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Traditional name

Kelvin function of thefirst kind

Traditional notation

ber,(2)

Mathematica StandardForm notation

Kel vi nBer [v, z]

Primary definition

03.18.02.0001.01

3iny

ber, (2) == gﬁmzv («“/T z)_v (eT |V(“ 1 z)+JV(4 1 z))

Specific values

Specialized values

For fixed v

03.18.03.0001.01
ber,(0)=0/;,veN"\VVRe(v) >0

03.18.03.0002.01
ber,(0) = & /; Re(v) < 0

03.18.03.0003.01
ber,(0)=;/; Re(v)=0Av 0

For fixed z

Explicit rational v

03.18.03.0004.01
bery(2) == ber(2)
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03.18.03.0005.01

14/3
i(\/4 -1 z)
ber 14 (Z) = —
) 162 356 7253 (1 + i) 20?3

1 1
(144 V3 (9iZ +110) Ai(E 373 ((1+10) 2)2/3) (1+) 2% +144~/3 i (97 +110i) Ai(—E 3B (L+10) 2)2/3) (@+)2* -
1 1 6
144(97° - 110) Bi[g @+ 2)2/3) (1 +1) 2% +144(110- 9i 7) Bi(— S @ 2)2/3) @+ +3V3
1 ‘ 1
(817 - 4320 2 - 14080) Ai’(E (L +d) 2)2/3) -3V3 (817 +4320i 7 - 14080) Ai’(—5 3 (L+d) 2)2/3) +

1 1
3%° (-817" + 4320 Z + 14080) Bi’(5 3 (L+d) 2)2/3) +3%°% (817 +4320i 7 - 14080) Bi’(—5 3 (L+d) 2)2/3))

03.18.03.0006.01
8

V-1
ber o(2) = (V=1 (#'+45iZ - 105)cof V-1 2)-
5 VR e

(7 - 45i 2 - 105) cos{(-1¥* 2) - 52((27 + 21i) sin(V=1 2)+ V=1 (2i 2 + 21) sin((-1)%* 2)))

03.18.03.0007.01

V=1
ber s =————
3 54 22/3 35/6 Z13/3

1 1
(-845/? (92 -80i) Ai'(E 3@+ z)2/3] (1+)2%° +84V3 (80-9i7) Ai'(—E 3 (@+d) 2)2/3) 1+ 2% -
1 1
283”3 (92 - 80i) Bi’(E 3 (@+i) 2)2/3) (1+i)2%° +283%°(80-9i 7) Bi’(—E 3@+ z)2/3) (@+)27P+
1 1
V3 (81i7* +30247 - 4480i) Ai(E 3B (L +0) 2)2/3) +V3 (-817 - 3024 Z + 4480) Ai(—5 3B (L+i) z)2/3) -

1 1
(81i Z* + 3024 7 — 44801i) Bi(E R (A+i) 2)2/3) +(-817 - 3024 7 + 4480) Bi(—5 3B (A+i) 2)2/3))

03.18.03.0008.01

8/3
(V=17
ber 1 (Z) =
BE) 108 3%6 73 ((1 + i) 2?3

1 1
(9\/6 z(9z'22+160)Ai(532/3((1+i) 2)2/3) Vd+iz -9V6 2(922+16Ou')Ai(—532/3 ((1+i)z)2/3J Va+iz +
1 1
9V2 z(—9u'22—160)Bi(ESZ/S((1+n')z)2/3)\/3 L+i)z +9V2 2(972 +160) Bi(—532/3((1+i)z)2/3)\/3 L+iz +
4) 6 1 4 6 1
40V-1 V3 (961’—2722)Ai'(532/3((l+i) 2)2/3)+120\/—1 V3 (32—9/i22)Ai'(—532/3 ((1+i)z)2/3)+

1 1
40V -1 3P (92 - 32i) Bi’(5 3 (@+d) z)2/3) +40(-1)¥4 33 (92 + 32i) Bi’[—5 3 (@+d) z)z’s))
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03.18.03.0009.01
8

V-1
ber 7(2) = —
2z V2n 772

(3(222+5a')cos(\4/j z)—3\4/j(2i22+5)cos((—1)3/4z)+\4/jz(22+1512)sjn({1/jz)+z(u‘zz+15)sin((—1)3/4z))

03.18.03.0010.01

10/3
i (\/4 -1 z)
ber 10 (Z) =
) 18396 2195 (1 + i) 27

+ —

[8 V3 (14-9i 2) Ai-3 3B+ 9 2% (A+ 92" 8(14-9:2)Bi(-1 3 (1 +) %) (A +) 2P
Z zZ

8V3 (9i 7+ 14)Ai( 31+ 2%) (1 +i) 9
2

1
+V3 (33%6i-277) Ai’(5 @+ 2)2/3) +

6 1 16(97 - 141) Bi(; 33 (1 +1) 2%°)
3V3 (97 +112i) Ai'[— Z 3B (1+4) 2)2/3) N .
2 (1+i)2*R

1 1
3% (112i-92) Bi'(E @+ z)2/3) +37%(97 + 112i) Bi’(— 5 3@+ 2)2/3)]
03.18.03.0011.01
ber s(2) =
"3

8/3

1

183%6 2143 (1 + i) 273

1 1
(—451' V3 Ai(E 3B (L +i) 2)2/3] (L+i) "R -453 iAi(— 5 3B (1 +4) 2)2/3) A+ 2%+

1 1
45; Bi(5 3P (1+10) 2)2/3) ((L+0) 2"+ 45 Bi(— 5 3P ((L+30) 2)2/3] ((L+13) 2" -
1 1
3V3 (97 - 40:) Ai'(E FR@+d 2)2/3) +3V3 (92 +40i) Ai'[—5 3@+ z>2/3) +
1 1
323 (92 - 404) Bi’[E FBR~+i 2)2/3) ~33(92 + 404) Bi'(—5 FBRa~+i 2)2/3))

03.18.03.0012.01

—1 7/8
ber 5(2) = - . ((S—izz) cos( V-1 z) +vV -1 (i Z + 3) cog(-1)¥* z)+3\/4 -1 zsin( V-1 z)—325in((—1)3/4 z))
T VZm e
03.18.03.0013.01
¥ 6 1
ber ;)= - ——— (—2417 V3 Ai’(— 3B (1+i) z)2/3) A+ +
-3 622/3 35/6 Z7/3 2

6 1 1
24+ 3 Ai’(—E 3B+ 2)2/3) (L+i)2?®-8i3? Bi’(5 3B+ 2)2/3) Q+i272+
1 1
8323 Bi'(— 3 3B+ 2)2/3) (1+i)2%2++3 (16i-97) Ai(5 3B (1+0) 2)2/3) +

1 1 1
V3 (16-9i7) Ai(—E 3B (L+10) 2)2/3) +(16i-92) Bi(E 3R (L+10) 2)2/3) +(16-9i 2) Bi(— 5 3B (L+10) 2)2/3))
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03.18.03.0014.01
ber 5(2) =
3

2/3

i(\/4 -1 z)
6V2 3R (L+i)2%°

1 1
(—Qi V3 Ai(E 3P +i) 2)2/3) (1+)2*+9vV3 Ai(—E 3P +i) 2)2/3) (A+i) 2%+

1 1 . 1
9i Bi[5 3B ((1+40) 2)2/3) (L+i)2%3-9 Bi(— 3 3@+ 2)2/3) ((A+i) 2" +243 i Ai/(E 3B (1+i0) 2)2/3) -

1 1
243 Ai ( =3 (A+0) 2)2/3) 8i3%° Bi/(E 373 ((1+10) 2)2/3) +83%3 Bi/(— 5 373 ((1+10) 2)2/3)]

03.18.03.0015.01

V-1
ber ;(2) = (cos( V-1 z) - (-D¥* coq(-D¥* 2) + V-1 zsin( V-1 z) +izsn((-1¥* z))
2 Vor #2

03.18.03.0016.01

S T S EL R E RTINS EI R

03.18.03.0017.01

ber 4(2) =

4 - ( 3V3 Ai [ 3B (1 +1i) 2)2/3) (1+i)22% +3V3 Ai ( — 3B+ 2)2/3) (Q+d)2?B-
3 2 22/3 35/6 A3 2

1 1 1
3B Bi’[E R+ z)2/3) (A+i) 2P +3P Bi’(— 5 P ((A+i) z)2/3) (A+)2%+2V3 Ai(E 3P (A+i) z)2/3) +

1 1 1
23 Ai(— 5 3B (1 +1i) z)2/3] +2 Bi(E 3B (L +i) 2)2/3) +2 Bi(— 5 3B (L +i) 2)2/3)]

03.18.03.0018.01
i
ber ;@)= ———
P V2 3egs

1 1 1 1
(3 Ai’(E 3B (L +i) 2)2/3) - 3Ai’(— 5 3B (L +14) 2)2/3) +V3 (Bi’(— 5 3B (L +i) 2)2/3) - Bi’(5 3B (L +i) z)2/3)))

03.18.03.0019.01

ber_%(z) \/(2__:)3/8 (cos(\/j ) V-1 cos((—1)3/4z))

03.18.03.0020.01

o o)

03.18.03.0021.01

a+i (3
ber 1(2) = 5 —
-3 4\3/_ 2

1 1 1
(—z V3 A|[ 3B (L +1i) 2)2/3) +V3 A{—E 3B (1 +4) 2)2/3) i Bi(5 3B (1 +4) 2)2/3) + Bi(—E 32B (1 +14) 2)2/3))




http: //functions.wolfram.com

03.18.03.0022.01

NEREY:
berl(z) =
3 22506 213

1 1 1 1
(\/? Ai(5 3B (L +i) 2)2/3] +vV3 iAi(—E 3B (L +i) 2)2/3] - Bi(E 3B (1 +10) 2)2/3) —i |3i(-E 3B (L +i) 2)2/3))

03.18.03.0023.01

-1 3/8 . .
berl(2)=—¥(sin(\/—1 2)+ V-1 sin((-1% 2))
2 V2nr \/?

03.18.03.0024.01

1 2 3 z z 3 z z
berl(z): l — (sin(—)sinh[—) co{—)—cos(—) cosh[—]sin[—])
: Nz V7 8 vz ) W2 8 vz ) \W2

03.18.03.0025.01

((L+13)2%°
ber,(=-—————
3 2643 3

1 1 1 1
(—3 Ai'(5 3B (1 +4) 2)2/3) + 3Ai’(—5 3B (1 +4) 2)2/3) +V3 (Bi’(—E 3B (1+4) 2)2/3) - Bi’(5 323 (1 +i) 2)2/3)))

03.18.03.0026.01

23

bers(z) = -

: 2396 ((1+4)2*R («/“ 1 z)

4/3

1 1
(—3 NE) Ai’(5 323 (1+i) 2)2/3) (1+i)2+3V3 Ai’[—5 323 (1+i) 2)2/3) 1+ 2%+

1 1 1
323 Bi’(5 3B (1 +1i) 2)2/3) ((L+d) 2?3323 Bi’(— 5 32B((1+4) 2)2/3) (Q+i)2?RP+2V3 Ai(E 32B((1+14) 2)2/3) +

1 1 1
23 Ai(-E 33 (L +i) 2)2/3] -2 Bi(E 3B (L +10) z)Z/S] -2 Bi(— 5 3B (L +10) z)2/3]]

03.18.03.0027.01
8

beré(z) =

NG s

03.18.03.0028.01

= 2 [ e - e - {2 )

(—NA/T zcos(ﬁ z) +izeos((-1)¥* 2) + sin( V-1 z) +(=D¥* sin((-1)¥* z))
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03.18.03.0029.01
71173

berE(Z) =

PosVz s+ (V-1 2)8/3

(9 V3 zAi(% 323 ((1+1i) z)2/3) Va+iz +9V3 i zAi(—% 323 (1 +1i) 2)2/3) Va+iz +
QzBi(% 323 ((1+1) 2)2/3) Va+iz +9i zBi(—% 383 ((1+10) 2)2/3) Va+iz -
12-12i)V3 Ai’(% 3B ((1+4) 2)2/3) ~(12+12)V3 Ai'(— % 3B (1 +i) 2)2/3) -

1 1
(4-4i) 33 Bi'(E 33 ((1+14) 2)2/3) —-(4+40) 33 Bi’[— 3 3B ((1+4) z)2/3))

03.18.03.0030.01
ber:(2) =
3

=

6V2 39 28 (1+i) 2%°

1 1
243 iAi’(E FR(L+i) z)2/3] (L+0)2%2 -24V3 Ai’(— S @+ 2)2/3) (1+i)2%° -

1 1
8i 3% Bi’[E 3B ((1+40) 2)2/3) ((L+4§)2%°+83%° Bi’(— 3 3B ((L+4) 2)2/3) ((L+i) 2% +
1 1
V3 (92 -16i) Ai(E 3R (L+0) 2)2/3) +3 (9i7 - 16) Ai[—E 33 (L+10) z)2/3) +
1 1
(16i-97) Bi(5 3R (A+i) 2)2/3) +(16-9i7) E;i(—5 3R+ 2)2/3))

03.18.03.0031.01

berE(Z) =

2

1 8
1 (3zcodV -1 z -3(-H¥* zcoq(-1)¥* 2) + V-1 (Z +3i)sin V-1 z +(iZ+3)sin((-1)%*2)
L T EIIRIEE )
03.18.03.0032.01
2R

berE(Z) = -

3

183 ((1+0) 2% (V-1 2)8/3

(—45i NE) Ai(% 3B (1 +9) 2)2/3) (A+i) 2B -453 iAi(— % 3B (1 +9) 2)2/3) (A+3i) "3 -
45 Bi(% 3B (1+0) 2)2/3) (1+i)2%3 - 45i Bi(— % 3B (1+i) 2)2/3] (L+i)2%3 -

3V3 (92 -40i) Ai’(% FB (1 +i) 2)2/3) +3V3 (92 +40i) Ai’[—% 32 (1+1) 2)2/3) "

1 1
3% (40i-92) Bi’[E 3@+ 2)2/3) +3%%(92 +40i) Bi’(—E 3@+ z)z’s))
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03.18.03.0033.01

iz

berio(2) = - 103
? 1830 ((1+0) 2% (V-1 2)

+ +

[8 V3 (92 +14)Ai(3 32 (1+ ) 2%%) (A +0 2" 8V3 (9iZ-14)Ai(-5 3B (1+0) %) (A + ) 2™
2 2

