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Notations

Traditional name

Kelvin function of thefirst kind

Traditional notation

ber(2)

Mathematica StandardForm notation

Kel vi nBer [z]

Primary definition

03.14.02.0001.01

ber) = ({1 )+ (V1 2)

Specific values

Values at fixed points

03.14.03.0001.01
ber(0) =1

Values at infinities

03.14.03.0002.01
lim ber(x) = &
X—00

General characteristics

Domain and analyticity

A Ll R R P I S [ LI
tce of tnformation abont mathematical fus

ber(z) isan entire, and so analytic, function of z, which is defined in the whole complex z-plane.

03.14.04.0001.01
z—ber(z)::C—C

Symmetries and periodicities

LTS,
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Parity

03.14.04.0002.01
ber(-2) = ber(2)

Mirror symmetry

03.14.04.0003.01
ber(2) == ber(2)

Periodicity

No periodicity

Poles and essential singularities

The function ber(z) has only one singular point at z = co. Itisan essentia singular point.

03.14.04.0004.01
Sing (ber(2) == {{&, co}}

Branch points

The function ber(z) does not have branch points.

03.14.04.0005.01
BP,(ber(2)) = {}

Branch cuts

The function ber(z) does not have branch cuts.

03.14.04.0006.01
BCy(ber(2)) = {}

Series representations

Generalized power series

Expansions at generic point z == z

03.14.06.0001.01
bei(zo) + ber1(z) 1 , 5
ber(2) o ber(zg) + ——— (2—29) - — (ber(z) — beix(z)) (2= 20)" + ... /; (2> 2)
NEY 4

03.14.06.0002.01

beiy(z) + bery(2) 1 _ ) .
ber(2) o ber(zy) + ——————— (2~ 20) ~ — (ber(z) - beir()) (2~ 2)* + O((z~ 2)°)
V2 4



http: //functions.wolfram.com

03.14.06.0003.01

ber(z) = Z

k=0

(- l+u)k2 3 E
Z(ZJ) i*) beig j_i(Zo) + (1 + i) bery_k(z0)) -
i=

1
T
Z ( 2j+ 1) — i) beigjki2(Z0) + (1 + i) bery i 2(20) [ (2 — 20)*

j=0

03.14.06.0004.01

X \/725n°°2k|§11 2-k i3 E
s0=—— 2, 135 5w

1-k 2-k iz
4

- e k
— = (2-2)

NI -

1 ) )

k!

03.14.06.0005.01
ber(z) o ber(zg) (1 + O(z - zp))

Expansionsat z==0

For the function itself

03.14.06.0006.01
A 712

z
ber(z) «c 1 - — + - +.../;(@Z->0
64 147456 2123366400

03.14.06.0007.01
A 712

z
ber(z) « 1- — + - +0(Z'®)
64 147456 2123366400

03.14.06.0008.01
o (_1)k (§)4k
0 (2!

ber(z) =

03.14.06.0009.01

b el l1 z
er = P ——
@=oFi 5 b e

03.14.06.0010.01
ber(2) o« 1+ O(Z))
03.14.06.0011.01
n (_1)k (%)4k (=" 16~"-1 AM+D)

3 3 z
ber(2) = F(2) /; Fn(Z)=272=ber(z)+—21F41;n+—,n+—,n+2,n+2;—— /\neN
k=0 ((2K)" r'en+3) 2 2 256

Summed form of the truncated series expansion.

For small integer powers of the function

03.14.06.0012.01
z 1978 113722

ber(z) ocl—-—+ +.../;(z->0
32 73 728 530841600
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03.14.06.0013.01
) Z 192 11372
ber(2” o« 1-— — + - +
32 73728 530841600

03.14.06.0014.01

1 2—4kz4k

bef(Z)z——Z +—27

215 AN 213 (k)2 2k)!

(E)k (k1
03.14.06.0015.01

, 1 1 z 1 13111 z
ber(” = —oF3l; = L L, — [+ =2Fs| -, - = = =1, L, ——
2 2 64) 2 4 4 2 2 2 16

03.14.06.0016.01
ber(2)? o 1+ o7

03.14.06.0017.01
1 n 161 (%)k (%)k £k

1.0 2—4k Z4k
ber(2” = Fo(@ /; || Fa(@ = 5 > - + : -
= 1 3 —0 (kD)* (2k)!
k=0 (E)k (k" k=0 (KD (2K)
2—4 n-5 z4(n+1) 3 Z4
ber(z)” - —1F4[1; n+—,nN+2,N+2,n+2, —|+
I'(n+232T@2n+3) 2 64

1" 20 (204 ) 5 7 3 3 3
aFglL, N+ —, N+ —;n+—,Nn+—,N+—,N+2,Nn+2,N+2;, —— /\neN

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form
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03.14.06.0018.01

