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Traditional name

Kelvin function of thefirst kind

Traditional notation

bei, (2)

Mathematica StandardForm notation

Kel vi nBei [v, z]

Primary definition

03.17.02.0001.01

bei, (2) == _%M%Mvzv(“ -1 z)_v (e&zl IV( V-1 z) —JV( V-1 z))

Specific values

Specialized values

For fixed v

03.17.03.0001.01
bei,(0)=0/;veNVRe(v)>0

03.17.03.0002.01
bei,(0) = & /; Re(v) < 0

03.17.03.0003.01
bei,(0) =; /; Re(v) =0Av £0

For fixed z

Explicit rational v

03.17.03.0004.01
beig(2) = bei(2)
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03.17.03.0005.01

] 1
bel u(@=-

: 1622 356 24473

(144 V3 (-9i 7 -110) Ai(; 3B (L +i) 2)2/3) (1+i) 2% + 1443 (9i 2 - 110) Ai(— % 3B ((L+19) z)2/3) L+ 2%+
V3 (~2437 + 12960 7 + 42240) Ai’(% 3P (1+i) z)2/3) -
3V3 (817 + 4320 2 - 14080) Ai’(— % IR+ 2)2/3) +(1296i Z (1 + i) 2*° + 15840 ((1 + i) 9*°)
Bi(% 3P ((L+10) 2)2/3] +(15840((1+4) 2*° - 1296 Z (1 + i) 2*7) Bi(—% 3B (1+10) 2)2/3) +

1 1
373 (817 - 4320i Z - 14080) Bi’[E B+ 2)2/3) +3%3(817 + 4320i 7 — 14080) Bi'(— ;¥ @+ 2)2/3])

03.17.03.0006.01

_1)3¥8 1+i
bei o= [x/?ﬁ(z“+45izz—105)cos[( ”)Z]—
2 2Vn 2P V2
1 1+i 1+i
(1—i)(z4—45i22—105)cosh(( H)Z]-52[(1+i)(222+21;z)sjn[( +l)z]+\/7(2u'22+21)sinh[( ”)Z])]
V2 V2 V2

03.17.03.0007.01
be|_1_3(Z) =
3

‘m [ﬁ (\/5 (817 -3024i 7 - 4480)Ai[% FB(L+i) z)2/3) +VB (~8Li7 + 30242 + 4480)
Ai(—g PP+ 2)2/3) + (6720 V3 (Q+) 2%+ 756 V3 i 2 ((1+i) 2)2/3) Ai’(% PP+ 2)2/3) +

(756 V3 2 ((1+i)22%+ 67203 i (1+1) 2)2/3) Ai’[— % 23 (14 i) 2)2/3) .
(817" - 3024 7 - 4480) Bi(% @+ z)2/3] +(~8Li 7" +3024 2 + 44801 Bi(— % 3B (@+i) 2)2/3] +

1
(2240373 (1 +i) 972 + 252373 i 7 (1 + i) 2°P) Bi’(E 3B+ 2)2/3) +

1
(252373 7 (1 +1) 273 + 2240377 i (1 + i) 2°P) Bi’(— 3 33 ((1+14) 2)2/3)))

03.17.03.0008.01

20V -1 223 1 1
be n@=-—— (— V3 9(160i - 97) Ai(— 3R+ 2)2/3) A+ 2¥°+
-3 27 35/6 211/3 160 2

1 1 1 1
0 V3 9(9i 7 - 160) Ai[—5 3B (1+10) 2)2/3) A+ Y3+ 2 V3 3(97 -32i) Ai’(E 3B (A+0) z)2/3) +
1, 1 81 1
~V33(32-9i2) Ai'[— -FP @+ z)2/3) + (_ Z(1+)2"-9i((L+0) 2)4/3) Bi(— @+ 2)2/3) -
4 2 160 2

81 1
(9 AL+ ¥ - —iZZ(A+0) z)4/3) Bi(— — 3B (L +9) 2)2/3] +

160 2

1 1 1 1
7 3% (32i-92) Bi/(E FR@+i 2)2/3) 2 FR(9i2-32) Bi’(—E @+ 2)2/3))
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03.17.03.0009.01

~1)%® 1+i)z
bei 7(2)= - b [3«/?(222+5i)cos[( ) ]+
) 2V 712 N
1+iz l+i)z 1+i)z
@van eizsjoot{ T ana@ s T vz a2 smianf T
\a vz vz
03.17.03.0010.01
1 1 1
bei 1 (2 = 7[16\/5(9L722+14)Ai(_ 323 ((1+14) z)z/s]+16«/?(14-9@22)Ai(__32/3 A+ 2)2/3]+
3 18 22/3 35/6 710/3 2 >

1
(—336 V3 (1+)22%-27iV3 21 +0) z)2/3) Ai’(E 33 ((1+14) 2)2/3) +
1 1
(336 V3 (A+0H2%2-27iV3 2(A+i) z)2/3) Ai'(— 5 3B ((1+13) z)2/3) +(144i 2 + 224) Bi(5 33 ((1+19) 2)2/3) +
1 1
(224-144i 7) Bi(—5 3B (1+0) 2)2/3) +(-1123%3 (1 +0) 29?* - 9i 3R Z (1 +i) 2%°) Bi’[5 3B ((1+i) 2)2/3) +

1
(112373 (1+ 9272 -9i 3PP 2 (1+i) 2?P) Bi'[—5 3P (1+10) 2)2/3))

03.17.03.0011.01

. 5i(1+i)2%3( 2v3
be|_§(Z) = -
3 12v2 #3 ((Q+p2*
1 1 1 1
[«/? Ai(5 IR (L +19) z)2/3) -V3 Ai(— 5 3R (1 +10) 2)2/3) - Bi(5 IR (1+19) 2)2/3) + Bi(— 5 IR (1 +19) z)2/3)) +
1 1 1
(—3 (92 - 40i) Ai’[— 3 (L+d) 2)2/3) -3(92 +40i) Ai’[— —FP @+ 2)2/3) +
1532 ((1+i) 2 2 2

1 1
V3 ((9 Z - 40i) Bi'[5 3 (@+d) 2)2/3) +(92 +40i) Bi'(— 5 3@+ 2)2/3)))]

03.17.03.0012.01
(_1)5/8
be|_§(z) =

2 2Vn PP
[(—1—12) (Z +3i) cos[

03.17.03.0013.01

-n¥ 6 1 6 1
o (—24 V3 Ai’(— 373 ((1+10) 2)2/3) (A+D2¥+24V3 i Ai'[— -3 (@+i) 2)2/3) 1+ 2% -
6 2213 35/6 77/3 2 2

1+i)z 1+i)z

1+ 1+1i
]+\/7(—n‘22—3)cosh[ )+3\/723in[( H)Z]+(3+3Iz)zs'nh[( +L)Z)]

V2 V2 V2 V2

be_z(z) ==
1 1
832s Bi’[5 3R +i0) 2)2/3) ((L+i) 2% +83%3; Bi/(— 3 3B+ 2)2/3) (L+i) 2% +
1 1 1
V3 (9iZ+ 16)Ai(E 3R (L +i) z)2/3] +V3 (92 + 16z')Ai[—5 3R (A+i) 2)2/3) +9i 7 Bi(E 3R (A+i) z)2/3) +

1 1 1
16 Bi(E 3B (A +i) z)2/3) +97 Bi[-5 3B (1 +10) 2)2/3) +16i Bi[-5 3B (L +i) 2)2/3))
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03.17.03.0014.01

1 1
(—wx/?zAi(Es% (1+1) 2)2/3) Va+iz —9\/§zAi(—532/3 (1+i) 2)2/3) Va+iz +

be| 5(2) =
5 669028

1 1
9i zBi[E 2B ((L+i) 2)2/3) Va+iz + ngi(—E B (L +i) 2)2/3] Va+iz +
1 1
V3 (12+12i) Ai’(E 323 ((1+1) 2)2/3) +V3 (12-12i) Ai'(— > 3B ((1+1i) 2)2/3) -

1 1
(4+44) 33 Bi’(E 3B ((L+4) z)2/3) —(4-4{)3%3 Bi'[— 3 3B (1+i) 2)2/3))

03.17.03.0015.01
(—1)¥8

be|7§(z) =

2 2Vn P

03.17.03.0016.01

o o= o ) et ol ) ol ) ol o )

03.17.03.0017.01

(—\/7 cosh(4 -1 Z)+(l+i) cosh((-1)¥* z)+(1+z‘)zsinh(4 -1 z)+\/725inh((—1)3/4 z))

; 1 1
bei (= — (3 NE Ai'(— 2B (L +i) 2)2/3) (L+0)2?P+3V3 Ai’(— Z 3B ((1+i) 2)2/3) (1+i)2%3 +
-3 2 92/3 35/6 A3 2 2

1 1 1
3B Bi’(E R+ 2)2/3) (Q+i) 2P +3P Bi’(— 5 P ((1+i) 2)2/3) (A+)2%-2V3 Ai(5 3P+ 2)2/3) +

1 1 1
23 Ai(—E 3B (1 +1i) 2)2/3) -2 Bi(E 3B (1L+i) 2)2/3) +2 Bi(— 5 3B (L +i) 2)2/3)]

03.17.03.0018.01

1
be'ig(z) =

S oV2 3Rgs
1 1 1 1
(3 Ai’(E 33 (L +i) z)2/3] + 3Ai'(— 5 33 (L +i) 2)2/3) -3 (Bi’(5 3R+ 2)2/3) + Bi'(—5 3R (1+i) 2)2/3)))

03.17.03.0019.01
_1)7/8

bel 1(2= (7(\/7 cos(\A/? Z)+(1+i) cosh(ﬁ z))

2vVn Vz

03.17.03.0020.01

1 2 3 z z 3 z z
bei_l(z): — - [cos(—)sinh[—)sin[—]—sin(—) cosh[—] co{—])
= vz Ve U be) yz) vz) el vz ) vz

03.17.03.0021.01

i-1 [3
bei 1(2) = o =
I R

1 1 1 1
(\/3 iAi(E 3B ((1+i) 2)2/3) +V3 Ai(—5 3B (L +1i) 2)2/3) +i Bi(5 32B (1 +14) 2)2/3) + Bi(—5 3B (L +1i) 2)2/3))
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03.17.03.0022.01
V3 Vd+iz
bei 2=———
3 225/6 72/3
1 1 1 1
(\/? n‘Ai(E 3B (L +10) 2)2/3) +V3 Ai(-5 3B (L +i) z)2/3] —i Bi[5 3B (L +i) z)2/3) - |3i(-5 3B (L +i) 2)2/3))

03.17.03.0023.01

bei.(2) = —ﬂ(sjn(ﬁ 2)- V-1 sin((-1¥2))
z Ver vz

03.17.03.0024.01

_ 1/2[ [z]_sn_ z 3n z ). z
bei;(z2) = — | — |coshl — sm(—)sm[—]+cos(—)cos{—]smh[—]]
2 vz V7 V2 8 V2 8 V2 V2

03.17.03.0025.01
23
beiz(Z)I

3 673 ((1+i) 2"
1 1 1 1
(3 Ai’(E 3P (A+i) z)2/3] - 3Ai’(— 5 32 (A +i) 2)2/3) +V3 [Bi’(E 33 ((1+10) z)2/3) - Bi’(-5 323 ((1+10) 2)2/3)))

03.17.03.0026.01
iz 1
beis(2) = V3 (—SAi’(— 323 ((1+1i) z)2’3) -
3 3
P V2 (L2 2

1 1 1
3Ai’(—E 3B (1 +4) 2)2/3) +V3 (Bi'(E 3B ((1+1) 2)2/3) + Bi'(—5 323 (1 +1i) 2)2/3))) ((1+i) 2?3+

1 1 1 1
2(@ Ai(E 32 ((1+) 2)2/3) -V3 Ai(—E 321 +i) 2)2/3) - Bi(5 3P (A+) 2)2/3) + Bi[— 5 IR (@+i) 2)2/3)))

03.17.03.0027.01
—1 7/8

be|§(Z) = -

= ((1+n’)zcosh(4 -1 z)+\/7zcosh((—1)3/4 z)—\/fsinh(4 -1 z)+(1+u')sinh((—l)‘°’/4 z))
2 2V 2

03.17.03.0028.01

i 7ol el ) ot )

03.17.03.0029.01

V-1 28
bei s (2 =
3 322836 (1+i) 2193

1 1 1
(9 A+ 2% (\E Ai[—E 3@ +i) z)2/3) +i [«/? Ai(E (A +i) 2)2/3) + Bi(E 321 +) 2)2/3)) +
1 6 1
Bi(— 5 33 (1 +1) 2)2/3)) -8V3 (3 i Ai’[5 33 (1 +1) 2)2/3) +

1 1 !
3Ai'(‘§ F2(@+2%) V3 (i Bi/(g F2 (@2 Bi/(‘i GRS
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03.17.03.0030.01

1

S 62 BB (L+i)2)PB

4 6 1 6 1
(\/ -1 (24 V3 Ai’[E 3B (L +1i) 2)2/3) ((L+i)2%P-24iV3 Ai’(—E 3B (L +1i) 2)2/3) ((L+i)2% -

1 1
83%3 Bi’(E R (L+i) 2)2/3) (1+i)2?P +83%3; Bi'(— 3 3R (A+i) 2)2/3) A+ 2?3+
1 1
V3 (-9i7 - 16) Ai(E 33 ((1+i) 2)2/3) -V3 (972 +16 ur)Ai(-5 33 ((1+10) 2)2/3) -

1 1
(9iZ +16) Bi(E 3R+ 2)2/3] +(97 +161) Bi(-E 3P (A+i) 2)2/3]))

03.17.03.0031.01

—1)%8 1+i)z 1+i)z 1+i)z 1+i)z
b [3x/?zcos[( ) J—(3—3n’)zcosh[( ) ]+(1+i)(22+3i)sin[( ) ]+x/?(zz—3u’)sinh[( ) ])
2\ PP V2 V2 V2 V2
03.17.03.0032.01
. 5iv2 23 ( 2V3
belg(Z)z
3 301+ 2R | A+ 2R

1 1 1 1
(«/? Ai(5 R+ 2)2/3) -V3 Ai(— 5 33 (1+i) 2)2/3) + Bi(5 R+ z)2/3) - Bi(—5 3R (1+i) 2)2/3)) +
1