8(14-9i 2)Bi(-3 3% (1+ ) 2%) (1 +i) 2%
2

1
+3V3 (972 - 112:) Ai’[E FR@+i 2)2/3) -

s 1 16(92 - 14i) Bi(% 8 (1 +14) 2)2/3)
3V3 (97 +112i) Ai’[— Z3B(1+40) 2)2/3) N .
2 (1+i) 2?3

1 1
3% (112i-92) Bi’(E @+ 2)2/3) +37% (972 + 1124) Bi’(— 5 (L +d) 2)2/3)]

03.18.03.0034.01
8

v-1
ber;(z) =
i Nan 2P

(V=1 2(2+ 15i) cof V=1 2] + 2(-i 2 - 15) cos{(-1)¥* 2) - 3(27 + 5i) sin(V -1 2) -3V =1 (2i 2 +5) sin((-1** 7))

03.18.03.0035.01

P28

bers (z) = - 14/3
* 108356 (1 + i) 223 («/“ 1 z)

1 3 1 3
(9x/€z(—9izz—160)Ai[E 3B (L +9) 2)2/3)\/(1+u')z +9\/€z(922+160¢)Ai(-532/3((1+i) z)Z/S]V(1+i)z +
1 1
9x/72(—9iz2—160)3i(532/3 ((1+i)z)2/3) Vd+i)z +9V2 2(97 +160) Bi(—532/3((1+i) 2)2/3] Va+iz +
1 1
120V-1 V3 (922—32i)Ai'(532/3 (L+3) z)2/3)+120(—1)3/4«7§ (922+32n')Ai'[—532/3 (A +35) z)2/3)+

. 1 1
40V —1 323 (972 - 32i) Bi'(5 FBR~+i 2)2/3) +40(-1)3* 323 (92 + 32i) Bi'[—5 FBR~+i 2)2/3))
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03.18.03.0036.01

23

berss(2) = 16/3
: 108350 (1 + i) 22?3 (\/“ 1 z)

(\/? (81iz4+302422—448012)Ai(% PR+ z)z/S]W +V6 (-817 - 3024 Z + 4480)
Ai[—% 2B (L+i) 2)2/3) VA+i)z +V2 (-81i7 — 30242 + 44801 Bi[% FB(L+i) 2)2/3) Va+iz +
V2 (81z4+3024u’22—4480)Bi(—%32/3 ((1+3) 2)2/3]m -
168x“/?x6/?z(9z2—80i)Ai'(% FB((1+i) z)2/3)+168«“/?3?2(80—9#)Ai’(—%32/3 ((A+i) 2)2/3)+

y 1 1
56 -1 3%°2(92 - 80i) Bi’(5 @+ 2)2/3) +56(-1)¥43%32(92 + 80i) Bi’(— 5 @+ 2)2,3)]

03.18.03.0037.01
8

bers(z) = -

NG e
V=1 (£ +45i7 -105)sin(V=1 7) +i(Z' - 45i 2 - 105)sin((- 1)** 2))

(52(222+2117) cos(\/4 -1 z)—s V=1 2(2i 2 +21) cos{(-1)¥* 2) +

03.18.03.0038.01

i3

beru (2 = - e
* 162356 (1 + i) 223 («/“ 1 z)

1 1
(144 V3 (9i 2 +110) Ai(5 323 (L +1i) 2)2/3) (1+0) 2% +144~/3 i (97 + 110i) Ai(-5 323 (L +1) 2)2/3) @+ 2"+
1 1
144(9i Z + 110) Bi[5 FR(A+0) 2)2/3) (1+i)2¥3 +144i (97 + 110i) Bi(— 5 FR(L+10) z)2/3) (1+)2"3+3V3
1 1
(817 - 4320i 2 - 14080) Ai’(E FP(a+i) z)2/3] ~33 (817 + 4320 2 - 14080) Ai’(—5 3@+ 2)2/3) +

1 1
373 (817 - 4320i 7 - 14080) Bi’[5 B+ 2)2/3) ~3%3(817 + 4320i 7 - 14080) Bi’(—E B+ 2)2/3])

Symbolic rational v
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03.18.03.0039.01
(_1)7/8 e—m'rrv

V2n \/?
Low- 1 4
M(ZIZES)J(ZKHVHE)!(ZEZ) [EWHD {1 [1 ) 1 ] k s(l [ 1
e1 co§ —nx|—-v|- z|-(-1)*cod —x|v - —
pary (2k+1)z(—2k+|v|—§)z 2 12 Ny 2 2

-2k

berv(z) =

-2k-1

[zevd] (24 - )1 (29T 2

pary (2k)!(—2k+|v|— %)v

. 1 (1 1 1 1y 1
crpeeraf Eaf2os)- ol caranEaly- D)= 479 - Lez
2 \2 V-1 2 2 2
03.18.03.0040.01
1 . -v =l 1
M-8z (VT2 |21 (V=T "5 4k 2 (k- 1)s

ber, (2) =
@ 20— ) 3506 (- C1(1) 1o
k=0 k.( 2k + v 3).(3)k(1 VD

1 1 1
(—Iz('v“i) D n(v) (\E sgn(v) Ai(— 5 B (L +1) z)2/3] - Bi(— 5 B (L+4) 2)2/3)) +

3iny

1 1
(-Dke 2 (\/3 sgn(v) Ai(E 3B ((1+1) 2)2/3] - Bi(5 323 (1 +14) 2)2/3))) +

2
M

2'”-3((‘/?2)3 M- 4‘k(z722)k(—k+|v|—%)!
e :

0 ki (~2k+ - 3)1(%), @

1) (sgnony+ 1 1
(i('“"é) GO n(y) (\E Bi/(— S @+ 2)2/3) — 3sgn() Ai’(—5 PR (A +i) 2)2/3)) +

inv 1 1 1
(—1)K o7 (x/? Bi’(E 3B (1+10) 2)2/3) —3sgn(v) Ai’(E 3B (1+4) 2)2/3))] e 3¢ z
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03.18.03.0041.01

T v M-3 g4k 2K 2
1 -1 Ir-= (v) 2w 4 Z) |-k M=3)!
per = | zr(j |v|)( e 2 VE (T k—: k'(—Zk(: Iv)l—(§)'+(;) (13)— )
= ! 3)°\3)k k

2 1 1
(i('v“ﬁ) e [v 3 Ai(— PR 2)2/3) + Bi[—E FR@+i) z>2/3) Sgn(v)) +
inv 1 1
(-Dke 2 (x/ 3 Ai(E 3R+ 2)2/3) + Bi(E P+ 2)2/3) sgn(v))) +
4 =l
21(V12) "

33 k(2K - 2)(2), @i

M-S gk (i 22)k (—k+ vl - g)v

2 1 1
(-Iz('v“s) oy (3 Ai’(— ;¥ @y 2)2/3) +V3 Bi'[—5 3B (L +i) 2)2/3) Sgn(v)] -
3in 1 1 2
(ke 2 (3Ai’[§ 3B (1 +i) 2)2/3) +V3 Bi’(5 3B 1+ 2)2/3) sgn(v))) /i vl - 3¢ z

Values at fixed points

03.18.03.0042.01

Values at infinities

03.18.03.0043.01
lim ber,(x) =
X—00

General characteristics

Domain and analyticity

ber,(2) isan analytical function of v and z, which is defined in C2.
03.18.04.0001.01

(v«2)—ber, (2 :: (C®C)—C

Symmetries and periodicities

Parity

03.18.04.0002.01
ber,(-2) = (-2 " ber,(2)

03.18.04.0003.01
ber_n(2 =(-1)"ber(a/;nez

Mirror symmetry
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03.18.04.0004.01
ber;(2) == ber,(2) /; Z¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function ber,(2) has an essential singularity at z== co. At the same time, the point z == co isa branch
point for generic v.

03.18.04.0005.01
Sing (ber,(2)) == {{c0, oo}}

With respect to v
For fixed z, the function ber, (2) has only one singular point at v = co. Itisan essential singular point.
03.18.04.0006.01

Sing (ber,(2)) == {{c, co}}

Branch points
With respect to z
For fixed noninteger v, the function ber, () has two branch points: z== 0, z== . At the same time, the point z== c isan
essential singularity.

03.18.04.0007.01
BP(ber,(2) = {0, &} ;v ¢ Z

03.18.04.0008.01
BP,(ber,(2)={} /;veZ

03.18.04.0009.01
R(ber,(2),0)=log/; v € Q

03.18.04.0010.01

R{bers(@, 0| =a/;peZ Aa- 1N Agedp, ) =
q

03.18.04.0011.01
R, (ber,(2), &) ==10g/,v ¢ Q

03.18.04.0012.01

R{bers(@, &)=/ peZ Na- 1N Agedp, ) =
q
With respect tov

For fixed z, the function ber,(z) does not have branch points.

03.18.04.0013.01
pr(berv(z)) = {}
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Branch cuts
With respect to z

When v is an integer, ber,(2) is an entire function of z. For fixed noninteger v, it has one infinitely long branch cut. For
fixed noninteger v, the function ber, (2) is a single-valued function on the z-plane cut along the interval (-0, 0), whereitis
continuous from above.

03.18.04.0014.01
BC(ber,(2) = {{(-00, 0), —i}} ;v &£ Z

03.18.04.0015.01
BCy(ber,(2)=={}/;veZ

03.18.04.0016.01

lim ber,(X+ie) =ber,(X)/; XcRAX<O0

e—>+0

03.18.04.0017.01
Iirr:) ber,(x—i€) = e 2"V ber,(x) /; xe RAx< 0
€+
With respect to v
For fixed z, the function ber,(2) is an entire function of v and does not have branch cuts.

03.18.04.0018.01
Bcv(berv(z)) ={}

Series representations

Generalized power series

Expansionsat v == £n

03.18.06.0001.01

. 1 nt (cos(% (k—n) n) ber,(2) - sin(% (k-n) 71) beik(z)) Zuken
ber,(2) o« ber,(2) + | — — bein(2) — kerp(2) + — n! (—) v-n)+.../;
2 2 & k! (n—Kk) 2
v->nNAneN
03.18.06.0002.01
ber,(2) o< (=1)" bery(2) +
i (—1)'nt nt (cos(f—1 (k—-n) n) ber(2) - sin(f—1 (k—-n) n) beik(z)) Z7uken
— = (1" bein(@ + ()" kery(2) - > (—) (n+v) +
2 2 “ k! (n—k) 2

.ivo—-nmAneN

Expansions at generic point z== z
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03.18.06.0003.01

1y | 2 ber,(20) + V2 (bel,1(2) + bet, 1(20) 2
ber,(2) e [—) ber, (zo) - (z-20)+

% 22

2 (v+ 1) ber,(2) + 20 (V2 (be,_1(20) + ber,_1(20)) ~ 2bei, (20) 2)

47

(2—20)2+...]/: (z- )

03.18.06.0004.01

(Z-2) +

ar (z— J arg(z—
Ne ke 2 ber,(2) + V2 (bei, 1(20) + ber, 1(20) %
ber,(2) oc [—) % ber,(zp) ~ o

2y (v + 1) ber,(2o) + % (V2 (bei,._1(20) + ber, _(20) — 2l (20) 7

4z

(z-2*+O((z- 2)?)

03.18.06.0005.01
rg(z_ZO)J rg(Ho)J
1 v 2n v 2n
ber,(2) = (_)
Zy

03.18.06.0006.01

2w

=, ber,(z) (- 2)"
k=0

)

1y
ber,@ =22 e+ VT ZT(v+1) [—] l
Z

Vrg(;zo]Jiszok siny : v+l v+2 1-k+v 2-k+v L iz
2 . : ) v+ — |+
K ST |©T T2 2T 2 2 4
_[(v+1 v+2 1-k+v 2-k+v 1 iz i}
) ; v+l -—|[(z-
2Fal = > > 2 )
03.18.06.0007.01
1 V[WQ(Z’ZO)J [ag(Z_ZO)J 273k ( 1)k [EJ
27 1Tz | 2 @- k . .
ber,(2) = [—) Z _— Z( o )(ﬂ (1= i) beig j_iesr(Z0) + (1 + i) bery i (Z0)) +
D k=0 k! i
Eh
D124 1) (= ) bR grnat) = (14 Bere @) | 2= 20
=0

03.18.06.0008.01
L vrg(z'z")J V[arg(l-%)j
berv<z)oc[g) "l Dber(z0) (1 + Oz 20)

Expansions on branch cuts
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03.18.06.0009.01

{m J [ V2 x(bei,_1(X) + ber,_1(x)) + 2 v ber,(x)
ber, (x) —

ber,(2) « eZwrs 2n (z—X) +
2X

x(V2 (bei,_1(x) + ber,_1(x)) — 2bei,(x) x) +2v(v+ 1) ber,(x)

z=x%+...| ;2> XAXeRAX<0
4 %2

03.18.06.0010.01

gy J V2 x(bei,_1(X) + ber,_1(x)) + 2 v ber,(x)
berv(x) -

ber, (2) « @fzym{ 2n Z-%+
2X

x(V2 (bei,_3(x) + ber,_1(x)) — 2bei, (x) x) +2v(v+ 1) ber,(x)

z-%?+0((z-%%)|/; xeRAX<0
42

03.18.06.0011.01

| argz-x

3inv
ber, (2 =22"1e s Vrx XT(w+1) ezv’”{ 2 J

> 1 3inv v+1 v+2 1 1 E.XZ
Z—(ka‘k) ez ,F; , i —(—k+v+1), —(—k+v+2), v+ 1 — [+
Sy 22 2 2 4

_(v+1l v+2 1 1 1
ng( , ;—(—k+v+1),—(—k+v+2),v+l;——(ix2)) z-%*/;xeRAX<0
2 2 2 2 4

03.18.06.0012.01

k
”‘rrg(H)J o0 2_32_k_1(y'—1)k {EJ K

2v . . . .
ber,(2) = e 2n Kl Z( 2j ) (I (1 - Ek) be|4j_k+v(x) + (1 + Ek) bef4j_k+v(X)) +

k=0

2

k .
> ( 2i+1 ) (=i (1= ) D8l jkeys2(0) = (1 + ) beraj sy s2(0) | 2= 0 /s xR AX < O
j=0

03.18.06.0013.01

agz-%)

ber,(2) « ezym{TJ ber,(X) (L +O(z-x)) /; xeRAx<0

Expansionsat z==0
For the function itself

General case

03.18.06.0014.01

cof ) 2. 2 e
ber,(2) « (—) 1- + +...-
R+ v+2) 6144+ +2DWv+3) v+

rv+1 \2
s3] 2 # £

v+2
(_) [ _ + +...]/;(2—>0)/\—ve£N+
Tv+2) \2 96(v+2)(v+3) 30720(v+2) (v +3)(v+4) (v +5)
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03.18.06.0015.01

