk ã

3 ä Π

8
-

ä z

2 + ã
-

1

8
H3 ä ΠL+

ä z

2
ä

z2

k 1

2 2 k

2

+

1

2 z
 â

k=0

f n-1

2
v

4-k

H2 k + 1L !
ã

-
z

2 -H-1Lk ã

ä Π

8
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä z

2 + ã

z

2 ã

3 ä Π

8
-

ä z

2 - H-1Lk ã
-

1

8
H3 ä ΠL+

ä z

2
ä

z2

k 1

2 2 k+1

2

+

¼ �; Π

2
< argHzL £ Π í H z¤ ® ¥L í n Î N

03.13.06.0028.01

beiHzL µ -
1

2 2 Π -z
 ã

-
z

2 ã
-

1

8
H3 ä ΠL+

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
+ ã

3 ä Π

8
-

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
+

ã

z

2 ã

ä Π

8
-

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
- ã

-
1

8
Hä ΠL+

ä z

2
4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
+

1

8 z
 ã

z

2 ã

3 ä Π

8
-

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
- ã

-
1

8
H3 ä ΠL+

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
+ ã

-
z

2

-ã
-

1

8
Hä ΠL+

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
- ã

ä Π

8
-

ä z

2
4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
�; Π

2
< argHzL £ Π í H z¤ ® ¥L
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03.13.06.0029.01

beiHzL µ -
1

2 2 Π -z
 ã

-
z

2 ã
-

1

8
H3 ä ΠL+

ä z

2 1 + O
1

z2
+ ã

3 ä Π

8
-

ä z

2 1 + O
1

z2
+

ã

z

2 ã

ä Π

8
-

ä z

2 1 + O
1

z2
- ã

-
1

8
Hä ΠL+

ä z

2 1 + O
1

z2
�; Π

2
< argHzL £ Π í H z¤ ® ¥L

In trigonometric form |||  In trigonometric form

03.13.06.0030.01

beiHzL µ -
ä

2 Π -z
ã

z

2 sin
1

8
IΠ - 4 2 zN -

ä ã
-

z

2 sin
1

8
I4 2 z + ΠN +

1

8 z
 ã

-
z

2 ä cos
1

8
I4 2 z - ΠN + ã

z

2 cos
1

8
I4 2 z + ΠN +

9

128 z2
ã

z

2 cos
1

8
I4 2 z - ΠN - ä ã

-
z

2 cos
1

8
I-4 2 z - ΠN +

75

1024 z3
ä ã

-
z

2 sin
1

8
IΠ - 4 2 zN - ã

z

2 sin
1

8
I-4 2 z - ΠN + ¼ �; Hz ® -¥L

03.13.06.0031.01

beiHzL µ

-
ä

2 Π -z
 

1

2 z
 â

k=0

f n-1

2
v 4-k J 1

z2
Nk J 1

2
N
2 k+1

2

H2 k + 1L !
 ã

-
z

2 ä cos
Π k

2
+

1

8
I4 2 z - ΠN + H-1Lk ã

z

2 cos
Π k

2
+

1

8
I4 2 z + ΠN +

â
k=0

f n

2
v 4-k J 1

z2
Nk J 1

2
N
2 k

2

H2 kL !
 ã

z

2 sin
Π k

2
+

1

8
IΠ - 4 2 zN - ä ã

-
z

2 sin
Π k

2
+

1

8
I4 2 z + ΠN + ¼ �; Hz ® -¥L ß n Î N
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03.13.06.0032.01

beiHzL µ -
ä

2 Π -z
 

-
1

8 z
 ã

-
z

2 H-äL cos
1

8
I4 2 z - ΠN - ã

z

2 cos
1

8
I4 2 z + ΠN 8F3

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
;

1

2
,

3

4
,

5

4
; -

16

z4
+

9

128 z2
ã

z

2 cos
1

8
IΠ - 4 2 zN - ä ã

-
z

2 cos
1

8
I4 2 z + ΠN

8F3

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
;

3

4
,

5

4
,

3

2
; -

16

z4
+

75

1024 z3
 

ã

z

2 sin
1

8
I4 2 z + ΠN - ä ã

-
z

2 sin
1

8
I4 2 z - ΠN  8F3

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
,

13

8
,

13

8
;

5

4
,

3

2
,

7

4
; -

16

z4
+

ã

z

2 sin
1

8
IΠ - 4 2 zN - ä ã

-
z

2 sin
1

8
I4 2 z + ΠN  

8F3

1

8
,

1

8
,

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
;