Lz sin iz sin iz
ber(z)oc——[e ‘/;[@ PNz et \/?]—

2V2n Nz

z in iz in iz z S5in iz Sin iz z in iz in iz

—[ -3t 1 = %~ =t — % -3t

Vo le® Viae " VT |+ —|evi |6 Viae® Vrlee vE|e® Voo ° Nz ||+

8z
91 .z 75177r7 iz ﬂ+ iz oz 27 iz 7£+ iz
[r[ T et r]r[ Gl r]]
128 7

75i L _5ll_ iz 5ll+ iz _L ﬂ_ iz _i_ﬂ+ iz T
e‘/; e ° \/?—ea '8 +e‘/; —es ‘/?—43 e + ... /;——<arg(z)s7r/\(|z|—>oo)
10247 2

03.14.06.0019.01

R 2

1 {EJ (%)Zk . 75%7 iz 5;4+ iz oz %7 iz 7%+ iz

ber(z) o« — Z e V2 (-Dke Vo _e Vo |—eV2 |e ‘E+(—1)ke vz
227 Vz |ico 2K!

(3,

L _Sin_ iz Sin, 12 _z in_ iz LY i \K
— — leVz e ° ‘/?+(—1)keg Vo |4 V2 (—1)ke8 Vo _g ° N2 (L +
2z 15 2k+ D!

T
/;—5<arg(z)s7r/\(|z|—>oo)/\neN

03.14.06.0020.01

Z (22 (11331 iy -+ (11331 i
ber(Z)oc—e‘/? [@8 ‘/?4F1[— - = =Ty —|te ? ‘/?4F1[ ;= ]]+

T 33553 ) -2+ 33553 i n
P P R = e B I || R L FAN )
[ “( ) (4444222) ;=% A

03.14.06.0021.01

in iz i iz
+

1 —( = 1 5 1
ber(z)oc—i[—e‘g [e ¢ ‘E[l+O(—]]+e8 ﬁ[uo[—)]
2vV2r vz Z b
__Z ( _5im_ iz 1 Six iz 1
e V2 |e ° \E[l+0[—)]—@8 ‘/?[1+O[—]]
Z Z

In trigonometric form ||| In trigonometric form

Vs
]/;—5<arg(z>sn/\(|z|—>oo>
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03.14.06.0022.01

1 = 1
ber(2) o« 7[6\/? cos(g(ﬂ—4\/72))+

27 Vz
ie ‘/—sn(8(37r 4\/_2)]+8—Z[e\/—sm( (4\/_Z+7r))+Le ‘/—sn( (4vV2 z- n))]
12222[43‘/—sm[ (4vV2 z- n))—w ‘/—cos( (4\/?2—371)))—
107;23[6‘/_005(8( 42 z- n))—w ‘/—co 8(ﬂ—4\/72))]+...]/;—g<arg(z)s;r/\(|z|—>oo)
03.14.06.0023.01

ber(z) «
! i{nZTEJ (%)ZM [an[ﬂ—:+;(4\/_z+7r))+( ke \/—nsn[?+ (4\/—2 n)]]( 4122]k+

V2r Vz |22 i @k+D)!

2 (5 2 = k 1 -—= k 1 1\
) [(—1)"@5 co ﬂ—+—(7r—4\/?z)]+m’ \Esin[ﬂ—+—(3n—4\/?z))][——] +
£ 2k)! 2 8 2 8 47

T
. /;—E<arg(z)57r/\(|z|—>oo)/\neN

03.14.06.0024.01

ber(z) «
11335577113 16]

1
7[[H— co (n 4av2 ))+e J—zsm( (Br-4v2z ))]3F3(—, S S o T T o o — [+
Vo2r vz 8 8 88888888424 #
33557799135 16
[efsn( (4\/—Z+ﬂ))+e ‘FES!n( (4\/_2 ﬂ))]gFg[ ————————————— ]—
8z 88888888244 z
5577991

R I CCE R R A

1287

11 3 5 3 16 75 = 1 -—= 1
R S eVe cos(—(4\/?z+n)]—m ‘Ecos(—(4\/72—n))
8 442 Z£) 10247 8 8
7 799 11 11 13 13 5 3 7 16 n

gFg(—, e ——] fi-=<agd=x /\ (2 o)
8888 8 8 8 8 424 £ 2

03.14.06.0025.01

1 = 1 =
ber(2) o 7[6‘/? cos{g(n—4\/72))+m V2 sin(g(Sn—4\/72))

277\/?

[1+o[z4]]/ ——<arg(z)<yr/\(|z|—>oo)

Expansions containing z -» —oo
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In exponential form ||| In exponential form

03.14.06.0026.01

_L _(5 l!l‘+tZ
ber(Z)oci[e E[ ‘F+e ‘/?]+
2V2nm V-2
oz 3:77(7 iz ?”—"Jr iz oz 71 i iz ij+ iz oz 335_ iz SLJJr iz
r[ Ve se f]si[f[ Ve et ﬁ]wﬁ[es Vo se r])
z

91 .z —%(in)— iz %r+ iz 35_7r_ iz 3‘:%+ iz

e I P P |
1287
75[ z %+xz 3;7r+iz .

re‘/i ‘E+e Vo l+e V2 [-e ‘F+e Vo [+ ... /;—<arg(z)57r/\(|z|—>oo)
10247 2

03.14.06.0027.01

. 2

1 [EJ (%)Zk = 3%‘ - 3%+ ’z -—= —%— iz %’+ iz i \K

ber(2) eVe |—e” V2 y (ke ® Vo |ve Vo [(—Dke © V2 4e” V2 (_) _
2V27 V=2 i 2K)!