1 1
(-3 (92 - 40i) Ai’[— 3 ((L+d) 2)2/3) -3(92 +40i) Ai’[— P+ z)2/3) -
15323 2 (1 +i) 2%° 2 2

1 1
V3 ((9 Z - 40i) Bi'(E 3 (@+d) z)2/3) +(92 +40i) Bi'(— 5 3@+ 2)2/3)))]

03.17.03.0033.01
3

1

1 1
(—16 V3 (92 - 144) Ai(— R+ 2)2/3) +16V3 (92 +14i) Ai(— =3B (1+0) 2)2/3] +
182 396 28 (1 + ) 223 2 2

1
(27 V3 2(1+92%-336i V3 (1+i) z)2/3) Ai’(E 2 (1+1) 2)2/3) +
1 1
(27 V3 2(1+92%%+336V3 i (1+i) 2)2/3) Ai’(—E B (1 +i) 2)2/3) + (1447 - 2241) Bi(E B (1+i) 2)2/3) +
1 1
(—1447 - 2241) Bi(— 3 FR(L+10) 2)2/3) +(112i 33 (1 +i) 972 - 933 2 (1 + 1) 2?°) Bi’[E IR+ 2)2/3) +

1
(9332 ((1+i)2?® - 11233 (1 +i) 2°F) Bi’(— 3 3B ((1+1i) 2)2/3))
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03.17.03.0034.01

~1)8 (1+i)z
bei-(2) = (1+i)z(Z +15i)co +
2 2V 7R V2
1+i)z 1+iz 1+i)z
ﬁz(i22+15)co§1[( ) ]—3«/7(222+5i)sin[( ) ]+(3+3i)(5i—222)s'nh[( ) ]]
V2 A V2
03.17.03.0035.01
320(-1¥ V2 213 1 1
bei 11 (2) = D (—\/§9(9z2—160i)Ai(— 3P+ 2)2/3) 1+ 2"+
3 273% (1 +i)2?%® 1160 2

1 1 1 1
0 V3 9(160- 9izz)Ai[—5 3R+ 2)2/3) A+ 2"+ Z«/G 3 ?,pr(gn'z%rsz)Ai’(5 B (A+i) 2)2/3)+
ls oL s 2/3 81 43 a3\ il L 223 2/3
Z\/3 3i(97 +32i)Ai (-53/ ((1+u‘)z)/)+(ﬁzz((l+u‘)z)/ —9i((l+i)z)/)B|(§3/ ((1+i)z)/)+

81 1
(9 QA+ - —iZZ A+ 2)4/3) Bi(— — 3B (1 +9) 2)2/3) +
160 2

1 1 1 1
S FrieiZ+) Bi’[5 3 (L+d) 2)2/3) + FRi(07 +32i) Bi’(— PEA AL 2)2/3))

03.17.03.0036.01
1

be| E(Z) = 5
’ 542 3967218 (1 + 1) 2%°

({‘/T (x/? (81i 2 + 3024 7 — 44801 Ai(% 33 ((1+i) 2)2/3] +v/3 (817" + 3024 7 — 4480) Ai(—% 323 ((1+10) 2)2/3) +
(6720i V3 (1+0) 2?2 -756V3 Z((L1+i) z)2/3) Ai’(% B (L +i) 2)2/3) +
(75617 V3 2 ((L+39) 2% - 6720 V3 ((L+4) 2)2/3) Ai’[— % 3B (1+10) 2)2/3) +
(-81i7' - 3024 7 + 4480i) Bi(% 3R (L+i) 2)2/3] +(-817' - 3024 Z + 4480) Bi(—% 3R (L+i) 2)2/3) +
(252373 2 (1 +1) 273 - 2240 373 (1 + i) 27P) Bi’(% 3B+ z)2/3) +

1
(2240373 (1 + i) 27 - 252i 3P Z (1 + i) 97°) Bi’(— 3 P+ 2)2/3)))

03.17.03.0037.01

-1)%® 1+i 143
beis(2) = - b [5\/72(222+21i)cos{( +l)z]+(5+5u‘)z(21222+21)cosh[( ”)Z]+
2 2Vn P2 NG NS

1+i 14i
(l+i)(z4+45n'22—105)sin[( +”)Z]+\/7(z4_45i22_105)smh[( +w)z]]
\ V2
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03.17.03.0038.01

_ 140802 743
beéu@zg=———"—"—
3 813%6 ((1+ i) 2%°

1 1 1 1
[— V3 9i(110i - 922)Ai(— 3B ((1+10) z)2/3) (@+)2"+ — V3 9i(92+110 i)Ai(—— 3R (1 +10) z)2/3)
110 2 110 2

1 1
L+ 2"+ (— 0 8LiZ((L+0)2*-9(1+10) 2)4/3) Bi(5 3B (A +10) z)2/3) +

373 (817 - 4320i 22 - 14080)
1760

81 1
(— iZ(@A+)2Y-9(1+0) z)4/3) Bi(— — 3B (L +9) 2)2/3) -
110 2

3V3 (817 +4320i 2 — 14080)
1760

1 1
Ail(; 3B (L +1i) 2)2/3) - Ai’(—a 3R (@ +0) 2)2/3) -

33 (817 -4320i 7 -14080) (1 3%3 (817 +4320i 72 - 14080)
Bi’[— 3P (A+i) 2)2/3) -
1760 2 1760

1
Bi’(-E 3P (A+i) 2)2/3)]
Symbolic rational v

03.17.03.0039.01
(- 1)3/8 e iny

V2r vz

_2k-—

[zer-3] (2k+ i+ 3)1 (291 2) o 11 1 1 1

Z [m”“”” cos(—n(— —v)— Z]+(—1)k005{—7r(v— —)— V-1 z]]+
pary 2k + 1)!(—2k+|v|— g)z 2 12 =T 2 2

bEiV(Z) =

[F@rv) (2k+ - 3)1 (2 -1 Z)izk

pary (2k)!(—2k+|v|— %)'

. 1 /1 1 1 1y 1
camemsl a2 o copar a2 9T |- Lez
2 \2 Ny 2 2 2
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03.17.03.0040.01
iei T (VL2 T4 |20 (VT g 4k R) (ke - )y

bei, (2) = —
@ 2@ -ph 356 o k!'(— _1)y (1 _
pary k.( 2K+ vl 3).(3)k(1 WDk

1 1 1
(i('v‘?) SO ney) (x/? sgn(v) Ai(- 5 323 (L +14) z)2/3) - Bi[-5 3283 ((L+i) z)Z/S)) +

3iny l 1
(-Dke 2 («/? sgn(v) Ai(5 3B (A +i) 2)2/3] - Bi(5 373 (1 +1) z)2/3))] +

2'”‘2 (\A/T z)g_M M5 4k (i zz)k (—k + vl - ;—1) !

33 0 Kt (-2k+ - 5)!(3), @

| 1 1
(—Iz('v“é) D o) (ﬁ Bi'(— 5 3B (1+i) 2)2/3) —3sgn) Ai’[—5 3B (1+10) 2)2/3)) +

3inv 1 1 1
(-D¢e 2 («/? Bi’(E 3R+ z)2/3] —3sgn(v) Ai'[5 3R @+ 2)2/3))) /v - 3 z

03.17.03.0041.01

. _3ziv 4 -V 2 |v\—§ k(s K 5

ie s 2(V-12z TI(-2)sgn) 7 4, M3 4 (uzz) —k+ v -2

bei,(2) = - V=9 ) 2SNE (T ( 2

2r@-ph

o0 ki (~2k+ - 2)1(2) @-

2 1 1
(-i('v“i) (oo [«/? Ai(— S 2)2/3) + Bi[— S @+ 2)2/3) sgn(v)) +

3inv

1 1
(-D¢e 2 («/? Ai(5 3R @+ 2)2/3) + Bi[E 3R+ 2)2/3] sgn(v))) +

(VT a2 (k- 2)e

3F i ke(-2k+ - 2)1(2) -

2 1 1
(i('v‘?) ooy [3 Ai'(-E FR+i z)2/3) +V3 Esi'(-E FR+i 2)2/3) sgn(v)] -

3iny

1 1 2
(-Dke 2z (3 Ai’[5 3B (1+i) 2)2/3) +V3 Bi’(E 3B (1 +i) z)2/3] sgn(v))] /i vl - 3¢ z

Values at fixed points
03.17.03.0042.01
beio(0) = 0
Values at infinities

03.17.03.0043.01
lim bei,(x) = &
X—00
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General characteristics

Domain and analyticity

bei, () isan anaytical function of v and z, which is defined in C2.

03.17.04.0001.01
(v+2)—be,(2):: (CRC)—C

Symmetries and periodicities

Parity

03.17.04.0002.01
bei,(-2) = (-2 2" bei,(2)

03.17.04.0003.01
bei_n(2) = (-1)"bein(2 /;neZ
Mirror symmetry

03.17.04.0004.01
bei;(2) = bei,(2) /; ¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function bel, (2) has an essential singularity at z== c. At the same time, the point z== c isabranch
point for generic v.

03.17.04.0005.01
Sing (bei,(2) == {{, co})

With respect to v

For fixed z, the function bei, (2) has only one singular point at v = co. It isan essential singular point.
03.17.04.0006.01

Sing (bei,(2)) == {{&, oo}}

Branch points
With respect to z

For fixed noninteger v, the function bei,(2) has two branch points: z== 0, z== co. At the same time, the point z== co isan
essential singularity.

03.17.04.0007.01
BP(bei,(2) == {0, &} ;v ¢ Z
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03.17.04.0008.01
BP,(bei,(2)=1{}/;veZ

03.17.04.0009.01
R,(bei,(2), 0)=log/; v ¢ Q

03.17.04.0010.01
7€z(beri 0 (2), O) =q/,peZANq-1eN" Aged(p, g)==1
q
03.17.04.0011.01
R(bei,(2), ) ==log /; v ¢ Q
03.17.04.0012.01

Rz(beig(Z), o”o) =q/,peZANq-1eN" Aged(p, g)==1
q

With respect tov
For fixed z, the function bei, (2) does not have branch points.
03.17.04.0013.01

BP,(bei,(2) = {}

Branch cuts
With respect to z

When v is an integer, bei,(2) is an entire function of z. For fixed noninteger v, it has one infinitely long branch cut. For
fixed noninteger v, the function bei,(2) is asingle-valued function on the z-plane cut along the interval (—co, 0), whereit is
continuous from above.

03.17.04.0014.01
BC(bei\(2)) = {{(-00, 0), —i}} /; v & Z

03.17.04.0015.01
BC,(bei,(2)={}/,veZ

03.17.04.0016.01

lim bei,(x+ie)=bei,(X)/; xcRAXx<0

e—>+0

03.17.04.0017.01
lim bei,(x—i€) = e 2" bei,(X) ; xc RAX <0
e—>+0
With respect tov
For fixed z, the function bel,(2) is an entire function of v and does not have branch cuts.

03.17.04.0018.01
BC,(bei,(2) == {}

Series representations

Generalized power series
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Expansionsat v == +n

03.17.06.0001.01
bei, (2) «

nl( 1)n k2 kzk

1 1
bein(2) + [2n1 n'z Z p— ( os(Z (k=n) n) bei(2) — sin(z (k—=n) 71) berk(z)] + g ber,(2) — kein(z)] v-n)+

k=0
LivonmAneN

03.17.06.0002.01

1
bei,(2) « (-1)" bein(2) + [5 (=D wbery(2) - (=1 kein@ - (- 2" n1

n— l( 1)n k2—kzk

1 1
[ os(—(k—n)n)beik(z)—sin(—(k—n)n)berk(z)) V+n+.../;(v>-nNAneN
= (-Kk! 4 4

Expansionsat generic point z == z,

03.17.06.0003.01
R

beiv—l(zo) berv—l(ZO) v be'v(ZO)
+ -
V2 V2 2

bei, (z) + [— ] (z-29) +

(2v 0+ 1) beiy(20) + 20 (V2 (b6i,1(20) - ber,.1(20)) + 2 ber,(20) 7))

(2—20)2+‘~‘]/; (- 2)

47
03.17.06.0004.01
agz-7) arg(z-
. 1 V[ g(Z”ZOJ V[ g( ZO)J . beiv—l(ZO) berv—l(ZO) Vbe'v(ZO)
be‘v(z)oc[_) PA bei,(z) +| - + - (z—279) +
% V2 V2 2

(2v 0+ 1) beiy(20) + 20 (V2 (b6i,1(20) - ber,1(20)) + 2 ber, (20) 20))

47

(z- 20+ 0((z- 2)°)

03.17.06.0005.01
arg{z ) M R 0% )
o= 2] s e e
% k=0

03.17.06.0006.01

1 . 1 "l
bei,(2) = 272" Lies V7 Vr Z T +1) [—]
Z

agz) _ .
V{ 27 J & 2k20k [(v+1 v+2 1-k+v 2-k+v 1 EZ%
) ; ) VL —— =
% kzz(; kK (7% 2 2 2 2 4

(z-2)"

siev. _(v+1 v+2 1-K+v 2-k+v iz
e 2z 5F3 ; ; : v+l —
2 2 2 2 4
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03.17.06.0007.01

1 vlar z—zO)J V[arg(z—zo)J . 273k71( 1)k [EJ )
27 2r 2 i— 2
bdv(Z) = (g] Z T Z( 2 ] ) ((1 + lk) bei4j_k+v(20) —1i (1 - Ek) be|’4j_k+y(20)) +
k=0 : j

k .
D24 1) 2 00 sereatzm) = (14 ) bl sernata) | (2 20
=

03.17.06.0008.01
arg(z‘zo)J larg(Z—zo)
v

1 V[ 27 7 J
beiv(z)oc[g) 7t " Lbei,(z0) (1+ 0z~ 2)

Expansions on branch cuts

03.17.06.0009.01

arg(z-x)

) bei, (%) + [—

2vm{ beiv—l(x) berv—l(x) 4 be‘v(x)
+

\/7 \/? - x ](z—x)+

x(V2 (bei,_3(x) — ber,_1(x)) + 2xbery(x)) +2v(v+1)be, (0

bei,(2) « e

Z=X%+...| ;> XAXeRAX<0
42

03.17.06.0010.01

bei,(2) < "

