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Notations
Traditional name

Kelvin function of the second kind

Traditional notation

kei,(2)

Mathematica StandardForm notation

Kel vi nKei [v, z]

Primary definition

03.19.02.0001.01

. 1 %im 4 -
kev(z)z—ziez: nz‘V( -1 z) csc(rr v)

((“ ) Z)ZV(LV(“ 1 z)—eztzﬂy\]ﬂ,(‘t—]_ z))—e% zZV(ly(4 -1 z)—eMTVJV(“—l Z))]/;VQEZ

03.19.02.0002.01
kei,(2 =limkei, (2 /;vezZ
UV

Specific values

Specialized values

For fixed v

03.19.03.0001.01
kei,(0) =,

For fixed z

Explicit rational v

03.19.03.0002.01
keig(2) = kei(2)
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03.19.03.0003.01

keig(z) =
3

(_ 1)3/4 P

2432563 2 (1+i) 2%°

1443/?(9zz+110i)(2(“ -1 2)2/3-(-i+«/?) zZ/S)Ai(—%BZ/3((l+E') z)2/3)\3/?+

1
483 (92+1104)((3-iV3) 23+ 22° V3 (+i) 2)2/3)Bi(—532/3 (@+1) z)2/3)x7? -
144\7?2(922—110i)(22/3(1+z7)\3/7+(i+\/§)\/3 (1+i)z)Ai(% 32/3((1”)2)2/3)
Vi+iz

— (3 (14 080223 (1+i) 223Nz — 4320223 (1+ i) 273 73 — 81 2253 (1 +i) 223 233 -
A+d)2

1
162 (-1)%° 2 — 8640 V-1 2+28 160 (-1)%° z) Ai’(E 3B (L +40) 2)2/3)] +

1
S (3¢ (- 14080223 (1+i) 223V Z +4320223 i (1+ i) 273 773 + 81225 (1 + i) 273 2133 +
(Q+i)2"?

162(~1)%6 5 — 8640V —1 2 - 28160 (~1)%° z) Ai’(—% 3B+ 2)2/3]) +
483 2(9i 2 + 110) (22/3 V3 (~1+0)Vz +(-3i+ V3) m) Bi(%3%° ((1+4)2%)
Via+iz
(i V3 Vz (— 28160V -1 22 - 8640 (- 1?3 8 + 162V 1 2483 - 81223 (1 +i) 223 7 +

1

((L+i) 2%
1
432022R i (1 +) 27 2 +140802%% (1 + 1) 2)2/3) Bi’(5 3R (1+i) 2)2/3)J -

1
— (i NERES (—28 160 (~1)% 23 — 8640V —1 23 + 162 (1) 743 — 81223 (1 + i) 223 7 —
(1+i)2)

1
43200 22R (1 +§) 2% 2 + 1408023 (1 + i) 2)2/3) Bi/(— 3 3@+ 2)2/3))

03.19.03.0004.01

-1 3/8
Kei g(z)=( ) e V17 /f
2 2792 2

(—x/“ T £ 102 +45(- 1% 2 +105i2+ 105V 1 + V2 2(Z 4 V2 (5+ 5L")ZS+45i'22+105(—l)3/42—105))
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03.19.03.0005.01

. (- 1)3/4 P
kel_E(Z) =

P 1626 2 ((L+i) 2%

6 1
73 (9i2+80)(4V3 27+ 222 (3i+ V3 i1 +0) 2% Bi/(5 B (@ +i) 2)2/3) (@+i2%3+

6 1
7V3 (92 +80)(4V3 2%+ 222 (3+:iV3 ) (@ + 1 2%) Bi'(— S 2)2/3) (@+02%3+
V3 (4480 2P 1+ 3024 2° - 81748 1 81 (~1)%° (x/“ 1 z)Z/3 7 - 4480 (~1)6 (x/“ 1 z)Z/3 — 3024 (~1)56 (x/“ 1 z)8/3]
1
Ai(5 3B (A +i) z)2/3) +V3 (—MBOi 2R -30247° + 81 7P - 81(-1)¥° (V‘ -1 2)2/3 7+
6 4 2/3 4 2/3 1
3024+ -1 («/ ~172) 2+4480(-1*° («/ -1 z) )Ai(— 5 323 ((1+1i) 2)2/3) +

223 2 (972 -804)(42° + 223 (i + V3 ) (L+0) 2% A (1 3 (1 + ) 2%°)

+
L+ 2%

42iV3 £3(92 +804) (22/3 (i+V3)Vz -@-20)V (1+i)z)Ai’(—%32/3((1+u‘) 2%

+
((L+9) 2%

1
—713(817 - 3024 2 - 4480) (22/3 (-i+ \/E) VzZ -2-2iVd+iz ) Bi(— 3B ((1+i) z)2/3) +
(L+13) 208 2

1 1
, (-81i7 +30247 + 44801) (422 + 2% (i + V3 ) @+ 2% Bi(— S+ z)Z/S]
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03.19.03.0006.01
T

kel_E(Z) S .
’ 324256~/3 23 (1 +4)2°

1
40V 3 ((1+i)2%3 (—64 (-2 +18 V=1 B39 (L+0) 22 +3222Bi((1+9) 2)2/3) Bi’(E 3B (A +10) z)2/3)
9((1+4)2°8°
V2
1 3 3 2 2/3 1
Bi’(—E B (A +i) 2)2/3) Vz +18V3 (972 +160i) (2( -1 2) ? i+ V3) 22/3) Ai(— S 2)2/3) 7R +

vz +40V3 [64 (—1)%5 283 + 18V =1 A3 —322%3 (1+4i) 2?3 + ] (1+i)2)%3

9V3 (1+)2°R (92 - 1604) (22/3 A+)Vz +(i+ ﬁ) W)Ai(% 2B (L+i) 2)2/3) 7+
3V3 (1+i)2%° (97 - 160i) (22/3 V3 a+iVz + (-3-i \/3) m) Bi(% 3B (L +10) 2)2/3] z—
120((L +i)2%® (—32i 223 ((1+i)22%Vz +9223 (L+i)223 7P + 18V -1 2 - 64(-1)2° z)

Ai’(% 323 (1 +10) 2)2/3) +120i (1 +10)2%°

(32 2B (1+i) 2B VZ +922% (1+1)22° 7P +18(-1)% 2 — 64V -1 z) Ai’(— % 323 ((1+4) 2)2/3] +

6\3/323(922+160n7)(22/3\/3(1+i)\3/7+(3—u'\/§)\/3 (1+i)z)Bi(—%32/3((1+i)z)2/3)

3
Va+iz
03.19.03.0007.01

(- 1)7/8 T
kei 1(2) = Ve |2
- o 7112 2

(\/4 1 23+622—15(—1)3/4z—15u'+<e“/?z(z3+6\/4 1 2+15iz+ 15(—1)3/4))
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03.19.03.0008.01

7103 1 V-1 | o1
kel 0@ = — 16V3 (-9i 2 - 14) + Ai(—32/3 ((1+¢)z)2/3)+
R 6l TET R
V-1 1 1 1
16vV-1 V3 (97 +14i) —— " o Ai(—5 3B (A +i) z)2/3) —
(T 7 293(1 2)

2/3 8/3 1
3x7§((1+¢)z)2/3(112u'z?/3-9z8/3+112«/3 1 (“ 1 z)/ +9v -1 (“ 1 z) ! )Ai’(E 32/3((1+i)z)2/3)—

3V3 (L+i)2%3 (112i 2B+ 928 112 (-1)%3 («/“ —1 2)2/3 +9(-1)%3 (\/“ 1 2)8/3)

2073 ( 4__1 Z)2/3
1 V-1 1 1
Ai’(— =3B ((1+i) 2)2/3] +16(-9i Z - 14) - Bi(— FR(A+0) z)2/3) +
2 20/3 2

2 (T

16(14i 23+92%+9V-1 (V-1 2)2/3 Z+14(-1% (V-1 2)2/3) Bi(~3 3% (1 +9 2%

+
23
203 («7? z)
3 4 2/3 3 2 8/3
32/3((1+i)z)2/3(—112i22/3+928/3+112\/—1 ( 1 z) +9v-1 ( 1 z) )
203 ( o= Z)2/3
1 1
Bi’(5 3B ((1+4) 2)2/3) r—p
2083 (x/“ _1 z)

2/3 2/3 1
323 ((1+i) 2)2/3(112u’22/3+928/3+9\/6 _1 (“ _1 z)/ 2+ 112(~1)%3 (\/“ _1 z) ; )Bi’(—532/3 ((1+i)z)2/3)
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03.19.03.0009.01

_1)¥4 3 1 3
kei o(2)= - b7 [—30 V3 (223 2+ 2% +(-3-iV3 ) 27 Bi(— R +i) z)2/3) Vz -
: 542563 28 (1+)2) 2

; 1
V3 ((i+V3) 22+ 2% (1 +i) %) Ai(5 B (L +i) 2)2/3) 7/ -

3 4 2/3 1
0V3 ((—i +V3) 2P -2(V-1¢ )Ai[— ¥ 2)2/3) 7R +

1
3((1+i) 2R (—4017 228 (1+i)2%3Vz +9223 (1 +i) 2?23 7R + 18V -1 2 —80(-1)23 z) Ai’(E 3B (1+i) z)2/3) +
3((1+i) 2™ (40 228 iNZ +922P 7B 1 9V —1 (L+i) 2P 2+ (-1)°° (40+ 40i) v (1+ i)z )
1 1
Ai’(-E B (A +i) 2)2/3) +30V3 (23V3 7R+ 2% +(3-iV3)7) Bi(— S z)2/3] +

1
—  2V3 7B|-80vV=1 AP-18(-1)?3 AR+ 40223 (L+0) %% +
L+ 2™

9((1+i) 23

1
Bi'(— 3B ((1+14) 2)2/3) +
vz 2
91 +i)2¥® 1
2V3 7 [80(-1)5/6 2P 418V -1 2°-4022° (1+i) 2% + 202 ] Bi’(— 5 3B ((1+10) z)Z/S]]
V2

((A+i)2"?