STNEAN
{ZJ 2)2k+1

1
2z & 2k+1)!

_z 7:‘_7(7 iz z‘_zr+ iz .z ,&l, iz 3£+ iz . K
[e‘/? [e PV (ke ‘/?]+e ‘/;[(—l)ke Vg’ ‘/?]](L) +

T
A/ §<arg(Z)S7T/\(|Z|—>oo)/\n€N

03.14.06.0028.01

e 11331 i\ 5 11331 i
———Je Ve le® V2 S, 5 5 52 N N X i) | N
NI Nz 444 42 2 44442 2

e 11331 iy 3= 11331 i
6’3‘/_[ ‘/?4':1[—. = = = —;—i)—eg ‘/—4F1[ ————— L]]—

ber(2) «

44" 4 4 2 2

z 3in iz 3in iz
1 ——| %+ 335 5 3 i e 33553 i
O I R !

(- 335653 Tz 33553 n
N P I e o A I 1 I e | | | e R T JAN S
44442 2 2

03.14.06.0029.01

_13/8 L _ iz iz
ber(z) « L[eﬁ [\/4 “1e V2 +eV2
2V2n V-2

[, (Z— —o0)

[+

1 _; iz _ iz
(l+0(—])—e e [(—1)3/4@/? +ie V2
z
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03.14.06.0030.01

in iz in iz

m[ Ve [no[%]]w‘?‘ﬁ (1+o[§)) +

A )

In trigonometric form ||| In trigonometric form

ber(z) «

Ve
]/; E<arg(z)sn/\<|z|eoo)

03.14.06.0031.01

1 = 1
ber(2) o 7[@ a 005(5(4\/72+7r))+

Vor V-z

z

e%ico{S(ﬂ 4\/—2))+8—[ \/_sm( (4vV2 z- ﬂ)]+wz\/—sm( (4\/—z+n))]

122%[6_%%(;( aV2 z- ”))*W\/— sm( (4v2 z- n)))
102??[6_%005(;(” 4‘/_2)]‘“?\/—cos( (-4vV2 z- ﬂ))]+..‘]/;(z_>_oo)

03.14.06.0032.01

2(3)," = P )
! ( )Zk [ vz co —k+1(4\/—z+n))+w‘/7 co! —k+E(n 4\/—2))][ ! ] +
V2r V-z |k CK! 2 2 8 47

%) (Rees
112 2k+1

A R I )

ber(z) «

/i (2> —0)AneN
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03.14.06.0033.01
ber(z) «

1
Vo vz
1
8z

[ fsm(s(m/—z n))wfusn( (4\/_Z+ﬂ))]gF3[§,

9
128 72

[ fsn[s(w—zm)]mfsn(g(ﬂ_4ﬁz))]sps[

75

[ rcos(g(ﬂ 4rz))_mrco{ (-4vZ 2- n))]

102474
779911 11 13 13537 16
( ] /1 (Z—> =)

03.14.06.0034.01

1 = 1 = 1
ber(2) o —[e vz cos(g(4x/?z+n))+ie‘5 cos(g(n—A\/?z))

Vor V-z

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments

03.14.06.0035.01

iz iz iz

11335577113 16

[[eﬁ cos( (av2 z+n))+wr COS(8(7T a2 Z))]8F3[—, Y m = oy oy = —

8 8888888424 £

3557799135 16
8888888244 4

5577991 11 353 16

888sss 8 8442 2

ol

iz

= vz 2 _z 2 vz
e e e e
ber(z) « \/4 1 |eV2 +e V2 + +
2V2r Vev#z Tz P
(_1)3/4 _z eﬁ ieiiz __z eif Eeﬁ
5 eV2 |- - +e V2 + +
z
Ve z itz Vo2 Ny T2
9 | = vz vz _z vz 2
i V2 e e e V7 e e ~
1282
8 VT2 Ve sz N \/—<—1>3/“z
75\/4 -1 = e‘/? ie V2 - e V2 ie‘/?
eV2 - +e V2 |- +../:02 > )