E{MJ ) [ bei v—l(x) berv—l(x) v bei V(X) )
2 1| bel,(X) + | - + - Z-x)+

vzoovz X

x(V2 (bei,_y(x) - ber,_; () + 2x ber,,(x)) +2v(v+1) b, (X

z-x?+0((z-%°)|/i xeRAX<0
4 %2

03.17.06.0011.01

siny i T & 2K (v+1l v+2 1+v-k 2+v-kK i X2
bei, (2 =22 Lie & Vi XT+1e |5 : ; : v+l —— |-
okl 2 2 2 2 4
sinv. _(v+1l v+2 1+v-k 2+v-Kk i X2
e 2 F3 , ; , v+l —||@z=-%"/;xeRAX<0
22 2 2 4

03.17.06.0012.01

3k
lagzx | o 2_?_1 (l _ 1)k k )
J — 0 Z( 2 ] ((1+ ) beigj_er () — i (1= i) berg ., (X)) +
k=0 : j=0

bel, (2 =e

5]

k .
Z ( 2i+ l)(i (1 - ) bery j_iys2(¥) — (1 + i) beig j_ir2(0)) [ (2= 0¥ /; xERAX <0
i=0

03.17.06.0013.01
. rrg(k)()

bei,2) - " TJ bei,(X) (L+O(z-Xx) /; xeRAXx<0
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Expansionsat z==0

For the function itself

+...]/; Z->0A-veN

" 0(212)) +

+ 0(212)] /i —v &Nt

General case
03.17.06.0014.01
277 sm(3’”) A A
bei,(2) (1— + + ] +
v+l R2rv+Hv+2 6144+ (v+2(v+3)(v+4)
2—v—2 Zv+2 COS(SZ—V) . A 28
- +
I'v+2 BY+2)(v+3) 307200 +2)(v+3)¥+4)(v+5)
03.17.06.0015.01
27 z"sm(S’”) A A
bEiV(Z) (1— +
rv+1) R2rv+1Hv+2) 614M4v+1H(v+2(v+3)(v+4)
2—v—2 Zv+2 COS(3Z—V) . 24 . 28
I'v+2 BY+2)(v+3) 307200 +2(v+3)¥+4)(v+5)
03.17.06.0016.01
Z\v &2 1 Z\2k
bei,(2) == (—) Z—sin(z (2k+3v))(—)
2/ 13 Tk+v+1)k! 4 2

03.17.06.0017.01

005(3”)

- (3nv
9“(7)

. v+2 © = l)k( )
bei, (2 = v +2) ( ) é )k(yf)k(

03.17.06.0018.01

3y
= )

03.17.06.0019.01
v+1

4
2’2

1
>

3y 5
beiV(Z) = 4_V7Ts-n[T) z 0F3 )

03.17.06.0020.01
2 zysn(gzv)
bei,(2) « —————— (1+O(Z)) /; —v & N*
(v +1)

z\v G NES!
N To+D) (5) Sy o) (1)
)k ’ ko( )k(2 )k(Z)k ’
Z\v 1 v+1 v
T(v+1) (5) °F3[’ 2 202t

z 3nv .
+1——|+472 ncos(—) 2%2 oF4l;
256 4

/i —v&N*

2

3ny
) cos( )( )V+20F3[; §,2+1,V+3;—i] e N
256 Irv+2 2 6
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03.17.06.0021.01

VP2 (140(2) tez \v<O
ﬁ#(uo(zz)) ez \v<o
bei, (2) o< @(uo@z)) Zez\v<o
#(uo(zz)) ez \v<o
zniﬁf) (1+0(2) True

03.17.06.0022.01

n sin(%n(2k+3v))

(E)Zk — bei,(2) -

. Z v
bei, () = Fou(z, ) /: || Fa(z, v) = (—)
2 2

o T'k+v+1k!
3iny Biny i 2 ~ iz
(—i)1 27208 o= g 22 [(_1)n e 2 1F2[1; n+2,Nn+v+2; T] + 1F2[1; n+2,N+v+2;— T]]] /\ ne N]

Summed form of the truncated series expansion.

Special cases
03.17.06.0023.01
ii" 2721 (1 - (-pM 2" (1_ z . P
2n)! 64n+1)(2n+1) 24576(n+1)(n+2)2n+1)(2n+3)
i"272M3 (14 (-1 2™ [1_ z N pad
@n+1)! 192(n+1)(2n+3) 122880(n+1)(n+2)(2n+3)(2n+5)

bei _2n(2)

+ 0(212)] +

+ 0(212)] /ineN

03.17.06.0024.01
n-1 2 3
(—1)”*l7J 27 2 ( z bl
1

bei_5n_1(2) o - +
2n+1)! 64(n+1)(2n+3) 24576(n+1)(n+2)2n+3)(2n+5)

N o(212)] "

(3] o207 s # A
1- + +0(2?)|/ineN
2n+2)! 192(n+2)(2n+3) 122880(n+2)(n+3)(2n+3)(2n+5)

03.17.06.0025.01
(1
00 sm(zn(2k+ v))

] Z\2k-v .
bei,(2) ::gm(a) /i—-veN

03.17.06.0026.01

0o Sin(%ﬂ(2k+ 2V+|V|)) 72k
beiv(z):z (—) liveZ
o I'k+v|+1k! 2
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03.17.06.0027.01

bei o 2 iin272 (1o (- 2 @ (~Dk (%)™ i" 2723 (14 (~1)M) 2™2 i (~Dk (%)™ /
El_on(2) = + ;
2m! k:o(%)k(n+ %)k(n+ 1) k! @n+D! k:o(g)k(n+ g)k(n+ 1) k!

neN

03.17.06.0028.01

bei_»n1(2 =
comlFlai g o DR CorlElped pns o DR
+ /ineN
(2n+1)! k:o(%)k(n+g)k(n+1)kk! (2n+2)! k:o(;)k(n+g)k(n+2)kk!
03.17.06.0029.01
e ii"n272l @ - (-pn 2" 1 1 z
el _on(2) = Fsl; = n+ =, n+1;, — [+
zn @n)! 22 256
" 272M3 (1 4 (= 1)") 2™+2 3 3 7
oFsl; =, n+1L,n+—;——|[/;neN
2n+1)! 2 256
03.17.06.0030.01
bei—Zn—l(Z) =
n-1 3 n 7
colFlamipna 1 3 2\ yrlEla?rizms 30 3
oFsl; = n+—n+1;, —— |+ oFsl; = n+—n+2,———|[/;neN
2n+ 1! 2 2 256 2n+2)! 2 2 256

03.17.06.0031.01
. n+l (1 1 z
be ,n@2=(-D2 2" A - ()N "oF4|; — N+ -, n+L, —— | +
2 2 256

_( 3 3 7
(=DV2 2745 (L4 ()M A 22 Rl — n+ 1, n+ — ———| /ineN
2 2 256

03.17.06.0032.01
bei_,n-1(2 =

n-1 5 B 1 3 b n 13 N 3 3 z
(—1)”+[TJ 274 a2 Bl S n+ -, n+ L - — +(—1)”+bJ 274 2™ Bl = n+ -, n+2——| /ineN
2 2 256 2 2 256

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form
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03.17.06.0033.01

z 1 . iz iny 3in iz inv z in iz inv 1 . iz Biny
] 1 — —§(3k7{)— - r > -— T Y —g(wr)— +=
bel,(2) c —-——— eV2 |e a +e V2 +e Ve |e® V2 -e a +
2V2n Vz

2 z 1. iz inv in iz imv z 3in iz imv 1. iz 3inv
1-4vy —g(wr)— - u +— -— =t += —g(Sm)——+T
e P N P I N A |
8z

. 1 iz inv 3in iz inv z in iz inv 1 iz Binv
i(16v*-40v2+9) ( = ( -s@in-—=-2r ZL RN B (2L i 2
( ) e‘/; e 8 ‘/? 2 —e 8 ‘/? 2 +e ‘/? e 8 ‘/? 2 +e 8 2

1287

+
\/?z_es‘/?z

i (6478 - 560v* + 103612 — 225) ( = ( —Gm-—=-T"  TeEa T
E\/? e +
30727

iy

z 3in iz inv 1 ,. iz
-— = += —g(SElr)— =
eVi|oe® T Tl

Vs
]]+...]/; -5 <ag@ =x /\ (14 - o)

03.17.06.0034.01

1 5 (%_V)zk(v+%)2k

P\
bel,(2) « — [—]
2V2r Vz |0 2K! 47
z iz 3inv wi iz inv mi z iz inv 3mi iz inv 3mi
= =t % =t = =7 % My
e V2 |—(=Dke V2 +eV? +eV2 |e V2 +(-DkeV2 +
n-1 1 1 X . . .
BBl B [ (s
+ +(_) e‘/?e‘/?28+(1)k@2 28+
27155 2k+1)! 47

]]+ /;—g<arg(z)sn/\(|z|—>oo)/\neN
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03.17.06.0035.01

bel,(2) «
z iz inv mi iz Binv wi
1 -—— ot 1 v3 vv 1v 31 -t 1 v3 vv 1
E— RPN PN 84F1[———,———,—+—,—+—;—;—]—e 2 ? 84Fl(———,———,—+—,
2vV2r Vz 4 24 22 42 42 R 4 2 4 22 4
z iz inv 3mi
v 31 i\ —(-—=75- - 1 v3 vv 1v 31
—+———i] +eVz |e V2 84F1[———,———,—+—,—+—;—;i]+
4 2 4 24 22 42 42 2
ZEL 1 vy 3 vy 1y 31 i) 1-40
e I | P e e e
4 24 22 42 42 R 8z
z iz Binv 3mi . iz inv 3mi
e_ﬁe_‘/?Jrz_TF 3 v 5 vv+3 v+5.3. i e‘/;JrTJrTF 3 v 5 vv+3
YNa 24 22 42 42 2 N4 274 22 4

03.17.06.0036.01

1 -z iz imv, mi 1 __fz [ 8imv mi 1
beav(zm-—[eﬁ[e : 8[1+O[—]]—e ;o 8(1+o(—))
2vV2r vz Z z

eV [1+o[—]]+eﬁ [1+o(_]]
zZ zZ

In trigonometric form ||| In trigonometric form

03.17.06.0037.01

. z
ITy———

1 — (1
bei,(2) o ﬁ(—a‘)cos(g(n(4v+3)—4\/7z))—eﬁ sin(g(n(l—4v)—4\/72)]+

1-4v2
8z

iny-—— 1 2 1
[m V2 co g(4«/?z—7r(4v+1)))—eﬁ cos(g(4\/72+n(4v+l))]]+

16v*-40v2+9( im-—= (1 = (1
ViH[ie ﬁsin(—(4\/7z—n(4v+3)))—eﬁ cos(—(4ﬁz—n(1—4v)))]—
1282 8 8

—64v5 + 5604 — 10362 + 225 inv-— 1 = 1
—ie ﬁsin(—(n(4v+1)—4\/7z))—eﬁ sin(—(—4\/7z—n(4v+1))) +
30727 8 8

T
=g <ag@ <a \(d- o
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03.17.06.0038.01

. 1 EJ (% —v)2k(v+ 1)2k 1
bei,(2) « - ( _)
V2rz | ko 2! 47

imv——— k 1 ak 1
[@ V2 jco %+§(ﬂ(4v+3) 4\/_2))+( 1) @\/—sm[?+g(7r(1 4y) - 4\/—2))]

1 {%J(%_V)Zk-%—l (V+%)2k+1 1\ inv-—— mk
_Z (——] i(-D¥e V2 co —+—(4\/_Z ﬂ(4V+1))]
27135 k+1)! 47 2 8

= k 1
eV? co %+§(4w/7z+n(4v+1)))]+... /;—g<arg(z)sn/\(|2|—>oo)/\neN

03.17.06.0039.01

bei,(2) «
1 inv-—— 1 = 1 1 1
e V2 icos(—(n(4v+3)—4ﬁz))+e\/? sin[—(n(1—4v)—4«/?z)) 8F3[—(1—2v), —(3-2v),
573 8 8 8 8
1 1 1 1 1 1 113 16
—(5 2v), —(7 2v), —(2v+1) —(2v+3) —(2v+5) —(2v+7) - = —;——)+
4' 24 p

1-4y2( im-—= = (1 1
Y (m fcos[ (4«/7z—n(4v+1)))—eﬁ co g(4«/7z+7r(4v+1)))J8|:3[§(3—2v),

8z

1 1 1 1 1 1 1 135 16
—5-2v), = (7T-2v), —(9-2v), —(2v+3), —(2v+5), —2Qv+7), — (2V+9); - =, = ——)—
8 8 8 8 8 8 244

16v4-40v2+9( —= 1 iy

R — eﬁco{—(n(l-m 4\/_2)) stm( (r@v+3)- 4\/—2 8F3 (5 2v),
128 72 8
1 1 1 1 1 1 353 16
—(7 2v), —(9 2v), —(11 2v), —(2v+5) —(2v+7) —(2v+9) —(2v+11) Z Z E —;]+

-64v° + 560v* — 103612 + 225 = 7t
v + 560 v/ ve+ [_w ﬁsm( (4V2 z- ,T(4y+1)))—e\/7 sin(—(4\/72+7r(4\/+1))))
30727 8 °

1 1 1 1 1 1
3F3(—(7—2v), —(9-2v), —(11-2v), = (13-2v), —2v+7), —(2v+9),
8 8 8 8 8 8

1 1 37 16 n
—(2v+1l) g(2v+13) 5 Z - ]]/ ——<arg(2)<:r/\(I2|—>oo)

z

03.17.06.0040.01

imv-—— 1
[e V2 ico g(7r(4v+3)—4\/7 )) «zfsm( (r(1-4v)-4vV2 ))

f2)

bei,(2) oc —

V2nz

T
-3 <ag@ =x /\ (14 - o)

Expansions containing z -» —oo
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In exponential form ||| In exponential form

03.17.06.0041.01
1 =z —%(M)Jr i +""Tv %’— iz +3‘2"V - —%(35n)+ 2 2 =
— |eVe |-e Vo B he” V2 +e V2 e Vo fhe” V2
2V2n V-2
1-42 __z 7%@.”” iz +r’nTV %7 iz +3:2” oz %7 iz +352m 7%(3“{” iz 5;2M
e V2 |-e a —e V2 +eVz |e a —-e a +

bei,(2) oc —

8z

i(16v =402 +9)( [ —semeZaT I TN T @ime T 3

67 0 (T T F e o e [T et
1287

iny

(6478 —560v* + 103612 —225) ( ——= (  —seme-tat ol
(6405601 + 10367 208 (L fume TG
30722

z 3in iz 3inv 1 . iz Sinv
— — + --@im+ +
8 2

e

V2 le® V2 7 4. V2 ]]+...]/;g<arg(2)s77/\<|2|*°°)

