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Notations

Traditional name

Kelvin function of thefirst kind

Traditional notation

bei(2)

Mathematica StandardForm notation

Kel vi nBei [z]

Primary definition

03.13.02.0001.01

bea =~ i(1(Y T 4 - H(IT 4

Specific values

Values at fixed points

03.13.03.0001.01
bei(0) =0

Values at infinities

03.13.03.0002.01
lim bei(x) = %
X—00

General characteristics

Domain and analyticity

A Ll R R P I S [ LI
tce of tnformation abont mathematical fus

bei(z) isan entire, and so analytic, function of z, which is defined in the whole complex z-plane.

03.13.04.0001.01
z—bei(2) ::C—C

Symmetries and periodicities

LTS,
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Parity

03.13.04.0002.01
bei(-2) = bei(2)

Mirror symmetry

03.13.04.0003.01
bei(2) == bei(2)

Periodicity

No periodicity

Poles and essential singularities
The function bei(2) has only one singular point at z = co. Itisan essentia singular point.
03.13.04.0004.01
Sing (bei(2)) = {{, co}}
Branch points

The function bei(z) does not have branch points.
03.13.04.0005.01
BP,(bei(2)) == {}
Branch cuts

The function bei(2) does not have branch cuts.

03.13.04.0006.01
BC(bei(2) = {}

Series representations

Generalized power series

Expansions at generic point z == z

03.13.06.0001.01

bei(zy) — ber,(zy) bei,(z) — bery(zy)
+ ——

bei(Z)ocbei(ZO)++ (z- 207 Z-2)+... [, (2> Z9)
2
03.13.06.0002.01
: : bei(2) — ber; (Zp) bei(zp) — berz(z) ) .
bei(2) o bei(zg) + —————— (Z—20) + —————— (- 20)* + O((z— 2)°)

V2
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03.13.06.0003.01

bei(z2) = Z

k=0

(- 1+u)k2 5 H
Z( ) ((1+ ) beigj_(20) — i (1 — i) bery j_w(20)) +
=

kl

T
Z ( 2j+ 1) — i) b ks 2(Z0) + i (1 — i¥) bery2(20) [ (2 — 20)

j=0

03.13.06.0004.01
ivr & 2% ( (1 1-k 2-k
Z— 1P|l = —— ——
k! 2" 2 2

k=0

bei(z) =

1

(i ZS)]—lF [; S ?]Jzo .

FNETIESN

03.13.06.0005.01
bei(2) o< bei(zo) (1+ Oz 2))

Expansionsat z==0

For the function itself

03.13.06.0006.01

1 b pad 22
bei(2) o« —Z2|1- — +o[zlﬁ]]/; (z-0)
4 576 3686400 104044953600

03.13.06.0007.01
1 z 2 2

bei(2) o« — 2 |1- — + +0('%)
4 576 3686 400 104 044953 600

03.13.06.0008.01
2 (=1 Z\4k

bei(2) = — ____()
4130 (@k+ 11?2

03.13.06.0009.01

bei 122F 133 z
€i(2) = — Lo o —
@=375 b5 5 o

03.13.06.0010.01
2
bei(2) o« 7 +0(2)

03.13.06.0011.01
bei(2) = Fw(2) /;

1 n (_1)k 7\4k -1 4—2n 3 z4n+6 5
Fn(Z):—Z2 7(—) Zbei(Z)+—1F4 Ln+2,n+2,n+—,n+—;, ——
2 256

oo (@a+2Kk)NH? 2 2N+ 4)2

Summed form of the truncated series expansion.

For small integer powers of the function

5

X

z

=
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03.13.06.0012.01

o, 1 z 597 2
bei(2*« —Z|1- — + - +..1/@z-0
16 288 16588800 1040449536
03.13.06.0013.01
o, 1 z 597 72
bei()” o« —ZH|1- — + - +0(Z%)|/; z-0)
16 288 16588800 1040449536

03.13.06.0014.01
Lo pakpk p e 1676CDA(F)(3), 2

be'(Z)ZZE 2——5 3
=0 (kD)™ (2Kk)! = 1 3
k=0 (k)" (2K) k=0 (5)k (k"
03.13.06.0015.01
o, 1 1z 1 13111 z
bei(2” = —oF3f; L 1, =) — |- =2Fs| = = = = = L L ——
2 2 64) 2 4 4 2 2 2 16

03.13.06.0016.01
z
bei(2)” o« — +O(Z°)
16

03.13.06.0017.01
- 1 3
o a2t 1 8CD(E) ()2
bei(9” =Fo(@ /;||Fn@ = = - -

2ico (k) 2k! 2o () ® k)
k
. 2—4n—5 Z4(n+l) 3 24
bei(2* - —  F4L,n+ =, n+2n+2,n+2;, — |-
[(n+272T(2n+3) 2 64

5
(=N A4 F(2n+ E) 5 7 3 3 3
sFg|L, N+ —, N+ —n+ -, Nn+—,Nn+—-,Nn+2,Nn+2,n+2, —— /\neN
21/7r r(2n+3)3 4 4 2 2 2 16

