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Notations

Traditional name

Kelvin function of the second kind

Traditional notation

kei(2)

Mathematica StandardForm notation

Kel vi nKei [z]

Primary definition

03.15.02.0001.01
kei(2) = keig(2)

Specific values

Values at fixed points
03.15.03.0001.01

Ve
kei(0) = ——
4

Values at infinities
03.15.03.0002.01
lim kei(x) = 0
X—o00
03.15.03.0003.01
lim kei(x) =

X—>—00

General characteristics

Domain and analyticity

kei(2) isan analytical function of z, which is defined over the whole complex z-plane.

03.15.04.0001.01
z—kei(2)::C—C
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Symmetries and periodicities

Mirror symmetry

03.15.04.0002.01
kei(2) == kei(2) /; z¢ (-0, 0)

Periodicity

No periodicity

Poles and essential singularities

The function kei(2) has an essentia singularity at z== co. At the same time, the point z == o isabranch point.

03.15.04.0003.01
Sing (kei(2)) = {{, oo}}

Branch points
Thefunction kei(2) hastwo branch points: z== 0, z== co. At the sametime, the point z == o is an essential singularity.

03.15.04.0004.01
BP,(kei(2)) = {0, &}

03.15.04.0005.01
R(kei(2), 0) == log

03.15.04.0006.01

R,(kei(2), %) = log

Branch cuts
The function kei(2) is a single-valued function on the z-plane cut along the interval (—co, 0) where it is continuous from
above.

03.15.04.0007.01
BC(Kei(2) == {{(—c0, 0), —i}}
03.15.04.0008.01
lim kei(x+i€) =kei(x) /; xeRAXx<0
e—>+0
03.15.04.0009.01
lim kei(x—i€) =kei(x)+2irbei(X) /; xcRAX<O0

e—>+0

Series representations

Generalized power series

Expansions at generic point z== 7,
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03.15.06.0001.01

bei(zy) -

arg(z- o) J {arg(z()) +7

T

kei(z)ockei(zo)—ZM{
Ve

2in rg(z‘z")J [”g(Z“)*"J (beix (20) — bery(zo)) — kel (zo) + kery(zo)

2n 2n
V2
1[ | rrg(z_ZO)Harg(ZO)M
—|2in
2n

(2-2) -

(ber(zg) — bery(z)) — ker(z) + Kera(20) [ (2— 2% + ... /; (2 29)

03.15.06.0002.01
© kei®(2o) (- 20)*

kei(2) = Z —_— Ayl <7
& k!

03.15.06.0003.01

1® 1 2 1 1k 2ok 3-k
33 47 47 4 K /.
ke|(z)_—ZZg 27| xo2kozk g 11s (z-29)" /; larg(zo)l <
k=0 ™ 4’ 4 4T 4 27 4

03.15.06.0004.01

1 (-1 ')kzﬂ H
> (-1+: 2

ke = -y ———
€i(2) ZZ -

k=0 : =0

agz- 7o) J rrg(z()) +

2n

k . .
(5, )((1 + %) (keu (20 - 2i (—1)% bei4 j<zo>] -

gz - z) J rrg(ZO) + J

2n

i(1-4) [ker4 jx(Z0) — 2i (—DM{ bery 4 J-(z())]) -

=

=0

arg(Z—Zo)J r\rg(zo)+7r

Py bei_ j+k2(20)] -

k .
(1% 1)[(1+ ) [ke|4 fkealZo) - 2:2(—1)%{

2n

gz - 2) J r\rg(zo) i

i(1-4) [keu jke2(20) = 28 (=17 { 5 J ber_ j+k_z(20)]] -2
Vs

/4

03.15.06.0005.01

arg(z- 2o) J rrg(zc)) +
2

T

kei(2) « [kei(zo) —-2ir { bei(zo)) 1+0(z-zy)

T

Expansions on branch cuts

03.15.06.0006.01
2in [a'g(H)J (beiy(X) — bery(x)) — kei; () + kery (%)

2n
V2

1 arg(z—- x)
(21"7{ > J (ber(x) — ber,(x)) — ker(x) + kerz(x)) (Z—=X2+...[;(Z>XAXeRAX<O0

/4

agz— x) %

bei(x) + kei(x) —

kei(2) o« —2u'7r{
s
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03.15.06.0007.01

1 K2 2
kei(z) = EZT 2(21 )((1+L"k)(kei4j_k(x)—Zi(—l)kﬂ'\‘

ar -
ﬂ'(l—'ik)[keuj-k(x)—Zi(—l)kn{ g(zz X)Jberk_4j(x))]—

T

argz-x

2r

k .
Z (21 + l)((lﬂk) (ke'4j—k+2(x)—2i(—1)kn{

ag(z-x)

2n

i(1-4% (ker4 jke20 =20 (-D* 7 {
03.15.06.0008.01

] © 1 : arg(z—-x) 12] X 1
k6|(Z) —ZE[—ZﬂL{ 5 JGZ’G[Z’ Z

k=0 K- s

xeRAXx<O0

03.15.06.0009.01
9z-Xx)