03.17.06.0042.01
b
1 2. \2 2Kk 2 2k[ i ]k

b (@ e oo laz

2V2rm V-2 [k=0

_z iz +i717v_n8_x _ iz +3r'2nv+zr8_x .z iz +i/r_v_% _ iz +6i;rv+%
eVe |—(~1keVz +e V2 +e V2 |eV? +(-Dke V2 +
n-1](1 1
\;TJ ——Vy vV+ = . Kk oz iz ﬂ,ﬂ _ iz 3inv ni

i (2 )2k+1( 2)2k+1 (L) e V2 _e\ﬁJrz 8 Ce V2 2 '8 (—l)k +
2z & @2k+1)! 42

iz Sinv 3mi iz 3Binv 3mi
+ - + +—

inv 3in iz  3Binv

2

]+

3iny

2

)

@E[_e\/? 2 T(—l)k+e_f 2 8]]+... /;72—r<arg(z)sn/\(|z|—>oo)/\neN
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03.17.06.0043.01

z iz 3inv nwi
1 — ——*t>5 % 1 v3 vv 1v 31
2V2r V-2 4 2'4 2'2 42 422

iz inv mi
+

z iz inv 3mi

> 8 1 v 3 vV Vv 1 v 31 i = S

ez ? 84F1[———,———,—+—,—+—;—;——] +e V2 |eVz * 0 °
4 24 22 42 42 2

1 v3 vy 1v 31 LA 1 v 3 vy 1y 31
sFil=== === 4= mt = o = |+e V2 Fil=== === =4, =+ o = ||+
4 24 22 42 422 4 24 22 42 42 2
1-v2( = =% (3 y5 vy 3y 53 i
Pl R R - P e
8z 4 2'4 2'2 42 422

iz Sinv 3nmi
+ =

v v 3 v 53 i
L P D e T | s
4 24 22 42 42 2
z iz inv wi iz 3inv wi
-—— + 3 v5 vy 3v 53 i + +
L O L B T I i BT IR I
4 24 22 42 422
F(S v 5 vv 3 v 53 i p /\||
P —<ar(z)<7r (12 > o)
N4 274 2242 42 22 J

03.17.06.0044.01

iz 3inv wi inv mi

1 P 1 2y 1
b%@m______Ff[ 5 28P+%_D”&28P+%_D+
2V2r V-2 Z 2

z iz inv 3zi iz Ginv 3xi
= 2T 1 =t tw 1
e V2 |eVz [1+O[—]]+e e [1+O[—]] +
Z Z
iz 5x7rv 37n

1-v2 ey 1 - 1
&f[ v [MO[D—H @+4 D
8z 2 zZ

iz nrv Ti iz Binv wi ju
]]/; 5<arg<z)sn/\(|z|+oo>

e el

In trigonometric form ||| In trigonometric form
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03.17.06.0045.01
l'einv
bei, (2) oc —

eV?

8z

V2r V-2
1-4y2( Z+inv
% ( =

z .
—+inyV

e

-

1 = (1
2 sin(g(n(1—4v)—4\/72))—ie ﬁsin(g(4«/?z+n(1—4v)))]+

cos(% (4\/? z+m(4v+ 1)))+e_%icos(% (4\/? z-n(4v+ 1)))]+

16v* - 402 +9 ( —=+izv (1 = 1
é[eﬁ cos(—(4«/?z—n(1—4v)))—m a cos(—(—4\/72—7r(1—4v))]]+
128 22 8 8
—64v6 +560v4 —1036v2+225( -—= (1 —sinv (1
iadd T [ie J?sin(—(n(4v+1)—4x/7z))-eﬁ sin(—(-4«/?z-n(4v+1)))]+
30722 8 8
-.-]/; (z— —o0)

03.17.06.0046.01

L

2]

‘ 1 1
_ iet™v (E_V)zk(v+§)2k 1\
bei, (2) o« — Z [—]
V2r V_z |= (2k)! 47
2 _invy k 1 -—= k 1
[e‘/? sjn[%+§(n(1—4v)—4\/?z)]—w Ve sin[%+g(4\/?z+n(l—4v)))J+
n-1 1 1
T e NPT
_ L ZZKI(—) e V2 i co 7T—+—(4\/?z—7r(4v+1))]+
27 & 2k+1)! 42 2 8

eVz

k 1
(-1 co %+§(4«/?z+n(4v+1)))J+... /; @z —c0)AnEN
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03.17.06.0047.01
i einv

Vorn V-z

bel,(2) oc -

—+inVy 1 -= 1 1 1
[[eﬁ Sin(g(n(l—4v)—4\/72))—w a Sin(g(4\/72+7r(1—4v)))]8F3(§(1—2v), SG-2v),

152 172 12 112 312 512 7':L ;
5( - V)'é( - V),g( v+ )yg( v+ )yg( v+ )-g( v+ = = o —

1-4+2 2 tinv

-= 1 1 1
[e V2 (—n’)cos(—(4\/2 z—n(4v+1)))—u? cos(—(4\/2 Z+n@dv+ 1))]]8F3[—(3—2v),
8z 8 8 8

1 1 1 1 1 1 1 135 16
-5-2v), -(7-2v), =(9-2v), = (2v+3), —2v+5), -2v+7), - (2v+9); —, —, —;——)+
8 8 8 8 8 8 8 2 4 4

16v4 - 402+ 9 —=+inv
1287

6415 + 5604 — 103612 + 225 | —=+itv (1 = 1
! ! ! [eﬁ sin(—(4x/?z+n(4v+1)))—w a sin(—(4x/?z—n(4v+1)))]
30722 8 8
1 1 1 1 1
8F3(—(7—2v), —(9-2v), = (11-2v), = (13-2v), — v+ 7),
8 8 8 8 8
1 1 1 537 16
-2v+9), -Q2v+1, —-(2v+13);, —, —, —; ——]]/; (z—> —o0)
8 8 8 42 4 A

03.17.06.0048.01

P LTV i‘i’k:ﬂv 1 7# 1 1
beiv(z)oc—L[eﬁ gn(—(n(1—4v)—4«/?z))—m V2 gn[—(4\/72+n(1—4v))) (1+o(—])/;
V2r V-2 8 8 z

(2= —c0)

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments

1 —= (1 1
eVz cos(g(n(l—4v)—4\/72))—ie a8 cos(g(4«/?z+n(1—4v)))]8F3[§(5—2v),
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03.17.06.0049.01

_1‘ z 3iny iz 4 iz
4[7”/ v .z inv_ i 7\/73 ,_—l 22 i —v—E
ber,(2) o« etz eVz|e® V2 ((—1)3/42) 2 iz cosmy) —sin(y)|-eV2 (—4—1 z) 24
2vV2r V-1 z
2 2138 i 2 co \ SV L I
eVv2 [e V2 [( ) ! Sry) +sin(Ty) (—\/jz) 2 eV2 2 (1% 2 2]_
z
P-4 = =, T 1 V=1 +viZ co
i) v BRI o U PTIRS | FI Lt | W
8z z
= = V-1 +-iZ co -l BT ot
eV2 [e \/?[isin(nv)— i ) (—4—1 z) 2 eV? 2 ((—1)3/42) 2 [+
z
i(16v4-40v2+9) = = Lo i n VT Vi
Q e V2 |—eV2 (— V-1 Z) Z_e 2z ((—1)3/42) "z 1z cosmy) —sin(@v) ||+
128 2 z
Y (I gt ot SR
vz e V2 (_ T z) z[( ) i S(7T V) +sjn(7rv)]—@ﬁ (1% 2) 2]]_
VA

V-1 2v-5@v-3)2v-D2v+1)(2v+3)(2v+5)
30722

= 2 Lol s 1 V-1 +iZ co =
[«e V2. [Mz‘/? (—\/4 -1 Z) 2_e¢? N2 ((—1)3/42) 2 [Sin(m/)— ' ) +eVz

z

S S V=1 +-iZ co A o1
[e = (V=14 Z[isin(ﬂv)— : S(M)]—eﬁ (1*2) 2]]+---]/3 (12> c0)
z
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03.17.06.0050.01

1 inv
bei,()oc ——— e 4 2
2vV2r V-1
z Binv iz 4 E -2k i_ l
S [Tz 22 G ) 2 iy
e V2 |’ ‘/?((—1)3/42) 2 —ECOS(ﬂ'V)—Sin(ﬂ'V) Z 2 2k 22k (_i) +
z P (2K)! 2
n = 1 1
N I (HE o N RPN
O[ : ]—e‘/;(—A—lZ) ZZ 2 2k 22k[i]+o _ +@‘E
2z k0 2k)! z 2zl
n = 1 1
2 Cy3aA i 2 - lzJZZK(__V) (V+_) i\ 1
e V2 ()—lcos(ﬂv)+sin(7rv) (-“-1 z) 1 — ZZK(i +0 +
z pary k! 2 2|32
2 iy (Bl22(5-v) (v+3 \ 1
N ((_1)3/42)475 Z 2 Zk( 2)2k (_i) L0 ~
k=0 (Zk)! Z 22[2J+2
: M) 52k-1(1 1
gy | [ e [[E 2 Gy 0 B i (1
v e‘/?ezi'(—ﬁz) ZZ : 2t 22kl[i]+0 +
z = 2k+ 1! zZ A5
. . -1l 5 2k-1(1 1
N N & o N L e o N
e 2 \/?((—1)3/42) Y72 sin(rv) — ! cos(rrv) Z ? 2kt 2 2k1[_1] +
pr 2k+ D! 2
L) == Tz — s
o —- ] +eV? e V2 |isingry) - YT cosiy) (—\/—1 z) 2
Zz{%JJrz
[n;_lJ 272k71(£_y) (y+ l) .k 1 iz Binv
(1], 4
o 2k+ 1! Z 22[%J+2
n-1 ol 1
)2 1(5 _V)2k+1 (V+ 5)2k+1 [ i ]k
-—| +0 /;(1d - o) AneN
k=0 (2 k+ 1)' 22 Zzt;J_,_z




http: //functions.wolfram.com

03.17.06.0051.01
1

1-i ——inv _y inv 7‘,73 4/—_1 22
bei, (2) o (I)e—42 egT ((—1)3/4 z) 2o V12 iz cosry) —sin(rv) eV 1z
avn z

Bl (G-v),, (4 3), iy
S

z e k!

¥z -1z { (- 1)3/4 vV —i b cos(nv) ] ]] [
e -e +sin(rv)

z

—)¥ | sin N Vo1 ViZ
i (1% 2) Z[e“a/jz[ : COS(M)—sin(ﬂV)]—@‘A/:Z]

2 (3 s+ 2 & ] .o

e @k+ 1!

1

4 Bary T VDT 7o
(—\/ -1 Z) z[le( D72y oD 2 i din(rv) —

V=1 v -iZ cosinv) ]]
z

=1 V)2k+1(v+%)2k+1( i

k:O @k+1)! 42

[ J ] /:(2 » 0)AneN
2274-2




http: //functions.wolfram.com

27

03.17.06.0052.01

ber,(2) «

ber,(2) «

|

2vV2rx V-1
DI i 2 -3 1
[[@‘/7 [ \/7 [()7 cos(nv)+sin(7rv)] (— V4 -1 Z) 4F1{
z

L 1 1 v 3 vv 1

DR (O TS T Y N P )

4 2 4 2 2 4
__z Bimy_ iz 1 4/_1 [22
e \/? [@ 2 ‘/? ((_:]_)3/42)y2[7I

z

2 = 1 v3 vv 1y

o7 (4T 9 4F1[___,___,_+__

4 2 4 2 2 4 2

1 inv
e + 7

iz Binv

ez’ ((—

[si n(rv)—

03.17.06.0053.01

Z

ez

757
2vV2r V-1
3/4
[ J_[( D4 i 2
Z

1

ny
4

ZV

[z
[+4)

e Vz [eﬁ i(-V-1 z)_v_%m(— -

3 v

1
DIz 4F1[— e R

4 2

3

Va1 Viz
COS(rv)

z iny z
+e ‘/? [e 2 \/? ((_

iz 1

el (TS

4
4 2

5 v v
4 2'2

5
4

3 v
4 2

1% 7

4

3
+_
4

N =

[e‘/; [e_‘/t? [isin(ﬂv)— MCOS(FV)](— v -1 z)i

v v 3 v
- =+ =, =+
2 2 42

vv 3v 53 i
—,—+—,—+—;—;——] [; (12 = e0)
22 42 42 2

5

4Fl(___ -

4

+
Al w
N -

v
, =+
2

4

5
s

5
4

3
=]+
Z

cos(rv) — Sin(rr v)] 4F1[

N w

1
+_
4

3 v v
"4 22

1 v 3 v

4 24 2

8z

]/; (12 = o)

iz 3inv
+

-1 1
COS(7rv)+sin(7rv)] (— V-1 z) 2 [1+O[;)] +ev2

v
"2

3
o
4

v 1 v 31 i
e Tt i Ml
2 4 2 4 2 22)

-D¥(1-4+?)