03.19.03.0010.01

—1 3/8
ke 5(2) = ( ) e_ﬂz z
2 252 2

(x“/?zz+3z—3(—1)3/4—ef‘/32(22+3«‘7?z+ 3&))
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03.19.03.0011.01

2/3
V=1 n 7 24‘6/?’2(22/3‘ V-1 (V-1 7 / )Ai'(—§32/3 ((A+0)2%) @+ 2™

ke /(2 = +
_7 )2/3

s 182233 473 (,4/_ 1

2/3
8323 (22/3 +(=1)56 ( V-1 z) ! ) Bi'(% 323 (1 +1i) z)2/3) (1+i) %3

43 ( \4/? Z)2/3

243 (22/3 —(~1)%6 (x/“ _1 2)2/3) Ai/(% 323 (1+1) z)2/3) (1+i) 23

2/3

243 (\4/7 z)

6 . 2/3
8i323 (22/3+ 1 ( _1 z) ! )Bi'(—%S% (1+4) z)2’3) (1+i)2%3
+

43 ( \4/? Z)2/3

1 (-1*°

V3 (-9iZ-16) s
( 4(—_1 Z) ya

Ai(E IR (1+i) z)2/3) -

1 6, 3, 3 4, 4/3 12, 4 1
;«/—1 ﬁ[lﬁm/?+9z7/3+9«/—1 ( _1 z)/ 2-16%-1 V-1 Z]Ai(—£32/3((1+i)z)2/3)+

-1)%° 1 1
(-9iZ - 16) ( 14)/3 - " Bi(E 3@+ 2)2/3)+
z ( 4/—_1 Z)
(-1)%° 1

1
+— Bi(— - 3B (1+i0) 2)2/3)
14/3 Z14/3 2
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03.19.03.0012.01

ke|7§(z) =
3

A+in

\/6—12

3 4 1 3
462/3z[x/? +(-172 \/3 V-1 Z]Ai/(—ESZ/?’ (1 +3) 2)2/3) (AL+i)22P+922B Az + >
(V=14

12 65/6 le/3
1 1
Ai[E B (L +i) 2)2/3) ~9i7 (22/3 VZ +V-1 d+d) m) Ai[—E B (L +i) z)2/3) +
1
43R iR ((i4V3) 2R+ 2P (+ %) Ai’(5 3@+ z)2/3) +32%°V3 7 (f/? + ()2 VT 2 )
1 1
|3i(5 FB((L+i) 2)2/3] ~3-3)V-1V2 V3 23((—1)5/12 Vz +V V-1 z ) Bi(—£32/3 @+ 2)2/3] +

6 1
a3 B ((1 —i «/?) 23 4 223 (1 +1) z)2/3) Bi’(5 33 (1+4) z)2/3) +

12 6 6 4 1
VTVZ V3 -4 (204 V-1 (V=14 ) Bi'(—a #(@rn2?)

03.19.03.0013.01

_1)38
keiig(z)z—( : e‘ﬂz lg (i+@£ﬁz(i2+(—l)3/4)+(—1)3/4z)

2 2732

03.19.03.0014.01

kei 3(2 =
2 4732

z

e E((ZJF\/?)CO{ (4\/?z+n))+(\/?z+ 1)005{%(n—4\/72))+zsin(%(4\/?z+n)]+sin[%(n—4\/?z)))

1
8
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03.19.03.0015.01

2/3
s |3 (22/3 +(-) (V=1 2 )Bi’(% 23 ((1+0)2%) (@+ ) 2™
kel_i(Z) = - Py +
: 62233 2°(V-1 2) /

323 (22/3 + (“ 1 z) )Br 133144 z)2/3) (1+i) 273

2R (\/_1 z)

\/—(22/3 - 1)5/6 17 ) 32/3 (l+u)2)2/3)((l+l)2)2/3

20 (47T 2

3i \G/g (22/3 _ g __ _1 z ) 32/3 ((1+4) Z)2/3) ((1+i)2 )2/3
2T 4"

! EANE 1 V-1 1
2V3 P Ai(E 323 (1 +1i) 2)2/3) +2(-1%33 T Ai(— . PB(1+i) 2)2/3) 3
(9" 7 (14
! V-1 1 Ny 1 1
2|- 5 Bi(E 3R ((L+10) z)2/3) +2(-1% i Bi(—532/3 (1 +i) 2)2/3)
(17" 7 T 7

03.19.03.0016.01

, 1-i)(-D*x

kei (9 = ————
3 6 25/6 \/_ A3

( (v— L20+(V12) ) i’(ESZ/?’ ((A+0) 2)2/3]+3[(—l)5/6 234 (V-1 z)Z/S)Ai'(—%SZ/e‘ (@+) z)2/3]+
V3 (((\/_ ) V-1 22/3)B|( B (@ +i) 2)2/3) ((«“/T 2)2/3—(—1)5/6 22/3) Bi'(—%?,% (@ +1i) 2)2/3)))

03.19.03.0017.01

_1)38
keif}(2)=( ) eVt Z(—VA -1 +e£‘/?z) f g

2 2vVz

03.19.03.0018.01

1 z 3
kel 1(=—e V2 — co — + —
: vz 2 vz 8
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03.19.03.0019.01

] V-1nr
kel 12 =-

s 26 Nz (1+i) 2%
3 4 1 6 4, 1
(\/? (u’ 2B -1 ( 1 z)zlg] Ai(5 B (1+0) 2)2/3) +V3 (22/3 V-1 (\/ 1 z)Z/s) Ai[—E 2B (1 +i0) 2)2/3) +

4 1 6 1 1
(x/s _1 ( _1 2)2/3—i22/3) Bi(E 3B (1+10) 2)2/3)—(22/3+ 1 ( 1 z)Z/S)Bi(—EaZ/3 (1+4) 2)2/3))

03.19.03.0020.01

V-1 nr
keil(Z):—

; 2V6 Vz (1+0) 2%
6 4 1 3 6 4 1
(\/E (ﬁ 234 (V1 2)2/3) Aa[E 25 (1+ 1) z>2/3) NIVE (22/3 VT (VT 2)2/3) Ai(_E 25 (1+1) 2)2/3) .

4 1 P 1
((«/ _1 2)2/3 V-1 22/3) Bi(E 3B ((1+i) 2)2/3) V-1 (22/3 V-1 (V-1 2)2/3) Bi(— @ z)Z/SD
03.19.03.0021.01

_1)78
keig(z)z( ) N g e’ﬂz(VA—l +£;5\/;z)

2 2vVz

03.19.03.0022.01

] 1 z 3
keii(zd=—-——e V2 — snf—+ —
© vz 2 \vz 8
03.19.03.0023.01
. T
kelz(Z) = -

S eVE 28V nz

4 3 1
[ (\/—1 vz +V V=1 z ]Al( R+ 2)2/3) [\/ V-1z —(—1)5/12\/2]Ai'(—532/3 (1+3) 2)2/3)+
[T [o— 1
([ V1z-V-1Vz ]Bl[ P+ 2)2/3) [(—1)5/12 VZ +V V-1 z]Bi'[—ESZ/S ((1+i)z)2/3)))

03.19.03.0024.01
. i
kei, (Z) =

S 3V6 2B (1+i) 2%
(—35/3 22((—1)2/3 22+i(V=1 2)2 ) ( B (L +i) 2)2/3] (1+D2?3+3V3 (\/j 2R -iZ (V-1 )2/3)

1 4
Ai'(—E FB(L+i) 2)2/3) A+ +3Bi7 («/T 22— (V-1 z) ) [ FB(L+i) 2)2/3) @+ -
4 1 4
32 (\/3 —12%+i(V-1 2)2/3) Bi’(—5 323 (1+1) 2)2/3) A+)2?P+2V3 [(—1)2/3 2R+ (V-1 z)B/S)
1 , . 1
Ai(E 323 (L+1) 2)2/3) —2V-1 V3 (—28/3 - (* (V-1 z)8/3) Ai(—E 323 (1+1) 2)2/3) -
4 83y (1 3 . 8/3 (1
2((—1)2/3 28— (V=17 ) Bu(5 323 ((1+i) 2)2/3) +2V-1 ((—1)2/3 (V=19 - 28/3) Bu(—5 323 ((1+i) 2)2/3))
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11

03.19.03.0025.01

_13/8 4 . 4
kei3(z)=( ) N1z /f( —1 z—e“/;z(z+ —1)+1)
2 27502 2

03.19.03.0026.01

\/_ __z
keis(2) = AN
2 4792

(—zcos(%(4\/?z+n))+cos(%(n—4\/?z))+(z+ \/?)sjn(%(h/?un))—(\/?u 1)sin(%(n—4\/?z)]]

03.19.03.0027.01

(—1)28 7 23 48i (22/3 A-)Vz +(1+i V3) Va+iz )Ai'(— 23R+ 2% 28
ke| 5 (Z) = +
i 3629643 (1+i)2)% (1+0)2*3

3 3, 1
9V3 (4«/ —1 2%+ 2% (143 ) (@ +0) 2)2/3) Ai(E B ((L+i) 2)2/3) +
1
18V3 ((~i+V3) 2%~ 22 (1+i)2%°) Ai[—5 FR((L+i) 2)2/3) +

6((1+0 2% (~D2V2 (2-20 2%+ 23 (i +V3 ) (1 +1 %) A5 32 (1 + ) 2%

z

+

3i [4 (—3)56 BB _ \S/E (-3i+V3 ) (1+4) 2)8/3] Bi(% 323 ((1+0) z)2/3)

Z

1
6(22°3 3% ((1+1i)27% - 2(-3)°° 23) Bi[— 3 3B ((1+1i) 2)2/3) +

8ﬁ(x77(-3-ix/§)x7?+21x/2 “1V3 Y (l+i)z)Bi'(%32/3((1+i)z)2/3)

+

Vz (A+i)2?°

16V6 (5/7 Vz —(-)"21+i)z ) Bi'(— LB (+i) z)2/3)

Vz (A+i)2%°
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03.19.03.0028.01

(- 1)3/4 22/3 T
kei Z(Z) = -

: OV3 7P ((L+1)29™"?