T

ar
kei(z)oc(kei(x)—zm{ bei(x))(O(z—x)+1)/;xe[R/\x<0

Expansionsat z==0

For the function itself
03.15.06.0010.01

77[ z 2B ]
kei(z2) « ——|1- — + +...]-
4 64 147456

arg(z—x)

bei_4 j+k—2(X)) -

Bx

[
|

7? z z yal
— Iog(—) 1-—+ +
4 2 576 3686400

03.15.06.0011.01
T, (-1 (z)4k ii (-Dky(2k+2) sz (_) _i OQ(E) 0

kei(z) = ——
410 (@K 40 (@k+ DY’

03.15.06.0012.01

e 7rF 111 z 22I (Z)F 133
€2 =-— ;—— |- —log| = o IR
@@= 2 2 b o 9N2)7 2 2 " e

bl%

oo
k=0

03.15.06.0013.01

60 = = (=T 2+ 0T 3 5 (o7 7 - (3T 2o )

03.15.06.0014.01

. n y 2 y 2 gz N
kei(@ < = (1+O)) + - (L= (1+f ))_ng(g)(uo( ) /: 2= 0)

2 L (-11+69)Z* (-137+60y) 2
+ -
7 3456 221184000

(-1)¥

2130 (2k+ D1Y?

(Qk+1) ')

=~ b

-
e 5

2 & (-D*yk+2)
4

3

-Dfy2k+2) z

beik—4j(x)) -

2k + HNH?

J berf4j+k—2(x))) (z-%¥/;xeRAXx<0

+...]/; (z-0)

5

]] z-x*/;
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03.15.06.0015.01

1 1
kei(2) o _% (1+0(2)) - 5 21002 (1+ O)) + 5 2 0@~y + ) {1+ O(Z)

For small integer powers of the function

03.15.06.0016.01
kei(2)? o

1 z 1
- [nz +(log(16) — 47)% + 16 (Iog(z) + 2);') log(2) + - (-8 (log(16) + 5) + 1692 + 72 + 8 (2l0g*(2) + l0g(32) + 4) +

1
8log(2) (—4log(2) +2log(2) + 4y - 5)) 2 + o116 (Iog2(4096) +97° +516l0g(2) +

12y (-24109(2) + 12y — 43) + 12l0g(2) (—24109(2) + 12109(2) + 24y — 43) + 536) 2 + ] -
1 1
§ [(—4 log(2) + 4log(z) — m + 4y) (—410g(2) + 4log(2) + m+ 4y) + 5
(~8(610g°(2) +10g(2048) + 4) + 372 + 8y (10g(4096) — 6y + 11) + 8log(2) (10g(4096) — 610g(2) — 12y + 11)) Z* +

YT (-4 (840l0g(2) + 1217) + 1680y> — 10572 + 4 (log(2) (42010g(2) + 1217) + 838) +

4l0g(2) (-84010g(2) + 42010g(2) + 840y — 1217)) 2 + ) -

1z z pad 1z 1
— |1+ —+ 4o+ — (—4Iog(2)+4|og(z)+4)y—2+—(60Iog(2)—60|og(z)—60y+73)z4+
16 216 432000 32 864

(0] 0og(Z +4ay +...|H(Z>
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03.15.06.0017.01

12 o ek gz o CDZX(E) (log@) +4log@ + ylk+ ) +u(k+ §) - 6y2k+2)
kei(2® = - — + — +

16 k:okz(g)3 2 i (@k+1n°
k

1 = 278kAK (k 1)

D S U
1

3y(k+1) (4log(8) - 8log(2) + 3y(k + 1) - 3y Pk + 1) — ¢<1>(k+ 5)] -

k (e|ogz(§) ~12¢(k+ D) Iog(g) - 12w(k+ %] log(g) + 4(‘”("* %] ”) 'Og(g) ’

2

oo )-aol5)+ 5 ot Sl 5T e 3o
Y +Z—7r og(a)+7+£¢(+)+£¢ +E +£¢/ +Z+7r +

2

1
+2(log(64) — 4log(2) + 3y(k+ 1)) l//(k+ 5) +2 [2 Iogz(8) +7%+8 Iog(g) Iog(z)) +

1o GO () (3

1_6 k=0

3
1

O R ) S SR (O R RS E R (o
EW +£_1_7T— ¢+Z+7Tlﬂ(+)— ¢+Z—7Tlﬁ(+)+ yk+ 1)y +E_

i gl 3ol el )i 3l )

S yPk+1) - 3 w(l)(k+ E) + ! (¢(1)(k+ E) - 27r2) + ! [w(l)(k+ E) - 2712)
2 2 2) 2 4 2 4

03.15.06.0018.01

1
kei(2)? o n n%(1+log(2) O(2))