V_z[ Vo1 i . ]
=17 cosry)—sin(ry)
z

1

S (G
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03.17.06.0054.01

S’ 1 efﬂzf% [ifﬁzf(flﬁmi,z:nvid 1 2V-1 z+in;/7c\Eiz+in;f)

b s
-~ <ag2=< >
2y2x vz 4 4
,Sl -1 @_ﬁZ_T (E-f\/?z_(_l)3/4f2izrv_c\/?iz+inv+ 1 &2V - z+3inv) .
T<agnp<=
2427 VZ 4 4
. 8 1 fT*yjz[_ﬂi\/?z_(_]_)3/4cirry_ifx/?z*-z‘rrax_'_yj e2V -1 Z+2i7rv] ;
be‘v(z) o arg(2) > 3n /; (12 = o0)
2\ 2r vz 4
Binv
8(71 f* -1 z- 2 [ex\/?zi(fl)3/4 €3i7rv+”,\/?z+mvfdfl 2V -1 z+2i7rv] s
T Vg
-—<ag=-=
2y2x vz 4 4
3inv
,8l 1e -1 Z_T [P:\/?z+(_1)3/4 furv_ﬂ-f\/?zﬂzrv_\‘y 1 2V -1 z+2inv)
True
2427 Vz
Residue representations
03.17.06.0055.01
z\—4s v+2
. - (3) F(S+ 4 ) v v
bav(Z)zane& ; F(s+ —) (—J——)+
0 T+ TA-s-nT(%2-s)r(-s+ 2 +1) 4 4

z\—4s v

0 = I'(s+ -+ 2 2
Y S e )|-)
= (FE+nra-s-yr(52-s)r(-s+;+1) 4 4

4

Integral representations

On the real axis

Of thedirect function

03.17.07.0001.01

] (§)V T zcos(t) zcost))  (3nv 3nvy  (zcost)) (zcost))) . 5
bei,(2) = 7f co cosh sm(—)+cos(—)sm sinh sn“Y(t) dt /;
r(v+§)x/7 0 V2 V2 4 4 V2 V2

R 1
e(V)>—§

03.17.07.0002.01
21—v Vid

bei,(2) = 7f1(1—t2)v_% [cos[t—z] cosh[t—z]sin(sﬂ]+cos{ﬂ)sin[t—z]sinh[t—z]) dt /; Re(v) > —}
Vs 1) S0 vzl \vz) e « T vz) vz 2

03.17.07.0003.01

z zsin(t) zsin(t) 3nv 3nv zsin(t) zsin(t) 1
beiv(z)zf” co cosh Sin[—)+cos(—)sin sinh cos () dt /; Re(v) > — —
SUlvz )y )T 4 ’

V2 V2
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03.17.07.0004.01

1 -0 zcos(t) nx nx zcos(t)
bein(z):—fe V2 |co sjn(—)+cos(—)sin cosint)ydt/;neN*
7 Jo V2 2 2 NP3

03.17.07.0005.01

1 o7 zsin(t) zsin(t)
bdn(z)z—fsin[nt+ ]sinh[ ]dt/;nez
7 Jo vz vz

03.17.07.0006.01

1 ,z\v picoty 2 3nvy Z
beiv(z):—,(—)f ezt sin| — _ L4t/ y>0ARey) > 0
Tl 2 y—i oo 4 4\/?1:

Contour integral representations
03.17.07.0007.01

I(s+3) F(s+ %)

Z\—4s
bei,(z ==_.f ( ) ds
20+ TA-s-n (22 -9 T(1-s+ %) 4

Limit representations

03.17.09.0001.01

1( sinv 1+id)z 3iny 1+d)z
bei, (2 =i2"2 lim | —|e "+ PYPlcod ———|[|-e+ PY®|cosh
e (n” V2 n V2 n

03.17.09.0002.01

) . 1 _3i7rv EZZ ﬂ IZZ
bei, (2 =i27 12 lim | —|e ¢ Lj|—|-e7 Lj|-—
n-co | Y 4n 4n

03.17.09.0003.01

z\ COS(%)ZZ 3 v+3 v z 3nv 1 v+1 v z
(—) lim| —— F3|a; —, ,—+1 +sin(T)1F3 a; —, , —+1

bei, (2 =

T+1)\2) aoe | 4@ +1) 2 2 "2 7 256a 2" 2 '2 7 256a

Generating functions

03.17.11.0001.01

2V2

k=—00

o (= t-3)x
> tbeix) = e V2 sin[ ' ]

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
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03.17.13.0001.01

W22 +2wP@ 2 - 2V + YW@ 2+ 2V + YW@ z+ (£ +v* - 4vH)w(@2) =0/
W(2) = ber,(2) ¢, + bei,(2) ¢, + ker,(2) c3 + kel (2) ca

03.17.13.0002.01

1
W;(ber, (2), bei,(2), ker,(2), kei,(2)) == ——

03.17.13.0003.01
92* 9 @° W2 +292°%(0@° -390 9" @) g @*W @) -
02%((2*+1)g@* +602 0" @ 9@ +492*d°@ 0@ - 1592° 9" (") QW' (@) +
02 (2 +1)g@° +(2*+1)9@ 9" @9 @"* - 202° @ g @° +
922 (69"(2* - 9@ 9*@) g +1092° 9" @ °@ g (@ - 1592° 9" @* )W (@) +

(V*-4v2+92*) g @ W2 =0/; W@ = c, ber,(9(2) + C, bei,(g(2)) + czker,(g(2) + ¢, kei,(9(2)
03.17.13.0004.01

. _ g@°
W,(ber,(9(2)), bei,(g(2), ker,(9(2), kei,(9(2)) == -

9(2?

03.17.13.0005.01

92*9@° h@* W@ +292° 9@ (h@ (9@ - 392 9"@) - 202 g @ N @) h@* W@ +
922°9@ (-2 +1)g@" +692 9" @ @* +49@° °@ ¢ (@ - 1592° ¢"(2°) h(@° -
60292 (W@ g @*+92h @29@ -39 N @9"@)h@ +1292° g @° W'(@°)h@2* W' (@) +
92 (27 +1)g@°+ (2 +1) 929" @ 9 @" -202° d°@ g @° + 9272 (69" (2° - 92 §“ @) g (@ +
1002°9" @%@ 9@ -1502°9" @)@’ + 202 9@ (2’ + )N @ g @* - 30 W @ ¢ @° -
202 (0@ h®@ -30 @2 9"@2) g @*+92? (99" @ N @ + 4N (2 d°@) g (@ - 15922 N (2 §"(2°) h@)° +
120229 @* W@ (W@ g @+ 2020 @29 @ -39 N (@ 9" @)h@ - 2492° ¢ @* N @°) ho W@ +
(v -4+ 92 h@* 9@ +9@* (24N @* - 36h@ (2 I (@ + 8h(@’ h®(2 W' (2) + h@* (6N (2)* - h(2) K (2)))
9@°-292°h@(¢@*-39@ 9" (@) (6N@° - 6h@ (@ N (@+h@*h® @) g @* +
9@%h@’ (h@h' @ -2h@%) (22 +1)g@" +69@ 9" @ 9 @° +492° d°@ 92 - 1592% 9" (2°) 9 @ -
92 h@2°* N @ ((2*+1)g@°+(2*+1) 029" @ 9" - 292? °@ g @° +

92%(69"(@° - 9@ 9*2) g @° +1092° 9" 2 9°@ (@ - 1592° 9" (@°)) @) =0/,
wW(2) = ¢; h(2) ber,(9(2) + ¢, h(2) bei,(9(2)) + ¢z h(z) ker,(9(2) + ¢4 h(2) kei, (9(2)
03.17.13.0006.01

. . h2*g2°
W(h(2) ber, (g(2)), h(z) bei,(g(2)), h(2) ker,(g(2), h(2) kei,(g(2))) = - ————

2
9@
03.17.13.0007.01

WY@ +(6-4r-49 2WI@ +(7-2(2-2)r2 +12(s- Dr+6(s— 25 ZW'(D +(2r +2s-1)

(2r2v*-2(s-Ds+r(2-49-1)zw (@ + (@ 2" +v' -4 r* - 4sy213 - 28 (¥ - 2)r? + 4 r + " )w( = 0/;
W(2) = ¢, Zber,(aZ)+ ¢, bei,(aZ) + c; Zker(aZ) +c, kel (aZ)

03.17.13.0008.01
W,(Z ber,(aZ), Zbei,(aZ), Zker,(az), ke, (az)) = —a*r® 2456
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03.17.13.0009.01
W@ (2) - 4(log(r) +log(9) W (2) + 2(~(v? - 2) log’(r) + 6log(s) log(r) + 3log*(9)) W' (2) +
4(log(r) + log(s)) (v* log?(r) — 2log(s) log(r) — Iogz(s)) W (2) +
((a*r*?+v* ~4v?)log'(r) - 47 log(s) log’(r) - 2(»* ~ 2) log’(s) log’(r) + 410g™s) log(r) +log'(9)) w2 = 0/

W(2) = ¢, S“ber,(ar?) +c, S bei,(ar®) + cgstker,(ar?) +c, ke, (ar?)

03.17.13.0010.01
W, (% ber,(ar?), £ bei,(ar?), sker,(ar?), ke, (@r?) = —a*r*2*21ogb(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.17.16.0001.01
bEiV(—Z) = (_Z)V z’ bel,,(Z)

03.17.16.0002.01
3nv 3nv
bel,iz)=(i2"z" (si n[T) ber,(2) - 005{7] beiv(z))
03.17.16.0003.01
3nv 3nv
bel,(-iz2)=(-i2)" " [si n(T) ber,(2) - COS(T) beiy(z)]

03.17.16.0004.01

beiv[{l/i_l z] = —( V-1 z)_v (--1%2) [005(3721_1/) beiv( V-1 z) - sin(?’z—v) berv( V-1 z))
03.17.16.0005.01

beh (1% 9 = (-172)' (V-1 2) " bei(V-1 4

03.17.16.0006.01
4 v v 3 4 (3 4
bei,((-1)¥ 2) = _(\/ 1 z) (-1 2) (cos(g) beiv(\/ 1 z) - sn(%) berv(\/ -1 z))
03.17.16.0007.01

beiv(\y?) = % 72 (z“)v/4 (2 (\/; cosz(s;:) +7 sinz(SiTTv)) bei, (2) — sin(sg) (\/? - 22) berv(z))

03.17.16.0008.01
2sin(rrv)

bei_,(2) = cos(r v) bei,(2) — sin(m v) ber,(2) + kei,(2)
Addition formulas

03.17.16.0009.01

<1\/veZ

. = . ) z
bei,(z1 - 2,) = Z (€., (z1) ber(zy) + beiy(z) bery,.,(z2)) /; ‘Z—
al

k=—c0
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03.17.16.0010.01

bei,(z1 +2) = ) (bei(zp) ber, (1) + bei, (z1) ben(2) /;

k=—c0

Multiple arguments

03.17.16.0011.01

Z

Z

<l\/veZ

k
© (1-Z) 2,k 3kn 3kn
bei, =z - - b.+v b +v in| — ;
e, (21 2) zik; % (2) (cos[ ” ) ik (25) + ber (22)sm[ " ])/

Related transformations

Involving ber,(2)

03.17.16.0012.01
3inv
ie+ 2,
bei,(2) — i ber,(2) = - ——— |V( 1 z)

14

03.17.16.0013.01

1

ies

bei,(2) + i ber,(2) = ——— I,((-1¥*2)
(1%

(=Qinv _y

Identities

Recurrence identities

Consecutive neighbors

03.17.17.0001.01

_ _ V2 v+1
beh,(Z) = _be'v+2(z) - f (be|,,+1(z) + berv+l(z))
03.17.17.0002.01
. _ V2 -1
be'v(z) = _be'v—Z(Z) - f (bav—l(z) + berv—l(z))

Distant neighbors

Increasing

%

Z

<1\/veZ
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03.17.17.0003.01

l;J (_1)k (n-K! -2k 2k-n 1 1
bei,(2 =W+ |(n+V) (cos(— 2k-3n) n) bei,., (2) + sin(— 2k-3n) n) bern,,(2) ) +
S kI(N=2K)! (=) (v + D) 4 4

ln;_IJ (_1)k (-k+n-1)! 2-2k+n-1 2k-n+1
o KI(=2k+n=-D!(=n—v+ 1) (v+ 1)

1 1
(cos(z 2k-3n-1) 71) bei,,, 12 + sin(z 2k-3n-1) ﬂ) bern+v+1(z)) /ineN

03.17.17.0004.01
V2 (v+1bei,32 A0+ D) (v+2)ber,.2 V2 (v+1)ber, 32
+ +

bei W2 = —beiv+2(z) +

2 z
03.17.17.0005.01
2V2 v+2)(Z2+2(v+1) (v +3)) bei,3(2)
bei,(2) = +
z
2V2 v+2)(Z2-20+ D (v +3)ber,,32 4 +1)(v+2) ber,,4(2)
bei,.4(2) + -
z v
03.17.17.0006.01
Z2-1600+D)(v+2(v+3) (v+4) 2V2 v+2) (-2 +2v2+8v+6)
bei V(Z) = beiv+4(z) + berv+5(z) -
z z
12(0+2)(v+3) 2\/?(v+2)(22+2v2+8v+6)
——————ber, 42 - bei,,5(2)

zZ

03.17.17.0007.01
V2 (v+3)(-32-16(v2 +6v+8) 2+ 16(v* + 12V + 4912 + 78V + 40))

beiv(z) = beiv+5(z) +
?
V2 (v+3)(-3Z+16(v2 +6v +8) 2+ 16(v* + 123 + 4912 + 78v + 40))
ber,..5(2) +
ra
12(0v+2)(v+3) (- 16(v*+10v®+ 35+ + 50 v + 24))
—— ——bens@- ” bei,.,6(2)

Decreasing
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03.17.17.0008.01

bei, () = (L1~ Vo1 | (=)

l;J (n- k)! (_1)k 2n—2k szfn 1 1
(co —(2k+n) 71) bel,_n(2) + sin(— (2k+n) Jr) ber,_n(2) ] -
o KI(N=2K) ! (1 - ) (v —n) 4 4

ln;_IJ (-k+n-=1)! (_1)k 2-2k+n-1 ;2k-n+1

kZ:(; K!'(=2k+n=D!' (1 -v) (=n+ v+ 1),

1 1
(cos(z 2k+n-1) n) be_n.,_1(2 + sin(z 2k+n-1) n) ber,mv,l(z)) /ineN

03.17.17.0009.01

_ V2 v-1 _ V2 v-1 4v-2(v-1)
bei,(2) = S bei,_3(2) - bei, »(2) + - ber,_3(2) + T ber, »(2)

03.17.17.0010.01

2V2 v-2)(2+2/2-8v+6)
bei,(2) = bei,_4(2) + bei, 3(2) +

Z

2V2 v-2)(Z2-2v2+8v-6) 4(v-2(v-1
= ber, 3(2) - T ber,_4(2)

03.17.17.0011.01

2V2 v-2)(Z2+2v*-8v+6) (Z - 16(v* - 10V + 3572 — 50V + 24))
bel,(2) = - ” bei,_s(2) + ~ bei,_4(2) -

120v-3)(v-2) 2V2 (v-2)(Z2-2/2+8v-6)
———————ber 4@ - ber,5(2)

zZ

03.17.17.0012.01
(- 16(v* - 10v*+ 35v? - 50 v + 24))

bei,(2) = - bei,_s(2) +
z
V2 (v-3)(-32-16(v2 - 6v +8) 2 +16(v* - 12/ + 4912 - 78v + 40))
beiv—S(Z) +
2
2v-3)(v-2) V2 (v-3)(-32+16(v2 - 6v+8) 2 +16(v* — 12/ + 4912 — 78v + 40))
—————ber, 2+ ber, 5(2)

rad

Functional identities

Relations between contiguous functions
03.17.17.0013.01

beiv(z) =

(—beiv—l(z) - beiv+1(z) + berv_l(z) + berw—l(z))
2V2y

Differentiation
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Low-order differentiation

With respect to v

03.17.20.0001.01

. sin(%n(2k+3v)zp(k+v+l))

a0, _ (Z
bei’%(2) = (2) ; KIT(k+v+1)

z 3r

(E)Zk + " ber,(2) + Iog(g) bei, (2)

03.17.20.0002.01

n-1 1)k ok K
beil?(z) == 2"1n1 2" Z A

1 1 1
(cos(— (k—n) n) bei (2 - sin[— (k—n) n) ber (2 ) + —mhern(2 - ke (2 /;neN
o (-Kk! 4 4 2

03.17.20.0003.01
n-1 (_ 1)n—k 2—k Zk

e’ = -(-)" 2" tn1z" Y ————
o (h=KKk!