3nv
€8 =) [zy z Vsl
ber, (2) « M(—) 1- + +0(22)|-
rv+1 \2 R2y+H(v+2 6144+ v+2dWv+3) v+
. (3nv
sn(— Z\v+2 z b
( 4 ) (_) [l— + +O(212) /i —v &N
Trv+2) \2 Br+2)(v+3) 30720(v+2)(v+3)(v+4(v+5)
03.18.06.0016.01
Z\yv & 1 Z\2k
ber,(z (—) Zicos(z(2k+3v))(—)
2/ 1 Tk+v+1)k! 4 2

03.18.06.0017.01
3nv 0o _k(Z)3K .37y ey [ 2yAk
ber, (2) = M(E) Z -D*(3) sm( 7 )(Z) 2 (%)

~ /i —v¢N*
rosD (2 () (g (B T0+22) (i (22) (3

03.18.06.0018.01

-V v 3nv —v-2 y+2 G 37V

277 cos(T) . A 2 Z sm(T) '3

B ——— -—oF3|) =
2

1 % v+3 z
Fsl; =, ,—+1-——
rov+1 2 2 2 256 r(v+2

v+1

berv(z) =

N <

2 256

03.18.06.0019.01

3nvy _( 1 v+1 v z (37vy _( 3 v v+3
ber,(2) =4"n7 cos(—)oFs g R P — —2’2(V*2)7rz”zsn(—)o al; , :

4 2 2 2 256 2 2 2
-v &Nt

03.18.06.0020.01
22 od )

ber,(2) « ——————— (1+O(Z)) /; -v ¢ N*
Irv+1

03.18.06.0021.01
-1 v/4 el
2 (140@2)  iez/\v<o
v-1 1
a2 27 -
EEZEE (1402) Fez\v<o

v+2

ber,@) oc{ LE222 (1, 0(2)) 22ez [\v<0

1-v)!

v+l 1
~na 2 2z v-3
EEZEE (1402) Fez\v<o
277 cos(a”v)

oD 2 (1+0(2)) True

03.18.06.0022.01

7w COS(%?T(ZK‘F 3v))(§)2k 3inv
ber,(2) = Fu(z V) /; || Fa(z v) = (—) > =ber, (@ —i(-)"27%" e e
2/ = I'k+v+21k!
Biny iZ . 1
22n+V+2[(_1)”@T 1F2[1; N+2,N+v+2 T]_le(l; n+2,n+v+2 _Z(izz))] /\HEN

Summed form of the truncated series expansion.

+1, ;——)/;—verf.N+



http: //functions.wolfram.com

16

Special cases
03.18.06.0023.01
2-2n 2n cos(";”) A 8
ber_n(2) o [1 - + + 0(212)) +
2n)! 64(n+1)(2n+1) 24576(n+1)(n+2)2n+1)(2n+3)
2-2n-2 2n+2 sin(%”) 2 2
[1— + + O(zlz)) /ineN
2n+1)! 192(n+1)(2n+3) 122880(n+1)(n+2)(2n+3)(2n+5)
03.18.06.0024.01
_plFl g pna 2 A
ber_5n-1(2) = e i [1— + +0(22) |+
2n+1)! 64n+1)(2n+3) 24576(n+1)(n+2)(2n+3)(2n+5)
(—1)EJ 25 pm3 2 2
1- + +0(Z%)|/;neN
2n+2)! 192(n+2)(2n+3) 122880(Nn+2)(n+3)(2n+3)(2n+5)

03.18.06.0025.01

o cos(%n(2k+v)) 7\ 2k—v
berV(z):kz:; KIT(k—v+1) (5) fimven

03.18.06.0026.01

- cos(%n(2k+ 2v+ |v|))

Z\2k+v|
ber, (2) = Z (—) liveZ
& T(k+ v+ Dk! 2

03.18.06.0027.01

2-2n z2n CO# %{) 1 1 A 2-2n-2 2n+2 S'n(néf) 3 3 A
ber_,,(2 = oFal; = n+—,n+1;, —— [+ oF3l; = n+L,n+ —;——|[/;ineN
2n)! 256 2n+1)! 2 2 256
03.18.06.0028.01
n+! 3 n
N Pacls PRI N (~1la) 223 2ms K (Z)™
ber 5,12 = : ; . + : . ; /ineN
@bt 3 (3), (e 3) e Dk @+t (3), (n+ 3), e 2k
03.18.06.0029.01
2-2n22n COS{%{) 1 1 £ 2-2n-2 2n+2 Sn(néf) 3 3 A
ber ;)= ———F3; = n+ =, n+ 1, —— |+ oF3l; = n+L,n+— ——|/;ineN
2n)! 2 2 256 2n+1)! 2 2
03.18.06.0030.01
ber 5, 1(2) =
n+1 3 n 7
(—1l7 2203 2na 1 3 2\ (lEz?rigms 3 3
oFsl; = n+1,n+ —; —— |+ oF3l; = n+ - n+2,——|/;neN
2n+1)! 2 256 2n+2)! 2 2 256

03.18.06.0031.01
3 3

nmx

2

nx (1 1 z 5 z
ber_,.(2) = 2’4"7rcos(—)22”0F3 =N+ — N+l —— +16’"’1nsin( )22”*20F3 = n+ln+—;——|/neN
2 2 2 256 2 2 256
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03.18.06.0032.01
ber_sn-1(2 =

L8 (1 z
BT s P PP TN Rl I Sl

3 3

+(-1l3) oy

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponentia form ||| In exponential form

03.18.06.0033.01

ber,(2) o« —

zmv;[e

z 1 . 3inv iz S5in inv iz z in inv iz 1 . inv iz
| g sttt =i “gUmtt
V2 |e Ve —e V2 |—eVz e Ve te Vo |4

iz

8z

i(16v* —40v2 +9) [eF [_

2
128 72

2 z 1 . inv Sin inv iz z in 3inv iz 1 . inv iz
1-4ve [ = —5Gmn-——F- St | vt =" “gUmr
V7 |e Ve ve® 2 V2 |4eVz|e® ° Vz—e = ||+

1 . Binv iz S5in inv iz z in inv iz 1 .
—g Ginr - R — = =" “glmr ot
e Vo _e Vo [—eV2 |e Vo _e

i (6478 —560v* + 103612 — 225) ( = ( -iGin-ZX-f2 i v, i
( ) @‘/? e 8 2 \/? e 8 2 \/? i

30727
z in 3inv iz
_Z EJr T
e ‘/? [—@ ‘/? —e

03.18.06.0034.01

ber,(2) o« —

1 ] (%_V)zk(v+

inv iz

Ly
8 2 \/?]]Jr...]/;—%<arg(z)s7r/\(|2|—>°°)

1

WNEA T B @K

3inv Smi iz

[e_f[(—l)ke Y

E)ZK i\
22)

inv 51 iz z inv mi | iz 1. i iz
T+T+\/— ? ‘ T_?+\/— _E(MVH?_\/—
-e 2 1-evV2 |(-1D)"e 2 +e 2 1+

sl D 6 (e mn
—Z 2k+1 2k+1(i) e Vz (—1)ke 2 '8 o _ez TN +
2z & 2k+1)! 47

z 1. S5ri iz

z inv 5mi i
gﬁ[(_l)kez ® V2 o4e 8 ﬁ]]+... /;—g<arg(z)57r/\(|z|—>oo)/\neN

inv iz

r]]

n ™3 F,|; > n+ > n+2,—-——|/ineN
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03.18.06.0035.01

z 3inv 5ri iz
1 -— - 1 v3 vv 1v 31 i
e LR U Y [ e
2vV2n vz 4 2'4 272 42 42 2
By, 1 v3 vv 1v 31 i
e’ ° ‘/_4F1(———1——— —t= ot _?_)_
4 2 4 22 42 42 R
z 1 mi iz iny nr iz
2 —ZGnv+Z- 1 v3 vv 1v 31 ey
eV |e 8‘/74F1——— ———,—+—,—+———+e2 8‘/7
4 2'4 2'2 42 4 2 2

1 v3 vv 1v 31 i 1—41/2
T T e
4 24 22 42 42 2R 8z
inv 5mi iz

z S5ni iz
—--(M")——- 3 v5 vv 3v 53 i —+t5+ 3 v5 vv 3
eV |e ? ‘/?4F1———,———,—+—,—+—;—;—+e2 ¢ ‘/?4F ——— ===, =+ —,
4 2 2 4 2 4 2 2 4 2 2 4

4 2 4 2
z 3inv mi iz
53 i -— 3 v5 vv 3v 53 i
—+—,—,——) +e V2 |e ° ‘/?4F1(———,———— - -t o -
2 2 4 24 22 42 42 R

inv mi iz

3 v5 vv 3v 531 b
e’ ’ 54&(———,———,—+—,—+—;—;—) fi-=<ag@d=x \ (12 - o)
4 24 22 42 42 2 2

03.18.06.0036.01

inv mi iz inv wi iz

i T T )

O O
2 2

In trigonometric form ||| In trigonometric form

e 2

T
]/:—5<arg(z>sn/\(|z|eoo>

03.18.06.0037.01

1 =z 1 imy-——
berv(z)oc—[e‘/? CO! g(ﬂ(l—4v)—4\/?z))+e \Fusm( (JT(4V+3) 4\/—2))

Vor vz

! giv (e?sn(;(4\/?z+n(4v+1))) MV_?”SW{S(A'\/—Z ﬂ(4v+1)))]

16v*-40v2+9( im-— (1
Vi‘w[w ‘/_cos( (4«/?z—n(4v+3))) eJ— sm( (4vV2 z-n@1- 4v)))]
1287 8

-64v° + 560v* — 10362 + 225
30727

T
...)/; -5 <ag@<x [\ (2~

[e‘/— cos(;( 4\/?z—n(4v+l))]—w ‘/?cos(%(ﬂ(4v+1)—4\/?z)))+
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03.18.06.0038.01
1 %(%_V)Zk(v-’_l)zk( i)k

Vor Vz | 21! 47

ber,(2) «

= k 1 inv-—2 k
[(—1)keﬁco %+§(n(1—4v)—4«/7z))+e J—Lsm[%+ (r@v+3)- 4«/—2)]]

(4 1
112 (E_V)2k+l(v+z)2k+1 1\ inv-—= rk 1
—> (~Dfe Yz isin—+=(4V2 z-n@v+D)|+
(2k+ D! 42 2 8

= k 1
eV? sin[%+5(4«/7z+n(4v+1)))]+... /;—g<arg(z)sn/\(|z|—>oo)/\neN

03.18.06.0039.01
ber, (2) «

1

Vor vz

. z
ITy——

1 1
[[w— co s(ﬂ(l 4v) - x/?z))ﬂz Fzzsin(g(n(4v+3) a2 ]8F3—(1 2y), —(3 2y),
3
i

1 1 1 1 1 1
—(5 2v), —(7 2v), —(2v+1) —(2v+3) —(2v+5) —(2v+7)

1-4y?
8z

1 1 1 1 1 1 1
8F3[§(3—2v), §(5—2v), 5(7—21/), —(9-2v), —(2v+3), —(2v+5), —(2v+7),

Z' ;__)[e' \/Zyﬂsm( (4V2 z- ﬂ(4,,+1)))+e\/_sm( (4\/_z+7r(4v+1)))]

16v* - 402+ 9 ( inv-—= 1
Viw[e V2 jco (n(4v+3) 4\/_2))+e‘/— sn( (r1-4v)-4V2 z ))]8F3(—(5—2v),
128 7 8

1 1 1 1 1 1 1 353 16
—(7 2v), —(9 2v), —(11 2v), —(2v+5) —(2v+7) —(2v+9) —(2v+11) —, Z, 5;—;)—

Iﬂ'V—i

—641°% + 560 v* — 1036 v2 + 225 1
v v 7t [@‘F cos(8(4\/72+7r(4v+1)))—w V2 co (4‘/72_"(4V+1)))]

30727

1 1 1 1 1 1
8F3(—(7—2v), —(9-2v), —(11-2v), —(13-2v), —2v+7), —(2v+9),
8 8 8 8 8 8

12 1112 13537. 16 b /\
—( v+ )g( v+ )254_1’_24]/__<arg(2) 7 /\ (14— o0)

03.18.06.0040.01

1 = (1 - 1
berv(z)oc—[eﬁ cog ; (T2 =47 - 4\/_2)) \Eusm(8(ﬂ(4v+3) 4\/—2)]

2n Vz

/i

4

T
-3 <agd <z \ (2 - )

Expansions containing z - —oo



http: //functions.wolfram.com

20

In exponential form ||| In exponential form

03.18.06.0041.01

ve® V7

z n iz imv 1. iz Binv z 3in iz Binv 3in iz
1 -—— FRlr=atre —g(ur = — - += -t +
ber,(z2) « ———— |e Ve |g° Ve +e Ve +eVe |—e V2
2V2nm V -z

—e

z in iz imv 1. iz 3inv z 3in iz  3inv 3in
(16v - 40y +9) —? g+‘/_+ > -5 \/_+ 5 —_——
e 2 e 2 —e 2

_£8 ‘/? 2 8

—e

rels
128 7

i (6415 — 560 v + 1036 v2 — 225) [ - ( LI,z
i(64v y y )[”?[68+ .