(24«/_ 24(\/_ 12%+(V-1 z) ) (% 323 (1 +4) z)2/3) (1+§)22%+24V3 f(f/? 22— i(V-1 2)2/3)

1
Ai’(—5 B (1 +i0) 2)2/3) (1+i)2%3+8323 7 ((x/“ 1 z) V-1 z2/3) Bi ( 2B (1 +i) z)2/3) ((1+i) 273+
. 3y (1
83237 ((-1)5/6 283 _ («/ 1 z) ) Bl’(—z 2B (1 +i) 2)2/3) (L+i) 228 +

14/3

x/?(le((“ -1 2) -x??zl“/f‘)-gu'zﬁ(ﬁ 28+ (V-1 z)Z/S)]AiG 322 (1 +i) 2)2/3)+
V7TV (16-9:2) (240 V7T (V71 2)14/3)Ai(—% F2 (@27
A (16 Vo1 2B 4+9(-1)2B AR _9; ((‘/T 2)2/3 Z-16 («A/T 2)2/3) Bi(% 323 (1 +1) z)2/3) +

4 23 ’ 2/3 1
7 (— 16V-1 Z°+9(-1°23-9(V-1 7 Z-16i(V-1 ) Bi[— 5 3B (1+1) 2)2/3))
03.19.03.0029.01

17/8
ke|5(z) (Zl Az T \/—122 3z+3(-1¥ - @“/?2(2%3\/“—1 z+312))

N |

03.19.03.0030.01

1-i) V-1
ke|§(Z)= ( ) "

S 2162963 AR

1
[—21' V3 (80 V-1 23+18 (-1 AR 9273 (1 +i) 2732 - 40273 (1 +4) 2)2/3) Bi’(5 3B (A +1) 2)2/3) vz -

. 9(3i+V3) @+
i[-160V=1 V3 2°+36(-1%° V3 Z° - 402 (3i+ V3 | (1+0) 2% +
V2

1 1
Bi'(—£32/3((1+i) z)2/3]«3/?+«7?(90—90&)(22/3(1”')\3/74”«/3) N (1+i)z)Ai(£32/3 ((1+i)z)2/3)22+

90\3/5(22/3(1”\/?)\3/?—(1—@(“«/?)W)Ai(_%32/3((1+¢)z)2/3)22+
\3/3(30—3012)(22/3@(1+i)\3/?+(—3—m/§)m)8i(%32/3((1+i)z)2/3)22+
\3/5(30—301')(2(—1)7/12\6/?\/?\3/7+(3+i\/§)m)8i(—%32/3((1+u')z)2/3)22—
6(—40i22/3((1+i)z)2/3\3/? +92% (1402 7P +18V-1 7 +40(1-iV3 )z ) ( 32/3((1+n)z)2/3)

3&(4022/3 (1+iV3)(@+92VZ +922° (<i+ V3 ) (1+0) 2% 7P +36(-1)*° 7 - 80(i + V3 ) z)

1
Ai'(— 3 3B ((1+i) 2)2/3)]
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03.19.03.0031.01

) i
kein(z) =

P 108V6 2 ((1+i)2%°

1
[—16 V3 (—28(—1)2/3 2P+ 18V -1 2P+ 9228 ((1+i) 223 2 - 14i 223 (1 +9) 2)2/3) Ai(5 3 (L+i) z)2/3) Vz +

1
16V3 (—28 V=1 2P +18(—1)% A8 4 9223 (14 i) 22R 2 + 14223 i (1 + i) 2)2/3) Ai(— 5 3B ((1+i) 2)2/3] Vz -

1

16 (28 V=1 A%+18 (DB AR_9i22P 1+ 2P -1422P(1+0) 2)2/3) Bi(E 3B ((L+40) 2)2/3) NE

9((1+1i) 2%
V2

FR(1+i) 2% (224 (~1)2P 2R 18V -1 22+ 9223 (1+i) 2% 2 - 112i 2% (1 +1) 2)2/3)

3 l V
16 [28 (-1 28 + 18V -1 AR - 14223 (L+) 2% + ] Bi(_ p 3@ 2)2/3) Vzu
1 3
Bi'(E B (A +i) 2)2/3) Vz + 3P (@ +i) 2%
1
(224 V-1 28 18(-1)% A%+ 9223 (1 +0)2%° 2 + 112273 i (1 +) 2)2/3) Bi,(_ PR 2)2/3) Ve

1
3V3 (1+92%3 (92 - 1124) (22/3 A+)222Vz +2V-1 z) Ai’(E B (A +i) 2)2/3) +

; 1
3V3 (1+92* (92 +1124) (22/3 VzZ +V-1 @+ Vd+i)z )Ai’(—5 B ((1+i) 2)2/3)]

03.19.03.0032.01
3/8
(1%

kei:(@= ———e V17 | g (—x/“ 12-62+15(-1)%z+ 15i+e’5‘/?z(z3+6\/4 “1Z2+15iz+ 15(—1)3/4))

2 2 Z7/2
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03.19.03.0033.01

/ 1 19/3
6 — =
3 nZ

3242 ((1+i) z)8/3(“ 1 z)

3

25/3

(120(9i22+32) (\3/?(1”'\/?) 20+ (i+V3)(@+i) z)2/3)Ai’(£32/3 (1+i) z)2/3)x3/?—

120§ (97 + 32i) (2 (A+02%° -2 (-i+V3) 22/3)Ai'(—% B (@ +i) 2)2/3) Vz +

40(—64«77«/?22/3+93/?(3—m/§)28/3—9(—3n’+x/?)((ln)z)%zz+32(3+n'«/?)((1+n7)z)2/3)
Bi'(%Bz/?’ (1+i) z)2/3J«3/?+\3/§(9—9i) (97 - 160i)
((i+\/§)(l+i)\3/?+\3/7(1+ﬂ\/§)m)Ai(%32/3((1+i)z)2/3)22+\3/§(18+18i)
((—160—160zf)«3/?—(9—9i)z7/3—9\3/7mzz+80x3/?(—i+«/?)W)Ai(—%32/3((1”')2)2/3)
zz+x3/§(3+3i)(9zz-160m')((-3pr+ﬁ)(1+zf)«3/?+\3/7(3”ﬁ)im)Bi(%32/3((1+u')z)2/3)z2_

(3—3u’)\3/§(922+160i)(\/§(2+2u’)\3/?+\7?(3—i\/§)\3/m)Bi(—§32/3((1+i)z)2/3)22+

20(643 (1492 Vz ~18iV3 (1+0)22°7°-9V2 (3i+V3 ) 26472 V3 i)

1
Bi’(— 5 R+ 2)2/3])
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03.19.03.0034.01

2 (_1)3/4 22/3 T 211/3

P 8LV3 (L+i)2)®B

9((1+i)2%?

283%3 [—160 V=1 2P -18(-1)23 2P + 80223 (1+i)2?° +
V2

1
] i Bi’(E 3B (A +i0) 2)2/3) ((L+i) %%+

2837 (160 V1 28 - 18(~1)%0 2% + 9223 (1 +1) 223 2 + 8022 (1 + ) 2)2/3)
Bi'(—% 3B ((1+10) 2)2/3) 1+ +V3 (—8960(—1)2/3 2P 16048V -1 25 +162(~1)%3 745 +
812%%i((1+1i)2”* 7' +3024 273 (1+i) 9?° 7 - 4480i 2°° (1 +1) 2)2/3) Ai(% 3 (@+i) 2>2/3) +
V3 (—8960 (—1)56 2% _ 6048V —1 £+ 162(~1)%6 243 + 812253 (1 + i) 2% 2 +
3024273 i (1 +i) 273 2 - 4480273 (1 + i) 2)2/3) Ai(— % 323 (1 +19) z)2/3) +

843 ((1+i)2)% (9L7z2+80)(22/3i«3/?+«/6 1@+ (1+i)z)Ai’(%32/3 ((1+92%°)

Vz
168V 3 B (80 2287 +922B 7B 1 9N —1 (1+i)2*3 2+ (~1)°° (80+804) vV (1+1)z )
(1+i) 2%

1
Ai’(-E R+ 2)2/3] + (8960(—1)2/3 23— 6048V —1 73— 162(~1)23 24 +

1
81273 (1 +i) 2732 +30242%R (1 + i) 2%° 22 - 4480i 223 (1 + i) 2)2/3) Bi(E 3B (A +10) 2)2/3) +

(8960 (—1)%0 23 4 6048V —1 223 — 162 (—1)%6 2143 4 812283 (1 + i) 2?3 7 +

1
3024273 j (L + i) 2%° 22 — 4480273 (1 + 1) 2)2/3) Bi(— 5 3B (1+10) 2)2/3)

03.19.03.0035.01

_1)7/8
keig(z)z( ) e V1 /f
2 2792 2

(\/“ ~12+102-45(-1)%Z-105iz- 105V -1 +@"‘/;Z(z4+\/?(5+5n')z3+45i22+105(—1)3/4z—105))
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03.19.03.0036.01
] b8 1
ke| 14 (Z) = - 6 ——
3 486 256 71058 ((1 + §) 2)°° 3

[{3/7«3/5(14“144i)z(—110«3/?(-i+«/?)u‘zzf3+9x3/7(-i+x/§)z8/3—110(1z+«/§)((1+u')z)2/3-

. 1
9V -1 (1+9) 2)8/3) Ai[5 3B ((1+40) 2)2/3) +

6 3 3 1
V2 V3 (144 + 1444)2(9 2 + 110i) (2 (A+02* -2 (-i+V3) ZZ/S)Ai[— 5 3R (1 +i) z)2/3) -

1
(3 V=1 (-28160 - 28160i) 22 — (8640 + 8640i) (~1)"12 A3 + N/—1 (162 + 162i) 243 +
Vd+i)z

81f’/7(u‘+x/?)((1+i)z)2/3z4+4320x7?(1-m/?)((ln)z)%z?-14080?7@4\/?)((1”)2)2/3)

1
=
81V -1 V(l+i)z 2+4320(-1)"2 V(1 +)z Z - 14080V -1 W)Ai’[—% B ((L+i) 2)2/3)) +

1
Ai'(§32/3 (L+4) 2)2/3))— (6\/3 (1+i)z (14080\7?&\7;+4320\6/?z7/3—81i\6/5213/3+

(-3i+V3)(110-110) VZ + V-1 V3 (18-18i) 7 +

(A+i) 23

;[9&«6/?«7?28/3

9(3i+V3)(@+n2™

22/ 3

110\3/?(3“\/?)\/3 1+dz +

] Bi(E 3R+ z)2/3)] +

1
\6/7\3/5(48+48u’)z(922+110i)(\3/7(3—i\/§)22/3+2\/3((1+u’)z)2/3) Bi(—ESZ/S((1+n’)z)2/3)+

( V=1 V3 (-28160 - 28160) 22 — (8640 + 8640) (- 1)"12/3 A3 +
Va+iz

V-1 «/?(162+162z¢)zl4/3—81m'\6/?(—3u'+\/3)((1”)2)2/324—

1
4320V2 (-3 +V3 ) (1+)2*3 2 +14080V2 (3+iV3 ) (1 +9) z)2/3) Bi’[5 FB((1+i) z)2/3)) +

2V3 (1\/2 ~1 (-14080-14080) 223 + (-1)7/12 (4320 + 4320i) 23 + ¥/ =1 (81 +81i) 243 +
Va+iz

1
81V2 i (1+0) 273 7 — 43202 (1+i)2?3 2 - 14080i V2 ((1+i) 2)2/3) Bi'(—5 328 ((1+i) z)2/3))J

Symbolic rational v
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03.19.03.0037.01

v iem-3) (2K 1)y ik 2k-1
-1 iny \~4 + |V| + Tz .
kei, (2 = - —— e—é 1lz— f ( 2) (1 (c1) @n(\/ 2 z+n(k+v)) N
2
k=0

2Vz 22k+1(2k+1)z(—2k+|v|—§)!

|3 @ (2k+ w1 - 2)rikz 2

el i

1
pare 22k(2k)!(—2k+|v|—5)!