1024 7 \/(_1)3/42 \/ V-1 2 \/—(—1)3/42

+
\/—4—12
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03.14.06.0036.01

iz n (1) 2 _fz N (1) 2
e V-1 | =| eV2 %(E)ZK [ Iz)k o[ 1 ] e V2 [EJ(E)ZK (E)k o[ 1
Er(2) o ev? -—— + + — +
2\ 2rx /(_1)3/42 w0 2k 42 ZZEJ+2 T [ k! \42 22[2J+2
L N1y 2 iz N (1) 2
—} e V2 %(E)zk [ i ]k o[ 1 ] oz | L (E)Zk ( i )k o[ 1 ]
e V2 -— + + — + +
/_(_1)3/42 = 2! a2 A3l T | 2Kr! \a2 A3l
[—Z n-1 1 2 _i_z n-1 1 2
¥ | = ez liJ (E)Zkﬂ [i]k J 1 e V2 [ij (E)zm ( iJk
e — | + + -—— +
2z —\4/?2 o Ck+D!\4aZ2 ZZVHJJ“Z m o Ck+D!{ 427
iz w1l 1y 2
1 | o (E G oy 1
0 —eV2 -—1 +0
{EJQ] N o | & ek 422)+ EN
Al (~1)¥4z | =0 A2
LS n-1 2
ie V2 ] (%)2“1 i\ 1
> [—] +0| — /(2> o) AneN
[\4/?2 k=0 (2k+ 1)' 422 ZZ{TJJrZ

03.14.06.0037.01

np (1) 2
1+i 1 7T e |[El Bl (i 1
ber(2) o oDV Z ( ) ol — .
AT V-V 2 —iZ o (200! 147 Azl
3/4 \‘7/_1 [EJ (l) 2 ’
— -V -1z 215 .
1 (-D""e Z+e\‘7’:2222k [—L)+O i .
1’(_1)3/42 ’EZZ k=0 (Zk)' 422 ZZ[EJ+2
n-1y (1 2
(- 1 34 V-1 0%z \ —iZ [ 2 J (5)2k+1 i\ 1
iehT - Z ] +0 +
2 —V-1z z o Ck+D!1aZ 252
(),
(T R (T P
—eV e Z (__) +0 /i (14 > e0)AneN
V(=1¥z ViZ o @k+D!L 42 25
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03.14.06.0038.01

4 z

V-1 -— eV? 11331 i e V2 11331
ber(2) o e V2 74&[—, - = == —]+74F1[ i ]+

221 —ﬁz 4 4 4 4 2 2 [_(_1)3/42
| e V2 11331 ez 11331
ez —" 1[2 4_1’ Z, Z; E; —]+—4 1[:1, Z, Z, 4_1; E;__
VV-1z V(D¥z z

8z

V-(-1*z

iz iz

—\/4 -1z

Zv Zu Zx Zy Eu;

F

03.14.06.0039.01

iz iz

AT ei‘/; 1 eV 1
ber(2) « eVz (l+ O(—]]+ —(l+0(—]) +

2v2n VY1 2 V(=12

iz iz

. vz 1 V2
e V2 e7[1+0[_]]+ ¢

= N (1+ 0(;]] ACEYS

03.14.06.0040.01

18[ 1 ffﬂz[q -1 _(_1)3/482Hz+58i\/?z+f\/?z]
2y 27 vz 4 0 4
8| 1 f,ﬂz[371 +(71)3/4?2ﬂz+i?i\/?z+exﬁz]
1_age _3
2y 27 vz 4 4
8 1 e,ﬁz[dfl +(71)3/4€2ﬂ2+i€i‘/?276‘52]
ber(2) o« 292 .3 /(24> )
2y 2r vz d 4
8 1 K,HZ[ -1 _(_1)3/4L,2ﬂz_ici\/;z+l,\gz]
3 _a@ _ 1
2y 2x vz 4 4
8/_1 F-Hz(@_l +(—l)3/4czﬂz+ici‘/?z—f‘/?z]
- True
2y 27 vz

Residue representations

— ie V2 33553 i ev? 33553
T /411 Y L |

222272

Z

(-1)¥4 ——} ieVe 335653 e V2 33553
2 | — s— — |+
o "Naaa a2 2
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03.14.06.0041.01

z\—4s

ber(@) = = ), res) —————T(©)|(-))
o0 (ra-9r(;-s
Integral representations

On the real axis

Of thedirect function

03.14.07.0001.01

1 zcos(t) zcos(t)
ber(z2) = — f CO! cosh dt

mo vz V2

03.14.07.0002.01

2 rt 1 tz tz
ber(z) = —f cos{—] cosh[—)alt

o 1_t2 \/? \/7

03.14.07.0003.01

1 5 (zsin) zsin(t)
ber(z) = —fﬂco cosh dt
-3 V2 V2

03.14.07.0004.01
1 pm zsin(t) zsin(t)
ber(z) = — f cos[ ]cosh[ ]ait
V0 V2 V2

Contour integral representations

03.14.07.0005.01

ber(2) = iLL(E)_“ds

2i r(% —s)zr(l—s) 4

Limit representations

03.14.09.0001.01

)5
ber(z = —|lim|Ly| — |+ Ln|——
2 |noeo 4n 4n

03.14.09.0002.01

_ 11 z
ber(Z):?IlLrpo 1Fs| & >3 1 “ea

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
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03.14.13.0001.01
W@ +2w¥@2 2 -W'@ 2+ W@ z+Z W@ = 0/; W2) = ¢, ber(z) + ¢, bei(2) + czker(z) + c,kei(2)