(g 13 iz | Siny
‘/? 2 —e 8 ‘E 2 .
30727
z 1. iz  Binv Sinv
= 8 2 T /"2
o P N

w
]] + ...]/; E <arg(2 sn/\(|z| - 00)

03.18.06.0042.01

1 H (%_V)zk(v+%)zk(é)k
ber,(2) «
2V2r V-z |ico 2!

e vz

-z inv mi 3inv 7w  — 2 z Sinv 3mi 3:7rv 3ri i
[e‘/—[ez Be‘/—+(1)@2 Bﬁ‘/—]+€‘/_[(1)€2+8£‘/——€2 ]]

K
\;EJ l_v V+£ L L v e v i
i 2 (2 )2k+1( 2)2k+1(422) V7 |—c1ke 52 8€r+€32 F e ‘/;
27 & 2k+1)!
= inv 3ni 3inv_ 3ri T
e V2 |e2 8e‘r+( ke 2 Be‘/? ./;E<arg(z)s7r/\(|z|—>oo)/\neN

1 4V _Zz 3%+ iz +? (3”1)7 iz 3mv 3(1707 iz +3:27n/ %Jr iz +5527n/
e P e P = .
8z

Simv

]_
)

2

iz

V2

2
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03.18.06.0043.01

1 Sinv  3ni 1 v3 vv 1v 31 i
berv(z)oc—@\/— 8@«"/_4F1(——— ———,—+—.—+—;—;——]—
2V2nm V -z 4 24 22 42 42 2R

iz

diny 31i ——= 1 v3 vy 1v 31 i T
ez s e‘/?4F1[———,———,—+—,—+—;—;—] +e Vo |eVz o2 '
4 2'4 2°2 42 42 2

4 2 4 2

1 v3 vy 1v 31 i —‘Zsrnv,n_i 1 v3 vy 1v 31 i
4P| oo ot ot te V2 e 2 SR e o -
2 42 42 2 2 42 42

4 24 2

1-v2( = 3f”_ﬂ 3 v5 vv 3y 53
ev? 2 8e‘/—4F —— = =+ =, =+ = —|-
8z 4 2°4 2°2 42 42 2

3 v5 vvyv 3v 53 n
(——————— St it Tt /—<arg(z)<7r/\(|z|—>oo)
4 24 22 42 42 22
03.18.06.0044.01
—1)3/843%
ber,(z2) « ————
2V2n V-2

z

‘/[? [1+O[E))+e—2[\4/je ‘/?+e‘/?
z

[+l

[—@_E [(—1)3/4 eV vie

03.18.06.0045.01

1 Z S:nv 3ri 1 3inv 37 __iz 1
berv(Z)oci[eﬁ[ R e‘/_[l+0[ ]] RE [1+o[—)]
2V2n V-2 2 ia
Z 1z inv mi 1 ‘ 3inv 7w
e‘r eV2 g2 '8 [1+O[—)]+e ‘/7@27 [1+O[ ))
Z Z

In trigonometric form ||| In trigonometric form

Ve
]/; §<arg(z)sn/\(|z|eoo)

]
zZ

[, (Z— —o0)
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03.18.06.0046.01

€I7TV

ber, (2) «

Ver V-z

8z

1-4+2 2 viny 1 __z 1
Ve isin[g(4\/72+ﬂ(4v+l)))+e J?sin(g(m/?z—nmwl))) +

2 _viny 1 -
4[@5 rlcos(g(n(l—4v)—4\/72))+e a8 cos( (4\/72+71(1—4v)))+

1
8

1644002 +9( = (1 ol

128 22

[e J?sin[g(—m/?z—n(l—zw)))m

—64v6 + 56014 — 103612 + 225 ( -—

]/, (z— -

1
[@ Ve Cos(—(ﬂ(4v+ 1) -
30727 8

)

03.18.06.0047.01

inv
e

ber,(2) «

Vorn V-z

[e_fco — —(4\/?z+n(1—4v))
2 8

palt:

H (%‘V)ZK(“%)N ( 1 )k

& @ 42

7k 1 ] 2 tiny

z

2z o

B V)z K+l (V * %)2k+1 ( 1

K -—= k 1
_) [e Hsin(%+§(4ﬁz—n(4v+1))]+

k+ 1! 47

i#—iﬂv ﬂ'k 1
(—1)k@«/? isin(?+§(4\/72+n(4v+1))

1
e irsin(g (4x/?z—n(1—4v))]]+

z .
—+inV

4\/72))—1'@‘/? cos[%(—4\/?z—7r(4v+l)))]+

k 1
+eV2  ico %+§(n(1—4v)—4\/72)))+

]]+ /i(Z-> —0)AneN
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03.18.06.0048.01

ber,(2) «
iny -z 2 viny 1
e—[[e J?cos( (4vV2 z+n @1~ 4v))]+w? ncos(—(ﬂ(l—4v) 4N2 )] [ (1-2v), —(3 2v),
Vor V-2 8 8
1 1 1 1 1 1 113 16
- 5-2v), = (7-2v), — (2v+l) —(2v+3) —(2v+5) —(2v+7) - = = ——)+
8 8 424 A
l_4VZI:132 L 6o, Lo, Lom2v), L@ve, S@vas), S@ven) S@veoy
82 8 3(5( - V)!_( - V)lg( - V)lg( - V),—( v+ )!g( v+ )15( v+ )15( v+ )1
1 3 5 16 —+wrv 1
- —;——][ ‘/—sm( (4v2 z- n(4v+1))]+e\/? Lsin[—(4\/?z+ﬂ(4v+l)))]—
244 A 8 8

16v*—40v2 +9
128 22

1

[ fsn[8(4«/?z+n(1—4v)))+eﬁ Lsn( (r@-4v)- 4\/—2 ]8F3 —(5-2v),
5

—(7 2v), —(9 2v), —(11 2v), —(2v+5) —(2v+7) —(2v+9) —(2v+11) Z

-2

N
NS
'*|c»

—64v6 + 56014 — 10362 + 225

1 1 1 1
8F3[—(7—2v), —(9-2v), —(11-2v), —(13-2v),
307272 8 8 8 8

12 12912 12 3537 16
—@2v+7, -(2v+9), -2v+1D), - 2v+13); -, =, - ——
8 8 8 8 4’2" 4 )

~Z siny 1

[ ‘/_sn(8(4\/_z 7r(4v+l)) E)—wﬁ [8(4\/_z+7r(4v+1)) Z]]]/;(za—oo)

03.18.06.0049.01

inv __z 1 2 tinvy 1 1
ber,(2) « @—[e V2 cos(—(4x/?z+n(1—4v)))+@ﬁ icos(—(ﬂ(l—4v)—4\/72)) (1+o(—))/;
V2r V-2 8 8 z

(Z> —)

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments
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03.18.06.0050.01

1. . . .

\“/j _Z”WZV .z iz —v—i Biny iz 71/71 \4/? 22 o

Yeoer o2 e V2 |eV2 (—4—1 Z) 2ie ” ‘/;((—1)3/42) 2 ! S(ﬂV)—sin(ﬂv) +
2V2n

oz iz +3:7rv __tz 7‘/71 -1 3/4" _22
oz [@\/? 2 : 2[( ) ! Cos(m,)+sin(nv) +

ber,(2) «
z

(¥ Z)_V_E —e V2 (—\4/? z)

z

8z z

P-4 = =, R VT2
cyr-ar) e Ve leVe i(-V=12) *+e’ Vo (-1¥g " ' Cos(m)—sin(m) +

ef [i ef\% (-V-1 Z)_V_% [(—1)3/4 V —iZ cosnv)

+dn(r V)] - €f+ * (~p¥ Z)VZ]] +

Z
i(16v4-40v2+9) | -2 = ol dmon | VET i co
—( ) e V2 |eV2 (—4 -1 z) 2_e N2 ((—1)3/42) 2 ' ) —sin(rv) ||+
128 2 z

z

eV

_f (1% —i 22 cos(nv)
—e

4

*V*l i+3mv .
+§“(”V)](‘ V=17 ez ° ((—1)3/42)'V‘5]]+

V=1 (645 - 560 + 10362 - 225)

30727

— iz . —V—i 3i27rv_[_z _V_l \4/? 22
[e V2 [wﬁ (—\/jz) Pee T V2 (-1)¥ 2[ iz cosnv)

z

—sin(r v)]] + @E

iz Binv

+ sin(yrv)] (— V-1 z)_v_% + @f+ ?

z

—= [ ~1)¥*V-iZ co I
[@ ‘/? y[( ) L S(7 V) ((_1)3/4 Z) 2]]+ ]/, (12 > o)
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03.18.06.0051.01

ber,(2) «
iny - 1 1
(T N N o PP PR R SR
yhe's e V2 |e 2(—4—1 z) 2 : 2k ZZK(i] +0| — te 2((—1)3/42)V2
2V2x pary 2k)! Z 23]

[«"/j i2

Y e \ =i FJ 2-2k(1_)) v+l :
(—\A/T z) ;[(1)3/4—”2 cos(nv)+sin(7rv)] Y (2 (2):;( 2)2k ( ! )k+o
k=0 :

134 | o 2| =2 1 {%J 2-2k-1 %—v v+% i
v [@ ‘/?[e 2 L’(—ﬁz) Z[Z( ( )2k+1( )2k+1)[ ]k+0

s @2k+ 1!

4

eﬁ [i ei‘/% (_ﬁ Z)_V_% [(_1)3/4 V 1 zZ

cos(rv) + Sin(r v)]

2,

- 2k+ D!

2] (2242 (5 - ")zm (v+ %)2k+1) [ i

K

1 =
—eV2 T (-1¥g T

n-1

2

_l ]
/(14— ) AneN

1= (Z’Zkfl (% - V)2 k1 (V * %)2 k+1) i
5 |

~ 2k+1)!

K
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03.18.06.0052.01

1.

1 . ——IinV ZV iny 7‘/7} 41__1 ‘,22 co

ber,(2) o drier 2 = (—p¥z) 2 L ‘ ) —sinry)|+e¥ 12
avn z

1
—y—=

J]+(—<‘/Tz) 2

ng(%‘V)zk(“%)Zk( 'Z)k+o[ 1

o 2k)! 472 2 [2J+2

z e k!

n 1 1
RET PR { (-1)¥* —iZ cos(nv) +sine v)]] [% m ( i ]k . O(

z

—)¥ | sin N Vo1 ViZ
i (1% 2) Z[e“a/jz[ : COS(M)—sin(ﬂV)]—@‘A/:Z]

2 (3 s+ 2 & ] .o

e @k+ 1!

1

4 Bary T VDT 7o
(—\/ -1 Z) z[le( D72y oD 2 i din(rv) —

V=1 v -iZ cosinv) ]]
z

=1 V)2k+1(v+%)2k+1( i

k:O @k+1)! 42

[ J ] /:(2 » 0)AneN
2274-2
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03.18.06.0053.01

ber,(2) «
1 . . . .
\/4 1 d || | 2 .t 1 v3 vv 1v 31 i - -
R— | PR PP ((—1)3/4z)v 24F1[———,———,—+—,—+—; —;——]—e 2 (—\/4—1 Z) 2
zm 4 24 22 42 42 R

] 1 v3 vv 1v 31
+SnAV)[4Fy| === - ==, =+ =, =+ = = — ||+
4 24 22 42 422

((— ¥4y —i 2 ) cos(n v)

z

e Ve |z (47T 9 24F1[E_K 3

) 1 v3 vv 1v 31 i
cos(mv) =SSN v) [4F1[ ===, == =, =+ =, =+ =) = —— ||+
4 24 22 42 42 2

z

2 = . B L | iR
elz |ie Vo (-V=12) * T2 VT sty +sinny) 4F1(Z—£
z
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03.18.06.0054.01

4 Ly
Vv-1e 2 g

ber,(2) «
2V 2n
oz iz +3inv 1 1 iz —V—l ((—1)3/4 V —EZZ )COS(ﬂ'V)
ez ez ? ((—1)3/42)_y_E [1+O[;])—e V2 (—4 -1 Z) 2 +sin(zv)
4

(1+o(;]] ve V7 ez (-V=12) 2[1+o(;]] +

2 L VET N2
e Ve (Caprg | Y

1
cos(m v) — Sin(r v) [1+ O(;]] /(12 = o)

03.18.06.0055.01

8[ -1 Lf -1 Z’”;J [€\HZ+371 EZinv7(71)3/4 tz{} -1 z+z7rv+5-1,\/?iz+inv) L g L
2y2r vz 4 4 4
inv
18l -1 1,7 -1 ZJT [1,\/?2+ 1 fZz'zrv_H-f,\/?iz+urv_*_(_:|_)3/4fzé -1 z+3im']
% < ag(2) < %
2y2r vz :
inv d
8[ 1 eT_ -1 Z[ifx\/?z_'_v -1 E;nv_f\/?z+inv+(_l)3/4c2 -1 Z+2i7rv]
ber,(2) e @ 3 /(4> )
2y2r vz d 4
3
¥, 6’3 -t Z’% (ﬂu)i\/?eryfl 1)35”“,\/;1#”7(71)3/4 241 z+2mv] s ago )
2y2r vz 4 4 4
3iny
ng = 1’7 -1z 2 [75’8[‘/?Z7¢ 1 einv+e\Ez+izrv7(7l)3/4 e2V -1 z+2£7rv]
True
2y 2z vz

Residue representations

03.18.06.0056.01

o =5, o) -3)
er,(2) =1 ) res s+—||[=j- =]+
S Howve r(sv i grise ey MU 3

Integral representations

On the real axis
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Of thedirect function
03.18.07.0001.01

1 Z\V [T 3nv zcog(t) zcog(t) ~(3mvy  [zcost)) zcost)))
ber,(2) = —— (—) f cos(—) co: cosh —sm( )sm sinh sn“Y(t) dt /;
L)V 12/ o 4 V2 vZ 4 vZ vZ

F(v+ >

1
Re(v) > ——
2
03.18.07.0002.01
2Ly 1 ,L 3nv tz tz tz 3nv tz 1
berv(z):if(l—tz) 2 cos(—]co — |cosh| — | - sin| — sin[ )sinh —|ldt/; Re(v) > ——
«/71"(v+ %) 0 4 V2 V2 V2 4 V2 2

03.18.07.0003.01

z 3nv zsin(t) zsin))  (3xvy  (zsin®))  (zsin®) 1
berv(z):f” cos(—) co! cosh —sm( )sm sinh cos’(t) dt /; Re(v) > ——
S 4 vz vz 4 vz vz 2

2

03.18.07.0004.01

1 pr 20 nx zcos(t) nx zcos(t)
bern(2) = —f e V2 cos(—)co —sin(—)sin cosint)dt/;neN*
0 2 ‘,2 2 1/2
03.18.07.0005.01

ﬂ'
1 pm zsin(t) zsin(t)
bern(2) = —f cos[nt+ ]cosh[ ]d’t/; nez
0

. vz ) vz
03.18.07.0006.01
1 z\v pic+y 2w 3nv 2
ber, (2) = —(—) f ezt cod — — t1dt/:y>0ARey) >0
2ni\2) Jy-ico 4 4472 t

Contour integral representations

03.18.07.0007.01

Z\—4s
berv(z)::—.f (—) ds
2i LF(s+v+%)F(%—s—v)l“(%—s)l‘(l—s+§) 4

Limit representations

03.18.09.0001.01

1 _sinv 1+i)z 3inv (1+i)z
ber,(2) = 2712 im | —|e 2 ng'b) co! te & P(nv,b) cosh
N—oo nv \/? n 2 N