Asymptotic series expansions

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments



http: //functions.wolfram.com

03.15.06.0019.01
(A+i)z

ie V2

8V2r Y -V-1 z (-0¥ 2"
[[\/ -1z [n AALACRCLN ( ~3i e ‘/_Z)z]+4(@<1”>‘/?2z+<‘/j\/i_zz)(mg((—l)s/“z)—|og(z))]—

kei(2) «

A

+e“/zz(—i)nz+

Mol WS PSR
V2

4((—1)3/%‘/?2\/ —-i7 —@"‘/?Zz) (Iog(z)— Iog(— V-1 z))

1
o2
N 1| (TR er RERU ) (= N
(log(2) - log((-1)** z ))) %\/(—1)3/42 (-2@"/32712%51(“i)n((4+4u')z-m/?m%
s(x“/ﬁe‘/zzm—miﬁzz)(log(—HZ)—log(Z))))[HO[;))—

+ei‘/?z(—i)7rz+

1282 NE

V(=12 [@\/?Z,T[“_ A+dV-iz
(( R A )('09(2) log(-V'=1 z))]+\/—<‘/Tz

T

Vi (3-3i
AR \/(_ ) +(4—3m<l+f>ﬁ Z) Z]+4(e(1”)‘/? 22+V-1ViZ )(|og((—1)‘°’/4 z)—log(z))]]
2

1024 7

S(Me‘/?zm—iei‘/zzz)(log(— V-1 z)—log(z)))+
\/_12( (( 4-3je?V 17 )z+3( 1)3/4\/§)+4[\/j\/§ (l”)‘/zzz)

1 75v -1
[1+o[ ]] [ (-1)%4 2 (2e5‘/?2nz+@52(1+i)n((4+4i)z-m/7\/—izz)+

/: (12 = o0)

(log(2) - log((-1)** z)))) [1 L0 [ % ]]
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03.15.06.0020.01

(A+i)z

ie V2
8V2r \ -vV-1 z (-1¥ 2"
B () e
2lex 147 [ il [(-1)k+35(4—3m<m>ﬁz)(—«“/?z)3/2+(—1)k(3—3a')\/§ Nz

kei(2) «

k=0

V(12 (\/?e“/zz(—i)z—(1+i)e‘/zz(\/7(—2+2i)z+ V-iZ ))]—
44 (-1%z [ae"‘/?zz—(—l)y4 @‘/?Z\/ —iZ )(Iog(—\‘l/j z) - Iog(z)) +
4~V V-1 z (e(1+">\/?zz+ {‘/T\/E) (log((-1)¥* ) - Iog(z))] -

n-1| (1 i

2 K

Ly 2 G, (55) (s \ ) \

-1 2)oks1 \a2 [( +z)7r[(_1)k+4(4+3M2<ﬁz)(_1+m(_ —~ 2)3/2+(_1)k+3(3—3i)
2z & @k+ D! 2

\/§V -1z -+ (1¥z (e“/?z(—ui)z+e‘/?z((4+4i)z—i«/?m)))—
44 (-D¥ 2z (\A/T @‘/?Zm—rze"‘/?zz) (Iog(— V-1 z)—log(z))+

4(-1KV V-1 z (ae(l"‘”‘/zzz—\/4 -1Vi?Z )(Iog((—1)3/4z)—Iog(z))]+ /14> c0)AneN
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03.15.06.0021.01
Az

ie V2

8V2r Y -V-1 z (-0¥ 2"

et

kei(2) «

i (3-3i0)
V2

+ (4 ~3i V2 Z) z] + 4(@1”)‘/? 224V -1 Vi? )(|og((— ¥z - Iog(z))] -

W[r[iw it

77 +e*"/;Z(—i)nz+4[(—1)3/4e‘/?2\/ -i7 —ei‘/?zz)
2

oo ioo 47 z))]] fLiiiesTrais )

88888888424 2

(CRON

8z ( -1z ( [( 4-3i¢? 212 )z+3( 1)3/4\/§)+4(\/j\/§ <1+i)\/722)

(Iog(z)—log((—l)3/4z)))— % V(-1¥z (—2@“/;an+ @‘/?Z(l+i)7r((4+4i)z—i\/?\/ -iZ )+
8(\7? e‘/?Z\/ —iZ —u‘e"‘/;zz) (Iog(— V-1 z)—log(z))))

8 8888888244 £

(33557799135 16] 9i

+
128 7

1+ -iZ?
V (-1)¥4z @‘/;ZJT 47— —( *ON
V2

\/72 1:)7'(2+4(( 134 ¢ Va2 2\ i A —e‘/7 )(Iog(z) Iog(—ﬁz))]+\’ 1z

7 (3-3i
[71 % +(4—3w<1”‘>ﬁ ) z] +4(e(1”)‘/? 22+ V-1 ViZ )(IOQ((—1)3/4 7) - |og(z))]]
2

(5577991111353 16) 75V -1

888888 8 8442 4

1
-V (~1%¥z —Zeiﬁzﬂz+e‘/?z(l+i)7r G+4iz-iv2 \N-iZ |+
2

S(Heﬁzm—ieiﬁzz)(log(— V-1 z)—log(z)))+\/le
(n ((—4—3&«32‘7? Z)z+ 3= \/;2 )+4(<‘/j \/;2 iz Zz) (Iog(@) — log((-1)3* z))))

8888888842424
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03.15.06.0022.01
Az

ie\/?