1

4
,

1

2
,

3

4
; -

16

z4
�; Hz ® -¥L

03.13.06.0033.01

beiHzL µ -
ä

2 Π -z
ã

z

2 sin
1

8
IΠ - 4 2 zN - ä ã

-
z

2 sin
1

8
I4 2 z + ΠN 1 + O

1

z4
�; Hz ® -¥L

Expansions for any z in exponential form

Using exponential function with branch cut-free arguments

03.13.06.0034.01

beiHzL µ -
1

2 2 Π
 H-1L3�4 ã

z

2
ã

ä z

2

H-1L3�4 z

-
ã

-
ä z

2

-1
4

z

+ ã
-

z

2
ã

-
ä z

2

-H-1L3�4 z

-
ã

ä z

2

- -1
4

z

-

H-1L3�4
8 z

 ã

z

2
ã

ä z

2

H-1L3�4 z

-
ä ã

-
ä z

2

-1
4

z

+ ã
-

z

2
ä ã

ä z

2

- -1
4

z

-
ã

-
ä z

2

-H-1L3�4 z

-

9 ä

128 z2
 ã

z

2
ã

ä z

2

H-1L3�4 z

+
ã

-
ä z

2

-1
4

z

+ ã
-

z

2
ã

-
ä z

2

-H-1L3�4 z

+
ã

ä z

2

- -1
4

z

+

75 -1
4

1024 z3
 ã

-
z

2
ä ã

ä z

2

- -1
4

z

+
ã

-
ä z

2

-H-1L3�4 z

- ã

z

2
ã

ä z

2

H-1L3�4 z

+
ä ã

-
ä z

2

-1
4

z

+ ¼ �; H z¤ ® ¥L

http://functions.wolfram.com 9



03.13.06.0035.01

beiHzL µ

-
H-1L3�4
2 2 Π

 ã

z

2
ã

ä z

2

H-1L3�4 z

 â
k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 -

ä

4 z2

k

+ O
1

z2 f n

2
v+2

-
ã

-
ä z

2

-1
4

z

 â
k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 

ä

4 z2

k

+ O
1

z2 f n

2
v+2

+

ã
-

z

2
ã

-
ä z

2

-H-1L3�4 z

 â
k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 -

ä

4 z2

k

+ O
1

z2 f n

2
v+2

-
ã

ä z

2

- -1
4

z

 â
k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 

ä

4 z2

k

+ O
1

z2 f n

2
v+2

-

H-1L3�4
2 z

ã

z

2
ã

ä z

2

H-1L3�4 z

 â
k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 -

ä

4 z2

k

+ O
1

z2 f n-1

2
v+2

-
ä ã

-
ä z

2

-1
4

z

 â
k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 

ä

4 z2

k

+

O
1

z2 f n-1

2
v+2

+ ã
-

z

2
ä ã

ä z

2

- -1
4

z

 â
k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 

ä

4 z2

k

+ O
1

z2 f n-1

2
v+2

-

ã
-

ä z

2

-H-1L3�4 z

 â
k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 -

ä

4 z2

k

+ O
1

z2 f n-1

2
v+2

�; H z¤ ® ¥L ß n Î N

03.13.06.0036.01

beiHzL µ
1 - ä

4 Π

1

H-1L3�4 z

 
-1

4
ã- -1

4
z ä z2

z
+ ã -1

4
z  â

k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 -

ä

4 z2

k

+ O
1

z2 f n

2
v+2

-

1

- -1
4

z

 ãH-1L3�4 z -
H-1L3�4 ã-H-1L3�4 z -ä z2

z
 â

k=0

f n

2
v J 1

2
N
2 k

2

H2 kL !
 

ä

4 z2

k

+ O
1

z2 f n

2
v+2

+

H-1L3�4
2 z

 
1

H-1L3�4 z

-1
4

ã- -1
4

z ä z2

z
- ã -1

4
z  â

k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 -

ä

4 z2

k

+ O
1

z2 f n-1

2
v+2

-
1

- -1
4

z

 

ä ãH-1L3�4 z -
-1

4
ã-H-1L3�4 z -ä z2

z
 â

k=0

f n-1

2
v J 1

2
N
2 k+1

2

H2 k + 1L !
 