03.19.03.0038.01

kei W(2) = -

1 1 .
220730 3 2O oy (1 40y 27 M e y) ( 2)
r

T(1= ) 3

P (- O

T

1 1 iny 2
[3 iy (ﬂ.(M—g) N (T e (V=T 2) V)

4

1
ZV3 (@+p2* -
2 pary k!(—2k+|v| - 5)! (E)k 1y

1 iy v 1
Ai/(_i F@rn* 3) SN’ - (3(—1)k [eT 2+ (V12 )Ai’(5 PP (L +i) 2)2/3] N
V3 e (ﬂ'(lvl_%)(sgn(v)ﬂ) 2+ e? j(lyl_é)(l_Sg”(V)) (\4/? z)zv) Bi'[—% 323 (1 +14) 2)2/3))
iny 4 2y 1
sgn(v) + (= 1) V3 (e? 2V _( 1 z) )Bi,(g 3B (1+1) 2)2/3)J +

W3 4’k(i22)k(—k+|vl—%)!

v

(\/? e [i(M—%) (sgn(v)+1) 2V _ i(lvl*%)(lfsgn(v)) e{T ( 4,—_1 Z)Zv)

o ki (<2k+ - 2)1(3) -

1 inv v 1
Ai(— 5 3B (1 +10) 2)2/3) sgn)? + ((—1)k V3 (eT 2"+ (\/“ 1 z)2 )Ai(5 3B (1 +1) z)2/3) -

. vt y iy (1) (d—sony 2y (1
e””(i(l -3) (sane+1) 2V 4 o2 lz(l -3) @-sonev) (\4/? z) )BI[_E B (1 +i) 2)2/3)) sgn(v) —

k(= 4 2\ (L oo o 23 !
(=1 (ez zZV_( -1 z) )B.(Es/ (1+4)2 )] /i |v|—§ez
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03.19.03.0039.01
[
i 213 oz CIITY 1y (\/4 -1 Z)

33BTrA =)

-v=

cscr ) T 3) sgn(»)
kei W(2) =

So3aenze s aX(iB) (<K= 3)r

\ N (1
(—(—1)k\/§(@7 2"+ (V-1 z)2 )Ai(— FR(A+i) 2)2/3)+
8 0 kt(-2k+ M= 3)1(5), @- ?

N (i('v"g) O 2y S 5 (V=1 z)zv) Ai[—E 323 ((1+i) 9% 3) }
2
inv 4 2y 1
(-1 (eT 2 -(V=1 7 )Bi(E B ((L+i) z)2/3)sgn(v)+

e (ﬂ'(‘v"g) @OD 2 _ (-3 oo 5 (V=1 z)zv) Bi(‘ % 323 ((1+i) 2 3) Sgn(v)) .

S a2 (~k+ - 2)

inv 2v l
(3(-1)"(e7 sz+(4 1 z) )Ai’(— B+ 2)2/3]—
& 1 -2k b- 2)1(2), @- ?

, -2 v inv (1 2) 1—sgn(y vy 1
Stwrv(iu 1) tsanc "D 2y, o l,(\ ) (A-sgn) (\4/? z) )Ai (_532/3 (A +3) Z)2/3)Jr

inv 4 v l
(—1)k\/§(e7 22V—( -1 z)2 )Bi'(ESZ/?’ A+ 2)2/3) () +

2 nv) Y (4 2v vi-2) (sgn(v)+ 1 2
\/?em[i('v"i)(l’sg ™) (V=14 _ fh=3) s ”z”) Bi’(—§32/3 (@ +i) 2)2/3) sgn(v)) -2 ez

Values at fixed points
03.19.03.0040.01

T
keip(0) = — -
4

Values at infinities
03.19.03.0041.01

lim kei,(x) = 0

X—00

03.19.03.0042.01
lim kei,(x) = &
X—>—00

General characteristics

Domain and analyticity

kel,(2) isan analytical function of v and z, which is defined in C2.

03.19.04.0001.01
(v+2)—kei,(2:: (CRC)—C
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Symmetries and periodicities

Parity

03.19.04.0002.01
kei_n(2 = (-D"kein(2 /sneZ

Mirror symmetry

03.19.04.0003.01
keiz(2) == ke, (2) /; ¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function kel (2) has an essential singularity at z== . At the same time, the point z== & isabranch
point for generic v.

03.19.04.0004.01
Sing (kei,(2)) = {{5, co}}
With respect tov

For fixed z, the function kel ,(z) has only one singular point at v = . Itisan essentia singular point.

03.19.04.0005.01
Sing, (kei,(2)) == {{%, oo}

Branch points
With respect to z
For fixed v, the function kel,(2) has two branch points: z==0, z== . At the same time, the point z== c is an essential
singularity.

03.19.04.0006.01
BP(kei,(2) = {0, &}

03.19.04.0007.01
R,(kei,(2), 0)=log/; v ¢ Q

03.19.04.0008.01
‘Rz(keig(z), 0) =q/;peZAq-1eN" Aged(p, ) =1
q
03.19.04.0009.01
Ro(kei\(2), ) ==log /; v ¢ Q
03.19.04.0010.01

Rz(keig(z), ob) =q/;peZANq-1eN" Aged(p, ) =1
q
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With respect tov
For fixed z, the function kei, (2) does not have branch points.

03.19.04.0011.01
BP, (ke (2) = {}

Branch cuts
With respect to z

For fixed v, the function kei,(2) has one infinitely long branch cut. For fixed v, the function kei,(2) is a single-vaued
function on the z-plane cut along the interval (—oco, 0), whereit is continuous from above.

03.19.04.0012.01
BC,(kei,(2) = {{(=o0, 0), —i}} /; v & Z
03.19.04.0013.01
lim kei,(x+ie)=kei,(X) /; xeRAX<0
e—>+0

03.19.04.0014.01

1
lim kei,(x—i€) = > €72 7 (%7 cse( v) bei_,(X) — cot(r v) bei,(X) + ber,(x)) /; v ¢ Z AxeR Ax<0

e—>+0

03.19.04.0015.01

lim kei,(x—i€) = 2incos(mv)bei_,(X) + e 2" kei,(x) /; xcRAx<0
e->+0

03.19.04.0016.01
lim kel,(x—ie)=2inbe,(X)+kel,(X)/;veZAXeRAXx<0

e—>+0
With respect to v
For fixed z, the function kei, (2) is an entire function of v and does not have branch cuts.

03.19.04.0017.01
BCV(kGV(Z)) = {}

Series representations

Generalized power series

Expansionsat v == £n

03.19.06.0001.01
kei,(2) o kein(2) +

n

z k-n
=1 (= 3 3 -1 1
gl 2 (cos(z k=) n) ber(2) - sin(z k- n) beik(z)) L 4) bei®(2) - Z bei®(2)

4 Zkin-k

v=-n+../;,(vonAneN
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03.19.06.0002.01

-)™ix rprnr ot (2 3 3
kei,(2) o (-1)" kein(2) + kern(2) — Z (cos(— (k=n) n) ber(2) - sin(— (k—n) n) beik(z)) -
2 4 k! (n-Kk) 4 4

k=0

1 —1yn
2 bei%%(2) + % beiﬁ?’o)(z)] M+V)+...[;(v>-mAneN

Expansions at generic point z== z

03.19.06.0003.01

| e

keiV(Z)oc(—) P keiv(zo)—Ziﬂcos(nv){
2

&gz - 2) J rrg(zo) o

T

J bei_,(z) -

/4

1 1 Vl 2n 27 . .
( ] A (kei,_1(Zg) — Kel,,1(20) — ker,_1(20) + Kker, ,1(Zp)) -

2vV2 |\%

(bei_,_1(2p) — beiy_, (z9) — ber_,_1(zp) + bery_,(20)) |(2—-2) -

arg(z—-z) J {arg(z()) +7

2L‘ﬂcos(7rv){

2n 2n

adez) | |agfzz)
11(1YV| = V[ 2n ) arg(z— zpy)
= [—] % (ker,_2(20) — 2ker,(2o) + Ker,.,2(Z0)) — 2i 7w cOS(r ) {7J
8|\z 2n

(ber_,_5(zp) + ber,_,(z9) — 2ber_,(2)) [ (- 2% + ... /; (2> Z)

rrg(zc)w
2n

03.19.06.0004.01

= kei)(20) (2~ 2)"
kei,() = ) ———————— / lagz)l <7

!
= k!

03.19.06.0005.01
k 1-k 2-k 3-k 2v-k

R (z-2)" /: larg(zo)| < 7

o

101
kei,(9)=-=>" —Ggg
4 &k

1
4

%
2

AW
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03.19.06.0006.01

. ind2 2kzok
ke|V(z)=
4 o k!
aden)|  [wofer) :
1 w[ 2 J‘4 Py iy _ [1-v v 1-k-v 2-k-v iz
22 7" esenrv) T(L—v) | — Z, —e 4 ,F; - , -V — |+
2% 2 2 2 2 4
sinv _ (1-v y 1-k-v 2-k-v U
et oF; - : R p— |
2 2 2 2 4
s [ .
1V 27 | V| =2 Sinv v+1l v+2 1-k+v 2-k+v EZS
2727 Z (i + cot(nv) (v + 1) | — A e 4 ,F;3 ; v+l —
2 2 2 2 2 4

3inv

e

5

03.19.06.0007.01
ke, (2) =

(=1 Zincos(ﬂv){

(v+1 v+2 1-K+v 2—-Kk+v iz
4 2F3 5 ) ,V+1'——

i]Vl

%

2n

, rg(Ho)J Vrrg(;:o)

————— | bEi_gjikr2(Z0) |~ i (1) [_) [

2 2

a'Q(ZZ;ZO)J ) rg(HO)J
2

Kelg j_i(2Z0) = 2i m (= D¥ cos(m v) {

arg(z

. gz 2) || AYZ) + 7
Kers j_iiv(Z0) — (=1)° 2i m cos(rr v) { J {

2n

Z5 Kelgj_kivs2(Z0) = (~D* 2i 7 cos(r v) {

ag(zy) +

arg(z-z) J {

ber_gjik-v-2(20) ||| z2— 20)
2n

2n

2n

argy(z- )