8V2r Y -V-1 z (-0¥ 2"
i

kei(2) «

A

+ei‘/?z(—z7)7rz+

Jim[f[i() 7

V2
1
4((—1)3/4 N2z iz —e“/?ZZ) (Iog(z)—log(- V-1 z)) [1+O[;]] /(12 > o)
03.15.06.0023.01
1% (Hﬂ')ﬂ/? vz Z)x/? berg

arg(z) =

4@6’?1\/7 ? g
kei(2) o 7 VeVt (oY . z /; (124 = o)

eSS EXY PR YRR I\ R

3 (_1)5/:@%((—1)3/4—2\/4 -1 ezﬂz+ei‘/?z+2i@‘/zz) True

Residue representations

03.15.06.0024.01

_ 2,

» 1 o (s (3) ASF( 1)2 ( _ 1) 1 r(s+ %) (%) 4Sr _
€(=-- ) res|] ——T|s - - — gr — T |-
2 2, (=3 ra-9 +2 J €Sy ra-9 ® =D

Integral representations

On the real axis

Contour integral representations

Limit representations
Generating functions
Differential equations

Ordinary linear differential equations and wronskians

03.15.13.0001.01
W22 +2w¥@2 2 -W'@ 2+ W@ z+Z W2 = 0/; W2) = ¢, ber(z) + c, bei(2) + c3ker(2) + c,kei(2)

i 22 (3-3i
i1z ( i) +(4_3M<1+¢)\/Zz)z]+4(@(1n)\/?zz+(‘/j Jizz )(Iog((—1)3/4z)—Iog(Z))]—
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03.15.13.0002.01

1
W,(ber(z), bei(2), ker(2), kei(2)) == — ;

03.15.13.0003.01
912*'0@°* W@ +292°% (02" -390 9" @) g @* W@ -
92° (9 @' +602 9" (29 @* +402°d°@ 9@ - 15927 9" (2°) g @ W'(@) +
92 (Y@°+92 9" @9 @" -292*9°@ g @° +92° (69" (" - 92 0¥ @) g (@° + 1002° 9" 2 ¥ @ g @ -
159(2° g”(z)s) wW(2 +g(2* g’(z)7 W(2) =0/; W(2) = ¢, ber(g(2) + ¢, bei(g(2)) + csker(g(2) + ¢4 kei(g(2)

03.15.13.0004.01

’ Z)G

Wi(ber(g(2)), bei(g(2)), ker(g(2)), kei(g(2)) = - v
oz

03.15.13.0005.01
92" g @*h@* W@ +292°9(@* (@ (9@* -39 ¢"(2) - 202 ¢ @ N @) h2* W3 (@ +
92’9 @ (-(0@" +602 9" @ 9@ +492°°@ 9@ - 1592° 9" () h2)’ -
60292 (W@ 9@ +92h@9@-392N@9"@)h@ +1292° 9@ W(@°)h@* W' (@) +
12 (9@°+929"@9@" - 292*9°@ 9 @° +92? (69" @° - 92 §“ @) g (" +
1002°9"@9%@ 9@ -1592° 9" @°)h@’ +29@ 9@ (W@ g @" - 39@ '@ g @’ -
292 (9@2h°@-3N2¢'(2)g@*+92% (99" @ N (@ + 4N (2 ¢°@) g (@ - 1592%N (2 " (@) h@)’ +
12029 @* W@ (W@ ¢ @°+292 (@ d @ -390 N (@ 9" @) h@ -2402° ¢ @* N @) ho W@ +
(0@*h@* 9@ +9@* (240 @"* - 36h@ h" @ (@ + 8h@* K@) (2 + h@? (61" (2 - h@ h“(@2)) g (2° -
292°h@ (9 @°-39@9"@)(6N@°-6h@ N @ W@ +h@’ @) g @° +
9@?h@’ (h@ (@ -2 @°) (¢ @" +69@ 9" @ 9@’ +492° @ J @ - 1502% 9" (2°) ¢ (D -
92h@’ @ (g @°+92 9" @9 @" - 2029 g 2° +
927’ (69"(2° - 92 9°@)g(2*+1002° 9" @ d°@ g (2 - 1592° ¢"(2°)) w2 =0/;
W(2) = ¢; h(2) ber(g(2)) + ¢, h(2) bei(g(2) +c3 h(2) ker(g(2) + ¢4 h(2) kei(9(2)
03.15.13.0006.01
h@’g'@°
W,(h(2) ber(g(2), h(2) bei(g(2), h(2) ker(g(2)), h(z) kei(g(2))) = - Q(T