ä

4 z2

k

+ O
1

z2 f n-1

2
v+2

�; H z¤ ® ¥L ß n Î N

http://functions.wolfram.com 10



03.13.06.0037.01

beiHzL µ -
H-1L3�4
2 2 Π

ã
-

z

2
ã

-
ä z

2

-H-1L3�4 z

 4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
-

ã

ä z

2

- -1
4

z

 4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
+

ã

z

2
ã

ä z

2

H-1L3�4 z

 4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
; -

ä

z2
-

ã
-

ä z

2

-1
4

z

 4F1

1

4
,

1

4
,

3

4
,

3

4
;

1

2
;

ä

z2
-

H-1L3�4
8 z

ã
-

z

2
ä ã

ä z

2

- -1
4

z

 4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
-

ã
-

ä z

2

-H-1L3�4 z

 4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
+

ã

z

2
ã

ä z

2

H-1L3�4 z

 4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
; -

ä

z2
-

ä ã
-

ä z

2

-1
4

z

 4F1

3

4
,

3

4
,

5

4
,

5

4
;

3

2
;

ä

z2
�; H z¤ ® ¥L

03.13.06.0038.01

beiHzL µ -
H-1L3�4
2 2 Π

ã
-

z

2
ã

-
ä z

2

-H-1L3�4 z

 1 + O
1

z2
-

ã

ä z

2

- -1
4

z

 1 + O
1

z2
+

ã

z

2
ã

ä z

2

H-1L3�4 z

 1 + O
1

z2
-

ã
-

ä z

2

-1
4

z

 1 + O
1

z2
�; H z¤ ® ¥L

03.13.06.0039.01

beiHzL µ

-1
8

ã- -1
4

z -H-1L3�4- -1
4

ã2 -1
4

z-ãä 2 z+ä ã 2 z

2 2 Π z
- 1

4
<

argHzL
Π

£ 1

4

-1
8

ã- -1
4

z -H-1L3�4+ -1
4

ã2 -1
4

z-ãä 2 z+ä ã 2 z

2 2 Π z

1

4
<

argHzL
Π

£ 3

4

-1
8

ã- -1
4

z -H-1L3�4+ -1
4

ã2 -1
4

z-ãä 2 z-ä ã 2 z

2 2 Π z

argHzL
Π

> 3

4

-1
8

ã- -1
4

z -H-1L3�4- -1
4

ã2 -1
4

z+ãä 2 z+ä ã 2 z

2 2 Π z
- 3

4
<

argHzL
Π

£ - 1

4

-1
8

ã- -1
4

z H-1L3�4- -1
4

ã2 -1
4

z+ãä 2 z+ä ã 2 z

2 2 Π z
True

�; H z¤ ® ¥L

Residue representations

http://functions.wolfram.com 11



03.13.06.0040.01

beiHzL � Π â
j=0

¥

ress

I z

4
M-4 s

GJ 1

2
- sN GH1 - sL2

 G s +
1

2
 - j -

1

2

Integral representations

On the real axis

Of the direct function

03.13.07.0001.01

beiHzL �
1

Π
 à

0

Π

sin
z cosHtL

2
sinh

z cosHtL
2

 â t

03.13.07.0002.01

beiHzL �
2

Π
 à

0

1
sin t z

2
sinh t z

2

1 - t2

 â t

03.13.07.0003.01

beiHzL �
1

Π
 à

-
Π

2

Π

2
sin

z sinHtL
2

sinh
z sinHtL

2
 â t

03.13.07.0004.01

beiHzL �
1

Π
 à

0

Π

sin
z sinHtL

2
sinh

z sinHtL
2

 â t

Contour integral representations

03.13.07.0005.01

beiHzL �
1

2 ä
 à

L

GJs + 1

2
N

GJ 1

2
- sN GH1 - sL2

 K z

4
O-4 s

 â s

Limit representations
03.13.09.0001.01

beiHzL �
1

2
ä lim

n®¥
Ln

ä z2

4 n
- Ln -

ä z2

4 n

03.13.09.0002.01

beiHzL � lim
a®¥

1

4
z2

1F3 a; 1,
3

2
,

3

2
; -

z4

256 a

Differential equations

Ordinary linear differential equations and wronskians

http://functions.wolfram.com 12



For the direct function itself

03.13.13.0001.01

wH4LHzL z4 + 2 wH3LHzL z3 - w¢¢HzL z2 + w¢HzL z + z4 wHzL � 0 �; wHzL � c1 berHzL + c2 beiHzL + c3 kerHzL + c4 keiHzL
03.13.13.0002.01

WzHberHzL, beiHzL, kerHzL, keiHzLL � -
1

z2

03.13.13.0003.01

gHzL4 g¢HzL3 wH4LHzL + 2 gHzL3 Ig¢HzL2 - 3 gHzL g¢¢HzLM g¢HzL2 wH3LHzL -

gHzL2 Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M g¢HzL w¢¢HzL +

gHzL Ig¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 + gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 + 10 gHzL3 g¢¢HzL gH3LHzL g¢HzL -