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form
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03.13.06.0018.01

_L —E(E.ﬂ)— iz i_”.;. iz
ba-(z)oc__(m[_es F e J?]+
2V2r Nz
_z 3xn iz ——(5 ﬂ+ iz .z 1 35, iz &l+ iz
e‘/?[ ‘/—+e 2] [ [ 2+es ‘/—]4—@ ‘/?[ Vo _¢® ‘/?]]+
Qy oz 7r oz &%+ iz
T T e [T e s
128 72
75i [ = -6 —@in-—= 2 p
e‘/; e +e V2 [—e ‘/;—e Vo +... /;——<arg(z)s7r/\(|z|—>
10247 2

03.13.06.0019.01
bei(2) «

2V 2n \/? k=0(2k)! Z 2

1 3] 4% ( -= —%(sn)—[—z . —-(3m>—— "L" iz iK1
) [@ﬁ[_mke Vv r]wf[ 7z 4 (-1 r]][_] (5). -+
2k

n-1

2z & 2k+1)! 2) 2

Vs
. /;—5<arg(z)sn/\(|z|aoo)/\new

03.13.06.0020.01
z in iz 1 iz
1 — 11331 —gim-—— 11331 ¢
bei(2) x ~——— e Vo le® V2 4F1[—, T Ty T —]—e ’ V2 4F1[—, = Ty T T ——] +
2vV2n \z 4 4 4 4 2 2 4 4 4 42 2

z 1 iz 3in iz
— | -5@in-— 11331 -7 11331
eﬁ[es E4F1(— = === —)+e8 vz F[—,— e —;——]]+
1 iz in iz z 1 iz
1 —( 3tm-— 33553 i st 33553 j e 4
PR A I P B

33553 i) %+ 33553 i
F(— = = —i)—e" 54&[—, == s l)]]]/——<arg(z)<n/\(|z|eoo)
44442 2 44442 2

03.13.06.0021.01

V2

bei(2) « —

- in, iz 1 ——(M)—— 1
7[«3 e’ ﬁ(uo(—]] e f[1+o[ ]]
2V2rx Vz Z 2

g )

In trigonometric form ||| In trigonometric form

Vs
]/;—5<arg(z)sn/\(|z|aoo)

o0)

2

1lz) 4 = sen-—= e —@im-—= HELEN) ke
e i S °C8
2k+1
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03.13.06.0022.01
= 11
bei(z)oc—e‘/?sin(s(n 4\/_2))—ne ‘FCOS(S(SJT 4\/—2))

i[—e‘&co{%(4\/72+ﬂ))+i@‘/% co! %(4\/72—n))]+

8z

;@[—e\&cos(igﬁx/—z JT))+E€‘ fsn( (4vV2 z- 377))]
75

10247

- -
[e‘ﬁ sin(g(—4\/72—7r))+ie Ve sin(g(n—4\/?z))]+.../;—g<arg(z)szr/\(|z|—>oo)

03.13.06.0023.01
bei(2) «

1 1[”22—1:J4k(‘é)k (%)Zmz [i(—l)k =k 1 ] ak 1 )]

— | — ‘Fco —+—(4V2 z- 7r) —e‘rco —+—(4\/—z+n)
Var vz 225 @k+D! 2 8 2 '8

NE]

3 a2 (), . V7 sl
AT R I SEI N |
& 2! 2 20

Ve
. /;—£<arg(z)57r/\(|z|—>oo)/\neN

03.13.06.0024.01

bei(z) « ——
V2n \/7

11335577113 16

arrrvrarsay g coyanavza)-of sl ie-avz )

1( = (1 = 1 33557799135 16
—[ie Vo cos(g(4\/72—n))—e‘5 005(5(4\/72+n))]8F3[ ———————— D=, — —'——) -

8z 88888888244 A
9 {5577991111353 16]
182 |8'8'8'8' 88 8 8442 4

[e%cos(;(ﬂ 4\/_2))+e \/—msn(g(&r 4\/—2))]

75

102423[ \F( x)sm( (4vV2 z- n)) efsm( (4\/—z+n))]

779911111313537 16 n
( ]/;—5<arg(z>sn/\(|z|eoo)

03.13.06.0025.01

1 = 1 = 1
bei(Z)oc——[e‘/? sin(g(fr—m/?z))ﬂz V2 jco 5(371—4\/72))

V2r vz

1
(1+ O(;]) /i —g <arg(2 sn/\(|z| - 00)
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Expansions containing z - —oo

In exponential form ||| In exponential form

03.13.06.0026.01

1 e i —%(in)+i—z - 3fT”— iz —%(Bin)-#i—z
bei(z2) c - ———— eVe |e” V2 —¢ Ve lre V2 |le” Vo 4o Vo [+
2V2nm V-2

z in iz 1. iz z 3in iz 1 ,. iz
1 -— - _5(“{)+ — 5 —g(3l‘7f)+—
—le Ve |-e® V2 —¢ Vo [4eVz e’ V2 ¢ Ve ||+
8z

. z in iz 1 . iz z 3in iz 1., iz
9 (= 3- ~Sme—= = - -~ @ime—=
Vo le® Vo re’ Vv e |oe® Viae® Nz |+

1287

03.13.06.0027.01
bei(2) «

2V2r V -2z |k=0 2k!