03.14.13.0002.01

1
W,(ber(2), bei(2), ker(2), kei(2)) == — ;

03.14.13.0003.01
120 @° W@ +29@2°% (02" -39 9" @) g @* W@ -
92*(0@" +6029" @9 @ +492°d°@D g (@ - 1502° 9" @) d@OW'(2) +
02 (Y@°+92 9" @9 @"-202°9°@ g @° +92° (69" (@° - 92 0¥ @) g (@° + 1002° 9" 2 °@ g (@ -
1592°9"@°)W@ +9@* @' W2 =0/, W(2) = ¢, ber(g(2) + ¢, bei(g(2) + ¢z ker(g(2) + ¢4 kei(g(2)

03.14.13.0004.01

/(2)6

9(2?

W;(ber(9(2)), bei(g(2)), ker(g(2)), kei(g(2) = -

03.14.13.0005.01
92' 9@’ h@* W@ +292°g @ (h@ (0 @° -39 9" (@) -29@ g @ N @) h@’ W@ +
929 @ (-(0@*+692 9" @9 @*+492*d°@ g (@ - 15927 g’ (2°) h(2)* -
6929 @ (N9 @°+92 N @ 9@ -390 N @9 2)h@ +1292° g @ V@) h@* W'@) +
12 (9@°+929"@9@" - 292*9°@ g @° +92?(69"(@° - 92 §“ @) g (@° +
1002°9"@9%@ 9@ -1592° 9" @°)h@’ +29@ 9@ (W@ g @" - 39@ '@ g (@ -
292 (92 h°@-3N@2¢'2)g@*+92% (99" @ N (@ + 4N (2 ¢°@) 9@ - 1592%N (2 9" (@) h@’ +
12029 @* W@ (W@ J@°+292 N (@ d @ -390 N (@ 9" @)h@ -2402° g @* N @) ho W@ +
(0@*h@* 9@ +9@* (240 @" - 36h@ '@ (@ + 8h@* K@) (2 + h@? (61" (2 - h@ h“(2)) g (2° -
292°h@ (9 (@° -39 9" @) (6N 2° - 6h@ N (@ W@ +h@’ @) g @° +
9@?h@’ (h@ (@ -2 (@2°) (9 @" +69@ 9" @ 9@ +492° °@ d (@ - 1502% 9" (2°) 9 @ -
92h@’ @ (g @°+92 9" @9 @" - 202*9°@ g @° +
92%(69"(° - 92 9* @) g @° +1092° 9" @ 9?2 g2 - 1592° 9" (@°)) Ww2) =0/;
W(2) = ¢; h(2) ber(g(2)) + ¢, h(2) bei(g(2) +c3 h(2) ker(g(2) + ¢4 h(2) kei(9(2)
03.14.13.0006.01
h@'g@°
W,(h(2) ber(g(2), h(2) bei(g(2), h(2) ker(g(2)), h(z) kei(g(2))) = - 9(7

03.14.13.0007.01
W2 +(6-4r-492W3V(@) +(4r2+12(s- Dr+6(s-2)s+7) ZW'(2) +
@r+2s-1)(-2(s-Ds+r(2-49-1zw@ +(a*r* 2"+ +4r+4r* ) w2 = 0/;
W(2) = ¢, Zber(aZ) + c, Zbei(a?) + cyZker(az) +c, Zkei(@z)
03.14.13.0008.01
W, (Zber(a?), Zbei(a?), Zker(@az), Zkei(az)) = —a*ré £7+4s6
03.14.13.0009.01
WP (2) - 4(log(r) +log(s) W(2) + 2(2 log?(r) + 61og(s) log(r) + 3 Iogz(s)) w’(2) +
4(log(r) +log(s)) (~log’(s) — 210g(r) log(s)) W () + (a* log*(r) r*Z + log*(s) + 41og(r) log*(s) + 410g°(r) log(s)) w(2) =
0/, W(2) = ¢; S ber(ar?) +c, S bei(ar? +cgs“ker(ar? +c, s kei(ar?
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03.14.13.0010.01
W, (s ber(ar?), & bei(ar?), Sker(ar?), skei(ar?) == —a* r*zs*2log’(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.14.16.0001.01
ber(—z) = ber(z)

03.14.16.0002.01
ber(i z2) = ber(2)

03.14.16.0003.01
ber(—i z) = ber(2)

03.14.16.0004.01

ber[ﬁ z] = ber(V-1 7]

03.14.16.0005.01
ber((-1)"¥*2) = ber( V-1 z)

03.14.16.0006.01
ber((-1)¥* 2) = ber(V'-1 7

03.14.16.0007.01

ber(\‘y? ) = ber(2)