03.18.09.0002.01

o))
ber,(@ =217 [lim —|e 7 LY —|+e 4 LY-—

N-eo Y 4n

03.18.09.0003.01
ber,(2) =

. (37
1 z\ 3nvy zy 1 v+l v z S'”(TV)ZZ 3 v+3 v z
(—) lim cos{—)(—) 1F3la; —, ,—+1 - - 1Fsla —, ,—+1 -
IT'(v+1) \2/ |a»e 4 2 2 2 2 256a 4(v+1) 2 2 2 256a
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Generating functions

03.18.11.0001.01
(-9~

o _ -1
Z t“ben(x) = e 2V2 COS{( t)X]
ke—eo 2v2

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.18.13.0001.01
W92 2 +2wP@ 2 - 2V + YW@ 2+ 2V + YW@ 2+ (Z +v* -4V w(@2) =0/,
W(2) = ber,(2) ¢, + bel,(2) ¢, + ker, (2 c3 + ke, (2) ¢,

03.18.13.0002.01

1
W;(ber,(2), bei, (2), ker,(2), kei,(2) = - ;

03.18.13.0003.01
92" 9 @° WY@ +292° (2> - 392 9" @) g @*W3(2) -
02%((2*+1)g@* +602 9" 9@’ +492°d®@ 9@ - 1592° 9" (2°) @O W' (@) +
92 (2 +1)g@° + (22 +1) 9@ 9" @9 @* - 202° @ g @° +
92?%(69"(@° -9 9“2)g(@° +109@° 9" 2 9°@ g2 - 1502° 9" @°)W (D) +
(V=42 +9@") g @ W@ =0/, W) = ¢, ber,(g(2) + c; bei,(g(2) + C3 ker,(9(2) + Cq kel (9(2)

03.18.13.0004.01

/(Z)G

W,(ber, (9(2)), bei,(9(2), ker,(9(2)), kei,(9(2)) = - .
92

03.18.13.0005.01
92" g @° h@' W@ +202° g @* (@ (9@* -390 9" (2) - 200 ¢ @ N @) h@2* W3 (@) +
929 @ (-(2*+1)g0@* +602 9" @9 (@* +492?d° @ g (2 - 15927 §"(2°) h(2)” -
6929 @ (N9 @°+92 N @ 9@ -390 N2 g )h@ +1292° g @ (@) h@* W'@) +
912 ((27+1)g@°+(2*+1)92 9" @9 @"* - 202? 0®°@ 9@ + 92? (69" (2* - 9 9(2) g D° +
1002°9' @%@ 9@ -1502°9" @)@’ +202 9@ (2’ + )N @ g @* - 30 W @ g @° -
292 (92h°@-3N2¢'2)g@*+92? (99" @ N (@ + 4N (2 ¢°@) g2 - 1592% N (2 " (@) h@)’ +
129229 @° N2 (W@ g @ +202 N @29 @ -39 N @ 9" @)h@ - 2492° ¢ @°N@°) ho W (@ +
(v -4+ 92 h@* 9@ +9@* (24N @* - 36h@ (2 I (@ + 8h(@° ¥ (2 W' (2) + h@* (61 (2 - h(2) K (2))
9@°-29@°h@ (9@ -39 9" @) (6N @°-6h@ N @ N @ +h@’ @) g @+
9@%h@* (h@ h’ (@ - 2N (2% (2 +1)d " + 692 9" @ 9 (@° + 492> d°@ 9@ - 15927 9" (2%) 9 (@) -
92h@* W@ (2v*+1)g@°+ (2 +1) 029’ @9 @' -292° °@ g @° +
02?(69"2° -9@9@) 9@’ +1092° 9" @ °@ 9@ - 1502° 9" @°)) W@ =0/;
W(2) = ¢; h(2) ber,(9(2)) + ¢, h(z) bel,(9(2) + c3h(z) ker,(9(2)) + ¢4 h(2) kei\(9(2)
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03.18.13.0006.01
h@*g@°
W,(h(2) ber,(9(2)), h(z) bei,(9(2), h(2) ker,(9(2)), h(2) kei, (g (2)) = - Q(T
03.18.13.0007.01
WY@ +(6-4r-49 2WI@ +(7-2(2-2)r? +12(s- Dr+6(s— 25 ZW'(D +(2r +2s-1)
(2r2v*-2(s-Ds+r(2-49-1)zw (@ + (@ 2" +v' - 4*)r* =453 - 28 (¥ - 2)r? + 4 r + " )w( = 0/;
W(2) = ¢, Zber,(aZ)+ ¢, bei,(aZ) + c; Zker(aZ) +c, kel (aZ)

03.18.13.0008.01
W,(Z ber,(aZ), Zbei,(aZ), Zker,(az), ke, (az)) = —a*r® £"+456

03.18.13.0009.01
WP (2) - 4(log(r) +log(s) W(2) + 2 (- (v* - 2) log?(r) + 6log(s) log(r) + 3 Iogz(s)) w’(2) +
4(log(r) + Iog(s)) (v2log’(r) - 2log(s) log(r) - log*(9)) W' (2) +

((a*r*2+v* - 442 log*(r) — 42 log(s) log*(r) — 2 (-2 log?(s) log?(r) + 410g%(s) log(r) + Iog4(s)) wW(z) =0/
W2 =c¢¢ berv(a rY) + ¢, S bei(ar?) + cgsker,(ar? +c, skei, (ar?

03.18.13.0010.01
W, (% ber,(ar?), £ bei,(ar?), sker,(ar?), ke, @r?) = -a*r*2*21ogb(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.18.16.0001.01
ber, (-2 = (-2 2" ber,(2)

03.18.16.0002.01
3nv 3n
ber,(iz)=(G2"z7" (cos( > ) ber,(2) + sm( 5 ) bei (z))
03.18.16.0003.01
3nv 3nv
ber,(-iz) = (-iz2)" 7" (cos( > ] ber,(2) + sm( > ) bew(z))

03.18.16.0004.01

o 0T o4
03.18.16.0005.01

ben, (-1 2) = (-1 %2 (V=1 2) " ber,(V-1 2)
03.18.16.0006.01

ber,((-1¥*2) = (V-1 z)_v (~1¥2) (cos(?) (V-1 z)+sm(32 )ba (V=1 z))
03.18.16.0007.01

berv(@) = %z‘v‘z (z“)v/4 ((22 - \/?) sm[32 )ba 2 + 2(22 cosz( ) \/7 sin ( D berv(z))
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32

03.18.16.0008.01

2sin(rv)
ber_,(2) = cos(n v) ber,(2) + bei,(2) sin(rv) +

ker,(2)

Addition formulas

03.18.16.0009.01

<1\/veZ

- . . %
ber,(zy - 2) = Z (bery,,(zq) bery(z,) — béiy,,(z9) bei(z)) /; ’z_
1

k=—c0

03.18.16.0010.01

2—2 <1\/veZ

ber,(z +22) = ), (ber, (z) ber(zz) - bel,(z1) bei(22)) /

k=—c0

4}

Multiple arguments
03.18.16.0011.01

- (1_2%)k Zy\k 3kn 3knx
ber,(z12,) = 2, 2 (o == |betc @) - sl —— | beiie, (20|
er, (21 2,) 21;; - (2) [00{ ” ] eiv(2)) sm[ 7 ) K (22))/

<1\/veZ

Z
4]

Related transformations

Involving bei, (2)

03.18.16.0012.01
3inv
e s 7
ber, (2) + i bei,(2) = ———— |V(\/“ _1 z)
V -1 z)

03.18.16.0013.01
7;1571\/ v
ber,(2) - i bei,(2) = ——— 1,((-1** 2)
(CONE]

Identities

Recurrence identities

Consecutive neighbors

03.18.17.0001.01

V2 v+1)
V4

berv(z) = (beiv+1(z) - berv+1(z)) - berv+2(z)

03.18.17.0002.01

\/?(v—

1
berv(z) = f (beiv—l(z) - berv—l(z)) - berv—Z(Z)

Distant neighbors
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Increasing

03.18.17.0003.01

[EJ (_1)k (n=k)! -2k Z2k-n 1 1
ber, (2 = v+ 1)1 [(N+V) (cos(— (2k-3n) n) bern.,(2) — sin[— 2k-3n) n) bein+y(z)) +
S kIN=2K) ! (—-n= V), (v + D) 4 4

[%J (_1)k (—k+ n— 1)! 2—2k+n—1 ZZk—n+1
o KI(=2k+n=-D!(=n-v+ 1) (v+ 1)

1 1
(cos(z 2k-3n-1) n) ber,,,+1(2 — sin(:1r 2k-3n-1) n) bein+v+1(z)) /ineN

Brychkov Yu.A. (2005)

03.18.17.0004.01
n-2

2
ber, (2 = -2-v)_2(N-1) (—)
z

1 n3 n n5 n31 n n v3 v n v 1 n v z
N2 44 47 44 422 227 227 222 202 2 2 2 2 7 16
nmy o nx
(cos(—) bei,_n(2) + ber,_(2) sin (—)) +
4 4
2\t 1 nl1l n3 n n 1 n nil v v n v 1 n v pal
(1—v)n,1(—) Y = le— = = lm— —m = lm— —— b — 4 — =+ —+ 1 —
z 4 42 4 4 4 4 2 2 2 2 2 2 22 2 20 2 2 16

1 1
(—cos(z n+1 n) bei_n.,-1(2 —ber_n.,-1(2 SiI’{Z n+1) n)) +

2\" 1 nl1 n3n nllmn nly vvnnvlz4
(1V)n()4F7
4 42 44 4 422 2 22 2 22222216

nz nmx (1-v)pho(n=2) (2\3
(berv—n(z) cos(j) - beiv,n(z)sin( )) - e 7 (_)

1-v
. 3 n 1 n b5
47 41 ’

4
3 n3 n v 3 v n v
4 4 2

n v 3 272
1 , + 1, ——+—+— ——
22 2 22 2 2 2 2 2 2 16

M~ S

n 3
4' 2

1
(ber_,w_l(z) cos( n+1) n) € _n.y-1(2 sm(4 n+1) n)) /ineZAn=3

Brychkov Yu.A. (2005)

03.18.17.0005.01

4(v+1)(v+2) b, »(2) V2 v+Dber,s@ V2 (v+1) bei,.s2)
ber,(z) = - — ber,»(2) + -

z z z
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03.18.17.0006.01

2V2 v+2) 20+ D) (v +3) - 2) bei,3(2)
berv(z) = +

B
Av+ D) (r+2be, 4@ 2V2 v+2)(Z+2(+1) (v +3))ber,,32)
7 ’ z
03.18.17.0007.01
120+2) (v +3)bei,4 2V2 (v4+2)(Z -2+ D) (v+3)) bei,52
2 i 2 i
(Z-16(v+D)(v+D(+3)(v+4)ber, 42 2 V2 v+2) (Z+2(v+1) (v +3))ber,,52)

z z

+ berv+4(z)

berv(z) =

03.18.17.0008.01
V2 (v+3)(-3Z+16(v+2) (v + D2 +16(v+1) (v +2) (v + 4) (v + 5)) bei,.5(2)
ber,(2) = - +
?
V2 (v+3)(-32-16(r+2 (v + D2 +16(v+ 1) (v +2) (v + 4) (v + 5)) ber,.,5(2)
?
(16(v+ D (v+D (v +3) (v+4) - Z')ber,.5(2  12(v+2) (v + 3) bei,.6(2)

z v

+

Decreasing

03.18.17.0009.01
ber, (2 = (1-v)p1

{%J (_ 1)k (—k+ n— 1)! 2—2 k+n-1 sz—n+1

Z; Kl (=2Kk+n=1!(L-v) (=N+v+ 1),

1 1
(si n(z 2k+n-1) n) bei_p.,-1(2) — co 4_1 2k+n-1) n) ber_mv_l(z)) +

EJ (_1)|< (n-ky! -2k 2k-n 1 1
(n=v) (co - 2k+n) 71] ber,_n(2) — sin(— 2k+n) 71'] beiv,n(z)] /ineN*
o KI(N=2K) ! (1 - ) (v —n) 4 4

03.18.17.0010.01

V2 v-Dbei, 32 V2 (v-1) ber, 32 4((v-3)v+2)be, 52
ber,(2) = - + — ber,_»(2) -
z z b
03.18.17.0011.01
4(v-2)(v-1)be,_4(2)
ber,(2) = + ber,_4(2) +

z
2V2 (Z+200-3)(v-D)(v-2)ber, 32 2V2 (Z-2(v-3)(v-1)(v-2) bei, 32)
2 ) 2
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03.18.17.0012.01

2V2 (Z2-20-3)(v-1)(v-2)bei, 52 12(v-3) (v - 2) bei, 4@
ber,(2) = + +
z z
(Z-160/-H(-3)(v-2(v-D)ber, 4@ 2V2 (Z+2(v-3)(v-1))(v-2)ber, 52

z z

03.18.17.0013.01
12(-3)(v-2)bei, 420 V2 (v-3)(3Z-16((v-6)v+8Z-16(v-5)(v—4) (v-2) (v- 1)) bei, 5(2)
+

ber,(2) = - +
yd P
(160D (-3 (-2 (v-1)—Z)ber, (2
24 +
V2 (v-3)(-32-16((v-6)v+8) 2 +16(v-5) (v-4) (v-2) (v - 1)) ber,_5(2)
?