15 gHzL3 g¢¢HzL3M w¢HzL + gHzL4 g¢HzL7 wHzL � 0 �; wHzL � c1 berHgHzLL + c2 beiHgHzLL + c3 kerHgHzLL + c4 keiHgHzLL
03.13.13.0004.01

WzHberHgHzLL, beiHgHzLL, kerHgHzLL, keiHg HzLLL � -
g¢HzL6

gHzL2

03.13.13.0005.01

gHzL4 g¢HzL3 hHzL4 wH4LHzL + 2 gHzL3 g¢HzL2 IhHzL Ig¢HzL2 - 3 gHzL g¢¢HzLM - 2 gHzL g¢HzL h¢HzLM hHzL3 wH3LHzL +

gHzL2 g¢HzL I-Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M hHzL2 -

6 gHzL g¢HzL Ih¢HzL g¢HzL2 + gHzL h¢¢HzL g¢HzL - 3 gHzL h¢HzL g¢¢HzLM hHzL + 12 gHzL2 g¢HzL2 h¢HzL2M hHzL2 w¢¢HzL +

gHzL IIg¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 + gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 +

10 gHzL3 g¢¢HzL gH3LHzL g¢HzL - 15 gHzL3 g¢¢HzL3M hHzL3 + 2 gHzL g¢HzL Ih¢HzL g¢HzL4 - 3 gHzL h¢¢HzL g¢HzL3 -

2 gHzL IgHzL hH3LHzL - 3 h¢HzL g¢¢HzLM g¢HzL2 + gHzL2 I9 g¢¢HzL h¢¢HzL + 4 h¢HzL gH3LHzLM g¢HzL - 15 gHzL2 h¢HzL g¢¢HzL2M hHzL2 +

12 gHzL2 g¢HzL2 h¢HzL Ih¢HzL g¢HzL2 + 2 gHzL h¢¢HzL g¢HzL - 3 gHzL h¢HzL g¢¢HzLM hHzL - 24 gHzL3 g¢HzL3 h¢HzL3M hHzL w¢HzL +

IgHzL4 hHzL4 g¢HzL7 + gHzL4 I24 h¢HzL4 - 36 hHzL h¢¢HzL h¢HzL2 + 8 hHzL2 hH3LHzL h¢HzL + hHzL2 I6 h¢¢HzL2 - hHzL hH4LHzLMM g¢HzL3 -

2 gHzL3 hHzL Ig¢HzL2 - 3 gHzL g¢¢HzLM I6 h¢HzL3 - 6 hHzL h¢¢HzL h¢HzL + hHzL2 hH3LHzLM g¢HzL2 +

gHzL2 hHzL2 IhHzL h¢¢HzL - 2 h¢HzL2M Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M g¢HzL -

gHzL hHzL3 h¢HzL Ig¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 +

gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 + 10 gHzL3 g¢¢HzL gH3LHzL g¢HzL - 15 gHzL3 g¢¢HzL3MM wHzL � 0 �;
wHzL � c1 hHzL berHgHzLL + c2 hHzL beiHgHzLL + c3 hHzL kerHgHzLL + c4 hHzL keiHgHzLL

03.13.13.0006.01

WzHhHzL berHgHzLL, hHzL beiHgHzLL, hHzL kerHgHzLL, hHzL keiHgHzLLL � -
hHzL4 g¢HzL6

gHzL2

03.13.13.0007.01

z4 wH4LHzL + H6 - 4 r - 4 sL z3 wH3LHzL + I4 r2 + 12 Hs - 1L r + 6 Hs - 2L s + 7M z2 w¢¢HzL +

H2 r + 2 s - 1L H-2 Hs - 1L s + r H2 - 4 sL - 1L z w¢HzL + Ia4 r4 z4 r + s4 + 4 r s3 + 4 r2 s2M wHzL � 0 �;
wHzL � c1 zs berHa zrL + c2 zs beiHa zrL + c3 zs kerHa zrL + c4 zs keiHa zrL

03.13.13.0008.01

WzHzs berHa zrL, zs beiHa zrL, zs kerHa zrL, zs keiHa zrLL � -a4 r6 z4 r+4 s-6

http://functions.wolfram.com 13



03.13.13.0009.01

wH4LHzL - 4 HlogHrL + logHsLL wH3LHzL + 2 I2 log2HrL + 6 logHsL logHrL + 3 log2HsLM w¢¢HzL +