Addition formulas

03.14.16.0008.01
(o] ) ) 22
ber(z - 2) = ), (ber(zy) ber(z,) - beiy(zy) beiy(2)) /; |—| < 1

k=—c0

Z

03.14.16.0009.01

& Z
ber(z, +z) = Z (— D) (bery(zy) ber(z,) — beiy(z;) beiy(22)) /; 2—2 <1
k=—c0 1
Multiple arguments
03.14.16.0010.01
= (1-2)(2) [ (3kx 3k z
ber(z, 2) = Z A [cos(—] bery(z,) — sin[—] beik(zz)] fil=<1
o k! 4 4 7

Related transformations

Involving bei(2)
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03.14.16.0011.01

ber(2) + i bei(z) = |0(“ -1 z)

03.14.16.0012.01
ber(2) - i bei(2) = lo((-1)¥* 2)

Differentiation

Low-order differentiation

03.14.20.0001.01
ober(z)  beiy(2) + bery(2)

z VZ

03.14.20.0002.01

82ber(2)
07

1
=3 (bei>(2) - bei(2))

Symbolic differentiation

03.14.20.0003.01
o"ber(2) o
0

03.14.20.0004.01
0"ber(2)

97"
=]

2]
n .
( ) k) (i (1= ") belg (@ + (1 +i" beraa(2) — (

k=0 k=0

3n
=(-1+)"2 2"

" ) (i (1= i) D4y 2@ + (1 + ) beragenea@) | /i n € N
2k+1

03.14.20.0005.01

d"ber(2) - 73_11@ n+1 (ny, o .
=2 gom(m()((v—l ) belgic n(2) + (1 +i") bergi (2)) -

(l+u‘)\/7(4k—n+l)( n

2k+1 ) ((_l + Ln) bei4k,n+1(z) + (—l + l‘l‘H—l) ber4kn+1(z))] /’ neN

4

03.14.20.0006.01
d"ber(2) R

=nGgl = —
07" 14 4

Fractional integro-differentiation

With respect to z

03.14.20.0007.01

0*ber(2) 1 _
= ZZEHE 71'2 zv oFs
0z
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Integration

Indefinite integration

03.14.21.0001.01

111 5 1
fber(az)dz_ le4[ - =1, - ——a“z“)
42" 2

Definite integration

03.14.21.0002.01

f =1 ¢ Ptber(t) dt = p™* I'(@) 4F3
0

1 1 3
Re@) >0 \ |Re(p) > — \/|Re(p) = — /\ Re(a) < —
/\[ P ﬁ\/[ P rz/\ 2]]

a+1l a+2 a+3 «a
4 44

Integral transforms

Laplace transforms

03.14.22.0001.01
1 1 1 1
Li[ber(h)] (2 = cos[— tan‘l(—]] /; Re(2) > —
Joou 202 vz

Mellin transforms

03.14.22.0002.01

z+1 z+2 z+3 z 11

1 1
Mi[e Pt ber(t)] () = p‘ZF(Z)4F3[— —_— — =i = L=k Re(2)>0/\ Re(p) > —
4 4 4422 p? V2

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

03.14.26.0001.01
11 f‘]

ber(2) = 7 oF L —
° 3[ 2'2' 7 256

Involving ,Fq

03.14.26.0002.01

11 z
ber(? =oFs|; = = L ——
2 2 256

Through Meijer G
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Classical casesfor thedirect function itself

03.14.26.0003.01

Ooll]

ber(2) = 7 G2 i 11!
26| 22

Classical casesfor powersof ber
03.14.26.0004.01

1

7

0,0,0,

NIF Nw
N
N
N——————

1 |n z

+= = Gl —

L l] 2V 2 2’6[16
2’2

Brychkov Yu.A. (2006)

03.14.26.0005.01

64

o
o
O rie
N~
NI~
N

1
ber(@)” =~ n¥ G5 —

Brychkov Yu.A. (2006)

Classical casesinvolving powers of bei

03.14.26.0006.01

1
L a—\2 4 2: 32 ~10 i 2
oe({2) +ber 2]« 61,5[64 oo ]

Brychkov Yu.A. (2006)

03.14.26.0007.01

2 2 T

bei(Vz ) —ber(Vz) =-,/ = G;;g[i

Brychkov Yu.A. (2006)

03.14.26.0008.01

bei(2)” + ber(2)” = 732 Gy —
"l 64

Brychkov Y u.A. (2006)

03.14.26.0009.01

w
bei(z)2 - ber(z)2 =- I E G%:é

Brychkov Yu.A. (2006)

Classical casesinvolving bel
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03.14.26.0010.01
sl ¥7)oo(7) = - [ 2

Brychkov Yu.A. (2006)

03.14.26.0011.01

. . 17.(3/2 z
bei(Vz ) ber(Vz ) = —— G633 - —
2vV2 16
03.14.26.0012.01
) 1 |n 4, z
bei(z) ber(z) = - .| = Gyl —
2V 2 “7l16 % 0,
03.14.26.0013.01
7302
bei(2) ber(z2) = —— Gé:g %1
2\/? 6 3 0,

Classical casesinvolving kel

03.14.26.0014.01

ber(VZ ) kei(«“/?)=—§\/7<3§;2(—‘ 0

z
64
Brychkov Yu.A. (2006)