1 1
(cos(z (k-n) ﬂ) beiy(2) - Sin(z (k—n) 77) berk(z)) +

1
> (-D)"mbery(2 - (-D"kein(d /;neN

03.17.20.0004.01
bei%(2) + (-1)" bei%(2) = (=1)" (x ber(2) - 2kein(2) /; n e N

03.17.20.0005.01

8 1 3inr 1 {nflJ
V-12:"ea 227"

2

22”( : )(—2k+2n—1)!a‘k
n!«/? k=0 2k+1
3

[(—1)3/4@m7"(cosh(“ -1 z) (Chi(z V-1 z)—w(k+ E]+(//(k—n+ %))—sjnh(“ -1 z) Shi(z V-1 z)]—

1

(-1)k(cos(«“/T z) (Ci(z V-1 z)—lp(k+ §]+(//(k—n+ E])+sin(4 -1 z)Si(z V-1 z)))zzk-

3 4
beifi’of(z) = ZT( berml(z) + (Iog(z) - Iog(\/ -1 z)) beiml(z) +

ol Snr 1 FJ
(-D7B2 "2 22

2 n .
ntvVn k_022k(2k)(2n_2k)!”k
((—1)3/4 i [Cosh( 1 Z) Shi(z V-1 z)—(Chi(z -1 z)_¢<o>(k+ %)""J/(O)(k— N %))sinh( — Z))+

(—1)k((Ci(2 V-1 z)—w(o)(k+ %]+¢//(°)(k—n+ ;))sin(ﬁ z)—cos(4 -1 z)Si(Z V-1 z)))zz"/; neN
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03.17.20.0006.01

bei“?, () = znber_n_l(Z) + (IOQ(Z) - '09( V-1 Z)) bal_ 1@ -

n 1 .
= ZzZK(2k)(2n—2k)wk(e2<‘3)”2“*1)”
T n! k=0
1

(cosh(4 -1 z) Chi(Z V-1 z)+cosh(4 -1 z) (z//(k+ E)—(J/(k—n+ %))—sinh(4 -1 z) Shi(2 V-1 z))—

(—1)k(cos(\4/j z) Ci(2 V-1 z)+(:os(4 -1 z) [zp(k+ %)—w(k—n+ %)]+sin(4 -1 z)Si(Z V-1 z)))zz"+

1 1. 1 n-1
\B/jzg—n P UL el {TJ n 14
> 22k[2k+1)(—2k+ 2n- 1)!,zk(ez<‘3>‘<2”+l>”(-(:hi(2 V-1 z)s‘nh(“ -1 z)—
vV n! k=0

[w(k+ g]—w(k—n+ %])sinh(w“/j z)+cosh(4 -1 z)Shi(Z V-1 z)]—(—l)k(Ci(Zﬁz)

sin(ﬁz)+(¢(k+ g)—w(k—n+ %))sin(\“/jz)—cos(ﬁz)&(zﬁz)))z”/; neN

With respect to z

03.17.20.0007.01

obei,(2) 1
= (~zbei, 12 - V2 vbei (2 + zberv_l(z))
9z V2 z
03.17.20.0008.01
obei, (2 1 ) )
= ——— (~bei,_1(2) + bei,.,1(2) + ber,_1(2) - ber,.,1(2))
9z 2vV2

03.17.20.0009.01
0(2" bei, (2) z

(ber,_1(2) — bei,_1(2)
0z V2

03.17.20.0010.01
Az bei(2)

(bd v+1(z) - bele(Z))

0z V2
03.17.20.0011.01
&bei, (2 1
= — (=ber,_»(2) + 2ber,(2) - ber,.,»(2)
Vira 4
03.17.20.0012.01
62 be'v(z) be' v—l(z) (V (V + 1)) be' v(z) berv—l(z)
= + + ber,(2) -
(922 \/? z Z2 \/? z

Symbolic differentiation

With respect to v
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03.17.20.0013.01

am (g)“ sin(%zr(z k+3»)
1 zZ\2k 9 T rensn
bei(vm'o)(z)=2—(—) L/;me&!
o k!\2 avm
With respect to z
03.17.20.0014.01
o"bei,(2)
0
n n m (= 1)k 22K M (—m)y 1 Vi H - (k-2
SDNELU Y N Y —
fourd m = (m-K)! DN K=4]!(=k=v+1); ()

[EJ j . z\4]
z . 2 (D' =2j+k=-D)(3)
(bav—l(z) - berv—l(z)) -

2vV2 i @DN(=4]+k=D(=k=v+1); Mz2js1
= .
1 2 DV (-2j+k-1! Z\4]
— 2 ber,(2) - : (—) -
4 SR+ DN4j+K=2! (~k=v+ D1 (Mjpq \2
5] (- (-2j+k-21) (2"
—— (bei,_1 (2) + ber,_1(2) - - ineN
8vV2 i=0 @+ (4] +k=! (=k=v+D)yj1 M3js2
03.17.20.0015.01
o"bei,(2) 1 ) ~ +1 v+2 1 1 1
::2n—2v—ll~ez(—3)urv\/;zv_n]"(y+l)[2|:3[v , ’ = (=n+v+1, —(-Nn+v+2),v+ 1;——(i22)
07" 2 2 2 2 4

sy (v+1 v+2 1 1 iz
e 2 5F; , i—(—n+v+1), —(-n+v+2),v+1, —||/ineN
2 2 2 2 4

03.17.20.0016.01
3]
bei@ 2

P 22 6-1" k:O( an ) (L +i") belgyn,\ (2 — i (1 —i") bergyn.y(2) +

n -
g:ﬁ ( 2k+1 ) (i (1= i) DR 41 2(2) = (L+ M) Deigg nin2(@) 1 €N

03.17.20.0017.01

d"bel,(2) L BJ n+1 /n
=2 j— 1)" ( ) 1+ " beigrne (2 + (=i + ") berg_na (2) +
— 2 (i )k;z“l o) (@i Belay s, @)+ (=i + i) Dty (2)

V2 A+i)(@dk-n+v+1) ( n

okel ) (1= ") by niys1(2) + (=i +i") beracnya () | N €N

z
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03.17.20.0018.01
d"bei,(2) z 1 —g, 14_n’ 24_n 3n l(_n+4v)
_”659:1 2 ineZAn=3

1 v-=n 1 1 1 3
0z FEN+y+2), 20 2(-n=v+2), 3 (-N-v), 3 (-n+4),0,3, 3, >

Fractional integro-differentiation

With respect to z

03.17.20.0019.01

3% bei,(2) , o sm( 71(2k+3v))1"(2k+v+1)
—_— =227

oz ér(k+v+1)r(2k—a+v+1)k! (5)

03.17.20.0020.01
9% bei,(2) 2l

07 T(—a+v+1
Biny v+l v v—a+l v-a iz 3iny v+l v v—a+l v-a iz
e 4+ ,F3 ,—+1 , +1Lv+1,——|—-e 4 ,F3 , —+1; , +1Lv+1 —
2 4 2 4
Integration
Indefinite integration
03.17.21.0001.01
az 1 g,v
fba (az)dz_—nsz6 22l o2 12w
e R T
Definite integration
03.17.21.0002.01
f e Pl bei () dt = 272 p 7 M@ +v)
0 rv+1
3ny
(a+v)(a+v+1)cos( ) @+v+2 a+v+3 a+v a+v+5 3 v v+3 1
) ) ) e R T |t
PP (v+1) o2 4 4 4 4 2 2 2 p*

3nv a+v a+v+1l a+v+2 a+v+3 1 v+1 v 1 1
4Sin(—)4F3 , , , ;= —+1—— /i Re(a+v)>0/\Re(p)>—
4 4 4 4 2 2 2 p? V2

Integral transforms

Laplace transforms
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03.17.22.0001.01

3nv (v+1l v+2 v+3 v+4 1 v+1 v+2 1
Li[bei, ()] (2 =272 7773 (v + 1) [16 sin (T) Z 4F3[ : :

, s ) ) ) e
4 4 4 4 2 2 2 24)
3nvy _ (v+3 v+4 v+5 v+6 3 v+2 v+3 1
(V + 1) (V + 2) CO{T)4F3 ) y ])

1

‘R 1/\R !
4 4 a4 42 2 2 A [iRe) > - >

V2
Mellin transforms
03.17.22.0002.01

Mi[e™P bei, (0] (2) =

272 p TV Iz + )

Irv+1
(Z+V)(Z+V+1)C°S(32—V) 1 1 z+v 1 3 v  v+3 1
4F3l - (z+v+2), —(z+v+3), — +1, —(z+v+5); -, —+1, y——
P+l 4 4 4 2 p
(3my z+v 1 1 1 1 v+l v 1
4sm(—)4F3 —, —(2Z+v+D), —(2+v+2), - (z+v+3); —, ,—+1, ——||/;Re(z+
4 4 4 4 4 2 2 p?

1
V)>O/\qu)>F
2

Representations through more general functions
Through hypergeometric functions

Involving ,Fq

03.17.26.0001.01

] ~(3rmv (1 v+l vy z 3ny _( 3 v+3 v z
bei,(2) == 4*V7rsm[ )zv oFsl; =, -+ L —— |+ 2’2(”2)71005(—) 2+2 0Bl —, —+1-——
4 2 2 2 256 4 2 2 2 256

Involving ,Fq

03.17.26.0002.01

v v+2
) COS(%)(%) ' 3 v+3
bei,(2) == ———————oF3|; >

v+1
T(v+2)

1 v pa
D=, y—+L ——|/i-veN'
2 2 2 256

o P e L

\4
— + "
2 2 256 (v +1)

Through Meijer G

Classical casesfor the direct function itself

03.17.26.0003.01

14 n m
2-vy v /;——sarg(z)s—
"V 4

v+2

z
bei,(2) = 7 Gf;g[— ,
4 Zy

03.17.26.0004.01

1 v v
. . _ Ty 40 24 Ey 57_5 ) T T
be|_V(Z)+bE|V(Z)—ZJTCOS(?)GEW 2_56 Z, _K, E, 2__‘/, l’ Kl v /1 _Z Sarg(Z)S Z
4 4’ 4 4 2’2 2
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Classical casesfor powersof bei
03.17.26.0005.01

2 1
bei,(VZ ) = 576

64

Brychkov Yu.A. (2006)

03.17.26.0006.01

v+l 1 3 1
1 == Vr z I 2V+ S big big
bei‘/(z)z = _ﬂ3/2 Gig a % 1 ’ v v+l]_ ? Gg’g[E v v+l ‘ 14 v l—i 1 /; _Z = arg(z) = Z
5,0, 3 T T 2 > T‘O’ 21 T ot 712"‘*'5
Brychkov Y u.A. (2006)
Classical casesfor productsof bei
03.17.26.0007.01
1-y v+l
1 1. Z —_-— 3iny z —_—
: C o T ->@iny ~20[ 4 2 20 < 2 3
be|_v(z)be|v(z)—4\/7[e 2 Grs oalot v 1__V]+e 2 G5 0l v E]]
2’ 22" 2 2 2' 2 2

Classical casesinvolving powers of ber

03.17.26.0008.01

v+l
bdv(ﬁ)2+bav(ﬁ)z=n3/2@1;2[§‘ 2 ]

Brychkov Yu.A. (2006)

03.17.26.0009.01

1 3 1
2 2 pd z T 2V+ S
bei,(VZ ) —ber,(Vz) =,/ - G55 — 4 2
2 M1e|r gl v lv, .1
v 50,5, -5 5 >
Brychkov Yu.A. (2006)
03.17.26.0010.01
v+l
2

z Pis
bei,(2)° + ber,(2” = 132 Gro| — -
| 64 4

T
i ——=<arg(2) <
/ 2 92

v 1 v v+l
2037237

Brychkov Yu.A. (2006)

03.17.26.0011.01

P z
bei,(2)° - ber,(2° = - | — G| —
@ (¢4 ,/2 7 16

Brychkov Yu.A. (2006)

T

[ —— —
; <ag2 <
a(2)
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Classical casesinvolving ber

03.17.26.0012.01

bei, (V7 ) ber,(Vz ) = —— G37

2vV2

\/7 2,2[ z

Brychkov Yu.A. (2006)

03.17.26.0013.01
1 1 z

bl (V7 ) ber (V) = — e 2" i/ Gl -

1 3inv

z

03.17.26.0014.01

1 3 1 1 2

bei,(Vz ) ber,(Vz ) + bei,(Vz ) ber,(Vz 232 152 523 z rr2033
e'V( Z) er”( Z)+ a”( Z) V( Z)__ d 6,10 1_6 u+v o optv+2 1 2 pu+v o op—v o 2—p-v+2  v—p p-v+2  2—p+v
T a0 yy T acac 4 i a4

Brychkov Yu.A. (2006)