03.15.13.0007.01
WY@ +(6-4r-492W3(@2) +(4r°+12(s-Dr+6(s-2)s+7)ZW'(2 +
@2r+2s-1)(-2(s-Ds+r(2-49-1zw@ +(a*r* 2"+ +4r+4r*)wz) = 0/;
W(2) = ¢, Zber(aZ) + c, Zbei(a?) + s Zker(az) +c, Zkei(@z)
03.15.13.0008.01
W, (Zber(@?), Zbei(az), Zker(@az), Fke(az)) = -a*ré 2456
03.15.13.0009.01
W2 - 4(log(r) +log(s) W(2) + 2(2 log?(r) + 61og(s) log(r) + 3 Iogz(s)) w’(2) +
4 (log(r) + 10g(s)) (—Iogz(s) - 2log(r) log(s)) W' (2) + (a’ log*(r) r*Z + log*(s) + 410g(r) log’(s) + 4 log?(r) Iogz(s)) wW(2) =
0/, W(2) = ¢, Sber(ar?) +c, S bei(ar?) +czs“ker(ar?) +c, s kei(ar?
03.15.13.0010.01
W, (s ber(ar?), & bei(ar?), Sker(ar?), skei(ar?) = —a* r*zs*2log’(r)
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Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

03.15.16.0001.01
kei(—2) == kei(2) + bei(2) (log(2) — log(—2))

03.15.16.0002.01

1
kei(i 2) == —kei(2) — E nber(2) + (logi 2) — log(2)) bei(2)

03.15.16.0003.01

1
kei(—i z) == —kei(2) - E nher(z) + (log(—i 2) — log(2)) bei(2)

03.15.16.0004.01

kei[(‘/i_1 z] = —kei(4 -1 z)— %ﬂber(“ —1 z)+bei(4 1 z) (log(—(—l)3/42)—log(4 1 z))

03.15.16.0005.01
kei((-1)¥*2) = kei( V-1 z) + bei( V-1 z) (Iog( V-1 z)— Iog(— V-1 z))
03.15.16.0006.01
kei((-1)¥* 2) = —kei( V-1 z) - %ﬂber( V-1 z) + bei( V-1 z) (Iog((—l)‘°'/4 2)- Iog( V-1 z))
03.15.16.0007.01
vz (4kei(2) + bei(2) (410og(2) - log(Z'))) + 7 (\/? - 22) ber(z)
47

of7)-

Addition formulas

03.15.16.0008.01

2z

kei(z—2) = ) (ben(zp) Keik(zy) + beii(z) ken(zy) /; |—| < 1

k=—c0

Z

03.15.16.0009.01
. — _ . ¥4
kei(zy +2) = ). (bendzp) kei_(zy) + beiy(z) ker_i(z) /3 | —| < 1

k=—00

Z

Multiple arguments

03.15.16.0010.01

(1-2)(2) [ (3« 3k
kei(zy zp) = Z R [cos[Tﬂ] keiy(25) + kery(z) sin[Tﬂ]) LZ-1<1

!
o k!

Related transformations

Involving ker(2)
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03.15.16.0011.01
i

kei(2) + i ker(z) = iJO(4 -1 z)(Z —Iog(z)+log(4 -1 z))— %(m’)YO(4 -1 z)

03.15.16.0012.01

kei(2) — i ker(z) = —n‘KO(«“/T z)—ilo(ﬁ z) (—%(m)—log(z)uog({'/j z))

Differentiation

Low-order differentiation

03.15.20.0001.01
okei(zy  keiy(2 —keri(2

0z V2

03.15.20.0002.01

82kei(2)
7

1
=5 (ker(z) — kerz(2))

Symbolic differentiation

03.15.20.0003.01
d"kei(2) LI

=22 7G-1"
0z"

Hp. =
Z(zk)((lﬂ)keuk_n(z)—n(l—u)ker4k_n(z))+2(2k+1

k=0

) (i (1= i) Kefaje 2@ — (L4 " Kelgenea@) | /i n € N

k=0

03.15.20.0004.01

B

a“kei(z) —a—n—l. n n+1 n -n i -, N+l
P =2"27@G-1) §[2k+1(2k)((1+u)ke|4kn(Z)+(—u+l ) kergin(2) +

V2 @+i)4k-n+1) ; n N
. ( )((1 — i) Keigk ne1(@ + (=i + i) Kegy 1) [N EN

03.15.20.0005.01

d"kei(2) 1633 z 1
B 4 4

47" 4

Fractional integro-differentiation

03.15.20.0006.01

d%kei(z ® (=K 274K 4k + 2)! (log(2 2k+2

()ZHHZ( 2 @ak+ 2t (ogd) +y@k+2)
oz par (k+ D2 T(dk-a+3)

P2 (—1)k2*4kfcl(gé(z,4k+ 2) z4k 7Y > (_1)k2—4k(4k)!24k

4 % (k+ D12 4 10 (KN’ T@k-a+1)



http: //functions.wolfram.com 14

03.15.20.0007.01

0% kei(2 20 3533 «a a5 a 3 «a z
AT AT T T IS i S P
oz N4 424 47 44 42 4
- (131 1l-a 2-a 3-« a 2z
222 m3 7 F| -, - o ) ) yl-— =+
442 4 4 4 4" 256

© (1)K 274K Ak +2)!1 Y2k + 2) " iZ-o = (DK FC(z, 4k +2) o

iz
o (Qk+DN’T@dk—-a+3) 4 5 2k + 11?