03.14.26.0015.01

1

0.2,

1 z
ber(2) kei(2) = —— Vr G| —
(2 2 5 s 0'4[64

Brychkov Yu.A. (2006)

Classical casesinvolving ker

03.14.26.0016.01

ber(Vz | ker(VZ ) = %\/765;2(614‘ 0,0,0, §)+

Brychkov Yu.A. (2006)

03.14.26.0017.01

1 z
ber(2) ker(z) = gx/? Gg;g{a

Brychkov Yu.A. (2006)

13
11 ]
1 11
5.0,00, 3, >
13
710
N 44 N 1]/;—7r<arg(z)50
5.0,00,0,3, 3
1 3
77 b b 3 3n
[i——=<ag2 =< — —<ag@=n/\-n<ag®<-—
o,o,l,l] P 4/\4 ? A J 4
2" 2
139 7 x
4’ 4’
/i——<ag2=<0 —<ag=n
Qaagg] 2= AZ °

Z 13
1 32 44
= OO]— G’[— ]
12 2,6 11 1
8vV2rn 6|0 513003
13
1 z o n s
0,0] —Gg:g — L ‘; 4 ) /i—-—<ag® < —
8V2an 16 | o, 550,03 4 4
13
z - =
Ggé[ﬁ f ’ 1 1]
8V2r 0,0, 3 0, 33
z r2 s P g
0,00, %]+—G§:§E f 4 - /;_Z<arg(z)sz
8vV2n 0,0, 5’0’ 33

Classical casesinvolving bel, ker and kel
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03.14.26.0018.01
o6 ({2 kel Vz ) (V2 e V2 ) = Vi o3[ | 0.0.0. 1)

12

Brychkov Yu.A. (2006)

03.14.26.0019.01

ol ol 7)o 7 e 7] -

Brychkov Yu.A. (2006)

03.14.26.0020.01

ber(VZ ) kei(VZ ) + bei( VZ ) ker(VZ ) = - o eg;g[_

Brychkov Yu.A. (2006)

03.14.26.0021.01
bei(V/Z ) ker(VZ ) - ber(VZ | kei(VZ ) = %ﬁeﬁ;i[é ‘ 010 o)
Brychkov Yu.A. (2006)

03.14.26.0022.01

T

1 z b/g
bei(2) kei(2) + ber(2) ker(z) = Z Vr eg;g[a 0,0,0, %] /i - 7 < ag2) < —

N

Brychkov Yu.A. (2006)

03.14.26.0023.01

- : 1 32| Z %’ % d d
bei(2) kei(z) - ber(2) ker(2) = - ——— G| — ) 11 /i ——<ag = —
2521 16 | 0, 0, 50,55 4 4

Brychkov Yu.A. (2006)

03.14.26.0024.01

1 32 z %’ % 4 4
ber(2) kei(2) + bei(z) ker(z) = - ——— Gyl — 11 N [i——<ag@=—
2521 16| o, > 5 0,0, 5 4 4

Brychkov Yu.A. (2006)

03.14.26.0025.01

1 z 3 3
bei(z) ker(z) — ber(z) kei(z) = Z v Géjg[a ‘ 0, % 0, O] /i —% <ag2 < %\/ Tﬂ <ag(2 < n\/ —-n<ag(2 < —Tﬂ

Brychkov Yu.A. (2006)

Classical casesinvolving Bessel J
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03.14.26.0026.01

i

0,0,0, —]+\/—Gz4

1 z
Jo((-1¥* 2) ber(2) = 5 Vr [Gaﬁ[-a

Classical casesinvolving Bessel |

03.14.26.0027.01

1
lo(V'=1 2] ber(@) = E\G Gool-

0,0,0, ]+ \/—624[u

Classical casesinvolving Bessel K

03.14.26.0028.01

\ 1
Ko(V=1 2)ber(@) = - 2 32 [2 Gg;g[i 2 0,0, o]] /; —g <ag2 =<0

Classical casesinvolving oF 1

03.14.26.0029.01

ivz
J%L ]wWﬂz
1 L , 31 , 31
5‘/5[ﬁneig_ T 41411]”@;5[ ) 4411J]
0,002 3 0,002 3 3 2.0,0,0 2,

03.14.26.0030.01

i 22
OFl(v 1 ) ber(Z)

1 31 3 1
1 [n z > z i 7
10 2 12 44 . 12 44
E E [ﬁﬂelys[a 1 1]+Gz'6[1_6 111 ]+EGZG[ 1 11 ]]/,
0,0,3,0 3 0,033 350 2.0,0,3, 2,0
s 3n 5n
—-—<ag2 = — —<ag2=n\/ —-n<ag(zd = —
4 g 4\/ 4 9 \/ 9 4
03.14.26.0031.01
o 7 1
iz Vs Gé,4(_a | 0,0,0, 5) 11 %, %
oF1|: L — |ber@ = > +GyyliZ L
4 vz 00,2