4 HlogHrL + logHsLL I-log2HsL - 2 logHrL logHsLM w¢HzL + Ia4 log4HrL r4 z + log4HsL + 4 logHrL log3HsL + 4 log2HrL log2HsLM wHzL �
0 �; wHzL � c1 sz berHa rzL + c2 sz beiHa rzL + c3 sz kerHa rzL + c4 sz keiHa rzL

03.13.13.0010.01

WzHsz berHa rzL, sz beiHa rzL, sz kerHa rzL, sz keiHa rzLL � -a4 r4 z s4 z log6HrL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.13.16.0001.01

beiH-zL � beiHzL
03.13.16.0002.01

beiHä zL � -beiHzL
03.13.16.0003.01

beiH-ä zL � -beiHzL
03.13.16.0004.01

beiIH-1L-1�4 zM � -beiJ -1
4

 zN
03.13.16.0005.01

beiIH-1L-3�4 zM � beiJ -1
4

zN
03.13.16.0006.01

beiIH-1L3�4 zM � -beiJ -1
4

zN
03.13.16.0007.01

bei z44 �
z4

z2
 beiHzL

Addition formulas

03.13.16.0008.01

beiHz1 - z2L � â
k=-¥

¥ HbeikHz2L berkHz1L + beikHz1L berkHz2LL �; z2

z1

< 1

03.13.16.0009.01

beiHz1 + z2L � â
k=-¥

¥ H-1Lk HbeikHz2L berkHz1L + beikHz1L berkHz2LL �; z2

z1

< 1

Multiple arguments

03.13.16.0010.01

beiHz1 z2L � â
k=0

¥ I1 - z1
2Mk

k !
 K z2

2
Ok

cos
3 k Π

4
beikHz2L + berkHz2L sin

3 k Π

4
�; z2

z1

< 1

http://functions.wolfram.com 14



Related transformations

Involving berHzL
03.13.16.0011.01

beiHzL + ä berHzL � ä J0J -1
4

zN
03.13.16.0012.01

beiHzL - ä berHzL � -ä I0J -1
4

zN

Differentiation

Low-order differentiation

03.13.20.0001.01

¶beiHzL
¶z

�
bei1HzL - ber1HzL

2

03.13.20.0002.01

¶2 beiHzL
¶z2

�
1

2
HberHzL - ber2HzLL

Symbolic differentiation 

03.13.20.0003.01

¶n beiHzL
¶zn

� ä 2n-1 Π z-n
1F

�
2

1

2
;

1 - n

2
,

2 - n

2
; -

ä z2

4
- 1F

�
2

1

2
;

1 - n

2
,

2 - n

2
;

ä z2

4
�; n Î N

03.13.20.0004.01

¶n bei0HzL
¶zn

� 2-
3 n

2
-1 Hä - 1Ln

â
k=0

f n

2
v

n

2 k
HH1 + änL bei4 k-nHzL - ä H1 - änL ber4 k-nHzLL + â

k=0

f n-1

2
v

n

2 k + 1
Hä H1 - änL ber4 k-n+2HzL - H1 + änL bei4 k-n+2HzLL �; n Î N

03.13.20.0005.01

¶n beiHzL
¶zn

� 2-
3 n

2
-1 Hä - 1Ln â

k=0

f n

2
v Hn + 1L n

2 k

2 k + 1
 IH1 + änL bei4 k-nHzL + I-ä + än+1M ber4 k-nHzLM +

1

z
 2 H1 + äL H4 k - n + 1L n

2 k + 1
II1 - än+1M bei4 k-n+1HzL + H-ä + änL ber4 k-n+1HzLM �; n Î N

03.13.20.0006.01

¶n beiHzL
¶zn

� Π G2,6
1,2

z

4
,

1

4

1-n

4
, 3-n

4

2-n

4
, 0, 1

4
, 1

2
, 3

4
, - n

4

�; n Î N

http://functions.wolfram.com 15



Fractional integro-differentiation

03.13.20.0007.01

¶Α beiHzL
¶zΑ

� z2-Α 22 Α-
11

2 Π2
2F

�
5

3

4
,

5

4
;

3

2
,

3 - Α

4
, 1 -

Α

4
,

5 - Α

4
,

6 - Α

4
; -

z4

256

Integration

Indefinite integration

03.13.21.0001.01

à beiHa zL â z �
a2 z3

12
1F4

3

4
; 1,

3

2
,

3

2
,

7

4
; -

1

256
a4 z4

Definite integration

03.13.21.0002.01

à
0

¥

tΑ-1 ã-p t beiHtL â t �
1

4
p-Α-2 GHΑ + 2L 4F3

Α + 2

4
,

Α + 3

4
,

Α

4
+ 1,

Α + 5

4
; 1,

3

2
,

3

2
; -

1

p4
�;