2n

k

T

—ZO)J rfg(Zo)HT
2n

ber_s v (20)

|

ker4 j—k+v+2(20) -

|
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03.19.06.0008.01

0

7 & k
@ = - ) D" e
© m=0

k=0
M (=1)' 227 (M) ey ) | 2 =) Dl i-2j-1)! Z\4i
. —— ken(@ ) — _ : (_) N
i (m-i)! 4 0 I+DNI-4]-21 (=i =v+ D1 (2j41 2
i-1
z . .z -Dli-2j-1! Z\4]
—— (kei,_1 (2 - ker,_1(2) N - (—) -
242 0 @DNI—4] =D (=i —v+1)y; (Vzj41 \2
z = -Dii-2j-2) Z\4]
——— (kei, 1@+ ker,1(2) )~ : 5)
8vV2 0 @I+DHI-4] -3 (=i =v+ 1)) (M2j42 \2
_ H -1 -2))! zZ\4] .
kei,(2) ) (E) (2-2)" /; larg(zo)l <7

L @D1E=4])! (== v+ D5 )

03.19.06.0009.01

bei_, (z0) | (1 + O(z- Z))

. . [ 1 )[ J , aYz-12) || AY(Zo) +
kei,(2) o [ kei, (z9)| — Z, —2incosnv) { J {
Z

2n

T

Expansions on branch cuts

03.19.06.0010.01
agz-x)

T

kei,(2) oc —2i 7 cos(w v){ bei_,(x) +

2r Jkel,(X) - ——|e TJ (kei,_1(X) — ke, 1(X) — ker,_1(X) + ker,.,1(X) -
2v2

agz—x)

20| 22 1 [ 21| 2
e 2

2i7rcos(7rv){

(bei_,_1(X) — bei;_,(x) — ber_,_1(X) + berlv(X))) (z-x) -
Vs

1

s arg(z— x
* [ezmv[ o J (ker,_o(X) — 2ker,(X) + ker,,»(X)) — 2i 7 cos(r v) { 9z-X

T

5 J (ber_,_>(x) + bery_,(x) — 2 ber_,(x))

(Z=X2+.../;(Zo>X)AXeRAXx<0
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03.19.06.0011.01

i n2
keiv(Z)z—
4
o Jkxk —Zinv[MJ simv _ (1—v v 1 1 i X2
Z 227 2 Jesctrv)T(A—v)|e 2 ,Fs J1- = —(=k=v+1), —(~k=-v+2),1-v;—— |-
= k! 2 2 2 4
sinv_(1-v v 1 « 1 ‘ , i X2
e 4 Fyl—,1-— = (-k-v+1), —(-k-v+2), 1-v; — || X"+
2F3l = > ) 2( ) 2
2iny MJ _Simv v+1l v+2 1 1 EXZ
2% ¢ ar l(i+cotmv)T(v+1)|e 4 ,F; , = (k+v+1), —(—k+v+2,v+1 —|-
2 2 2 2 4
s _ (v+l v+2 1 1 i X2
e 7 HF, , = (—k+v+1), —(—k+v+2), v+ L ——||X|@-05/;ve ZAXxeRAXx<0
2 2 2 2 4
03.19.06.0012.01
keiv(z):
127 -0k [l |7 (z- %)
a 2 (i— 2 k 2inv FoEx . ag(z—Xx .
R N, (1L + X 2r | keiy,; —2im(=DK = 7 . —i(1=K
2T g ];(2])[( +E)[e Blg iy (9 = 28 ( )cosorv){ o be|4j+kv(X)) i(1-)
iny| 22 arg(z—x)
[&72 71"[ 2n J ker4j_k+v(x) - (—1)k 2im COS(7r V) {TJ ber_4j+k_V(X)]] —
5]
2 k . Zm'nv@ . R arg(z—x) . . .
Z(z j+1)[(1+”k)[e - Jl<e|4;_k+v+z(x)—<—1)k2wrcos(7rv>{7 ba_4;+k_y_z<x)]—n(l—lk)

argz-x)

[ezml | Kergj kivs200) — (=¥ 2i 7 cos(z v) {

arg(z—x) K
2—J ber4j+kvz(x))) (z—X"/; xeRAXx<0
w

03.19.06.0013.01
Y aQ‘H)J ) ) arg(z—x)
2r ke, (X) — 2i 7 co(r v)

keiv(z)oc[ezm { bei_v(x))(1+0(z—x)) /ixeRAXx<0

/4
Expansionsat z==0

For the function itself

General case
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03.19.06.0014.01

3y z i
keiv(z)oc—2V‘3cos(—]l"(v—1)zz‘v 1- + +.. |-
4 BrY-3)(v-2) 30720 -5V-Hr-3)(vr-2)
3y z 2
2V‘1F(v)sin[—)z‘V 1- + +.. -
4 R2W-2)(v-1) 6144Wv-4HHry-3)(v-2(v-1)
Ty z b
27 lsm( )F( nz + +) -
4 32(v+1)(v+2) 6144v+1)(v+2(v+3)(v+4)

v z 2
23 cos(—) [(-v-1)2*31- +
4 BV+2)(v+3) 307200+ +3)(v+4 (¥ +5)

+] [ (Z->0AveZ

03.19.06.0015.01
[oe)

_ TN & 1 Nz z\2k o) T zy2k
kei (2) = -7 Z sm(z(v—Zk))(E) - ZMZ(l o n(z(3v—2k))(£) [veZ

2V+l k=0 (V + 1)k k! k=

03.19.06.0016.01

o0 _)k(2)PK . ok (2y3k
PR SCT oS S
) kzo(%)k(l_%)k(ﬂkk! 4 kzo(%)k(%_'—l)k(E)kk!

03.19.06.0017.01

3nv 3 v 3 v z
keiV(Z)z—2V*3cos(T]r(v—1)z“oF3 ; 5,1—_ R

2'2 2 256
3nv 11 v vy 2z 3% 1 v 1v z
2V‘1l"(v)sin( )z oFali = - — 1o - —2‘V‘1s( )r( V2 oFali =1 —+ =y —+ 1 —— | -
4 2’2 2 2 256 4 2’2 2’2 256
Ty 3y y 3 2
2‘V‘3cos(—)r(—v—1) 2V 0Fs|; =, —+1, —+— —— | /ivez
4 2 2 2 2 56
03.19.06.0018.01
3nv (3 v 3 v z
keiv(z)zZZV_SHZCOS{—)CSC(JTV)ZZ_VOFg =l - ——| -
4 2 2'2 2 256
3nv 11 v v z Ty
22v-1,2 csc(nv)sin(—)z’v Eof: -, - ==, 1-— —— +2’2V’17r2CSC(7TV)Sin(—)Z"
4 )" "N'2'2 27 2 6 4
(1 v 1w z Ty (3 v y 3 2
oFs|;, = =+ -, —+1, —— —2‘2V‘5zr2cos(—)csc(7rv)zv+20F3;—, 41, —+———|/,veZ
2’2 2’2 256 4 2 2 2 2 256

03.19.06.0019.01

3y Ty
kei,(2) « =2 ' T(v) sin (T) 7" (1+0(Z7) -2 Sin(j) r(-»Z(1+0(?)) ivez
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03.19.06.0020.01

—;—r v=0
()i 232V (jy] - 2)! 1€Z
(140 (D) EDH2 N (Y - ez
kei,(2) « o2 , /i (z-0)
D) i 1y 21 2 gy - 1)1 ez
A+ ()M M (-1 ez
—21rw) sin(?”;—y) 7V =271 (=) sin(%) 2 True

03.19.06.0021.01

2

2

ZT(=y) & Sin(%;r(v—Zk)) (Z)zk T & Sin(%ﬂ(3v—2k)) (Z)zk

kei, (2 =Fu(z V) /; || Fnz v) = -
7+l (v+ k! 2 = (1-v)k!

3iny - lzz
kei,(2) - [(—i)n 2724 0T n 2"V eso(nv) 1F2[1; n+2,Nn-v+2 - T] -

iny

inv - EZZ 3
(=) 27204 o7 g 2™ 2 o) 1F2[1; N+2,n+v+2 - T) 27204 T N 2NV2 ogr(r )

i 2

~ 122 inv ~
1F2[1; n+2,nN-v+2 T] — 272NV T p A2 csc(nv)le[l; nN+2,N+v+2 T]) /\ neN

Summed form of the truncated series expansion.

L ogarithmic cases

03.19.06.0022.01
137

6log(Z) +6y-11 B 2log(3) - 35 +27

n z 2 zZ z
keig®)=-—|1- —+ +. |+ — —Iog(—)—y+1+ - +...1/;
4 64 147456 4 2 3456 7372800

(z- 0

03.19.06.0023.01
10
2log(§) - g +2y 2 2log(§) -3 +2y

keiq(2) o — _Z \/?(Zlog(f)+2y—1)— - 2+ |+
v2z 8 2 42 %V2
nz [ bad yad ] nz [ z bl ]
1-—+ +... ]+ 1- + +...]1/;(z-0)
gy2 | 192 737280 64y | 1152 11059200

03.19.06.0024.01
e 2 7 ol zy 3 ) 1 ol z\ 43 .y ) n? z 2
e|2(Z)OC;+l—6( 09(5)-5“' '}V—@( Og( )_E+ ')/) + ... -

— — —_—— + —_———
2 384 1920 25804800

+...| ;(z->0
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i sz \-nh-1 (637“—(—1)k€_£1_1(3mn))(n—k—l)! i 2 k
ke e =(=) Y, (—] N
4\2/ 13 k! 4
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22 cos(%) [1 Vad b ]
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274 A2 sin(%) [1 A A
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%BMN+2)(n+3) 30720Nn+2)(n+3)(n+4) (n+5)

03.19.06.0026.01

kein(2) = —
4 e k! 4

iz _nn—l(esit_nn—(—l)ke_sit_”n)(n—k—l)! FEN COS(%n(2k+3n)) - aen
( ) [ ]_Zk_OW(Z) *

. (e‘%_(_1)k@%)(2|og(§)-w(k+1)-¢/(k+n+1)) L2k
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& k! (k+n)! 4

03.19.06.0027.01

1 1
—inm v+ —Z v+
i z\-beL (m -(-Dke s )(Ivl—k—l)! 2\ p o oo @KV 7 2k
ke, = - () i (2] s
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03.19.06.0028.01

kein(2) = %[4&(”(4 1 z) (—i)"+1—2(—1)”177rYn(4 1 z)—
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e R ) .