1 H A —%(m)+‘—z X 3’%— iz —%(3m)+‘—z
Z eV2 |e” V2 —(—1fe Vo l+e Vo |(-Dke w V2 +e V2 (

n-1 . . . . . X
1 {TJ 4k __z %_ z _é(ﬁ'ﬂﬂi _z &T”_i —%(Sizr)-f-i ;
L A Pl P Pl IO PP Pl |
27 & 2k+ 1)

T
s E<arg(z)sn/\(|z|—>oo)/\neN

03.13.06.0028.01

12

v

75i _L i_ﬂ_ iz —l(ﬁﬂ)+ iz L Sll_ iz —3(35'7'{')4- iz P
e‘/; ea ‘/?—es Ve +e‘/; es \/?+e8 e + ... /;—<arg(z)57r/\(|z|—>oo)
10247 2

i1y 2
(T
il 2/2k

I

z 1 iz 3in iz
1 | —pGimt— 11331 - 11331 ¢
bei@oc ————— e V2 [ ° a 4F1[—, - === —]+e ’ ‘54F1[— - == —;——] +
227 V=2 4 4 4 42 2 4 4 4 42 2

z in iz 1 i
= (a 11331 i) -s60 11331 i
eV [eg 54F1(—, === i)—e ’ 54F1[—, === —;—1]]+

z 3in iz 1 iz z
1 —( % 33553 i —5@im+— 33553 i =
ez |e® V2 4F1(—, = = == i]—f ’ B 4F1(—, — T —i] +e V2
8z 44 4 42 2

1

2

2
|
2k+1
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03.13.06.0029.01

1 = 1 5 1
bei(z)oc——[e J?[e \/—[1+o[ )]+e8 ﬁ[1+o[—]]
2vV2rx V-2 2 2
L %r_ iz l _é(é”)+ iz 1
vz [ V2 [1+o[_]]_@ V2 [1+o[_)]
z z

In trigonometric form ||| In trigonometric form

T
]/; E<arg(z)sn/\<|z|eoo)

03.13.06.0030.01

bei(2) « —;.(e‘& sin(i (7T—4\/72))—
Vo vz 8

z

e‘/—sm( (4«/—z+n))+8—[ ‘/—LCOS( (4ﬁz—n)]+e%cos(%(4«/72+n))]+

[«fco (aVZ 2 ﬂ))—m‘/—cos( (-4VZ z- n)))

1287
10;5123[W_%Sin[é(ﬂ_4ﬁz)) e‘/— sm( (-4vV2 z- ﬂ))]+..‘]/;(z—>-oo)

03.13.06.0031.01

bei(2) «
- Koy 2
: 1 1514 (2) (3, k 1 k1
v _2—22 22k \/—nco ﬂ—+—(4\/—z n)]+( 1) e‘/—cos(—+—(4\/?z+n)] +
Vor vV=z |22% 2k+1)! 2 2 8

H 47k(£)k(1) 2 [ = (ﬂk 1

nk
eV2 sinf —+ = (n- 4\/—2)]—m> ‘Fsm[—+ (4\/_Z+Jr)] A/i@z= -c0)AneN
4T 2K 2 8 2
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03.13.06.0032.01
i

V2r V-2
33557799135 16

[ o)l v fL S T2 0L 8 E

8 8888888244 £

bei(2) « —

12822[er cos( (r-av2 )J—iﬂ_éco{%(4ﬁ2+ﬂ))]

(5577991111353 16) 75
10247

888888 8 8 442 4
77 99 11 11 13 13 5 3 7 16

[ef sm( (4\/_Z+ﬂ))—w f sn[ (4v2 z- n))]ng(—, Y — — — =y =y = ——

8888 8 8 8 8 424 #
= /1
[@\Esin(g(n—4\/? ))—w fsm( (4\/_z+7r))]
11335517 7 11 3 16
F( ————————————— ]]/;(ze—ocﬂ
88888818184 24 A
03.13.06.0033.01
bei(Z)oc—é(eESin( (m- 4\/—2))—w rsm( (4\/_Z+7r))
Ver V-z 8

Expansionsfor any zin exponential form

pof 2o

Using exponential function with branch cut-free arguments

03.13.06.0034.01

I e 2| ez =
e e e e
bei(2) o — (-)¥*|eV2 - +e V2
2V 2n \/(_1)3/42 \/ U1 2 \/_(_1)3/4 \/ 1z
¥ | = eV2 zie_f -= ieVe £_ 2
eVz - +e V2 - -

82 ez v VT2 V-1%z

iz iz iz iz

9i = eV2 e V2 —— e V? eV
" eV? + +e V2 + +
128
\/(—1)3/42 \/ V-1 z \/—(—1)3/42 \/- V-1 z
YT | 2| elr e V2 L ie V2
e V2 + —eV2 + +.. /(2 > )