ReHΑL > -2 í ReHpL >
1

2
ë ReHpL �

1

2
í ReHΑL <

3

2

Integral transforms

Laplace transforms

03.13.22.0001.01

Lt@beiHtLD HzL �
1

z4 + 1
4

 sin
1

2
tan-1

1

z2
�; ReHzL >

1

2

Mellin transforms

03.13.22.0002.01

MtAã-p t beiHtLE HzL �
1

4
p-z-2 GHz + 2L 4F3

z + 2

4
,

z + 3

4
,

z

4
+ 1,

z + 5

4
; 1,

3

2
,

3

2
; -

1

p4
�; ReHzL > -2 í ReHpL >

1

2

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

03.13.26.0001.01

beiHzL �
1

16
Π z2

0F
�

3 ;
3

2
,

3

2
, 1; -

z4

256

Involving pFq
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03.13.26.0002.01

beiHzL �
1

4
z2

0F3 ;
3

2
,

3

2
, 1; -

z4

256

Through Meijer G

Classical cases for the direct function itself

03.13.26.0003.01

beiHzL � Π G0,4
1,0

z4

256

1

2
, 0, 0, 1

2
�; -

Π

4
£ argHzL £

Π

4
ë 3 Π

4
< argHzL £ Π ë -Π < argHzL < -

3 Π

4

Classical cases for powers of bei

03.13.26.0004.01

beiJ z
4 N2

�
1

2
Π3�2 G1,5

1,0
z

64

1

2

0, 0, 0, 1

2
, 1

2

-
1

2

Π

2
G2,6

1,2
z

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0005.01

beiHzL2 �
1

2
Π3�2 G1,5

1,0
z4

64

1

2

0, 0, 0, 1

2
, 1

2

-
1

2

Π

2
G2,6

1,2
z4

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0006.01

beiHzL2 �
1

2
Π G0,4

1,0 -
z4

64
0, 0, 0, 1

2
-

Π3�2
2 2

 G3,7
1,2 -

z4

16

1

4
, 3

4
, 1

2

0, 0, 0, 1

2
, 1

2
, 1

2
, 1

2

Classical cases involving powers of ber

03.13.26.0007.01

beiJ z
4 N2

+ berJ z
4 N2

� Π3�2 G1,5
1,0

z

64

1

2

0, 0, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0008.01

beiJ z
4 N2

- berJ z
4 N2

� -
Π

2
G2,6

1,2
z

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0009.01

beiHzL2 + berHzL2 � Π3�2 G1,5
1,0

z4

64

1

2

0, 0, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)
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03.13.26.0010.01

beiHzL2 - berHzL2 � -
Π

2
G2,6

1,2
z4

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

Classical cases involving ber

03.13.26.0011.01

beiJ z
4 N berJ z

4 N �
1

2

Π

2
G2,6

1,2
z

16

1

4
, 3

4

1

2
, 0, 0, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0012.01

beiJ z
4 N berJ z

4 N �
ä Π3�2
2 2

 G3,7
1,2 -

z

16

1

4
, 3

4
, 0

1

2
, 0, 0, 0, 0, 1

2
, 1

2

�; -Π < argHzL £ 0

03.13.26.0013.01

beiHzL berHzL �
1

2

Π

2
G2,6

1,2
z4

16

1

4
, 3

4

1

2
, 0, 0, 0, 1

2
, 1

2

�; -
Π

4
£ argHzL £

Π

4
í 3 Π

4
< argHzL £ Π í -Π < argHzL < -

3 Π

4

03.13.26.0014.01

beiHzL berHzL �
ä Π3�2
2 2

 G3,7
1,2 -

z4

16

1

4
, 3

4
, 0

1

2
, 0, 0, 0, 0, 1

2
, 1

2

�; -
Π

2
< argHzL £ 0 í Π

2
< argHzL £ Π

Classical cases involving kei

03.13.26.0015.01

beiJ z
4 N keiJ z

4 N �
1

8
Π G0,4

2,0
z

64
0, 0, 0, 1

2
-

1

8 2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0016.01

beiHzL keiHzL �
1

8
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
-

1

8 2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

�; 0 £ argHzL £
Π

4

Brychkov Yu.A. (2006)