Integration

Indefinite integration

03.15.21.0001.01

o
N
NE N
|
I
o
N ———

az 1
fka(az)dz———zGl5 — =
4" 4

Definite integration

03.15.21.0002.01

f e Plkei(t) dt =

0
12“32 (0/+1)2 ) 12 1 o).F a 3 a 3 a 5 a
=2 IN——- (a/+)Cos(—7r(a+ )) R e Sl Sl St Wt st Mt W St
3 PLZ )P 4 “Na 44 44 44 4424
a 1l a 1l a 3 a 3135
GCOS( (- na)]4F3 — =+, —+—= —+- -, - = -p|-
4 4 4 4 4 4 4 4 2
a\? Ta a 1 a 1« a 3
3F(—) pzazcos( )4F3 - —+—, —+1, —+1 —,
2 4 4 2 4 2 4 4 4
: ]

o (Ta a 1 a a al13
23“( )4':3( - =+ == == = =~ )
4 4 2'4 2°4 4424

Integral transforms

Laplace transforms

03.15.22.0001.01

Likei(h)] @ = _ [Wﬂ 3Fz(%: L1 ; 2? ‘24) - ﬁ”(c’o{% tan_l(zz)) " Sin(% tan_l(zz)])] g

a7z +1

1
Re(2) > — ——
V2

Mellin transforms
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03.15.22.0002.01
4

Z\2
M[kei(t)] (2) == —272 1"(5) sin(;) /;Re(2) >0

Representations through more general functions

Through hypergeometric functions

Involving hypergeometric U

03.15.26.0001.01
. 1 3/4 1 1 1 4
kei(2) = Ee’(’l) Zi\/?U[E, 1,2(—1)3/42)—543’ -1 ziﬁU(E, 1,2+-1 z)—

1 . i2) 1
5(—4:2Iog(z) +4i|og(\/ -1 z) +7r)0F1[; 1 %]— §(4zilog(z)—4ilog((_1)3/4 z)+7r)oF1[; 1 -

Through Meijer G

Classical casesfor thedirect function itself

03.15.26.0002.01
Vs /4
011 0]/;—Z<arg(z)s —

kei(2) 1Gso z
d@=--Gog| — |0 3, 3,
4 % ose| 22 4

Classical casesfor powersof kei

03.15.26.0003.01

13
2 1 z 1 |n z 17
kei(\A/?) = ngﬁ(—‘ 0,00, %)— -/ > Gg:g[l_ 2 14 ) 1]
16Vr 64 8 60,00, 31313
Brychkov Yu.A. (2006)
03.15.26.0004.01
z 1 |n z £ 2 n n
kei(2)? = Gg;g(_ 0,0,0, g]—— [ A - C R
16V 64 8V 2 16| 0,0,0, 31323 4 4

Brychkov Yu.A. (2006)

Classical casesinvolving bel

03.15.26.0005.01

{2 (17)= L £ 0002) Lt

NIF NP
Hlw

o

N
NI

N ——

8V2nr

Brychkov Yu.A. (2006)

03.15.26.0006.01
Vs

]/;Osarg(z)s—

1
0,00 |- —— G2
] 2,6 4

1
bei(2) kei(2) = g\/F ngﬁ[

64

i 2

]
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Brychkov Y u.A. (2006)

Classical casesinvolving ber

03.15.26.0007.01

1 3
1 z 7 13
ber(Vz ) kel({2) = -V 63 = | 0 20.0) - ——ezl = | | T ]
8 64 sv2r |16]03% %00}
Brychkov Yu.A. (2006)
03.15.26.0008.01
1 z 1 # 13 i
ber(z)kd(z):_g\/;eég[Q 030 OJ_ Ners G%[E L [0sagd s
8 27'( Yy S E' 0, O, E

Brychkov Y u.A. (2006)

Classical casesinvolving powers of ker

03.15.26.0009.01
4—2 4—2 1 aof 2 1
Vs

8

Brychkov Yu.A. (2006)

03.15.26.0010.01
2 2 1 |n z
kei(Vz) —ker(Vz) ===/ = G3ol —
a4\ 2 %16

Brychkov Yu.A. (2006)

03.15.26.0011.01

s T
kei(z)2 + ker(z)2 = ngg 0,0, 0, %] /; _Z <agi2 = —

N

8Vn

Brychkov Yu.A. (2006)

03.15.26.0012.01

1 |« z 23 T T
kei2? —ker@’ = —— | - G2 — 4 fi—=<ag@ =<~
4V2 "16|0,001 3 3 4 4
Brychkov Yu.A. (2006)
Classical casesinvolving ker
03.15.26.0013.01
1 |« z TR
kei(Vz Jker(VZ)=-= | = G — S
8V 2 16 | 0, 0, > 5 E'O