10247 \/_4 1 \/_(_1)3/42 \/(_1)3/42 \/ V-1 z



http: //functions.wolfram.com

03.13.06.0035.01

bei(2) «
z N (1) 2 iz 0y (1) 2
S vl B %(z)zk ( i )k+o[ 1 J e V2 %(E)ZK [ i ]k+o[ 1
— eV2 o _ v
2V 2nm [ (—1)¥z |k0 2Kk)! 47 22[2J+2 \4/? 5 |i0 k! a2 22[2J+2
L ny (1) 2 iz n (1) 2
_f e V2 %(E)Zk [ i ]k+o[ 1 ] @\/? lEJ (E)Zk ( i )k+o 1
e - _ -
,/_(_1)3/42 = 2!\ a2 ZZEJ+2 = 2Kk! (42 Zzng+2
— (L 2 _iz 1) (1 2
( 1)3/4 F eV? {ZT:J(E)ZKH [ i ]k+o 1 ie V2 [TJ(E)Zml [ i ]k+
ev? R _ o
2z /(_1)3/42 = Ck+D!\ 42 Zz{%Jarz T | k+1! {42
ieﬁ

z
ve VT

lnilj(%)zmlz L k o 1 B
\/ﬁ k=0 (2k+ 1)! [422] ’ ZZ[r:—1J+2

[";_lJ (%)2k+12 i\ 1
k; @2k+ 1! [_E) O Zz[";J+2]]]]]/; (14~ c)AneN

1Dz
: [e(1>3/4z_( D™ iz

2 (%)Zkz [ i )k .o

42k 42

z P

z

(-1¥ 1 VT eV Z\/§ 2 (3 )2k+12 i\ Lot 1
2z ‘/(_1)3/42 Z 2k+1)'( 422] vz B ~

k=0
4 3/4 .
34 V-1 e D72 V —iZ
iV

z

=), 5
Z(z)2k+1 (—]k+o 1 ]]]]/;(R—wo)/\nem
o @k+D! 47 ZZ[%J”
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03.13.06.0037.01

_ ¥ =] eV 11331 i eV? 11331
bei(2) o« - e V2 4F1 Z, Z, Z, 4_1; 5;—; -— 4k Z, Z, Z. 4_1; 5; — ]+
2V2n ,/_(_1)3/42 _\4/?2
= eVz 11331 e V2 11331
ez —4F1[Zy 4_1’ Z, Z; E; —;)— —4':1[4_1’ l_l’ Z, Z; E; —] -
-)¥*z V=1z
D3] -—=| iev? [33553i] e V2 [33553 u)
e aFa= = = = o = | ——F| = = - o
8z 44 44 2 44 4 4 2
1z z 1/_(_1)3/42 2

03.13.06.0038.01

0¥ | | e 1 vz 1
bei(2) o« — e V2 [1+o[—]]— 7(“0[—)) +
2V2r N Z VT, z

N Y 1 vz 1
@‘E 67 [1+O[—)] — 67 [1+O[;)] /5 (12 > o)

V(D2 V-1z

03.13.06.0039.01

8
1 e V-1 z|(—1)3A_y -1 2V -1z t\/?2+‘ \/?z]
Y e [( ) \‘} e 3 ie _1<a'g(z)<£
2y 2x Vz 4 4
8
1 e 7117713/4 _1 2 7127”/?2-\/?2]
Y e [ (=1 +<} e '3 +ie 1 . g 3 3
2y2x Vz 4 4
. 8(71 e V-1 1[7(71)3/1”0 1 V-1 zfen/?szﬁz] g2 .
bei(2) « T30 3 [i(d > )
2y2x Vz d 4
8[ 1 e V-1 z[_(_1)3/4_@_1 fzﬂz+ti\/?z+it,\gz]
_3 < arg(2) < 1
2y2x Vz 4 4
B/_l e V-1 Z((—l)3/4—@—l @2H2+ﬂi\/;z+iﬂﬁz]
True
2y 2z Vz

Residue representations
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03.13.06.0040.01
© (3 1 1
bei(2) = res| ————— F(s+ _) [_j _ _)
= (r(3-gra-s? 2 2
Integral representations

On the real axis

Of thedirect function

03.13.07.0001.01
1 zcos(t) zcog(t)
bei(z):—f sin[ ]sinh( ]clt
TJo V2 V2

03.13.07.0002.01

tntn
bei(z):—f 2 2 gt
T Jo

1-12
03.13.07.0003.01

1 3 (zsin®) zsin(t)
bei(z) = —f”sin{ )sinh[ ]clt
nJ-2 V2 V2

03.13.07.0004.01
1 o (zsint) zsin(t)
bei(z) = —f sin[ )sinh( ]dt
7o V2 V2

Contour integral representations

03.13.07.0005.01

i S
bei(z) = if&(f)4 s
2iJrp(Z-gjra-s? 4

Limit representations

03.13.09.0001.01

bei2) = — | lim | Ly| — |- L/ - =
2 |noe 4an an

03.13.09.0002.01
1 33 z
bei(z = lim - Z,F4|la; 1, —, -} ———
ae 4 22 256a

Differential equations

Ordinary linear differential equations and wronskians
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For thedirect function itself
03.13.13.0001.01
W22 +2W¥@ 2 -W'(@2 2+ W@ z+ W2 =0/, W2 = ¢, ber(2) + ¢, bei(z) + czker(2) + ¢, kei(2)