Classical cases involving ker

03.13.26.0017.01

beiJ z
4 N kerJ z

4 N �
1

8
Π G0,4

2,0
z

64
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)
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03.13.26.0018.01

beiHzL kerHzL �
1

8
Π G0,4

2,0
z4

64
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; 0 £ argHzL £
Π

4

Brychkov Yu.A. (2006)

Classical cases involving ber, ker and kei

03.13.26.0019.01

beiJ z
4 N keiJ z

4 N + berJ z
4 N kerJ z

4 N �
1

4
Π G0,4

2,0
z

64
0, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.13.26.0020.01

beiJ z
4 N keiJ z

4 N - berJ z
4 N kerJ z

4 N � -
1

25�2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0021.01

berJ z
4 N keiJ z

4 N + beiJ z
4 N kerJ z

4 N � -
1

25�2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.13.26.0022.01

beiJ z
4 N kerJ z

4 N - berJ z
4 N keiJ z

4 N �
1

4
Π G0,4

2,0
z

64
0, 1

2
, 0, 0

Brychkov Yu.A. (2006)

03.13.26.0023.01

beiHzL keiHzL + berHzL kerHzL �
1

4
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
�; -

Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.13.26.0024.01

beiHzL keiHzL - berHzL kerHzL � -
1

25�2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.13.26.0025.01

berHzL keiHzL + beiHzL kerHzL � -
1

25�2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)
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03.13.26.0026.01

beiHzL kerHzL - berHzL keiHzL �
1

4
Π G0,4

2,0
z4

64
0, 1

2
, 0, 0 �; -

Π

4
< argHzL £

Π

4
ë 3 Π

4
< argHzL £ Π ë -Π < argHzL £ -

3 Π

4

Brychkov Yu.A. (2006)

Classical cases involving Bessel J

03.13.26.0027.01

J0IH-1L3�4 zM beiHzL � -
1

2
ä Π 2 G2,4

1,1 ä z2

1

2
, 1

4

0, 0, 0, 1

4

- G0,4
1,0 -

z4

64
0, 0, 0, 1

2

Classical cases involving Bessel I

03.13.26.0028.01

I0J -1
4

zN beiHzL �
1

2
ä Π G0,4

1,0 -
z4

64
0, 0, 0, 1

2
- 2 G2,4

1,1 ä z2

1

2
, 1

4

0, 0, 0, 1

4

Classical cases involving Bessel K

03.13.26.0029.01

K0J -1
4

zN beiHzL �
1

4
ä Π3�2 1

2 Π2
 G0,4

3,0 -
z4

64
0, 0, 1

2
, 0 + 2 G3,5

2,1 ä z2

1

2
, - 1

4
, 1

4

0, 0, - 1

4
, 0, 1

4

�; -
Π

2
< argHzL £ 0

Classical cases involving 0F1

03.13.26.0030.01

0F1 ; 1;
ä z

4
beiJ z

4 N �

-
1

2
ä

Π

2
- 2 Π G1,5

1,0
z

64

1

2

0, 0, 0, 1

2
, 1

2

+ G2,6
1,2

z

16

3

4
, 1

4

0, 0, 0, 1

2
, 1

2
, 1

2

+ ä G2,6
1,2

z

16

3

4
, 1

4

1

2
, 0, 0, 0, 1

2
, 1

2

03.13.26.0031.01

0F1 ; 1;
ä z2

4
beiHzL �

-
1

2
ä

Π

2
- 2 Π G1,5

1,0
z4

64

1

2

0, 0, 0, 1

2
, 1

2

+ G2,6
1,2

z4

16

3

4
, 1

4

0, 0, 0, 1

2
, 1

2
, 1

2

+ ä G2,6
1,2

z4

16

3

4
, 1

4

1

2
, 0, 0, 0, 1

2
, 1

2

�;
-

Π

4
< argHzL £

Π

4
ë 3 Π

4
< argHzL £ Π ë -Π < argHzL £

5 Π

4

03.13.26.0032.01

0F1 ; 1;
ä z2

4
beiHzL � -

1

2
ä Π 2 G2,4

1,1 ä z2

1

2
, 1

4

0, 0, 0, 1

4

- G0,4
1,0 -

z4

64
0, 0, 0, 1

2

Generalized cases for the direct function itself
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03.13.26.0033.01