03.17.26.0015.01

be, (12 ) ber_,(Z )+ bei, ({2 ) ber(VZ ) = ~22 2 G —

Brychkov Yu.A. (2006)

03.17.26.0016.01
oi311>

4 "4'4'6’2' 6
4 4) . (4 . (4 __ 932 52 ~23
ber“(\/?)berv(\/?)—bav(\/?)bel,,(\/?)—2 77 Gglip E uby g2 15wy gy ven 2y pve2 2ty
T4 T4 'e'6’ 4’ 4 4 4 ' a4 ' 4
Brychkov Y u.A. (2006)
03.17.26.0017.01
13115
Z 7Y A R 9 &
4 4_.4 .4_3/25/22,2_ 4’ 4’ 67 2 6
ber_v(\/?)bery(\/?) ba_y(ﬁ)belv(\/?)—z L e

Brychkov Y u.A. (2006)

03.17.26.0018.01

135, x x
“l fi-—=ag@ = -

,2v 4 4

_ Voo |7
bei, (2) ber,(2) = — G357 —
22

Brychkov Yu.A. (2006)
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03.17.26.0019.01

1 1.
bei, (2) ber_,(2) = Z e 2B N Gig _

v+1 1 3
1 3inv = i %2 =, 2,0 b d
, 2,0 2 1,2 4’ 4 .
Zg z E\/;G:Ls__ 1 v v v+l]+ 37 16 1 v v 1-v v+l /,—E<arg(z)50
0.3 -222) 2V2 200335 %
03.17.26.0020.01
bei, (2) ber,(2) + bei,(2) ber,(2) =
1314512
932 52~23| 7 4’ 4’2" 7 3" 3 __z f
2 G6v10 16 | A ptvi2 1 2 uty  p-v o 2—p—v  v—p  p-v+2  2-u+v s 4sarg(z)s4
T4 T4 33 44T 4 a4 g
Brychkov Yu.A. (2006)
03.17.26.0021.01
1312
. . _ 532 spal2l 4 4’4’ 3'3 T T
bei, (z) ber_,(2) + bei_,(2) ber, (2 = -2 17 Gy Blio1z_voyivm /; 4sarg(z)g 2

Brychkov Yu.A. (2006)

03.17.26.0022.01
ber,,(2) ber,(2) - bei, (2) bei ,(2) =
0 1 3 1 1 5

32 52 =23 | 2 "4 2626 o a
ZETCR0 e | per w2 15 e v v ey gz e |7 SEED S
4' 4 '6'6' 4' 4a'' a4’ a4 ' 4 ' 4
Brychkov Yu.A. (2006)
03.17.26.0023.01
13115
—bei i _ 932 5222 — 4’4’ 6'2' 6 __z z
S ET O

Brychkov Yu.A. (2006)

Classical casesinvolving kei

03.17.26.0024.01

1 1 3

— — 1 z S@v+D 1 z 13
beiv(42)keiv(42)=§ a Gig 64 1 v2 v 1 ]_ 63'2[16 v v+14 l4 v 1—v]
0,355 ;@v+1D) | 2724z 0.3 5335

Brychkov Yu.A. (2006)

03.17.26.0025.01

be (V7 )i (V7) =V 6t =
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03.17.26.0026.01

1
1 z 5@v+1) 1 z , T n
bei,(2) kei,(2) = —ﬁGi:g — L Vz - - G2 — PR VT CI
8 64| 0, 3 51—5,5(3""'1) 227 16 V3 T35 T g 4 4
Brychkov Yu.A. (2006)
03.17.26.0027.01
1 z wl 1 z 23, 2y n n
bel, kel = - Vr Gl — | 2|0 ol AT -y =agD <
0, 513735 ) 8V2nm 0, 31303 g Y
Classical casesinvolving ker
03.17.26.0028.01
(& 4 1 30 £ 32v 1 32| 2 %‘ %
bav(\/?) kerv(\/?) = g\/;Glb & 1 v v 3v | 7/2 2:6 16 1 v v+l v 1-vy
0;5, 3 T S 227 31 5 7,0,—5,7

Brychkov Yu.A. (2006)

03.17.26.0029.01

o (7 )k (7) = VT G5 2] 0.2 2. 1)- —ez;s[—

z
64

03.17.26.0030.01

z

1 Vg
bei,(2) ker,(2) = — vr Gf'g —
8 ~| 64

Vs
j—— < < -
/; 7 arg(2) 2

Brychkov Yu.A. (2006)

03.17.26.0031.01

T

T
i——<ag2 < —
/ 2 arg(2)

1 z
bel,(2) ker_, (2 = — Vr GS’E{[_
8 "1 64 4

ol _rv _;G“vz i
Tt 37l 16
8vV2an

Classical casesinvolving ber, ker and kel

03.17.26.0032.01

b (7 i (V7)o (12 e (¥7) = - Gi’:é’[é

Brychkov Yu.A. (2006)

03.17.26.0033.01

bei,(VZ ) kei,(VZ ) - ber,(VZ ) ker,(VZ ) = - ! Gg;g[_

Brychkov Yu.A. (2006)
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03.17.26.0034.01

ber,(VZ ) kei,(VZ ) + bei,(VZ ) ker,(VZ ) = - L ngg[i

Brychkov Yu.A. (2006)

03.17.26.0035.01

o 7 1) ) 7) - § 7 i

Brychkov Yu.A. (2006)

03.17.26.0036.01

1 z 23@v+1) P g P g
bei, (2) kel (2) + ber,(2) ker,(2 = - Vx Gig| — ) Vz - [i-—<ag@) < —
4 64 O, 2 E'_E'§(3V+1) 4 4
Brychkov Yu.A. (2006)
03.17.26.0037.01
A 13 7 7
bei, (2) kei,(2) - ber, (2) ker,(2) = — eg;g[_ ot l—v] f;——<arg2) < —
22V 80z T2 7) 4 4
Brychkov Yu.A. (2006)
03.17.26.0038.01
1 32 4 %’ % 4 4
ber,(2) kei,(2) + bel, (2) ker,(2) = - Grgl — [i——=<ag=<—
5/2 26 16 1 v v+l v 1-v 0 4 4
2N 2222 2
Brychkov Yu.A. (2006)
03.17.26.0039.01
1 & P s s
bei, (2) ker,(2) — ber,(2) kei,(2) = Z\/;Gig a 1 2 , 3V]/: _Z <arg(2 < Z
032727
Brychkov Yu.A. (2006)
Classical casesinvolving Bessel J
03.17.26.0040.01
JV[ z] bei, (2 =
ey
,37‘/,1 1 _3)i 4 -y 1 v Bimv 3y 3 11 %, %(1_21/)
—i27 2 ea! )”‘Vﬁzv(\/—l z) z| ez 23 csc(n(v+—Dsz4izz ., )
V-1 4 23233
vl n
1,0 v v 2-v 1 .
GO,A[—a 1 a2 (3V)]] /i ) <ag2 =0
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03.17.26.0041.01

1 [= . (1 Y
J_V[ z] bei, (2 =-i | — zV( -1 z) [ z)
J1 2 V-1
[ GM[HZ

Classical casesinvolving Bessel |

“1 1 T@v+1)

1 . 1
] _ 6_4_(3””/) 23 Bv-1) Gig _

v v 3v 1
2T o0 —(2V+1)

03.17.26.0042.01

IV(«“/T z) bei,(2) = —% (-1¥ e‘§5”<3v+1> NEwd ( V] Z)

O

03.17.26.0043.01

I_V(4 -1 z)beiv(z)z—u‘\/§zv(4 -1 z)_v e3 624[u22

i 0
——<ag2 =
> g

-V

11
2" 4

1,0
- Ggal - —

[T
o
N =
|
[T
~—
N —
s
|
|
A
Q
«Q
Q
N
A
o

1
v, 0, 2, v

11 ~(=3inv
2’ 1 € G20 z
- G-—
0% v v NE 64

oY

03.17.26.0044.01

(T 1T = 2 s (97T

1@ixy

e 4 24 3iny 3
- e LAY PRVt B (R o=
272 e4] ¥ )=

Classical casesinvolving Bessel K

iz

) T
1 /,—E<arg(z)50
4

03.17.26.0045.01

KV(4 -1 z) bei,(2) = ;lzina/z z (\4/? z)_v

e—%(:ﬁnv) 3iny 3 iu l’y_ 1 T
Gyal-—10. 3, %,—§]+\/?e 7 csc( ( ))635ﬂ22 24 L ¢ Az <ag@ =0
2 64 0,v,-v, 7, v—7 2
4 4
Classical casesinvolving oF1
03.17.26.0046.01
v+2
i\/? 3iny 1y —
oF1|;v+1; eiv(«‘7?)= -ne 4 27 615 4 +
vo_y Zv _l(gv) v+2
2v2 O T AN

3 1
2 T4 ]]
v+2 v v 2-v 1
nE B 12-3y),-1@Y)

3:7{1/.612 Z
g +e 4 1Gg —
yo_y w2 v 1(2_31/),_%(3,,) 16
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03.17.26.0047.01

iﬁ]be@(x“/?):

0':1[; 1-v,

s z Z@3v+2) z 21
iVr TA-w|22 e 7 n Gy — y + i tan| G2 N -
Plea| xS vz v oLz, o 64| x2 v 3v _v 3v 4
4 47 4 44 474 4’ 4 4

3inv

v+l v+3
et 12 4 4
26| _
22 165 =2 2@v+2, 5 -5

JAEALS

z 4 4
16| w2 v 1 v 2»v v
0 28V+2 o g

03.17.26.0048.01

( u'ZZJ ivrn
oF1|; v+1, — |bei,(2) = - rv+1
4 2V2

[ . v+2 s 3-v 1-v
~@iny) n— ~10 4 12 4 4
me 4 22 Gig| — ] 26[ ]+
v v 2-v 1 v+2 v v v+2 2-v 1 1
Ay 71—2(3"),7 16 T 711(2—31’),—2(31’)
s 3-v 1-v x
i, 2 7
e ”626[ ]]/;——sarg(z)s—
v+2 v v 2-v 1 1
16 2 17 7‘1(2—3"),—;(31’) 4

03.17.26.0049.01

i 72
OFl(; 1-v, IT) bei,(2) =i V& T(A1-v)

Binv

N t@v+2) T 1of 2 T+l a
22 "e 41 Gl:5 a v 3v v+2 v 1 +E’tan(?)G1:5 & v+2 v 3y v 3v B

i i A T e e tY) 2v2

N

A vl w43 A vl w43 7
T 4 2 Ligtel 2 4 2 PRI
[ 2'6[16 %, %(3v+2), 3v 2v _ 28] 16 | »+2 % 3v 2 2

v
7

S

03.17.26.0050.01

iZ
OFl(; v+1, T)beiv(Z) =

1
v 1 ) —y 3inv 3y 3 —,>(1-2v)
_i2 i tea i\ zV(4 -1 z) v+ 1)[«;7 27 csc(n(v+ Z)) G;;j[izz 2 ]—

v v 1 1
3 T —5(31’)» 71-2v)

v v 1 . T
yiia it (3V)]]/, —5 <ag@2 =0
03.17.26.0051.01

iz 11 . -y
OFl[; 1-v; T)beiv(Z) =27 2ies " Vr 2 (\/“ -1 z) rd-v)

v+l 1
3iny IR (2V+ 1) 1
[E 2 G%i[ﬂzz ) 2 4 ]_25(31/—1) GZ,O
Ey

= o
_& v v+2 3v v 2-v /,—E<arg(z)50



http: //functions.wolfram.com

Classical casesinvolving oF;

03.17.26.0052.01

N ivz
0F1[§ v+1; ]beiv(f/;) =
2 3-v 1-v
l\/; _Biny 1oy 10 % 3iny 12 Z T’ T
o B 171 I SR AR Ll by (e A R BN T
22 A RO TR T V), =33y
s 2 3-v 1-v
urv. 12 T’T
e + iGygl —
Yl | m2 o %,i(Z—sv),—i(m]]

03.17.26.0053.01

N ivz)
OFl[; 1-v; be|v(\4/7) =
1 3y
v iny z ~Bv+2 z = +1
l\/; 2z e &+ 7 Gi:g v 3v sz v 1 ]+Iltan(_)61(5) 64 v+2 v 3‘\1/ v 3v ]]_
i i T RS AR it T

vl v+s
z
16| =2 r 1 v 2v v
4,4,4(3v+2) 2

03.17.26.0054.01

vV

. iZ i
oFl[; v+1, T] bel, (2 = - 'iv+1

2vV2

Y@irv o2 110 z % $inv 12 %' %
—ne " 2% Grg| — +e 4 Gygl — +
84| - 2 —2Ey, 2 Tla8 | L - M2 2 2 (2-3y), -2 (3Y)

yo_v
LY 2 273 4 2%
ﬂ'Glz 24 %, % / T T
et 2:6 16 | ve2 v v 2=v 1 1 ;——sarg(z)s—
Bl %257 3@ 3n-36n)) 4 4

03.17.26.0055.01
. i 22
oFl[; 1-v, T] bei,(2) =i Vr [(1-v)

3iny

K,l 73urv
22 "e 4 1

2 ;Bv+2) v
Grg ; it )l

24 34—V+1 ]] e 4
o v+2 v 3v v 3v -
64 R T‘_Z’T+1 2vV2

N

A vl o3 A vl w43 7
Ge| — e +i Gyl — ‘e /-~ <arg@ < -
"l 16 %, v+2 3y 2-v v "l 16 vi2 v 1 ’ 34_1/’ 2:1_v’ _1/1 4 4

27 Z(3V+2)
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03.17.26.0056.01
3 i)
OFl VvVt 1, T be'V(Z) =

1
Z(l—2v)

v 1 . -V Binrv  3v 3 5
—i27 e T 2 (V=1 ) [@T 27 CSC(TI’(V+ —)) G%’i[izz ? -
4 ' yo_Y
2’ 2

=537, 7 (1-2v)

v v 1 . 4
T trabA a0l | Ve -3 <ag@2 =0

03.17.26.0057.01

_ iz 101 ) —
OFl[; 1-v; T] bei,(2) = -2 2ies V"1 2 (ﬁ Z)

v+l 1 2-v
3inv —,=2v+1 1 z — T
e 2 GyliZ 24 S FA ¢y g N [i-—<ag®=<0
' voor v loyi Pl 64|y w2 3v v 2 2
2’ 2" 274 4" 47 4’ 4 4