03.13.13.0002.01

1
W, (ber(z), bei(2), ker(2), kei(2)) == — ;

03.13.13.0003.01
92'g@° W@ +292° (9@’ -39 9'@) g @* W@ -
92%(0@"+602 9" @9 @°+492°d°@ g @ - 15027 9" (@°) g @W'(2) +
92 (Y@°+929'@9@" -292*9°@ 9 @° + 92 (69" (@° - 92 §° @) g (@° +1002° 9" 2 °@ g @ -
1502° 9" @)W @ + 92 g (@' W2) = 0/; W(2) = c, ber(g(2)) + C, bei(g(2) + ¢z ker(g(2) + c4 kei(g(2)

03.13.13.0004.01
'(Z 6

W, (ber(g(2)), bei(g(2)), ker(g(2), kei(g(2)) == - .
92

03.13.13.0005.01
92*9@*h@* W@ +292° 9@ (h@ (9@ - 392 9"@)-20@ 9 @ N @) h@* W@ +
92°9 @ (-(0@*+692 9" @9 @*+492*d°@ g2 - 1592° 9" (%) h(2)* -
602092 (W@ J@*+92h @29@ -39 N @9"@)h@ + 12922 g @° W(@°)h@2* W' (@) +
12 ((0@°+02 9" @9@*-292?d°@ 9 @° +92° (69" - 9@ 0 @) g +
1002°9' @%@ 9@ -1502°9"@°)h@° +202 g @ (W@ 9 @* -39 ' @D g (@° -

202 (0@ h®@ -30 @ 9"@2) g @*+92? (99" @ N @ + 4N 2 d°@) ¢ (@ - 15922 N (2 §"(2°) h@)° +

120229 @* W@ (W@ g @+ 2020 @29 @ -39 N @ g'@)h@ - 2492° ¢ @*N@2°) ho W@ +
(02" h@* 9@ +9@* (24N (2" - 36h@ h" (2 ' (2° + 8h(2* ®(2) W' (@) + h(2* (6" (2% - h(2) (@) g @)° -
29@°h@ (9 (@° -39 9" @) (6N @°-6h@ N (@ W@ +h@’ @) g @° +
9@?h@’ (h@h" (@ -2h@°) (¢ 2" +69@ 9" (@ 9@ +492? °@ 9@ - 1502%¢"(2°) ¢ (@ -
92h@’ @ (g@°+92 9" @9 @* -202%*¢°@ ¢ @°+
92%(69"(° - 92 9*2) g @° +1092° 9" 2 9°@ g2 - 1592° 9" (@°)) @) =0/,
w(2) = ¢; h(2) ber(g(2)) + ¢, h(2) bei(g(2)) + c3 h(2) ker(g(2)) + ¢4 h(2) kei(g(2)
03.13.13.0006.01
, , h@'g@°
W,(h(2) ber(g(2), h(z) bei(g(2)), h(z) ker(g(2)), h(2) kei(g(2)) == - a
9(z
03.13.13.0007.01
WY@ +(6-4r-492W3(2) +(4r° +12(s-Dr+6(s-2)s+7)Z2W'(2 +
@2r+2s-1(-2(s-Ds+r2-49-Dzw@+(a'r* 2" +s'+4r + 42 )w2 =0/,
W(2) = ¢, Zber@aZ) +c, Zbei(aZ) +c;Zker(@z) +c, kei(@z)
03.13.13.0008.01
W, (Zber(az), Zbei(az), Zker(az), Fkei(az)) = —a*ré 2456
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03.13.13.0009.01
W@ (2) - 4(log(r) + log(9) w(2) + 2(210g’(r) + 610g(s) log(r) + 31og*(9)) W'(2) +
4 (log(r) + log(s)) (—Iogz(s) - 2log(r) log(s)) W' (2) + (a’ log*(r) r*Z + log*(s) + 410g(r) log’(s) + 4log?(r) Iogz(s)) W(2) =

0/; W2 = ¢, Sbher(@ar?) +c, s"bei(ar?) +cgstker(ar? +c, " kei(ar?)