beiHzL � Π G0,4
1,0

z

4
,

1

4

1

2
, 0, 0, 1

2

Generalized cases for powers of bei

03.13.26.0034.01

beiHzL2 �
1

2
Π3�2 G1,5

1,0
z

2 2
,

1

4

1

2

0, 0, 0, 1

2
, 1

2

-
1

2

Π

2
G2,6

1,2
z

2
,

1

4

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0035.01

beiHzL2 �
1

2
Π G0,4

1,0
-1

4
z

2 2
,

1

4
0, 0, 0, 1

2
-

Π3�2
2 2

 G3,7
1,2

1

2
-1

4
z,

1

4

1

4
, 3

4
, 1

2

0, 0, 0, 1

2
, 1

2
, 1

2
, 1

2

Generalized cases involving powers of ber

03.13.26.0036.01

beiHzL2 + berHzL2 � Π3�2 G1,5
1,0

z

2 2
,

1

4

1

2

0, 0, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0037.01

beiHzL2 - berHzL2 � -
Π

2
G2,6

1,2
z

2
,

1

4

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

Generalized cases involving ber

03.13.26.0038.01

beiHzL berHzL �
1

2

Π

2
G2,6

1,2
z

2
,

1

4

1

4
, 3

4

1

2
, 0, 0, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0039.01

beiHzL berH-zL �
ä Π3�2
2 2

 G3,7
1,2

1

2
-1

4
z,

1

4

1

4
, 3

4
, 0

1

2
, 0, 0, 0, 0, 1

2
, 1

2

Generalized cases involving kei

03.13.26.0040.01

beiHzL keiHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2
-

1

8 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)
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Generalized cases involving ker

03.13.26.0041.01

beiHzL kerHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

Generalized cases involving ber, ker and kei

03.13.26.0042.01

beiHzL keiHzL + berHzL kerHzL �
1

4
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.13.26.0043.01

beiHzL keiHzL - berHzL kerHzL � -
1

4 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.13.26.0044.01

beiHzL kerHzL + berHzL keiHzL � -
1

4 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.13.26.0045.01

beiHzL kerHzL - berHzL keiHzL �
1

4
Π G0,4

2,0
z

2 2
,

1

4
0, 1

2
, 0, 0

Brychkov Yu.A. (2006)

Generalized cases involving Bessel J

03.13.26.0046.01

J0IH-1L3�4 zM beiHzL � -
1

2
ä Π 2 G2,4

1,1 -1
4

z,
1

2

1

2
, 1

4

0, 0, 0, 1

4

- G0,4
1,0

-1
4

z

2 2
,

1

4
0, 0, 0, 1

2

Generalized cases involving Bessel I

03.13.26.0047.01

I0J -1
4

zN beiHzL � -
1

2
H-1L3�4 ã-

1

4
Hä ΠL Π 2 G2,4

1,1 -1
4

z,
1

2

1

2
, 1

4

0, 0, 0, 1

4

- G0,4
1,0

-1
4

z

2 2
,

1

4
0, 0, 0, 1

2

Generalized cases involving Bessel K
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03.13.26.0048.01

K0J -1
4

zN beiHzL �
1

4
ä Π3�2 1

2 Π2
 G0,4

3,0
-1

4
z

2 2
,

1

4
0, 0, 1

2
, 0 + 2 G3,5

2,1 -1
4

z,
1

2

1

2
, - 1

4
, 1

4

0, 0, - 1

4
, 0, 1

4

Generalized cases involving 0F1

03.13.26.0049.01

0F1 ; 1;
ä z2

4
beiHzL �

-
1

2
ä

Π

2
- 2 Π G1,5

1,0
z

2 2
,

1

4

1

2

0, 0, 0, 1

2
, 1

2

+ G2,6
1,2

z

2
,

1

4

3

4
, 1

4

0, 0, 0, 1

2
, 1

2
, 1

2

+ ä G2,6
1,2

z

2
,

1

4

3

4
, 1

4

1

2
, 0, 0, 0, 1

2
, 1

2

03.13.26.0050.01

0F1 ; 1;
ä z2

4
beiHzL � -

1

2
ä Π 2 G2,4

1,1 -1
4

z,
1

2

1

2
, 1

4

0, 0, 0, 1

4

- G0,4
1,0

-1
4

z

2 2
,

1

4
0, 0, 0, 1

2

Representations through equivalent functions

With related functions

03.13.27.0001.01

beiHzL �
z2

2 -z4

 I0 -z44
- J0 -z44

03.13.27.0002.01

beiHzL � -
1

2
ä JI0J -1

4
zN - J0J -1

4
zNN

03.13.27.0003.01

beiHzL + ä berHzL � ä J0J -1
4

zN
03.13.27.0004.01

beiHzL - ä berHzL � -ä I0J -1
4

zN

Theorems

History
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