Functional identities

Relations between contiguous functions
03.18.17.0014.01

ber(Z) ==

(be' v—l(z) + beiv+l(z) + berv—l(z) + berv+1(z))
2V2 vy

Differentiation

Low-order differentiation

With respect tov

03.18.20.0001.01

L o Cos(%n(2k+3v)¢(k+v+1)) . 3x

(E)ZK T bei,(2) + Iog(g) ber,(2)

z
s~
2/ 3 KIT(k+v+1)

03.18.20.0002.01

10 n nt 1 Z\k-n 3 3
ber’™?(z) == — — bein(2) — kern(2) + — Z (—) [cos(— (k=n) n) ber(2) - sin(— (k—n) n) beik(z)) /ineN
2 2& Kk (n-Kk \2 4 4

Brychkov Yu.A. (2005)

03.18.20.0003.01

1o i ] zk( (1 (1 _
ber?(z) = 2" nt (-2 Z (— —) [cos(— (k—=n) n) ber (2) + sm(— (k—=n) n) bek(z)) -
Sn-kk! \ 2 4 4

1 1
5 7 bein(2) — kern(2) + (Z (@ +1og(4) +log(2) — log((1 + &) z)) bern(2/;neN
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03.18.20.0004.01

1
ber™0(z) == — 57 (=1)" bein(2) + (- D"t kery(2) -

(=" n! =2 1 z k—n[ 5(3 ) )ber . [3 . )ba )
2 20 —sin — (k- ‘neN
2 kzok!(n—k)(z) cog ; (k= ben@) —sin - (k=7 |bei(@)] . n

03.18.20.0005.01
ber'™®(2) + (-1)" ber™¥(2) = (- 1™ (x bein(2) + 2Kern(@) /; n e N
03.18.20.0006.01
1 3inn 1 n
~1)¥2 " ze s 772 H

n
Zz”( k)(Zn—Zk)!ik
n'vn k=0 2

[(—1)3/4 in [cosh(ﬁ z) Shi(z V-1 z) - (Chi(z V-1 z) - w(k + %) + (//(k “n+ %]) snh(v—-1 z)) +
1
S

(—1)k(cos(\4/j z)Si(Z V-1 z)—(Ci(Z{‘/jz)—w(k+ 5)+t//[k—n+ %)) 'n(4 -1 z)))zz‘(+

3
A0, _ _ ; _ )
berm%(z) = 7 bamg(z) (Iog( 1 z) Iog(z)) berm%(z) +

1 3int 1 [EJ
-1 2:"e s 22"z

ZzZK( : )(—2k+2n—1)!z?k
n!\/7 k=0 2k+1
1

((—1)3/4em7”(cosh(4 1 z) [Chi(z V-1 z)—w(k+ §)+w(k—n+ E))—sinh(“ 1 z) Shi(z V-1 z))+

(—1)k(cos(\4/j z) (Ci(zﬁz)—l//(k+ §]+¢/(k—n+ g))+sin(4 -1 z)Si(Z V-1 z)))zzk/; neN

03.18.20.0007.0
1,0
ber( ’ )] (Z) =

—n-=

2

1 7inm 1 n
_1\¥8o 3 o 5 H
(-D%2" e s 772 L2 22k(znk)(Zn—2k)!ﬂ'k(e4£(73)i(2n+l)ﬂ
0

- ?ZTH bei : 2+ (Iog(z) - Iog(ﬁ z)) ber . 2+

V7r n! =
(cosh(4 -1 z) Chi(2 V-1 z)+cosh(4 -1 z) [w(k+ %]—w(k—n+ %))—sinh(4 -1 z) Shi(2 V-1 z)]+

(—1)‘{005(\4/? z) Ci(2 V-1 z)+cos(\4/jz) [z/t(k+ %)—lﬁ(k—n+ %])+sin(4 -1 z)Si(Z V-1 z)))22k+
_ %—n —‘1—1 inm %—n {%J 1
SR > 22k(2kn+1)(—2k+ 2n—1)!L"k(ei(_3)“(2”+l)”(—0hi(2 V=1 2Jsinh(V=-1 7) -

V7 n! k=0
(w(k+ Z] - (//(k -n+ %)) sinh(\“/j z) + cosh(ﬁ z) Shi(2 V-1 z)) +(=DK (Ci(z V-1 z)

sin({‘/jz)+(¢/(k+ g)—w(k—n+ %))sin(4 -1 z)—cos(ﬂ z)Si(Z V-1 z)))zz"/; neN

With respect to z

03.18.20.0008.01
dber,(2) 1

(zbei,_1(2) + zber, 1@ +V2 v berv(z))
9z V2 z
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03.18.20.0009.01
ober,(2) 1 ] ]
= —— (~bei,_1(2) + bei,.1(2) - ber,_1(2) + ber,.,1(2))
9z 22

03.18.20.0010.01
(2" ber,(2) z

(bei,_1(2) + ber,_1(2)
oz V2

03.18.20.0011.01
0(Z ber,(2) zv

(bei,,1(2) + ber,,1(2)
0z V2

03.18.20.0012.01

&ber,(2 1
= — (bei,_»(2) - 2bei,(2) + bei,, »(2)
i 4

03.18.20.0013.01

62 berv(z) bei v—l(z) bav—l(z) (V (V + 1)) berv(z)
= — bei, (2 + +

07 V2 z V2 z zZ

Symbolic differentiation

With respect to v

03.18.20.0014.01

am (2) ooq 5 n(2k+30)
1 zek T T
berf/m,o)(z) :Z_ (—) L /, meN
o ki \2 av™
With respect to z
03.18.20.0015.01
o"ber, (2
o
k
n m (1K 22k M )y (V) H -l (k-2 Z\4]
Z—nz(_l)mn(:])(_v)nimz 2 Ok | @ | ( .)( ) (_)
= par (m-Kk)! D CDNK=4]! (~k=v+1); ()2 \2
= o -
z ] 2 DI (-2j+k=-1! Z\4]
—— (bei, (2 + ber, 4(2) — (5)
2V2 0 CDIE4]+Kk=DI(=k=v+1); (V)41 2
= .
7 b6 (2 2 (-1)) (-2j+k-1)! (2)41
— Del,(Z B B =
4 =0 (2J+1)!(—4J+k—2)!(—k—V+1)2]‘+l(V)2]‘+l 2
|<2] . _
) 2 DI (-2j+k=-2)! Z\4]
(b, 1@~ ber, 4(2) ) — : (5) [rinen
8vV2 20 @I+DIE4]+Kk=3)!N (=k=v+1D)pji1 (242 2
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03.18.20.0016.01

0nb6|’y(2) simv _ (v+1 v+2 1 1 iz
— =2t _( Vi \x 2T+ D) |e 2 ,Fs = (=N+v+1), —(-N+v+2), v+ 1 — |+
07" 2 2 2 4
(v+1 v+2 1 1 iz
oF3 , = (=n+v+1), —(-n+v+2),v+1,——|[|/ineN
2 2 2 4
03.18.20.0017.01
o"ber,(2) 7_71 bJ n
=2 =1 ) ) Beiay @+ (L ) Doty () +
a7 =\ 2k
&
Do g1 1 ) F @B 2@ = (L ) b @) | i
k=0
03.18.20.0018.01
d"ber,(2) an_, H n+1l /n
TG -=1" . _n+1b- . 1+iMb . _
" E( )kZ:; 2k+1(2k)((a i"1) beigniy(2) + (L +i") bergy iy (2)

QL+ V2 @k=-n+v+1) ( n

2k+1 ) (=i + ") belayoney2(2 + (~1+ ") berg i1 (@) | /N EN

z

03.18.20.0019.01

o"ber,(2) z 1 b zn 3l ni4v+2)
7‘”659 o
4' 4

4n a4 4’4 /ineZAn=3

07" TEn+v+2), 20 2(-n—v+2), $(-n-v), ; (-n+4v+2),0, 7, 3,
Fractional integro-differentiation
With respect to z
03.18.20.0020.01
9" ber,(2) 0 cos(%n(2k+3v))r(2k+v+1) 712k
=2—VZV—(1/ (_)
0z o Tk+v+HIRk-a+v+1k!
03.18.20.0021.01
ober(y 27V ilz@
07 T(v-a+1)
3iny v+l v v—a+l v-«a i 3iny v+l v v—a+l v—« i
e 4 ,F3 ,—+1 , +1L, v+l —|+e 4+ ,F3 , =+l —, +1Lv+1 ——
2 2 4 2 2 4
Integration
Indefinite integration
03.18.21.0001.01
1 az 1 %,v+%
fbe”(az)dz_Z“G” a2 12y v
4’ 47 4’ 4 4’V 2
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Definite integration

03.18.21.0002.01

- 272 p VN a +v)
f 1 e Pl per, (t) dt =
0 rv+1)

3nv

3nv « va v 1a v 1 v 31v 1y 1 (a/+v)(a'+v+l)5|n( )
4005( )4F3— - =+ -+, =+ -+, -+ -+ =, -+, —+1——|-
4 4 4 4 4 44 4 24 4 422 22 p* p? (v +1)
a v 1 a v 3 a v a v 53v y 3 1 1
-+ —F+—-+—- —+—-+L, -+ -+ -, -+, -+ - —— /Re(a+v)>0/\Re(p)>—
4 4 24 4 4 4 4 4 4 42 2 2 2 pt V2
Integral transforms
Laplace transforms
03.18.22.0001.01
3nv v 1 v 1v 3v 1v 1v 1
Lifber, (] (9 =2722"3 422005( J4Fa(—+—,— -+t -+ - -+ = ,——]—
4 4 4 4 24 4 4 22 22 pa
3ny v 3 v v 5v 3 3v v 3 1
(v+2)sin(—]4F3—+—,—+l,— - —+—= = —+1, -+ ——||/iRe(v) > - 1/\Re(z)>—
4 4 4 4 4 4 4 2 2 2 2 2 £

Mellin transforms
03.18.22.0002.01
272 p Iz + )

Mi[eP"bei, (B)] (2) =
rv+1

3nv
3nv z vz v 1z v 1z v 31v 1v 1 (Z+V)(Z+V+1)sm(”)
400{ )4F3— T et i i T S e St o el
4 4 44 4 44 4 24 4 422 22 4

P PP+
z v 1z v 31z v z v 53v v 3 1 1
4F3(—+—+—,— -4 -, -+ - 1,—+—+—;—,—+l,—+—;——] /;Re(z+v)>0/\Re(p)>—
4 4 2°4 4 44 4 T4 4 422 T2 2 NE)
Representations through more general functions
Through hypergeometric functions
Involving pFyq
03.18.26.0001.01
z

3rzvy _( 1 v+1
ber, (2 ==4"n2 cos{—)oFa ; 5

z 3zvy _( 3 v+3
+ 1, o 2—2(V+2) V+2 Sn(—] OFS D,
4 2

4 \4
= T
2 2 256 4 2 2 256

Involving ,Fq
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03.18.26.0002.01

co )(é)v 1 v+1 v z 9”(%)(%)‘&2 3 v+3 v z
ber, () == ————— oF3|; —+1 -—————oF3|; =, s+ L —— /i -veN
I'v+2) 256

3nv

T —_—

r(v+1) 2 2 2 256 2 2 2
Through Meijer G

Classical casesfor the direct function itself

03.18.26.0003.01

. T T
|-y sweR =

03.18.26.0004.01

1-v v+l
B VY 40 z 0,5 5 s g
ber_v(z)+berv(z)_27rcos(7)63,7 % v v E, 2__V, 0 ﬂ' vl /; _Z <ag(2 < Z
4 4 4 4 2 2
Classical casesfor powers of ber
03.18.26.0005.01
2 1 z A Vr z AT
berv(\“/?) 2571-3/2(;]1-2[& v 12 v v+l + 3/2 g:; 1_6 v v+l 4l4 v 1—?/ 1
10: E, , 2 E’ T,O, E’_E' T'2V+E
Brychkov Yu.A. (2006)
03.18.26.0006.01
v+1 1 3 1
1 - \/; z T 2VE S T T
ber, (2% = — 2 G — 2 ]+ — ¥ ‘e 2 ]/; ——<ag@® = -
’ ro iy 32 youwl gl vy lv 1
2 64 05 -3 2 16 515005 5 52V S 4 4
Brychkov Yu.A. (2006)
Classical casesfor productsof ber
03.18.26.0007.01
1-v
1 1., z =
-=@inv 2
ber_V(Z) ba’v(z): Zﬁ 2( n )\/;Gfg[—a 0 1y 1_V]+
T2 272" 2
v+1 1 3 1
1 3inv A 7T3/2 24 T 4 5 T
—e 2 \/76%?— 2 +—G§§—— 4z /i ——<ag2 =0
’ ol vy 2N2 6|0 Lt 1 v v v vl 2
T2 272" 2 t2h 2 272" 27 2

Classical casesinvolving powersof bel

03.18.26.0008.01

Ll
m(r)[a\ : J
2

Brychkov Yu.A. (2006)
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03.18.26.0009.01

1 3 1
2 2 n z T 2VE S
bei,(VZ ) —ber,(VZ) ==,/ = G3| — 4 2
2 1| r gl vy lv,,. 1
2" 272 20 2 2
Brychkov Yu.A. (2006)
03.18.26.0010.01
z A n s
bei, (2) + ber,(2)? = 732 GX| — 2 ——<ag(?d < —
@ ( 9 64 K,O,E,_r,ﬂ/ ;=709 =7
2 2 27 2
Brychkov Yu.A. (2006)
03.18.26.0011.01
1 3 1
n z S 2Vt S T b/d
be, " -ben @’ =\~ G, 1]/:-;sar9<2>s Z
220573 32V
Brychkov Yu.A. (2006)
Classical casesinvolving bel
03.18.26.0012.01
Vr z 122y
bei,(VZ ) ber,(Vz ) = — G52 — AT
PO EC IR N W= 3

Brychkov Yu.A. (2006)

03.18.26.0013.01
1 1

bei,v(\“/?) berv((‘/?) _ -2 &2 T Gig

4

1 = z ul in3? z 220
T 20 2 12 4" 4 )
Ze 2 INnm les__ 1 v v v+l]+ 37[_16 1 v v 1l-v v+l]/' —n<arg(z)50
0, 3 T 2vV2 51010.—51 23 2
03.18.26.0014.01
1 3 1 0 1 2
z T 71 50 Y o 3
. (4 4 .y 4 _ 32 52m23 | 4’4" 2 3'3
bav(\/?)berﬂ(\/?)+be|ﬂ(\/?) ber"(\/?)_ 27w Ge,lo 16 | #+ uve2 12 pAY v 2—p—v+2  v—p p—v+2 2-ptv
T a0 yyTaca a a3
Brychkov Yu.A. (2006)
03.18.26.0015.01
1 3 1 2
z 7171 30 3
. (4 4 . 4 4 _ 532 52 1'2_ 4’ 4’ 37 3
bav(\/?)ber,v(\/?)+bel,v(\/?)berv(\/?)_ 2272 Gy 6|12 vy iy
2" 77373 2'2" 27 2

Brychkov Yu.A. (2006)
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03.18.26.0016.01

b€fu(‘4/;) ber(\A/?) h bei"({l/?) beiﬂ(\‘y?) = 2P Géiio i

Brychkov Yu.A. (2006)

03.18.26.0017.01

ber, (V2 ber (V7)o (V2 be, (V7) = 22472 65 -

Brychkov Yu.A. (2006)