Generalized casesfor thedirect function itself
03.14.26.0032.01

1 1
QQ;J

z 1
ber(z) = nGl’O(—, -
4’ 4

Generalized casesfor powers of ber

1

5 1 |n z 1

2 12
+—. = Gyg| =, —

PHICEL i

03.14.26.0033.01

Dlw

o
o
o
N_IH
N =
NI-
~——————

1
ber(z)2 = E 3?2 Gi:o _—

z 1
\/_ 4
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Brychkov Y u.A. (2006)

03.14.26.0034.01

1 Veizoa 32 1 1 :
ber(’ = = Vr Gyl ———, ={ 0.0,0, 5 |+ — G| = V-1 2z - !
2 2v2 4 2V2 2 41000,
Generalized casesinvolving power s of bel
03.14.26.0035.01
.2 2 3/2 ~1,0 1 %
bei(2)” + ber(2)” = 7%° Gg| ——, - -
2\/7 410,00, 33
Brychkov Y u.A. (2006)
03.14.26.0036.01
2 2 LR 411’ %
bei(2)° — ber(2)® = - 5 G, 5 Z 111
0,003, 3 3
Brychkov Yu.A. (2006)
Generalized casesinvolving bel
03.14.26.0037.01
1 3
1 |n z 1 v
bei(z) ber( = — | = Gya| =, — 4
2N 2 "\24|30003 3
2 2
Brychkov Yu.A. (2006)
03.14.26.0038.01
i (1 1 530
bei@ber(-5)= —— G5l -V-1z-| * %
2vV2 2 4 5’0'0’0’0'5’5
Generalized casesinvolving kel
03.14.26.0039.01
1
1 z 1 z 1 7
ber(2) kei(2) = — - \/?Géjﬁ[ .=10,3.0 0]— —— G 52 N
8 2v2 4 8V2n 41033
Brychkov Yu.A. (2006)
Generalized casesinvolving ker
03.14.26.0040.01
1
1 z 1 1 z 1 >
ber(z) ker(2) = — \/76532[—, Z 0,0,0, §]+ —— Gyt 2 f
8 2vV2 8Van 0,03,

Brychkov Yu.A. (2006)

Generalized casesinvolving bel, ker and kei

o

Blw

NI

N
N————



http: //functions.wolfram.com

22

03.14.26.0041.01

) ) 1 of 2001
bei(2) kei(2) + ber(d ker(d = -V Goyl ——, =
4 2\/? 4

Brychkov Yu.A. (2006)

03.14.26.0042.01

1
0,0,0, 5]

1 3

z 1 < 7
bei(2) kei(2) — ber(2) ker(2) = — Gagl =, - f 4 ) 1]
avar (2 4[00.307 3

Brychkov Yu.A. (2006)
03.14.26.0043.01

| . WERII S
bei(z) ker(z) + ber(z) kei(z) = - Gyg| = = 1 N
avan (2 4]0.53.00;

Brychkov Y u.A. (2006)

03.14.26.0044.01

1 z 1
bei(2) ker(2) — ber(2) kei(2) = — Vr eg;g[_, -
4 2 \/? 4

Brychkov Yu.A. (2006)

Generalized casesinvolving Bessel J

03.14.26.0045.01

1 v-1z 1
Jo((-1** 2)ber = ~ V7 | Ggy —Z, -
2 2 A/ 2 4

Generalized casesinvolving Bessdl |

03.14.26.0046.01

1 v-1z 1
|O(“—1 z)ber(z):E«/F -

Gog
2vV2

Generalized casesinvolving Bessel K

03.14.26.0047.01

1 1
Ko(V/=1 2) ber(@ = _Zna/z [2 eg;g[ V-1 z, E

Generalized casesinvolving oF

1
0,0,0, %]+\/?G%’i[\/4 -1z -
' 2

1
0, > 0, 0]

o NIk
O rie
NS

N —
N —

0,

%’ _zlt' % 30 4" 1z1 1
1 . - ——Gpy =100, 5,0
0, - 0, 7 2n? 2V 2
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03.14.26.0048.01

iz
oF1|: L; e ber(2) =

1 (=
-\ = ﬁnGig
2v2 2vV2

03.14.26.0049.01

| 72 1
OFl(; 1 %) ber(z) = 5\/; [Géjg[

1
4

\/4—12

2vV2

L

2

1
0,0,0, %,

NI|=

N

31 3
z 1 eV z 1 =
+G;:(25[5,Z 4 14 11 +iG;:(2; E,Z 1 ¢
0,00, 3133 > 0, 0,
1 11
0,00 |+V2GyV-12z-| **
2 O,O,O,Z

Representations through equivalent functions

With related functions

03.14.27.0001.01

vt = (2 )+ 117
03.14.27.0002.01

ber(z) = %(I0(4 -1 z)+J0( V-1 z))
03.14.27.0003.01

ber(2) + i bei(z) = |o(“ -1 z)

03.14.27.0004.01

ber(2) - i bei(2) = Jo( V-1 z)

Theorems
History

O ~ie

N

N
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