2 (k-nk! B
3innm
i2t e s 2
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j T4 n1 1 | 72
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1. 1.
o ((ezm(zww (=1 e-z(m(ZvHvl)))('Vl k=Dl ok
Kei,(2) = — (—) _
4\2 k!

k=0

2-M=2 7 vl cos{% n(2v+ |V|))

11 1 bl
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1. 1.
. (@Zmzmv\) (-1 e-z(m(ZvaI))) (V] - k= 1)1 [i zz]k
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i (iZ vl inv oo
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03.19.06.0031.01
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Ir]nl(@“ (D% 4 )(n—k—l)! e
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4

4
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=S}
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k

[izz]
—| /iveZz
4

k

—\| /iveZ
4

22 3nn 1 n 1n z 274 72 3nn 3n n
GO WS 1 L PO Pl L WY (LB
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1. 1.
R (@Zm(zmv\) —(—DK e—4—(wr(2v+|v|))) (V] —k=1)!
ke, = - ()
412

i 2\
é k! P
1

L 1; 4 4
> 2m<v+\v|>ﬂ(€2m(2v+|v|)hvl( ) Z)+J\v|( ) z))+
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a\2 K1 (k+ ]! 4

k=0

03.19.06.0033.01
T 2
keig(2) o« — 2 (1+0(Z))- " log(2 (1+0O(Z))

03.19.06.0034.01
zlog(2)

kei (2) < — 1+0(Z 1+ 0(Z
1 el (1+0(%)) V7 (1+0(2))
03.19.06.0035.01
2 21
o) — (102 + 99 (1402

Asymptotic series expansions

Expansionsfor any zin exponential form

Using exponential function with branch cut-free arguments

General case

03.19.06.0036.01

vV cse(nv)
4v2

kei, (2)

L 3£7rv_ iz . ’_22 co v73 iz +£7r_v ~ _1
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1
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i 22 co
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| 2 Co
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z
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4 2_1 _z iz _5i7rv 71 r'/r_v_ iz v—l _13/4 _.22 co
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~Nev2 [( ) ! S(RV)+Sin(7rv)](—4—l Z) 2¢ V2

Z

[tz v [EJZ_ZK l—V V+l . K
i((—1)3/4 Z)—v—% @‘E+ 4 2 (2 )2k+1( 2)2k+1 (_ i) L0 1 N
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03.19.06.0041.01
ke, (2)

1 =1, i -2 -1)¥y -iZ co . -3 1
. /g [eﬁ [\/—1 e zV[e V2 (i cot(rv) - 1) [( ) iz cosmy) +Sin(7rv)](—\/—1 2 Z[1+o[;))+

z

iz 3inv

T -t 1
eVz ° (¥ 2) " 2 (cot(nv)+1) [1 + o[;)]

iny 7“72 —1 3/4 V —.Zz CO! 4 V—1 1
(~1)¥e7 7 cse(nv) [e V2 [( ) ! ) - sin(:rv)] (— -1 z) z [1+ O(;]] +
z

iz 3inv

1 1
ez ? ((—1)3/4z)”'5[1+o[—)]
Z

+

z iz

3inv iz

iny —v—1 1 2 —V—l
e V2 [{‘/-1 Py zV[eJ? (1-icot(rv)) (—\/4—1 z) 2[1+O[;]]+«: V2 ()32 2

[+4)

inv _ iz _3urv V_l 4 _1 22 o
(-1)¥ea 2 csc(m,)[f 2 2 ((_1)3/42) 5 [ v L S(7r V)

(icot(nv)+1)

—sin(rv)

[\/“ —1 v iZ cos(nv)
z

+sin(rv)
z

42

ez (-V=1 Z)V_g [1+ o[%))

03.19.06.0042.01

]/;(|Z|—>00)/\V6£Z

kei, (2) o
Vi (138 (_e- L T 0 z+%) ago <]
24 2z
L (T T et T : <o
24 2z
B vV \7? (\A/j (e—ﬂ z—% 4 @-(_1)3/4 z—["TV + True
24 2z
I B AT TIN e S e Z)

Logarithmic cases
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03.19.06.0043.01

inv iz
1 z 2o |4iv-i22 (log(-V -1 2] -l0g(2 N
ke, (2) o« eV? ¢ ( ( ) )+7T ! +4-D¥ |+
z z
8V2nr _\4/?2
o
B ¥ r-4(-1% (log((-1** 2) - log(2)) | +
V1¥z
3inv iz iz inv
_z R ] CNYA ) [ . =7
. 5 e V2 _4(_1)3/47[_37([ iz +4(|Og(( 1) Z) |Og(Z)) i . eV?
V(E)¥z ‘ ‘ —V-1z
2
] ; 1 g
(4(—1)3/4(Iog(—\/ -1 z)—log(z))+\/—1 71) (1+O(;))+ ‘

8vV2r V-vV-1z ((—1)3/42)3/2
-D¥*(1- 442 1
[_75(; )[b—\/(—]_)TZ(E((1+n')(—l)"e‘/;zﬂ((4+4n')z—ﬂ'\/?\/?)—Zeiﬁzﬂz)+
z
4((—1)”% e‘/?z\/ —iZ —n’e"‘/;zz) (Iog(— V-1 z)— Iog(z)))+

V-v-1z [n(—3m<1+f>‘/?12—4(—1yz+ 3(—1)“% ViZ )+
1 1
4(@<l+i)\/?zz_ 1"y iZ )(Iog((—1)3/4 2)- Iog(z)))] (1+ O(;]) -

i(16- 4012+ 9) [\/ (-%z [4(@'522—(—1)”% V22 )('09(‘ V=1 2)-10g2) -

128 72

L(\/?ei‘/?ziz+(—1)Ve‘/?z(1+i)(\/?(—2+2i)z+\/?))]+

V2
. -1)"ViZ (3-3i , , !
_w/__lz[ﬂ[() :/_( l)—3m<lﬂ>‘522+4(—1)Vz]+4(e<l+‘>‘/72z+(—1)”4\/izz)
2

(log((-1)¥* 2) - 10g(2))

1)) V-1 (645 560y + 1036y - 225)
)
30722

1
[\/ (-1)¥ 2 (E((1+Ii)(—l)ve‘/?zn((4+4rl)z—i\/?\/ —iZ )—2e"‘/?znz)+
4((—1)”% e‘/?z\/ —iZ —n’e"‘/;zz) (Iog(— V-1 z)— Iog(z)))+

V-v-1z [n(—3m<1+f>‘/?12—4(—1yz+ 3(—1)V*§\/ i 2 )+

/ — L ) NS /l\\‘
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03.19.06.0044.01

1+i)z 1
¢ +)Z+2 im(v+1)

e 2

8v2r Y —vV-1 z (-1¥2"

kei,(2) o

EIER TS I
Sl [

k=0 2K! 472) \\2
V-vV-1z-vV(1¥z (ﬁef‘/?Z(—rz)z—(1+u‘)(—1)ve‘/32(2\/7(—1+¢)z+m))]—
4V (1¥z [ oz qyrielze \/—zzzz)(log( 1 7)-log@)+4(-1"V-V-1z

[( VYT (4( 1)~ 3ietiV2 2 )(—{‘/? z)3/2+3(—1)k”(1—¢)\/§

1 1
1)3/4 [7 (——V) . (v+—) N .k
(e“”‘”—zw iy 22)('09(( 137 - Iog(z)] S . ”“(L]

— 2k+1)! 42
[(l;i)ﬂ [(—1)“% (4(—1)V+3m<1”)52) -1+ (-V-1 2)3/2+3(—1)k”+437(1—,z)\/§\/f_
\/(—sz(ehlzz(—l+i)Z+(—1)Ve‘/?z(4(l+i)z—i\/?m)))—
4y (-1¥z (( 1" 46‘/_ m—lﬁ’ ‘/—Z )(Iog( -1 z)—lo@l(z))+4(—1)k

V-v-1z (e(l*”ﬁzz—(—n“% ViZ )(Iog((—1)3/4z)—log(z)))+ o /d->c0)AvezAneN

03.19.06.0045.01
kei, (2) o

ni(v+l)  (A+i)z

Y
-\ (-D)¥z [ N2z, (_qpiplze 2\ -iZ (log( ) Iog(z))—ﬂ—
8vV2r \V —vV—1 z (-1¥ 2" [[ ( ) V2

[\/? e"‘/;ziz+(—1)ve‘/;z(1+n') (\/? (-2+2i)z+ \/—1722)))+

V2

| p— -1ViZ2 3-3i A
—\/jz [7‘[[( ) L ( l)—Sie(lﬂ)\/?Zz""]‘(_l)VZJ"'

1 1 1
4("’(1”)522+ 0 i2 ) (log(-2%2)- Iog(z))]] 8F3[§ (=27, g3=27),

1 1 1 1 1 1 113 16
-5-2v),-(7-2v), - (2v+1), - (2v+3), —(2v+5), - 2v+7); —, —, —; ——) -
8 8 8 8 8 8 4 2 4 A

-D¥*(1-442 " .
S )( -V-1z (n(—3m<l+”‘51z—4(—1yz+3(—1)”%\/izz )+

8z
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4(@“”')\/?22— (—1)”% ViZ )(Iog((—l)?’/4 2)- Iog(z))) -
1
V(12 [—((1”) (—1)Ve‘/72n((4+4i)z—m/?\/ -iZ )—2ei*/?znz)+

(( V2 liz iz, )(Iog( -1 z)—log(z)))]8F3(%(3—2v),2(5—21/),

1 1 1 1 1 1 135 16
—(7-2v), -=(9-2v), = (2v+3), —(2v+5), —2v+7), - (2v+9); —, —, —;——]—
8 8 8 8 8 244 A
i(16v* - 40v2 +9)

T[\/ (-1%¥z ( ( ‘/—Zz -1 4@‘/— \/—u_zz)(log( -1 z)—log(z))—

L(\/?e“/?ziz+(—l)ve‘/?z(1+i)(\/?(—2+ 2i)z+V -i 2 ))]+
V2

| [y Viz 3-3: ,
—\/jz [7‘([( ) 12 ( E)_Sﬂ.e(1+1)\/?zz+4(_l)sz+

V2
4(6(1”) Vezp,cyriyiZ ) (log((- 1% 2) - 'og<2))]]

1 1 1 1 1 1 1
3F3(—(5—2v), —(7-2v), —(9-2v), —(11-2v), = (2v+5), = Rv+T7), —(2v+9),
8 8 8 8 8 8 8

z

1 353 16) V-1 (64v°-560v*+1036y2 - 225)
—(2V+1l) Z Z, 5,— )+

30727

[ (-)¥z ( ((1+i)(—1)ve‘/?zﬂ((4+4i)z—iﬁm)—2e552ﬂ2)+
4((—1)” 3 ‘/— m—w‘/_ )(Iog( ) Iog(z)))
V-V-1z (ﬂ(—Sie(l”)“/;Zz—4(—1)Vz+3(—1)v+z37 \/E)Jr

4(€<1+»s>\/? 27 (- 1)”3 \/E ) (log((-1)¥* 2) - |09(Z)))]

1 1 1 1 1 1
8F3(—(7—2v), -(9-2v), -(11-2v), —(13-2v), = 2v+7), —(2v+9), — (2v+11),
8 8 8 8 8 8