03.13.13.0010.01
W, (s ber(ar?), & bei(ar?), Sker(ar?), skei(ar?) == —a* r*2s*2log®(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.13.16.0001.01
bei(-2z) = bei(2)

03.13.16.0002.01
bei(i 2) = —bei(2)

03.13.16.0003.01
bei(—i 2) = —bei(2)

03.13.16.0004.01
bei((-1)™42) = ~bei( V-1 7]

03.13.16.0005.01
bei((-1)¥* 2) = bei( V=1 2)

03.13.16.0006.01
bei((~1)%* 2) = ~bei(V-1 7]

03.13.16.0007.01
) »
w17 L b

Addition formulas

03.13.16.0008.01
. . . P2
bei(zy —2) = ) (beiy(zy) ber(zy) + beiy(zy) ber(z) /3 |—| < 1

k=—00

Z
03.13.16.0009.01

bei(z +2) = ), (~1)F (beiu(2,) berz) + bei(z) ber(2)) /; | —| < 1

k=—00

Z
z

1

Multiple arguments
03.13.16.0010.01

k
© (1- k 3k 3k
bei(z; z,) = Z ( Z%) (Z—z) (COS{Tﬂ] bei(z) + bery(z) sin[Tﬂ]) /i

o 2

%

Z

<1
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Related transformations

Involving ber(2)
03.13.16.0011.01

bei(z) + i ber(2) ==E'JO(4 1 z)

03.13.16.0012.01

bei(z) — i ber(2) = —i |O(x“/T z)

Differentiation

Low-order differentiation

03.13.20.0001.01
obei(zy  bei(2 —beri (2

0z V2

03.13.20.0002.01

82 bei(2)
7

1
=5 (ber(z) — berz(2))

Symbolic differentiation

03.13.20.0003.01

d"bei(2) (1 1-n 2-n 7 (1 1-n 2-n iZ
— :i2n1‘/72n[1|:2[—3—.—;——)—1':2(53 : ; sineN

03.13.20.0004.01
o belo(Z) _3n
=2 2

—1n
P @-1
EPp =,
k=o( 2 k) (1 +i") beigr-n(@ —i(L—i") bers_n(2) + ;O ( okl ) (i (1= " beray_n.a(2) — (1+i") beignia(@) | i nEN

03.13.20.0005.01

n
. M (n+1)
d"bei(2) LI {ZJ (2k)

=22 "@G-1" — (A +i") beigr_n(@ + (=i + ") berg_n(2)) +
— (i )g 1 (L + " beigy (@) + (=i + ™) beray_n(2)

1 n
- («/? 1+i)(4k-n+1) ( oks1 ) (1=i"") beigk-n1(2) + (=i +i") ber4k_n+1(z))) /ineN
A

03.13.20.0006.01
d"bei(2) oz 1
=nGg[—, =
07" 14 4
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Fractional integro-differentiation

03.13.20.0007.01

0”bei(2) bt 353 3-¢a @ 5-a 6-a 7

T st RNy S e g

97 442 4 4 4 4 256
Integration

Indefinite integration

03.13.21.0001.01

a2z 3 337 1
fbel(az)dz_ - 1F4( A ——a“z“)
4" 22" 4 256

Definite integration

03.13.21.0002.01

fwt"’l P bei(h dt 1 2[4 2) 4 a+2 a+ cy+ a+5 33
e t=— @ — =+ —1, - =
0 2’ Va4 s 4 T2 2
1 1 3
Re(@) > -2 /\ |Re(p) > — \/|Re(p) = — /\ Ret@) < ~
V2 vz 2
Integral transforms
Laplace transforms
03.13.22.0001.01
1 1
Li[beit)] (29 = sr{—tan [—)] /i R&(2) > —
\4/z4+1 z V2
Mellin transforms
03.13.22.0002.01
1 +2 z+3 z z+5 3 3 1
Mi[e Pt bei(t)] (2) = - —Z—Zr(z+2)4|=3[ — =41, —1, -, = ——
4 4 4 4 22 pt

Representations through more general functions

Through hypergeometric functions

Involving pFyq
03.13.26.0001.01
) 1 P 33 z
ei(2) = —nZoF y 1 ——
@=16"7 22" s

Involving ,Fq

1
/; Re(@ > -2 /\ Re(p) > —
V2
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03.13.26.0002.01

1 3 3 v
bei(2) = — ZoF4|; =, =, 1, - —
4 256

2" 2’

|

Classical casesfor the direct function itself

Through Meijer G

03.13.26.0003.01
1 1
?QQJ

Classical casesfor powersof bei

s

z
bei(z2) = neé;i[g /: —% <arg(2 < Z \/

03.13.26.0004.01

1
E ]
1 1
00012

Brychkov Yu.A. (2006)

03.13.26.0005.01

64

1
bei(2)” = 57" e};g[

Brychkov Y u.A. (2006)

03.13.26.0006.01

1 7 32
bei(2” = — Vx Ggal - —
2 “ 64

]_”_

Classical casesinvolving powers of ber

0,0,0, 3

03.13.26.0007.01

2

bei(Vz ) +ber(Vz )2 =72 e};g[é ‘ .