03.18.26.0018.01

- ﬁeﬂ 522y L n
e, (2) ber, (2 = — G55 — - =agd = —
32 yorlgl v lv
2 16| 2,550,535 52v) 4 4
Brychkov Yu.A. (2006)
03.18.26.0019.01
bei_, (2) ber (z)——E 3@ o 2 - 7 +
—v V—4e iV Gi'g 0l vy iy
T2 22 2
1 3inv b e lﬂs/z z E, E,O s
Ze ’ i\/;Gig__ 1 v2 v v+l + G‘%g_ﬁ 1 4v4v 1-v v+l /;—E<afg(Z)S0
0, 3 T T 2vV2 51010.—51 23 2
03.18.26.0020.01
bei, (2) ber,(2) + bei ,(2) ber,(2) =
1311l 2
32 52 23 4' 4 2" 01 31 3 ] b/ b/
—2%n Gﬁvlo 1_6 u+v o utv+2 1 2 pHv  p—v 2—p—v  v-u  p—v+2  2-p+v /,—Zsarg(z)sz
T4 T4 33 a4 T4 a4 g
Brychkov Yu.A. (2006)
03.18.26.0021.01
13812
. . _ 32 s2al2l 5 4’ 4’ 3" 3 __z z
bei, (2) ber_,(2) + bei_,(2) ber,(2) = —27° 717 G 6112 vy iy /i 4sarg(z)s4
2' 713" 3’ 2' 2 2 2
Brychkov Yu.A. (2006)
03.18.26.0022.01
ber,(2) ber,(2) - bei,(2) bei ,(2) =
18115
3/2 52 ~2.3 "4’ 462" 6 oo Vs
2 GG,lO 1_6 i H+v+2 15 pbyopvovp 2—p—v  p-v+2  2-u+v /,—Zﬁarg(Z)SZ

Brychkov Yu.A. (2006)

(T e S e O e
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03.18.26.0023.01

24 13 1 15
. . 22 4'2 6 2'6 . T T
ber-,(2) ber,(d) bl be,@ = 2w Ceg 1| 1 a5 s oy ga|fT ARG
15: gr E’ 61_51 51 717
Brychkov Yu.A. (2006)
Classical casesinvolving kei
03.18.26.0024.01
Vr z S 1 z 13
berv(\‘t/?) kav(ﬁ) =" i’g & 1 v2 v 3v | 7/2 Gg'g 1_6 1 v v+l4 4v 1-v
0;5,5,—517 212\ 313 3Ty 2,0
Brychkov Yu.A. (2006)
03.18.26.0025.01
1 3
ber,(VZ ) kei (x“/?)——E«/_GZ’O 2ot -z 2)- Gi2 D
v -V - 8 T 0,4 64 19 2' 2 8 27( 3,7 16 ,%’ g, %, LTV,_ ’_%
03.18.26.0026.01
Vr z & 1 z i, = b m
berv(z)keiv(z):——Gig — L V2 B Gg:é —1,, v+l4 4V 1 /i——<ag®2 =< —
8 640, 2120 T3 227 16 3132 20T o 4 4
Brychkov Yu.A. (2006)
03.18.26.0027.01
1 z 1 z 13y n n
ber,(2) kei_,(2) = -3 \/?ngg[& ‘ 0, % -2 %]— R G;‘ﬁ[l_G L :14 B 17 -7 ag2) < 2
8vV2n 0,35 5 V3
Classical casesinvolving ker
03.18.26.0028.01
1 1 3
1 z >@Bv+D 1 z 13
berv(\“/?) kery(\“/?) = 5\/76‘;’2 ol ot 2 ]+ — 62:2[16 SRR l—v]
0, 3 5,—5,5(3V+1) 22~ V3 T T
Brychkov Yu.A. (2006)
03.18.26.0029.01
1 . jast - 131
ber,(VZ ) ker,(VZ ) = = Vr G§| — + G — 4 a2
8 f6a]o Ly -1 ] gyay |16]0 L o, oy
2’2 27 2 2'2" 272 2 2
03.18.26.0030.01
1 1 3
1 z ~@Bv+1 1 Z 13 x
ber, (2) ker,(2) = gﬁGig a N VZ - ]+ —G?’jé E , v+14 14 , l—v]/; _Z <arg(2 <
0353 ;8v+D) 2”yYx 0.3 5273 7

Brychkov Yu.A. (2006)

IS
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03.18.26.0031.01

1 z lass 1 z 132y n n
ber,(2) ker_,(2) = gﬁe‘z’jg ” L 2 , V+1]+ Ggﬁ[ﬁ L, j+14 12 - V]/; - <ag2) < 2
0, 32073 5 8van 0, 3170 203 Vi3T5
Classical casesinvolving bel, ker and kel
03.18.26.0032.01
1
1 z ~@Bv+1
bei, (VZ | ke, (V7 ) + ber,(VZ | ken,(VZ ) = =V GI§| — 2
4 >l 64 v _v1
0,535 -5 58v+D

Brychkov Yu.A. (2006)

03.18.26.0033.01

1 z 13
be'v(\‘y?) ke’v(\‘y;) - berv(\‘y?) kerv(\‘t/;) = - 25/2 \/7 62:2[1_6 O, %’ %"‘ %A,‘ _ %1 1%‘,]
Brychkov Yu.A. (2006)
03.18.26.0034.01
1 3
4 . (4 . (4 4 _ 1 ; i 14
berv(\/?) kav(ﬁ) + beiv(\/?) kery(\/?) = Ggé[ B 1z e O]

Brychkov Yu.A. (2006)

03.18.26.0035.01

o 7)o 1) - e ) - § 7 i

Brychkov Yu.A. (2006)

03.18.26.0036.01

z

1 T
bei,(2) kel (2) + ber,(2) ker,(2) = y vV GPe ”

T
j——=ag2 = -
/ 7 ag(2)

4

0,5 5 -5 3@v+]

Brychkov Yu.A. (2006)

03.18.26.0037.01

) ) 1 32 z %, % bs Vg
bei,(2) ke, (2) — ber,(2) ker,(2) = — Gyg| — [i——=<ag = —
5/2 %% 16 oL xm 1 v 1v 4 4

2 T 222 T2 2

Brychkov Yu.A. (2006)
03.18.26.0038.01

1 2| Z %, % pid s
ber,(2) kei,(2) + bei, (2) ker,(2) = — Gos| — Ly ol v 1. [i——=ag@= -
25/2\/7 16 32 20 T3 0 4 4

Brychkov Yu.A. (2006)
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03.18.26.0039.01

N

1
be, (2) ker,(2) - ber,(2) kel,(2) = Vr Ge "

T
—— < 7)< —
7 2 ag(2)

N

Brychkov Yu.A. (2006)

Classical casesinvolving Bessel J

03.18.26.0040.01

1 v . -V l y 24
Jy[ z] ber,(2) = 275 i diny Vr 2 (\/4 -1 z) [ z] [Géjg[- —
4(—_1 4,—_1 64

3v  Binv 3
22 e 2 CSC(H(V+Z))G;:‘11 i

03.18.26.0041.01

J_V[ ! z]mv(z)zﬁzv(ﬁz)_v[ ! z]_
=y 2 T

2-v 1
272 @B |+

2-v +1 1
1 [ pad — 3inv —,>2v+1 T
R R ¢ e IR P arat ey [P 2 A fi-=<ag@ =<0
il Sh s > 7 2 a@¥b)) 2
Classical casesinvolving Bessal |
03.18.26.0042.01
1 1 . —v
Iy(4 -1 z)ber,,(z): —eZ(‘?’”’”\/?zy(4 -1 z)
2
G“’[ Lo,z ]+e3izwcsc(7r(v+3))6“izz ok /i——<arg2) <0
04| | 2 2" T 5 2,4 v T
64| 2 2 4 v, 0Ly

03.18.26.0043.01
- . e%(fs)m
I_V(4 -1 z) ber,(2) = E ZV(4 -1 z) 46532 -
\l z

i 0
—-—<ag2 =
> g

03.18.26.0044.01

((I7T 2~ 1L (V7T 7)) bery(2) = %(ﬁgn(m)) 2 (V=1 9

oY)

Classical casesinvolving Bessel K
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03.18.26.0045.01

KV( V—1 z) ber,(2) = ;(—n?’/z) zV(4 -1 z)_v

1 _lag
V_Z e 4(35711/)
2

3\ s 11

V2 CSC(H(V+—))6 4 Ggé iz 24
, 1 1
4 0,v,-v, =, v—=

Classical casesinvolving gF1

G390 _i
04 " 5a

2r

03.18.26.0046.01

EE 4 1 i ,3'.7'”/ 1.0 z %
oF1|; v+1; berv(ﬁ):—\/;r(v+1) 22 ¢ 4+ 1G] — sy 2 1 a2 |
2vV2 64 iy T’_Z(3V)'T
5 z 3-v 1-v 5 3-v 1-v
12 44 12 4 a4
e 2:6[_ v v v+2 2-v 1 1 )+€ N ”62:6[_ v+2 v v 2-v 1 1 ])
16 a0 0 2@-3v,-738y 16 2 e 0 2@-3v,-738y

03.18.26.0047.01

ivz
OFl[; 1-v; ]berv(\“/?) =
1 3y
v 3iny z ~Bv+2 z = +1
Vr ra-w|2z e o x|Gre — ! +itan( )Gig — +
Slea| v 2 w2 v 15,0 P L VO T
4’ 47 4 4’ 4 474" 4° 4’ 4
o v+l 48 v+l i3
G;’é[ 4 +iGY2 44 ]]
d v v+2 1 3y 2-v v d v+2 v 1 3y 2-v v
2V2 16 7 le(3V+2). 2 12 ol Z’Z(3V+2)’ 2 a0 T2

03.18.26.0048.01

j 72 1
OFl(; v+1; I—) ber,(2) = —— Vr T(v+1)
4 2V2

v+2 3-v 1-v
1-v Zinv —_— 3iny —_— —
= - 4 4’ 4
22 ¢ 4 nGi‘g — +e 4 ;é +
' yo_v v _3(3 ) v+2 16| r _y w2 2v 1(2_3,/) —1(31/)
4’ 4 4 4 "4 4 4 44 T4
5 3-v 1-v
iny e Ve e
. 4 4
e+ iGyE — [i-—<ag@?=—
"l 16 4 4

v+2 v v 2-v 1 1
2T T 2(2—3"): —1(31’)

03.18.26.0049.01

i 7
OFl(; 1-v; %] ber,(2 = Vr TA-v)

3invy
v 1 _3iny 10 24 %(3V+2) ) v 10 24 ?:‘—V"'l e 4
2z 7e 4 n Gl's a v 3v v+2 v 1 +itan 7 G1,5 & v+2 v 3v v 3v +

iR 71—2,2(31""2) R 71—217"'1 2V2
24 E: E ily E T T
Gzo| — N +iGgg v [i-——=ag@=—

g v v+2 1 3v 2-v v vi2 v 1 3v 2-v v

16 7 T’Z(3V+2)' 2 1T a ol 2.2(3"‘*'2). 20 a0 T2 4 4
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03.18.26.0050.01

IZZ v 1 . -V
OFl(; v+l T)berv(Z) =27t ed T 2 ( V-1 z) v+1)

3y iy 3
22 ¢ 2 Cﬂ:(ﬂ(v+ Z)) G%:Ll1

03.18.26.0051.01

iz 11 . -y
OFl(; 1-v, T)berv(2)=2‘v‘E ei(‘a)””\/?zV(“ 1 z) r-v)

Gl,O _ i
0,4 64

1-v 1
0 2(1—2")

iz

Vs 0
j——<ag2 =<
/ 2< 92

v v 1 1
21 T —5(3\’), Z(l—ZV)

v+l 1
- Z(2V+1)

2-v ai
T4 711 .
+ez GyliZ
v v+2 3v v 2—v] e GZA

——<an 0
; < 7)<
/ a(2)

2
v 3v 1
3 30 Z(2V+l)

1 z
25 Bv-1) GZ,O o
[ Yl 64

Classical casesinvolving =

03.18.26.0052.01

. ivz
OFl[; v+ 1 ] berv(\ll/?) =
L o , vz . sy 1y
S e B R oy ‘ + 26 L +
2N2 ’ oy zv. ligyy ri2 16| L _r r2 2v 15 3y 13y
4’ 4’ 47 4 T4 4 4 4 44 o4
Sy L
es’;”ﬂ 1,2[i 4 4 ]]
2,6 v+2 y v 2-v 1 1
16 T a3 T2 2(2—3‘/), _Z(SV)
03.18.26.0053.01
_ ivz
OFl[; 1-v; ] berv(\df;) =
3 z 1@Bv+2) TV 7 3v .1
N Pr i foo ; +itan( )Gig - 4 .
clea| r 3y w2 vl g 64| x2 v 3v v 3.4
440 4 44 474 47 4 4
o [ vl vi3 . vl i3
e % it 2 e
g v v+2 1 3v 2-v v g v+2 v 1 3v 2-v 4
2v2 16 2 T’Z(3V+2)' 212 16 W 212(31""2), 222
03.18.26.0054.01
N iZ
OFl v+l — ber,,(Z) =
4
1 o vz . 3y 1o
_‘/7[22 e 4 ”Gig v v 2y 41 v+2]+€TG;§[1_6 v v w2 2—v41 : 1 ]+
2vV2 vt iat it A 7 a0 2@-3n,-7@y

v 1v x x

4 4
fi——=ag@2=—

w2 vy o2 1(2_3”,_%(31,)]] 4 4
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03.18.26.0055.01