)

=

—(2v+ 13);

-b-IU‘I
N w
AN

/i(4d > c0)Ave”Z
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03.19.06.0046.01

3inv iz
1 2| .2 V2 [4iV-iZ (log-V=1 2)-l0g@) r+/_iz
kei,(2) o eVe ¢ ( ( ) )+ N +4(-1D¥ x|+
N z z
8vV2n _\4/?2
e
B ¥ r-4(-1% (log((-1)** 2) - log(2)) | +
(_1)3/42
Binv iz
B2 AN \iZ2  4(log((-1% 2) - log@) V i 2
o e 2 _4(_1)3/477_37” iz . (Og(( ) Z) og(z)) L .
(1% ’ i
\/?+T 1
&37(4(—1)3/4009(—\/“ -1 z)—log(z))+ V-1 71) (1+o(-)) /(2> ) AveZ
4 yA
-V-11z

03.19.06.0047.01

_1y58 34 5, in Y

Vo (”) S Y “) arg(?) < -

24/ 22

Vi -1 Tzl gt LI

kei,(2) « S (2(-)%e b ™ T i1 e s VT z <arg(z)< 3r /;

24 2z

\/7 § -1 y_ in 34, inv 3iny 3iny 34,

A EY 2-D¥ N T T ™ * T V1 e 2 N1z, 5,5 Y True
242z

(I > 0)Avez

Residue representations

03.19.06.0048.01

kei, (9 =—— ) resy
JZ(; F(s+ K)l"(l—l—s)

1 (%)_45F(s+ %)l‘(E +s) F(s+ 2y

s I(s+ g)r(l— g -9

Integral representations
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On the real axis

Contour integral representations

v

03.19.07.0001.01
1 pD(s+5)T(s-3) F(% + s) F(s+ 2%) 7\-4s
Kei,(2) = - — (_) ds

8miJs I(s+2)M(1- 4

Limit representations
Generating functions
Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
03.19.13.0001.01
W92 2 +2wP@ 2 - 2V + YW@ 2+ 2V + YW@ 2+ (Z +v* - 4vH)w(@2) =0/
W(2) = ber,(2) ¢, + bel,(2) ¢, + ker,(2) c3 + ke, (2) ¢,y

03.19.13.0002.01

1
W,(ber,(2), bei,(2), ker,(2), kei,(2) = - ;

03.19.13.0003.01
92* 9 @° W2 +292°% (0 @°-392 9" ) g @* W@ -
022 (22 +1)g@*+69@ 9" @ 9@ +402° @ g2 - 1502° 9" (%) g @ W' (D) +
02 (2 +1)g@° + (22 +1)9@ 9" @9 @* - 202° @ g @° +
92?%(69"(@° -9 9“2)g(@° +109@° 9" 2 9°@ g2 - 1502° 0" @°)W (D) +
(V=42 +9@*) g @ W2 =0/, W) = ¢, ber,(g(2) + ¢, bei,(g(2) + C3 ker,(9(2) + Cq kel (9(2)
03.19.13.0004.01
g2°
92°

W,(ber,(9(2)), bei,(9(2), ker,(9(2)), kei,(9(2)) == -
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03.19.13.0005.01
92" g @° h@' W@ +202° 9 2* (@ (9@* -390 9" (2) - 200 ¢ @ N @) h2* W3 (@) +
929 @ (-(2*+1)g0@* +602 9" @29 (@* +492?d°@ g - 1592° §"(2°) h(2)” -
60292 (N@J@*+92h @9 @ -39 N@9"@)h@ +1292° g @ W(@°)h2* W' (2 +
12 ((27+1)g@°+(2*+1)92 9" @9 @"* - 202° 0®@ 9@ + 92? (69" (2* - 9 9 (2) g D° +
1002°9"@9°@ 9@ -1592° 9" @°)h@’ +20@ 9@ (2 + YN @ g @* - 302 N (2 g (@° -
292 (92 h°@-3N@2¢"2)g@*+92% (90" @ N (2 + 4N (2 ¢°@) g2 - 1592% N (2 g"(@°) h@)’ +
120229 @° N2 (W@ g @ +202 N @29 @ -39 N @ 9" @)h@ - 2492° ¢ @*N@2°) ho W (@ +
(v -4+ 92 h@* 9@ +9@* (24N (@* - 36h@ (2 I (@ + 8h(@° ¥ (2 ' (2) + h@)* (61 (2)* - h(2) " (2)))
9@°-202°h@ (9@ -302 9" (@) (6N@° - 6h@ N @ N (@ +h@*h®©2) g @*+
9@%h@?* (h@ h’ (@ - 2N 2% (2 +1)d " +69@ 9" @ 9 (@° + 492> d°@ ¢ (@ - 15927 9" (2%) 9 (@) -
9I2h@’ W@ (2v*+1)g@°+ (2 +1) 029’ @9 @' -292° °@ g @° +
927 (69"@* - 92 99@) g @° +1002° 9" @ 9¥@2 ¢ (@ - 1592° ¢"@°)) W@ =0/;
W(2) = ¢ h(2) ber,(9(2)) + ¢, h(z) bel,(9(2) + c3h(z)ker,(9(2)) + ¢4 h(2 kei\(9(2)
03.19.13.0006.01
h@*g@°
W,(h(2) ber,(9(2)), h(z) bei, (9(2), h(2) ker,(9(2), h(2) kei, (g (D)) = - 9(7
03.19.13.0007.01
WY@ +(6-4r-49 Z2WI@ +(7T-2(*-2)r? +12(s-1)r+6(s-2)5) ZW'(D +(2r +2s-1)
(2r22-2(s-Ds+r2-49-1)zw(@ +(([@" 2" +v* -4V} ' - 45y r* - 28 (* - 2)r* + 4’ r + ") w2 = 0/;
W(2) = ¢, Zber,(aZ) + ¢, Zbei, (aZ) + ¢z ke (aZ) + ¢, kel (aZ)
03.19.13.0008.01
W,(Z ber,(aZ), Zbei,(aZ), Zker,(aZ), Zke,(az)) = —a*rb £7+456
03.19.13.0009.01
WA (2) - 4(log(r) +log(9) W(2) + 2(~(v? - 2) log’(r) + 6log(s) log(r) + 3log*(9)) W' (2) +
4(log(r) + log(s)) (v* log?(r) — 2log(s) log(r) — Iogz(s)) W (2) +
(@*r*z+v* - 442 log*(r) — 42 log(s) log*(r) — 2 (-2 log®(s) log?(r) + 410g3(s) log(r) + Iog4(s)) wW(z) =0/
W(2) = ¢, S“ber,(ar?) +c, s bei,(ar®) + cgstker,(ar?) +c, ke, (ar?)
03.19.13.0010.01
W, (% ber,(ar?), £ bei,(ar?), sker,(ar?), ke, @r?) = —a*r*2*21ogb(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.19.16.0001.01

1
ke, (-2 = (-2 ke, (92" + 5 7((-27"Z -(-2"2")csc(rv)be_,(2) /;ve Z

03.19.16.0002.01
kei,(-2) = (-1)" kei,(2) + (-1)" bei,(2) (log(2) - log(-2) /; ve Z



http: //functions.wolfram.com 43

03.19.16.0003.01
1 v Ty 3ny 3nv
kei,(i 2 = — mcsc(v) ((rl 2’z (cos(—) bei, (2) — ber,(2) sin(—)) -@27v7 (cos(—) bei_,(2) + ber_,(2) sm(—))) /;
2 2 2 2 2
vglZ

03.19.16.0004.01
vr vm

kei,(i2) = -i" (cos(;) kei,(2) + sjn(?) kerv(z)) -
1 v

v v 1 VI
-7’ (n cos(—) +2(log(2) — log(i 2)) sin(—)) ber, (2 + — 1" (2 cos(—) (log(i 20 — log(2)) + zrsin( )) be,(2)/;vez
2 2 2 2 2 2

03.19.16.0005.01
ker,(-iz) =

1 v v 3nvy 3nv
5 7T CSC(r V) [(—n‘ 2"z (cos(?) bei, (2) — ber, (2 sin[?)) -(-i7"7 (CO{T) bei_,(2) + ber_,(2) si n(T))) live”Z

03.19.16.0006.01
v

1
ke, (-i2z) == — 5 iv((—l)v T cos(g) +2((-1)"log(2) + log(-i 2 — (1 + (- 1)") log(i 2)) sin( 5 )) ber,(2) +
1 v 8%
5 i (2 cos(?) (-(-1"log@ +log(-i2)+ (-1+ (-1 logi 2) + (-1)"' 7 sin(7)) bel,(2) —
v V8%
(=) (cos(?) kei,(2) + ker,(2) sn(?)) liveZ
03.19.16.0007.01

kei, zZ| = —mcse(rv)
I 1 2 1
0!

] 7 (oo (17 o (1 {222

o (53 o o5 - o 75

v
Sy 2
03.19.16.0008.01
1
| e ood o (T ) k(T ()«
VT ? 2

%iv (Zcos(g) (—(—1)Vlog( V-1 z) +log(—(-D¥* 2) + (-1 + (=) log((-D¥* z)) +(—1)Vﬂsin(7r2—v)) beiv( V-1 z)—

1
- ((—1)v x cos(%) +2((-110g(V=1 2)+log(~(-1¥* 2) - (1+ (-1)") log((-1)** 2 sin(%))
berv(\/4 -1 Z) liveZ

03.19.16.0009.01

kei,(-1)¥2) = (172 keiv(ﬁ z) ( V-1 z)iv +
%n (02" (VT 2 ~(D 2 (V-1 9 )esotav)bei, (V-1 2) fiv ¢ 2

03.19.16.0010.01

kel,((-1)¥* 2) = (-1 ke, (V=T 2]+ (~1)" bei,(V=1 ) (log(V=1 7 ~log(-V~T 7)) /;v e Z
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03.19.16.0011.01

kei,((-1)¥* 2) = E71(‘50(71 V) (((—1)3/4 2 (\4/? z)_v (cos(ﬂz—v) beiv(4 -1 z)—sin(nz—y) berv(4 -1 z))—
(%2 (\/_z) ( s( ;T )bel ( -1 z)+ber,v(4—1 z)sin(sizv)))/;vezl

03.19.16.0012.01

kei,(-1)¥*2) = %l (zcos(ﬂz )(|og(( 1¥2) - logV—1 2)) Msm(%)) bei,(V—1 2) -

(cos(m/)ka ( -1 z)+sm( 5 )ker (\/—12))—
%ﬂ (ncos(g)+2(log(\/j z)—log((—l)a/4 z))sin(%)) berv(ﬁ Z) Livez