Brychkov Yu.A. (2006)

03.13.26.0008.01

2

2

bei(VZ ) - ber(VZ)

Brychkov Yu.A. (2006)

03.13.26.0009.01
1

bei(2) + ber(2)* = 7¥2 e}g[_
°| 64

2
0,00

N
N |-

Brychkov Y u.A. (2006)

3n
T<arg(z)s7r\/—7r<arg(z)<— 2

3n
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03.13.26.0010.01

z

bei(2? — ber(2? = — | ~ G;é[—
2 16

Brychkov Yu.A. (2006)

Classical casesinvolving ber

03.13.26.0011.01

o7 oe(7) = -

Brychkov Y u.A. (2006)

03.13.26.0012.01
(4 4 ind? 12
{7 )«

03.13.26.0013.01

bei(2) b 1 ﬂGlZZ“
ei(z)ber(2) = — .| — Gyl —
(2) ber(2) >\ 3 S g

03.13.26.0014.01
_ i 2
bei(2) ber(d) = —— G37| - —
2v2 16

Classical casesinvolving kel

03.13.26.0015.01

bei(«??)kei((‘/?):%ﬁeg;i(—‘ 0,

Brychkov Yu.A. (2006)

03.13.26.0016.01

1 z
bei(2) kei(2) = —ﬁegi[—‘ 0,0,0, g]-
8 “l64

Brychkov Yu.A. (2006)

Classical casesinvolving ker

03.13.26.0017.01

z
64

0,0,

oa({7 )kel(¥2) = vr &~ | o

z
64

Brychkov Yu.A. (2006)

1
2

—G
8V2n

N
N
————

o
N =

09

N
N———

3,2 i
2% 16

NP NP

o
N

0,0,

8V2r

b b 3
]/,—Zsarg(z)sz/\

v/
T<arg(z)sn/\—7r<arg(z)<— 2

]/; -m<ag2 =<0

NP AP

]/;—g<arg(z)so/\g<afg(2)ﬁﬂ

O rw
N
NI
N —

N

]/; O<ag®2

=<

PN

3n



http: //functions.wolfram.com

19

03.13.26.0018.01

1 z
bei(2) ker(@ = — V7 GS'E{[—
8 “\ 64

Brychkov Yu.A. (2006)

Classical casesinvolving ber, ker and kei

03.13.26.0019.01

o7 k(7)o V7 e 7 =, v 63 =] 0.0.0

Brychkov Yu.A. (2006)

03.13.26.0020.01

bei(VZ | kei(VZ ) - ber(Vz ) ker(VZ )

Brychkov Yu.A. (2006)

03.13.26.0021.01

ber(\4/7) ka(x“/?) + bei(x“/?) ker({‘E) -

Brychkov Yu.A. (2006)

03.13.26.0022.01

bei(V/Z ) ker(VZ ) - ber(VZ | kei(VZ ) = %ﬁeﬁ;ﬁ[—‘ 0

Brychkov Yu.A. (2006)

03.13.26.0023.01

1
bei(z) kei(2) + ber(z) ker(z) = Z

Brychkov Y u.A. (2006)

03.13.26.0024.01

bei(2) kei(2) — ber(2) ker(z2) = —

Brychkov Yu.A. (2006)

03.13.26.0025.01

ber(z) kei(2) + bei(z) ker(z) = ———

Brychkov Y u.A. (2006)

z 13 n
‘O, %’0’0]_—G§:§[1_6 . i 4 N /;Osarg(z)sz
8vV2n 15,5,0,015
1
2
L (2] b3
=" 52 GZI6E 1,11
N 00,3033
VT
52 G2:61_6 11 1
2 \/; ,5,5,0,015

z 1
” ,5,0.0)

T

z n
‘/;G(Z):g[a 0,0,0, %]/; h ag2) < —

N

z : P d s
32 2’ .
5/2 GZ’G[E 00 Lol l]/,—z<arg(z)s 4
22N 03,0, 5,
1 z E, 3 n Vg
32 2’4 i
5/2 «/ Gzﬁ[% 0lloo 1]/‘_Z<arg(z)$2
2 b/g v 550 O U
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03.13.26.0026.01

1 z 3
bei(2) ker(2) — ber(2) kei(2) = 2 Nr Ggﬁ[a ‘ 0, % 0, 0] /; —% <arg2) < %\/ - < arg(2) < 77\/ —r<ag® < -

Brychkov Yu.A. (2006)

Classical casesinvolving Bessel J

03.13.26.0027.01

Jo((-1)** 2) bei(z) = ——m/_ V2 Gy

l

O NIk
FNY

Classical casesinvolving Bessal |

03.13.26.0028.01

|o(«‘7?z)bei(z)=%,z«/7 0,0,0, ] \/_624[1

1,0
GO,4[_ .

Classical casesinvolving Bessel K

03.13.26.0029.01

1 1 1
1 1 5171 7 T
4 . . 3,0 2 4’ 4 .
KO( -1 z)ba(z):zms/Z[Z_ZGOA[—— 0, 0, 2,0]+2635[u22 0.0 -1 0 l]]/,—§<arg(z)<0
T YT YU g
Classical casesinvolving gF 4
03.13.26.0030.01
ivz X
Ful: 1 —— |bei(vVz) =
\ [ ! ] (7)
1 \/*[ 1 31 2 31
2 12 4’ 4 . ~12 4’ 4
——i V2 nGre + G| — +iGye —‘ ]]
1 1 ) 1 1 1 g 1 11
2 0,003 3 160,00, 3133 16 5000 3,3
03.13.26.0031.01
Fil; 1 iz bei
;L —|bea(g =
o1 4
1 3 1 3 1
1 \/7[ 2 12 11 ] 12 z 12
——i V2 nGre + Gy +i Gy — /i
1 1 d 1 1 1 1 1 1
2 0,003 3 0,003 35 3 16 5000 3,3
n T 3r 5n
——<ag2= - —<ag@=n\/ —n<ag(zd = —
4 g 4\/ 4 9 \/ 9 4
03.13.26.0032.01
i 3
OFl(; 1; —Jbei(z) ——m/— vz eiliz| ¢ |-G8-=1] 000 %]
4 0,00, 3