Brychkov Yu.A. (2006)
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03.15.26.0014.01

) 1 T . 0[ z
kei(z ker(z2) = —— / - Gyg| —
8V 2 "l 16

Brychkov Yu.A. (2006)

T

/s
;- — 7)< —
,0/ 4<arg()

4

NP MNw

NP N

1
0, 0, 3

Classical casesinvolving ber, bel and ker

03.15.26.0015.01

o642 kel V2 ) (V2 e V2 ) = ; Vi o3[ | 0.0.0. 1)

Brychkov Yu.A. (2006)

03.15.26.0016.01

R o ( —— Gg;g[i

NIF N
O riw
NI
N
N —

Brychkov Yu.A. (2006)

03.15.26.0017.01

ber(&?)kei(«“/?)+bei(<‘/?)ker({‘/7)=— ! Gﬁ:ﬁ[—

221

NIk B
o hlw
o
NI

Brychkov Yu.A. (2006)

03.15.26.0018.01
bei(V/Z ) ker(VZ ) - ber(VZ | kei(VZ ) = %ﬁeﬁ;i(é ‘ 010 o)
Brychkov Yu.A. (2006)

03.15.26.0019.01

1] T T
0, 0, 0, E /,—Z<arg(Z)S—

N

1 ral
bei(2) kei(2) + ber(z) ker(2) = 2 Vr Gﬁ;ﬁ[a

Brychkov Y u.A. (2006)

03.15.26.0020.01

: : 1 32 z %’ 4 4
bei(2) kei(2) — ber(2) ker(2) = - G| = NP S (¢ T
B2\ 16 | 0, 0, 5053 4 4

Brychkov Yu.A. (2006)

03.15.26.0021.01

: : 1 32 z %’ % 4 n
ber(z) kei(2) + bei(2) ker(d = - ——— G| — 11 L i——<ag =< —
2521 16 | o, > 5 0,0, = 4 4

Brychkov Y u.A. (2006)
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03.15.26.0022.01

1 z 3
bei(2) ker(2) — ber(2) kei(2) = 2 Nr Ggﬁ[a ‘ 0, % 0, 0] /; —% <arg2) < %\/ Tﬂ <arg(?) < 77\/ —r<agy<-

Brychkov Yu.A. (2006)

Classical casesinvolving Bessel J

03.15.26.0023.01

4 1 z
3(V=-1 2)ké(@ = g\/?[—iegﬁ[a

1 2 Z
[ GZ,G —
2 16

Classical casesinvolving Bessel |

13 . .
i N 1 l]]]/;—z<arg(z)ﬁz
002021

03.15.26.0024.01

Io(4 -1 z)kei(z): é\/? j

1 3 1 3
1 z i z i T T
—|¢ gé_ fAl 1+G§g_ 114 1 /1__<arg(z)$_
\/771' 16 O, 01 Ey 01 Eu E 0, Ey E: O: 01 E 4 4
Classical casesinvolving Bessel K
03.15.26.0025.01
1 3
i z 1 1 1 i
Ko( V=1 7 kei(d = 63’3[ 2] %00 3)_ WoV-tz-|  UF L |hr<ag@ =0
;s ) 1 1 1
16vr  2v2 4 8v2n 2 41000335 3
Classical casesinvolving oF1
03.15.26.0026.01
ivz 1
oF4l: 1; kei(\“/?)z—\/;
4 8
2 7 . 13 7 13
jG(Z):g(_‘ 0,0,0, %)_ngg(_‘ 0, % 0, 0)_ ng:é 1 f, \ 11 +G§:(23 16 1 i, ) 1]]]
64 64 V2 1610,0,3,0 3 3 16(0,3,500 3
03.15.26.0027.01
i 22 1 z
.- : _ . ~2,0 1 2,0 1
oFl(, 1 T]ka(z) = g\/?[u GM[a 0,0,0, 5 |-Gga 0,30, 0]-
1 3 1 3
1 z i z i b T
iGyg| — AT Fa e P BRI || VRS-
\/771' 16 0,0, P 0, 513 16 0, 50 50 0,0, 5 4 4

Generalized casesfor thedirect function itself

3n
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03.15.26.0028.01

1 z 1
kei(2) = ——GS’O(—, —‘ IENES 0)
4 Mg 4| 202

Generalized casesfor powersof kel

03.15.26.0029.01

vV z 1
0,00 %|-—G - -
2) g2 °l2 4

1 z 1
kei(2)® = Gg‘;i[ L=
2v/2

16V V2 4
Brychkov Yu.A. (2006)

Generalized casesinvolving bel

03.15.26.0030.01

1 z 1
bei(2) kei(2) = — Vx GS:Z[—, =
8 2y2 4

Brychkov Yu.A. (2006)

Generalized casesinvolving ber

03.15.26.0031.01

4

22 4

1
ber(2) kei(z) = -3 v ngﬂ[

Brychkov Yu.A. (2006)