Generalized casesfor thedirect function itself

03.17.26.0058.01

z 1
bei,(2) =7 G5 -, =
! 34 4

03.17.26.0059.01

. . VY 40
bei_,(2+be, (2 =2r cos(?) Gs7

Generalized casesfor powers of bei

03.17.26.0060.01

1
bei,(2)? = S Grs

2VZ 4| 50555 2 4 :
Brychkov Yu.A. (2006)

Generalized casesfor productsof bel

03.17.26.0061.01

1-v 4 v+l

1 L V-1z1 = s L fV-1z 1 =

bei_,(2) bei,(2) = — V7 |e 2@ G20 N P T
4 2v2 4|0, 31 T35 2v2 4|0 31733

1 3 1
. 1 712

T
4oLl vy oy v

1
Gya| = V-1 z,
22 2

Generalized casesinvolving powers of ber

03.17.26.0062.01

i

v+1
, ory
bei,(2)” + ber,(2” = 732 Gy , 2
2V 2
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Brychkov Y u.A. (2006)

03.17.26.0063.01

1 3 1
s z 1 T 2VH S
bei, (2 - ber,(2° = - [ = G35/ =, = “e 2
2 2 4|rvrtogl _viv,y 1
2" 2T 2 T2 T 2
Brychkov Yu.A. (2006)
Generalized casesinvolving ber
03.17.26.0064.01
. Vo <27 2 1 D o2y
GV(Z) erV(Z) T 37 5 4 v v+l 1 v 1-v
2vV2 2" 4 > T’O’ 31 "5 T’ZV
Brychkov Y u.A. (2006)
03.17.26.0065.01
1-v
1 1. V=1z1 =
bei,(2) ber_,(2) = — ¢ 2% iV G2 - 2 -
4 “l2avz 4|03 -1 L X
2 31 T35
3iny V z 1 E 171'3/2 1 1 i1 210
sz \/—Gzo Nex —0£_51ﬂ+ 6%335\7_12’2100_414111&
2 3 335 ) 22 500 -3 5 5.5
03.17.26.0066.01
1 1314912
Z 222033
; ; _ 932 52~23|°
belV(Z)befﬂ(Z)-i-belu(Z) ber"(z)_ 2 GGVJ_O 2' 4| #y pHv+2 1 2 PV =V 2—p-v v—p p=v+2  2—p+v
T4 T4 '3'3' 7 a' a4’ 4 a2’ a4
Brychkov Yu.A. (2006)
03.17.26.0067.01
;1 1312
. . 1,2 4’ 4’ 3’ 3
bei, (2) ber_,(2) + bei_,(2) ber,(2) = -2%2 192 G; 24| lgl2 vy v o
2773737202 2 2
Brychkov Yu.A. (2006)
03.17.26.0068.01
1 0 1 3 1 1 5
z "4°4°86'2' 6
e 932 52~23| 5~
ber”(z)berv(z) be|v(z)be|#(z)_2 m G6,10 24| Y opb2 15 pv v v 2opev pevi2 2-pty
T4 T4 '8'6 4’ 4’ 4’ 4 ' a4 ' a4
Brychkov Yu.A. (2006)
03.17.26.0069.01
1 1 3 1 1 5
Z 2 A R o1 &
hai . _ 932 52m~220° 4747672 6
ber_,(2) ber,(z) - bei_,(2) bei, (2) = 27 77* Ggg > 2 01115 vy o

12'6'2'6" 2'2' 2' 2
Brychkov Yu.A. (2006)

Generalized casesinvolving kel
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03.17.26.0070.01

1 1 3

1 z 1 S@Bv+1) 1 z 1 Z, =

bei,(2) kei,(2) = g\/?Gfg ' Z 1 V2 v 1 J_ 2 ngg[? Z v v+l4 14 v l—v]
2\/? 0, 5 E’_§’§(3V+l) 27/ \/7 0, 3 33 "3
Brychkov Yu.A. (2006)
03.17.26.0071.01

1 z 1 as 1 z 1 13y
bei,(2) kei_,(2) = = V1 Gyg| ——, - 2 - Gaa| = = L

8 “lovz 4]03% L -2 gyon 2 4]0t Ly v 1,

2’ 2 2 2 2’ 2 2 2 2" 2

Generalized casesinvolving ker

03.17.26.0072.01

3v 1 3

L z 1 2 1 z 1 7

de(Z)kerV(Z): g\/;Givg ,Z 1 v2 v 3"]_ 2 Ggé[g, Z 1 v+14 ‘ % 1_Y]
2V2 *[03.3-3%) 2°Vn 2305
Brychkov Yu.A. (2006)
03.17.26.0073.01
13

1 z 1 1 z 1 2z Y
beiV(Z) kEf'_V(Z) = _\/FG(ZJZ[ "4 0 % _g g]_ Ggi PR 1 v j+14 v 1l-v

8 2v2 4 8V2n 2 4 0!515!7!_5171_)/

Generalized casesinvolving ber, ker and kel

03.17.26.0074.01

) ) 1 sl 2 1 §(3V+ 1
bei, (2) kei, (2) + ber,(2) ker,(2) = — V7 Gog , -
4 242 4 oLty _v 3(3)/_,_1)
2 t2r 2 2" 2
Brychkov Yu.A. (2006)
03.17.26.0075.01
1 3
1 z 1 i
bei,(2) kei, (2) - ber,(2) ker,(2) = - ngé[—, o A H]
2PV 2405 T T
Brychkov Yu.A. (2006)
03.17.26.0076.01
1 3
1 z 1 12
ber,(2) kei, (2) + bei, () ker,(2) = - eg;g[_, o IR ]
Ve 24327230
Brychkov Yu.A. (2006)
03.17.26.0077.01
3y
1 z 1 -
bei, (2) ker,(2) — ber,(2) kei,(2) = — V7 G2 = 2
4 “layz 4|0 % L L ¥
2 1272 2T 2

Brychkov Yu.A. (2006)

Generalized casesinvolving Bessel J
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03.17.26.0078.01

1 3y 1 ) -y 1 Y
Jy[ z] bei,(2) =-i2 2 te:s " \x 2 (\/4 -1 z) [ z]

4(__1 4}_1
1-v 1 4,
3inv 3y 3 1 =,z (1-2v) v-1z 1
e 2 2?&(71(”—))(3;;}, V1z-| 2 - G4 = 3
4 2 E’_E’_EGV)' Z(l—ZV) 2\/7 4

03.17.26.0079.01

1 [= . (1 Y
J_V[ z] bei,(2) =-i | — zV( -1 z) [ z]
J-1 2 V-1

siny ol s 1] F@v+) Laim 3, (V=17 1
e+ Gyv-1 Z,E -e 2 ’

4 2 1,5 » =
2v2 4
Generalized casesinvolving Bessel |

v v 3v 1
31T 7‘1(21"*1)

03.17.26.0080.01

T i =2 o v (17T

-V

1 1 4
3iny 3 1 > 3 v-1z 1
e 2 Cﬁ{ﬂ'(v+—))G%’i V-1z = 24 —Gé’ﬁ =] 2.0 % -2
4 ' 2 0l _ ’ 4] 2 72 2
v, 0, 7, v 2vV2
03.17.26.0081.01
I_V(4 -1 z) bel, (2 =
_%iny — 1y 11
_ ) I 4 20 1Z£ 2 3':VG11 Y1, 2" 2
i Z z s 2 L. L |Te 2 Z, s
V2 2vV2 0, 33T g 0, >V
03.17.26.0082.01
. . ) iV sinv) (4 -y
(Iv( 1 z)—l,v( 1 z)) bav(z):—fz («/—1 z)
11 1 _Siny 4
3\\ sirv 1 Sy VoS v-1z 1
ﬁCSC(T((V+ —))e 4 Ggé V=1 z, — 2 N + Ggﬁ =102, 2, -2
4 ' 200,v,-v, S,v=2] 222 | 2y2 4 222
Ve =V VT g
Generalized casesinvolving Bessel K
03.17.26.0083.01
4 n%? 4 -
KV( -1 z)beiv(z) :i—zy(\/—l z)
4
11 1 _3£7rv 4
3)) zinv 1 S VT 7 Vv-1z
i F | Peate R I Ry Bl P
4 ' 210v,-v, L, v-12 x| 2v2 22
Ve Ve V= g

Generalized casesinvolving gF
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03.17.26.0084.01

i iVaTo+D [ o a2 1 uz
oF1|iv+1 7 bei, (2 =-———|-22 ¢ ”61:5 ' Z vy v 2-v 1 v+2
2v2 22 o a8
3-v 1-v 3-v 1l-v
iy z 1 —_—, — 3iny z 1 —_—, —
et Ggé 5’ Z v v o ov+2 2—v4 1 ! 1 re s lG%g 57 Z v+2 v v 2—v4 1 ) 1
ity S ACRE LA CRY 7 Te w0 a@73 73

03.17.26.0085.01

i 72
OFl(; 1-v, IT) bei,(2) =iVx T(1-v)

v 3iny

1y 2T 1,0
22 e 41

Grs

1
z 1 7 3Bv+2) v
=4l 3 va 1 +itan(—)Gi:g
Bv+2) 2

Ziny v+l v+3 v+l v+3
€t g2t i 22t EZalwy
GZ,G E'Z v v+2 1 3 2 3y 2-v v +EG2’6 E'Z vi2 v 1 3 2 3y 2-v v
2V 2 7228V o g <2728V, o g
03.17.26.0086.01
i) Y1 L3y 4 i
oF1|; v+1; T bei,(2) =-i2 2 " es v zv(\/—l z) Frv+1)
1-v 1 4
3imv  3v 3 1 S —(l—ZV) \ -1z 1
e 2 Z?CS({H(V+—))G;'}1 V-1z-= 2 4 -Gy P A R B YY)
4 ' 2|2, -2 1@y, ta-2v ' 414 447 4
2 T 73 -~ 2V 2

03.17.26.0087.01

iz 101 . -y
OFl(; 1-v; TJbeiv(z) =27 2ies "\ 2 (\/“ -1 z) T(1-v)

v+1 1 4 _y
3iny o 1 - 7@v+] ZEGZ’O Vv-1z 1 =
S Y T O T T) ., POV ) e I T
2 "3 2 @v+ D 2v2 "4 T s
Generalized casesinvolving oF;
03.17.26.0088.01
. erz ) n\/; v 3iav 10 z 1 %
oF1|;v+1, — |bei,(2 = - 22 ¢ + nGpg ol IV o |t
4 22 22 4 AR —Z(3V), e
3—v 1-v 3-v 1-v
3iny 12 z 1 7 7 3urv. 12 z 1 T- T
e GZ,6 PSR Y v ov+2 2-v 1 1 te s EGZvG 5| ve2 v v 2-v 1 1
2 42 -2 == =X = (2-3v), -7 (3) 2 4| == X 2y s (2-3%),-33)
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03.17.26.0089.01
3 i)
oF1f: 1-v, e bei, (2 =

v sin z 1 2@v+2) n z 1 41
i\/; 25_18_7” G:Il-g 'Z v 3v v+2 v 1 ]+mtan(—)Gig[ ’Z v+2 v 3‘11/ v 3v -
2vV2 7 T B+ 2vV2 T T aTe
Sizy v+l v+3 v+l v+3
e 12/ 21 w4 R A 4
GZ,G E’Z v v+2 1 3 2 3v 2-v v +EG2’6 E'Z v+2 v 1 3 2 3y 2-v v
2\/7 e T’Z( v ) 2 a2 S Z’Z( v ) 2 a7
03.17.26.0090.01
= i . Y1 Y C3)iny 4 v
oFil;v+1, — |bei,(@=-i2z " ea WZV(V—l z)
1-v 1 4
3inv 3y 3 1 1 _(1_2V) \ _1 z 1
e 2 27csc(7r(v+—])G%:i \/4 -1z - . 2 14 1 —Gé’g , = %,—i, %,—%(31/)
4 2 5,—5,—5(3‘/),—(1—2‘/) 2vV2 4

03.17.26.0091.01

_ i 2 11 ) —
°F1[; o _] boi, (2 = ~2" 71 63V VT 2 (V7T )

[ 3irv 611[4 I 1 %; %(ZV"’ 1 ZE 20 V4 -1z 1 %
e 2 4| V-12 — vy v 3y 1 -2 2 G5 "l v w2 3y v 2y
2 3 o 7,1(21/‘*‘1) 2vV2 4 a0 T 1

Through other functions

03.17.26.0092.01
-1**Vz iy 1
bei,(2) = —7(17 H_V(4 -1 Z)+e 2 L_V(x/“ -1 z)) [iv——eN
294V (1 +i)z 2

Representations through equivalent functions

With related functions
03.17.27.0001.01

2
bei, (2) = csc(nv) ber_,(2) — cot(nv) ber, (2 — — ker,(2) /; v Z
T

03.17.27.0002.01
3”)22“/_24 sm[%v))uv(“ _ )(\/_24 s-n[

. . 1 v —%(2+v)( 4 ( {
bei, (2 = > 2 (-7 |V( _z4) cod —

03.17.27.0003.01

bei, (2 ==-%m‘§"”1(“ 1 z)(;T L(V=T 9 -3,(V-1 z))

03.17.27.0004.01

bei, (2) = —Eu‘(a%(”” (V=T 2)-9,(V-1 Z)) Livez
2

) 2od



http: //functions.wolfram.com

03.17.27.0005.01

Siny
. 4 Jpdiad 4
%ne””v‘]v( -1 Z)—%ue 2 IV(\/—l Z) STﬂ<aI'g(Z)S7T
inv

%n’e*"’”\]v(‘l—l Z)—%ieTIV(A—l z) True

bei, (2 =

03.17.27.0006.01
1

bei, (@ +iber,@ =ies ™ 2 (V71 2 3,(V-1 2)

03.17.27.0007.01
u‘e‘”JV( V-1 z) %’r <ag<n
bei,(2) + i ber,(2) = .
ie*””Jv( -1 z) True

03.17.27.0008.01
iy

bei, (2 —iber, (2 = -ie 4 ZV(4 -1 z)_v IV( V-1 z)

03.17.27.0009.01

Sinv

—ie 2 |V(\/“ 1 z) ¥ cagd <n
bei, (2) — i ber,(2) = .
—ie? |V(“ 1 z) True

Theorems
History
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