_ iZ
oF1|; 1-v; —|ber,(2 =
4
5 £ L3y+2) v £ EL o
\/7 2571@7 “r Gi:g & v 3v va v 1 ]+ltan(?)Gig a v+2 v 3?/ v 3v ]]+
il e T AR Zr e tY) 2v2
v+l v+3 v+l v+3
[e;’g z . Kl 73 , ]+iG%’é[i L N 73 , ]] -l cagm<l
4 v v+ 24 -V v v+ v v -V v
16 7 7,2(3""'2), 2 a0 g 16 2 Z’Z(3V+2)’ 2’ 472 4 4
03.18.26.0056.01
- E'Zz -l l(—3)»'7rv v (4 1,0 v v 2-v 1
OFl v+ 1 T ber,,(Z)=2 2 g4 \/72 ( -1 Z) GO,4 21 a4 —Z(SV) +
3y Binv 3 11 %, %(1_2‘/) /e
22 ¢ 2 cso(;r[v+—))6214izz ., 1 /;—E<arg(z)so
4 3 —5,—5(3"), 2(1—2
03.18.26.0057.01
_ iZ IV v
OFl[; 1-v; —] ber,(2) =22 ¢2 V\/?ZV(VA -1 z)
2-v v+l 1
1 b — 3iny —,>2v+1 T
PR ey 4 +ez GyiliZ 24 fi-—<ag@ <0
Pl 64|y w2 3y v Zv ’ voor v lioyi 2
4’ 4 47 4’ 4 2’ 2" 27 4
Generalized casesfor thedirect function itself
03.18.26.0058.01
1
z 1 = (2v+1
. 2,0 - - 2
berV(Z) __ﬂG1!5[4’ 4 v ov+2 v 2-v 1
i
03.18.26.0059.01
1-v v+l
_ T 40| Z 1 0, RS
ber,v(z)+berv(z)_271005(?)6317 ZZ v v w2 2y g v
O U R e e
Generalized casesfor powers of ber
03.18.26.0060.01
v+1 1 3 1
. (z)2=1ﬂ3/2efg[ z 1 = ] \/7(3%3[3& L3 2v+s
! ’ "4 v gLy o 32 2 a4y vl gl v 1w 1
2 2v2 435035355 242,750 5, -3, 5 2v+

Brychkov Yu.A. (2006)

Generalized casesfor productsof ber
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03.18.26.0061.01

1-v 4 v+l
1 L V=1z1 = inr v-1z1 ==
ber_,(2) ber,(2) = Z\/;[e"ie”’” Gig[ 2l VZ ) 1_V]+e 2 fg[ i VZ ,
2vV2 0, it tre 2V2 0, 31733
232 1 1 131
\/—G%[E V-1 “alg 1 j14121—_v v+l
2v2 122’ 2'2' 2" 2
Generalized casesinvolving powers of bel
03.18.26.0062.01
z 1 A
bei,(2)° + ber,(2)” = 732 Gig[ 2l o 2 , y+1]
2\/7 7 0, 2 T2 2
Brychkov Yu.A. (2006)
03.18.26.0063.01
1 3 1
n z 1 Ty 2VE S
bei,(2)° - ber,(2° = - | — G -, = 4 2
2 M2 4|y rlgl _vilv,y, L
2" 272 20 27 2
Brychkov Y u.A. (2006)
Generalized casesinvolving bel
03.18.26.0064.01
1 3
b z 1 =, 2 2y
bei,@ber = —— G - ]
2vV2 7 T‘O’ 21T T,ZV
Brychkov Yu.A. (2006)
03.18.26.0065.01
1-v
1 3iny V4 -1z 1 >
bei_,(2)ber, (9 =--¢ 2 iVr Gio - 2 +
4 ’ vz 4|0 1 _vvy v
2 3 T 5
1 Binv VA —1 zZ 1 E I.ﬂ'3/2 1 1 il §1 0
. 2,0 2 1,2 4 47 4
4¢° iVr Gis vz alot )t s VT2 g0y v
22 3 T35 ) 2V2 5 0.0, -3, 5. 5. 5
03.18.26.0066.01
1 1 3 1 0 1 2
Z 2220033
; ; _ 932 52237 ©
belV(Z)befﬂ(Z)-i-baﬂ(Z) berV(Z)_ 2% n GG,lO 2' 4| HY uHv+2 1 2 UtV p=v 2—p—v  v—u p—v+2  2—-pu+v
T4 T4 "33 a4 a4 a4 04
Brychkov Yu.A. (2006)
03.18.26.0067.01
;1 1312
. . _ 32 52al2l S T 4’ 4’3" 3
bei, (2) ber_,(2) + bei_,(2) ber,(2) = -2 17 G, > 7l 0L2 vy v
2’733 22" 27 2

Brychkov Yu.A. (2006)
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03.18.26.0068.01

1 0325256

z
_ hai i __ 932 _52~23 | "
ber,u(z) ber(Z) be'v(z) be|ﬂ(z)_2 T GG,lO 2’ 4l m utv¢2 1 5 v op—v o v—p 2—p-v  u-v+2  2—p+v

Brychkov Yu.A. (2006)

03.18.26.0069.01

ber_,(2) ber,(2) - bei_,(2) bei,(2) = 292 %2 GZ}

Brychkov Yu.A. (2006)

Generalized casesinvolving kel

03.18.26.0070.01

; 1 30| 2 1 32_V 1 3]z 1 % ?—1
ben(2) kel (2) = 5(_\/7) Cis , Z - 7/2 G5 E’ :1 1 v vkl v 1
2V2 0, 32" 32) 2 v 313 3073 3 , 0
Brychkov Yu.A. (2006)
03.18.26.0071.01
1 3
1 1 1 z 1 i
ber,(2) kei_,(2) = - = \/?ngg[ ot -z g]_ o Bl B V
8 2\/7 4 8\'27‘( 2 4 015,§y7y7y—,—2
Generalized casesinvolving ker
03.18.26.0072.01
1 1 3
1 z 1 ~@Bv+1) 1 7 1 13
ber,(2) ker,(2) = _ﬁGig "4 1 v2 v 1 ]+ ngg[_, 4 v V+14 14 v l‘v]
8 ov2 4|0 L1 -2 t@ven) gryr |2 4|05 L

Brychkov Yu.A. (2006)

03.18.26.0073.01

z

- 1 oz 1
1 v v v+l + G3!7 E’ Z
0, 313 T g 8vV2an

Generalized casesinvolving bel, ker and kel

1 1
ber, (2) ker_,(2) = g‘/7 Gio 2

2vV2

03.18.26.0074.01
z

1
2vV2 4

1
bei, (2) kei, (2) + ber,(2) ker,(2) = 2 vV GPe

Brychkov Yu.A. (2006)

03.18.26.0075.01

bei, (2) kei, (2) - ber,(2) ker, (2 = -

ozﬂi_xﬂ]
r2r 22 2' 2

32| Z 1
G| =+ —
252\ 1 2 4
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Brychkov Y u.A. (2006)

03.18.26.0076.01
7 1 13
ber, (2) kei,(2) + bei, (2) ker,(2) = - G3;§[—, R ]
25/2\/7 2 4 313 30 T3 0
Brychkov Yu.A. (2006)
03.18.26.0077.01
1 1 &
bei, (2) ker,(2) - ber,(2) kei,(2) = = V7 Gig . .
4 2 4|0, > 2T 2

Brychkov Yu.A. (2006)

Generalized casesinvolving Bessel J

03.18.26.0078.01
v
- 1
z

3y 1 . v
z] ber, (2 =2 2 Loz P\ 2 ( V-1 z) [
V-1

JV[
V-1
V4 —1 z l 3y Binv 3 1 1—, l(]_ 2V)
1’2 — = %,—g 27,——(31/) +22 ¢ 2 csc(n(v+—)]G§:i V=1z = L 2 14
2v2 4 4 2| 4 -5 -5@w, ;1-2)
03.18.26.0079.01
/e -v 1 -
J_y[ z) ber,(2) = [ — zV(4 -1 z) [ z]
4(—_1 2 4;—_1
4 2-v v+l 1
3v-1 1 . v-1z 1 — 3iny 1 —,>2v+1)
— —=(3inv) ~A20 4 11| & 2 4
[2 Lot VG ,Z v v+2 3v v 2—v]+e ! 62'4[ -1 Z’E v v 3v 1 ]]
2V2 222 1 72 2 @vtD

Generalized casesinvolving Bessel |

03.18.26.0080.01

I‘,(4 -1 z) ber,(2) =
3 V a 3 11
iny —v — iny = -
“Vr 2 (V=12 |Gogl ——. = | 3.0 3. 5|+ cs:(:r(v+ ))Gz}1 V-1z-| 2/
2+/2 4 4 v, O, Z'_V
03.18.26.0081.01
1L (V=1 2)ber,(@) =
Siny 4— 1y 11
— Y o V7121 2 sy a4l 2' 4
—z(—lz) Gis , = 1 o |Tet Gfv-1z - )
2 2 2v2 4103 553 Oy
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03.18.26.0082.01

(IV(4 -1 z)— I,V(4 -1 z)) ber,(2) = sz

11 1 4
3 Biny 1 Sy VT e V—l z 1
V2 esdrlve=|le s Gv-12=| 2+  * |- G0 “lo L -1
4 3,5 d 0 1 1 o2 0,4 ’ 15107
Ve =V V=g bs 2?2
Generalized casesinvolving Bessel K
03.18.26.0083.01
4 ¥ 4 -
KJ|V-1 z|ber,(2d =—-—2Z'|V-1 2z
(V-14 214
1 1 1 _3i7rv 2
3 iny 1 Sy oV — 5 4 —l z 1
e O = e B B L e
4 y 2 _ 1 l 2 0 4 2’ 2 2
0, v, Vi VT3 2r 24/2

Generalized casesinvolving oF;

03.18.26.0084.01

iZ ViTo+) [ o s [ 2z
oF1l; v+ 1; 7 ber, @ = ——|2 G

2vV2

el z 1 =2 s 21 Sy 1
€4 G%:g 5" 4 v v v+2 2—\/4 1 ) te EGZEZS 5 v+2 v v 2—v4 1 ’
2 4 T 7’2(2_3")' €20 2 4 T g 712(2—3)/),
03.18.26.0085.01
i 22
oFl(; 1-v; 7)bem(z) =Vx rd-v)
1 3y
v inv z 1 ~Bv+2 I 2% z 1 —+1
22 167 ‘e Gig ‘Z y 3y v+42 v 1 ]+itan( 2 )G:Il-g 'Z v+2 v 3y v 3v ]]+
22 YRR T’_Z’Z(3V+2) 2vV2 21 "1 7 1

o 1 v+l v43 1 v+l v+3
e [Gl,z[z 4 2 Lick 2 4 2
26| 51 26| 7'
V2 | T2 a4y x»2t Sv v _v "2 4| 2 vt Sv 2»v v
2V2 228V g 0 28V+D, g

03.18.26.0086.01

v iy

i -
oFiliv+1; 7) ber,(2) =22 e 2 \/;zy(4 -1 z) T(v+1)

1-v 1
<2 (1—2V)

3y 3Binv 3 1
yoor 2yt (31/)] 1277 csc(n(v+ ZD Ggi[,“/—_l =

v 1 1
E’ _E (3V), - (1—2V)

03.18.26.0087.01

i 22

1 1 . -V
oFa|; 1-v; T)berv(Z) =272V 2(V=12) TA-v)

2-v v+l 1
— 3inv 1 —,>Q2v+1
: ]+e ; Géji[x/“ -1 2,5‘ 24 ]]

)
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Generalized casesinvolving oF;

03.18.26.0088.01

_ i vV v g o
oF1 ;v+1;T ber,(@=——1|22 e + 7G5

3 1y 3 1y
3iny 12 Z 1 2 4 3iny 12 zZ 1 4 ' 4
e G26E Z v v ov+2 2-v 1 te s ﬂGZG E’Z v+2 v v 2-v 1
7 a0 2@-3,-7@y 2 r 1 a2 @-3v, ——(3V)
03.18.26.0089.01
_ i
oF1|; 1-v; — |ber,(2 =
4
1 3y
vog % o Z2 01 2Bv+2) 1,0 1 2 1
\/7 22 T 4 H[Gl,S \/_,Z v 3_V E v 1(3 +2) +ltan(_)G15 \/_,_ V42 v 3_V v ﬂ
2V 2 2 2 a3 gV 2V 2 21 a1
Sy v+l v+3 v+l v+3
e [Gl,z[z 1 e Ligh? z 1 e ]]
2615 4| v w2 2 3y 2-v v 260 5 4| vi2 v 2 3y 2-v v
2vV2 2 4 e 774(31/"‘2), 2 2 2 2 4 2 212(3"4‘2)7 2 a2
03.18.26.0090.01
= i oy s -y
OFl[;v+1; T]bery(z) =27 e 2 \/72“(\/4 -1 z)
\4/—1 z 1 3y Binv 3 1 ﬂ, E(].—21/)
Gl ——, S| L - 2 i3y |+2z e 2 esin|v+—||GHV-1 z - 2
0,4 44444 424 212y 13, o
2vV2 5 =5 =5 @, 7 (1-2v)
03.18.26.0091.01
= iz (3)z7rv v
oFa|i 1-vi ——| ber,@ =2" Vr 2 (V=17
2-v v+l 1
23 Gzo \/ z 1 e . 3L277V Gll 4_1 ZE - Z(2V+1)
15«/—41ﬂ3_v_z2—v € s [ IR 0 )
2 4’ 47 47 4 4 2" 2" 274 v

Through other functions

03.18.26.0092.01

SV -1Vz fny 4 4 1
ber,(2) = —(@3 = L(V-1 7-iH, (V-1 Z))/;v——eN
294V (1+i)z 2

Representations through equivalent functions

With related functions

03.18.27.0001.01

2
ber,(z2) = —csc(nv) bei_,(2) + cot(rv) bel,(2) + — ke, (2) /;ve Z
Ve
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03.18.27.0002.01
1 ow 4 3 3

ber,(2) = 5zV(—z“) 2@ )(JV(V -z )( [ ﬂv) +y -7 cos( ﬂv])+l (
03.18.27.0003.01

1 ——mv i 4
ber,(2) = ¢ (\/—z) (e 2 | ( -1 z)+.]v( -1 z))

03.18.27.0004.01
1 inv X
ber,(2) = 5(@7 |V(x/“ 1 z)+e‘”"JV(\/4 1 z)) [iveZ

03.18.27.0005.01

Sinv

%e 2 IV(HZ)+%43”VJV(\4/TZ) 37” <ag@ =nw
%@T Iy(ﬁ z)+ %e“”\lv(ﬁ z) True

03.18.27.0006.01

berv(z) =

iy

ber,(2) + i bei,(2) = ¢ 4 zV(4 1 z)_v |V( V-1 z)

03.18.27.0007.01
Sinv 4 3
e 2 IV(V—l Z) T<arg(z)<7r

iny

ez Iv(ﬁ z) True

03.18.27.0008.01

ber,(2) +ibe,(2) =

iy

ber,(2) —ibei, 2 =¢ 4 2 ({‘/T z)fv JV( V-1 z)

03.18.27.0009.01

e“”VJV(4—1 z) %<arg(z)sn
ber,(2) —ibe,(2) =
e""”.]v( V-1 z) True

Theorems
History

I )

3nv

)
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