Generalized casesinvolving power s of ker

03.15.26.0032.01

z 1
kei(2)* + ker(” = ngg(_, - L

0,0,0 l]
2v2 4

8V
Brychkov Yu.A. (2006)

03.15.26.0033.01

1 =
kei(2® - ker@* =-— | — G2
a2 *

Brychkov Y u.A. (2006)

Generalized casesinvolving ker

03.15.26.0034.01

] 1 |« 50
kei( ker( = -— .| = Gy
8V 2 '

Brychkov Y u.A. (2006)

Generalized casesinvolving ber, bel and ker

NIk DI

O MW

N
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03.15.26.0035.01
) ) 1 of 2001
bei(z) kei(2) + ber(z) ker(z) = Z\/n Gog| —— Z

0,0,0, %]
2v2

Brychkov Yu.A. (2006)

03.15.26.0036.01

1 3

z 1 < 7
bei(2) kei(2) — ber(2) ker(2) = — Gagl =, - f 4 ) 1]
avar (2 4[00.307 3

Brychkov Yu.A. (2006)
03.15.26.0037.01

| . WERII S
bei(z) ker(z) + ber(z) kei(z) = - Gyg| = = 1 N
avan (2 4]0.53.00;

Brychkov Y u.A. (2006)

03.15.26.0038.01

1 z 1
bei(2) ker(2) - ber(2 kei() = - V& G359 ——, =] 0, 2,0,0
4 Tlayz 4] 7
Brychkov Yu.A. (2006)
Generalized casesinvolving Bessel J
03.15.26.0039.01
4 . 1 2,0 z 1 1
%(V-1 2)kd@ =~V [-iGlgl —, =] 0,0,0, 3 |-
8 ' 2\/7 4
1 3 1 3
z 1 27 1 12
2,0 1 32 4' 4 . 32 4' 4
014[—' ~10 2 0, O]_ Gzl 50 7 11 1]_lGZv6[_’ n 1 1 1]]]
2\/?4 2 2 4 0;5,510,0,5 4 0,015,015,5
Generalized casesinvolving Bessel |
03.15.26.0040.01
4 . 1 . ~2,0 1 1
lo(V=1 7 kei = = V7 |i G} =000 ;|-
8 ' 2\/? 4
1 3 1 3
z z 1 7 1 17
2,0[ - 1 0]_ Iz 4’4 ] Gsz[_ - 4" 4 ]]]
0,4 ' 2" 126 50 1.1 1|28 11 1
2\/?4 2 2 4 O’O’E’O’E’E 4 O’E’E’O’O‘E
Generalized casesinvolving Bessel K
03.15.26.0041.01
1 3
i z 1 1 1 T 7
Ko( V1 z) kei(z) = ngg[ ,—10,0,0, %)— GS;@ _v-1z = 4 14 Ll
16vVa \2v2 4 8V2n 2 410,003, 5 5

3
—-r<agiz = —
4
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Generalized casesinvolving gF

03.15.26.0042.01

i 1 z 1
oFl(;l; —)kei(z):—\/n L‘/Gég[—,_ 0,0,0, %]_

4 8 2\/? 4

1 3 1

z 1 z 1 2 z 1 2,

2,0 1 . ~3.2 4’ 4 32 4

GO,4[ y 01 Eyoy O]_ KGZ,G —, — 1 11 +GZ,6 —_ - 11

2v2 4 V2 r 2400013033 2" 4|0, 2,

Representations through equivalent functions

With related functions

03.15.27.0001.01
kei(z) = —lei(ZKo( V-1 z) +7rY0( V-1 z)—4i(|og(z)— Iog( V-1 z)) bei(2) —inber(z))
03.15.27.0002.01

kei(2) == —%i(4Ko(4 1 Z)+27TY0(4 1 z)+

(—in—4log(z)+4log(\4/j z))lo(4 -1 z)+(—u'7r+4log(z)—4log(\4/j z))Jo(ﬁ z))
03.15.27.0003.01
_7r|0(4 -1 z)+ %n\]o(\“/jz)— %iKo(ﬁz)— %E'TIY()(A -1 z) %” <ag® =nx
kei(2) =
= k(T ) (T ) i(T ) e
03.15.27.0094.01
kei(2) + i ker(z) = 3((in—4log(z)+4log(4 -1 z))\]o(4 -1 z)—27rY0(4 -1 z))
03.15.27.0005.01
K62+ i ker(2) — _%M(SNOA(A -1 z)+Y0(44 -1 z)) 3% <ag2=nr
—%rﬁﬂ(YO( -1 z)—iJO(\/? z)) True
03.15.27.0006.01
kei(z) — i ker(z) = %n’lo(4 -1 z) (n'7r+4log(z)—4log(4 -1 z))—n'Ko(4 -1 z)
03.15.27.0007.01
_27r|0(4 -1 z)—iKo(ﬁz) 37" <ag2=nrw
kei(z) — i ker(z) =
—n‘Ko(ﬁ z) True
Theorems
History

o »rw
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