Generalized casesfor thedirect function itself

3n
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03.13.26.0033.01

1 1
}Qaﬂ

Generalized casesfor powersof bel

z 1
bei(2) = nGl’O[—, -
0404’ 4

03.13.26.0034.01

1
bei(z)2=1n3/261° z 1 2 I G%E 1
2 2y 4|0 00,7, 3] 2V2 "2 400

Brychkov Yu.A. (2006)

03.13.26.0035.01

Vv-1z 1
bei(2)? = «/_ G”[

732 1,
0,00 |- —GP-V-1g
2V2

2] 2v2

Generalized casesinvolving power s of ber

03.13.26.0036.01

z
bei(2)* + ber(2)” = 72 G};S[ ,

1
2v2 4

1

2 ]

11
0,003 2

Brychkov Yu.A. (2006)

03.13.26.0037.01

n z 1 r3
bei(2)® - ber(? = -,/ = Gy =, = tE 1]
2 24100033 ;
Brychkov Yu.A. (2006)
Generalized casesinvolving ber
03.13.26.0038.01
1 3
1 |n z 1 o7
bei(z) ber(z) = — | — Gé’é - = 4 4
2V 2 12 4|%t0001%1
2 2
Brychkov Y u.A. (2006)
03.13.26.0039.01
2 (1 1 520
bei(2) ber(-2) = Gyl =V-1z-= ) 44 -
2v2 (2 4| 1,00003 2
Generalized casesinvolving kel
03.13.26.0040.01
1 z 1
bei(2) kei(z) = _v;eg;g[_, -1 000 g]— Gyl -, -
8 2v2 8V2n 2 4

Brychkov Yu.A. (2006)
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Generalized casesinvolving ker

03.13.26.0041.01

1 z 1
bei(z) ker(2) = gﬁ GS;Z[—. ”

2vV2 4
Brychkov Yu.A. (2006)

Generalized casesinvolving ber, ker and kel

03.13.26.0042.01
z 1

1
bei(2) kel (@) + ber(@) ker(@) = - Vr eg;g[ 0,0,0, g]

2vV2
Brychkov Yu.A. (2006)

03.13.26.0043.01

1 3
z 1 27
bei(2) kei(2) — ber(2) ker(2) = — Gonl = = f 4 ) 1]
4v2n 2 4 0,0,570,5,5
Brychkov Y u.A. (2006)
03.13.26.0044.01
;1 13
bei(2) ker(2) + ber(2) kei(z) = — e e
avan 2410335003
Brychkov Yu.A. (2006)
03.13.26.0045.01
) ) 1 2o 2 1 1
bei(2) ker(2) — ber(2) kei(z) = — \/;60‘4 —\ =10, 5 0,0
4 oyvz 4
Brychkov Y u.A. (2006)
Generalized casesinvolving Bessel J
03.13.26.0046.01
1 1| 2.3 V-1
W1 )bei@ =-=iVr |[V2 GhifV-1z | > * |-G ,~|0001
. 1 g 2
2 210,00 a 2+/2
Generalized casesinvolving Bessel |
03.13.26.0047.01
N 1 “2im 1,1] 4 1 % % 1,0 v 1
lo(V-1 7)bei@ = -~ (-D¥ e sV [V2 G5l V-1 z = . |~ Goa -
2 210,003 2v2

Generalized casesinvolving Bessel K
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03.13.26.0048.01

1 1 V=1z 1
Ko(V=1 2)bei2 = ~ ix¥2| — GJgl ——, = | 0,0, 3,0(+2G;
4 2n? 2v2 4
Generalized casesinvolving gF 1
03.13.26.0049.01
Fyli1 g bei
71, —|bei(@d =
o1 4
1 3
1 n z 1 5 z 1 n
. 1,0 2 1,2 4
R R Pt R T o M
2v2 400033 0,0,0
03.13.26.0050.01
1 1
iz 1 1 > 7
oFi|i L —|bd@=-=iVx |[V2 GuV-Tz=| ** |-Gy
4 2 | 20003

Representations through equivalent functions

With related functions

03.13.27.0001.01

(V-2 )V

bei(z) =
2y -2

03.13.27.0002.01

be(a = ¢ ({1 ) - %V 2)
03.13.27.0003.01

bei(2) + i ber(2) = L?JO(«“/T z)

03.13.27.0004.01
bei(z) — i ber(2) = —i |0( V-1 z)

Theorems
History

O MW
N

o

N
N~
N
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