03.19.16.0013.01

ei(§ 7 ) = % ()4 (27~ (2)"7) (z (Z+V# Jootn +(V7 -2) csc(g)] bei,(2) +
%n 7Y s [(\/? - 22) ()" +2) secg) 2 (zz Nz ) (2 - (z4)”2)) ber, (2) +
Esin(:gzv)zv’z(z“)_% (\/?—22] ker,(2) + 2~ (\/—0082(37rv)+225m ( ))kav(z)/ veZ

2

03.19.16.0014.01

i) = 2 2y

32
(4¢¢V(_1+(_1)V)ﬂzzv[\/? _22)+((2+E-V+@3'¥)\/? _(_znuﬁ‘%)f)((f)”z+22v)(4|og(z)_|og(z4)))
bei, (2 + 3—122’V’2 2y < [an(2(2)" + 2)7 + ((reieT)2NZ (140 ve )27
i 1) (V7 -2)(27 - (2)") (41002 - 092 er @ +
% 72 (z“)’i (\/; - 22) (rl P (=14 (=1)) ((z“)v/2 + zZV) +42 sm(sg)) ker,(2) +
; (2 ( (\/—cosz( )+zzsm[ ))22 +((2+ﬁv+@3%)\/?—(—2+u‘v+e%)zz)((z4)v/2—zzv))

kei,(2) /;veZ
03.19.16.0015.01

kei_,(2) = cos(n v) kel (2) + Sin( v) ker,(2)
Addition formulas

03.19.16.0016.01

Biny inv
_ nicscryv) | e 4 ((—1)3/4 Z)V e 2
kei,(2) + i ker,(2) =

(D% 2) - -
z (-1¥2)

L((-1¥2)

03.19.16.0017.01

Biny v inv
_ nicscrv) | e 4 ((—1)3/4 Z) e 2
kei,(2) + i ker,(2) =

(D% 2) - .
z (-1¥*2)

L((-1¥*2)
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Multiple arguments

03.19.16.0018.01

3invy inv
 esony) | e+ (D3 2) w7
e+ ik = TN VT sy (%)
2 Vil ((_1)3/4 Z)
Related transformations
Involving ker,(2)
03.19.16.0019.01
3inv inv
i cso e+ ((-1%2) 4
60 + ik = T TV ey (1) |fvez
2 z ((_1)3/4 Z)

03.19.16.0020.01

kei,(2) + i ker,(2) = %(—(i -1)")) (2nYV( V-1 z)+JV( V-1 z) (—u’n+4log(z) —4|og( V-1 z))) LiveZz

03.19.16.0021.01
v

) , L -3inv T
kei,(2) - i ker,(2) = MCS:(M) i -1,(V=1 7)- - V=14

(V=1 9)|/ivez

03.19.16.0022.01

1
ke, (2) — i ker,(2) == (—i)"*L KV( V-1 z) -5 1 (—in—log(d) — 4log(2) + 4log((1 + i) 2)) |V( V-1 z) LveZ

Identities

Recurrence identities

Consecutive neighbors

03.19.17.0001.01

_ _ V2 v+1)
kei,(2) = —kei, (2 - — (kei,,1(2) + ker,,1(2)
03.19.17.0002.01

V2 v-1

kei,(2) = —kei, 2(2) - ——— (kei,_1(2) + ker,_1(2)
V4
Distant neighbors

Increasing
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03.19.17.0003.01

ng (—l)k n-Kk! on-2k S2k-n 1 1
kei,(2 =@+ |(n+V) (cos(— 2k-3n) n) kéin., (2) + sin(— 2k-3n) n) kermv(z)) +
S kI(N=2K)! (=) (v + D) 4 4

ln;_IJ (_1)k (-k+n-1)! 2-2k+n-1 2k-n+1
o KI(=2k+n=-D!(=n—v+ 1) (v+ 1)

1 1
(cos(z 2k-3n-1) n) ke, +1(2 + sin(z 2k-3n- 1)71) kern+v+1(z)) /ineN

03.19.17.0004.01

V2 v+1) Av+1)(v+2) V2 v+1)

kei,(2) = —K€i,,2(2) + —————— ke, 3(9 + —————ker, (29 + ———— Kker,,;3(2)
z VA z

03.19.17.0005.01

2V2 v+2)(Z2+2v*+8v+6)
kei, (2 = keiv+3(z) +
z
2V2 v+2)(Z2-2(2+4v+3)) 4v+D)(v+2)
kel,4(2) + = ker,.,3(2) - — ker,,4(2)

03.19.17.0006.01

(2 - 16(v* + 10V + 3572 + 50v + 24)) 2V2 v+2) (-2 +2v*+8v+6)
kel,(2) = kel,4(2) + ker,.5(2) -
z pad
12(v+2) (v +3) 2V2 v+2)(Z2+2v2+8v+6)
———ken@- e kely.,5(2)

03.19.17.0007.01
V2 (v+3)(-32-16(v2 +6v+8) 2 +16(v* + 12v3 + 4912 + 78V + 40))

kel,(2) = kel,.,5(2) +
P
V2 (v+3)(-32+16(v* +6v+8) 2+ 16(v* + 1273 + 4912 + 78y + 40))
kerv+5(z) +
v
12(v+2)(v+3) (Z-16(/+10v*+35v2+50v +24))
———ken6(@ - ” kel,.6(2)

Decreasing
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03.19.17.0008.01

kei, (@ = (1= Vo1 |(N=)

l;J (n- k)! (_1)k 2n—2k szfn 1 1
(co —(2k+n) 71) kel,_n(2) + sin(— (2k+n) Jr) kerv,n(z)) -
o KI(N=2K) ! (1 - ) (v —n) 4 4

ln;_IJ (-k+n-=1)! (_1)k 2-2k+n-1 ;2k-n+1

kZ:(; K!'(=2k+n=D!' (1 -v) (=n+ v+ 1),

1 1
(cos(z 2k+n-1) n) kei_n,-1(2 + sin(z 2k+n-1) n) ker,nw,l(z)] /ineN

03.19.17.0009.01

_ V2 v-1 _ V2 v-1 4v-2(v-1)
kel (2) = S kei, 3(2) - kei, »(2) + - ker,_3(2) + T ker, »(2)

03.19.17.0010.01

2V2 v-2)(2+2/2-8v+6)
kei,(2) = kei,_q(2) + kei,3(2) +

Z

2V2 v-2)(Z2-2v2+8v-6) 4(v-2(v-1
= ker,_3(2) - T ker,_4(2)

03.19.17.0011.01

2V2 v-2)(Z2+2v*-8v+6) (Z - 16(v* - 10V + 3572 — 50V + 24))
kel, () = - ” kel,5(2) + ~ kei,_4(2) -

120v-3)(v-2) 2V2 (v-2)(Z2-2/2+8v-6)
————————ken, 4@ - ker,_s(2)

zZ

03.19.17.0012.01
(- 16(v* - 10v*+ 35v? - 50 v + 24))

kei,(2) = - kei,_g(2) +
z
V2 (v-3)(-32-16(v2 - 6v +8) 2 +16(v* - 12/ + 4912 - 78v + 40))
kei,,_5(z) +
2
2v-3)(v-2) V2 (v-3)(-32+16(v2 - 6v+8) 2 +16(v* — 12/ + 4912 — 78v + 40))
———ker, s+ ker,_5(2)

rad

Functional identities

Relations between contiguous functions
03.19.17.0013.01

keiv(z) =

(ker,_1(2) + ker,,1(2) — kei,_1(2) - kei,,1(2)
2V2y

Differentiation
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Low-order differentiation

With respect to v

03.19.20.0001.01

1 w 22K 2Kk — v+l)sm( k- 3v))
ke = —x|2 cscnv) 7 Z +
2 e KIT(k—v+1)
o (2724 yk+ v+ D)sin(372k-v)  3g
27V esc(rv) 2 Z — —csc(nv) ber_,(2) —
o KIT(k+v+1) 4

live”Z
Ve

E (n cot(nv) + Iog(g)) ke, (2) + G eot(mv) + 2 Iog(g)] ber,(2) + i (Jr 8cot(rv) Iog( 2)) bei, (2)

03.19.20.0002.01

n
kein 7(@) = — = ken(@ +

an! 1 1 (z k-

n 3 (3 ) 1 L0 1 10
—_— —) (cos(—(k—n)n) berk(z)—sm(—(k—n)n) be|k(z))+ —(-D"bei’)’@ - —be," @ /;neN
4 ikKl(n-Kk\2 4 4 4 4

03.19.20.0003.01

-1 n—l n-1

kern(?) - —(:r( DY

kel (2) =
() e k)(

( s( (k- n)n)berk(z) sm( (k- n)n)ben((z))

bei’?(2) + = (—1)” bei"?2) /;neN

03.19.20.0004.01

1 4
kei :11’01)(2) =27 (71 beéi :(2-3(-1"x ber_n_l(z) —4 (log(z) - Iog(\/ _1 z)) ((— D'bei_ (@)~ bern+l(z))) -

5 inm
_1382"3 T\/—z_ni
(-1 e T ,\‘y? ZZZK( )(Zn 2K)!

n!
((—l)”\/?(—l+u’)(;{/(k+%)—dr(k—n+;)+e (chi(@+nV2 2)- Shi((1+ﬁ)\/72)))+
2(-Dke +J—Z[ i(A+)V2 2)+ 2(’1)3/42(w(k+%)—¢1(k—n+%))+i$i((l+i)\/?z)))ikzzk—

1
(D2 TV 2 L)

22 (Zk 1)( 2k+2n-1)!

k=0
3/4 o 3 1 4
[(—1)3/4 (~1)" ¢t D Z(—e@“)‘/;zcm((uE’)«/?z)+¢/(k+ 5)—¢(k—n+ 5)+£2 -1 ZShi(z 1 z))+
3 1
~De2 z'sin(\/A 1 z)(Ci((1+i)x/?z)+w(k+ E)—¢[k—n+ 5)+i$i((1+i)\/?z))—
3 1
(-Dfe2 cofV-1 7 [Ci((1+ri)\/?z)—(//[k+ E)W(k— n+ 5)+i5i((1+u')\/7z))) *Z%/neN
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03.19.20.0005.01
kei®? (@ =

1 . . 4 4

5 m (7‘1’ be|7n73(z) + (=" (37r berml(z) +4 beml(z) (Iog(z) - Iog( -1 z))) +4 berini(z) (Iog(z) - Iog( -1 z))) -
2 2 2 2

D2 e T Vi 27 2

n
ZzZK(Zk)(Zn—zk)uk
n!

k=0

([Chi(z V-1 Z)—l//(k+ %)+(//(k—n+ %))sinh(“ 1 z)—cosh(“ 1 z) Shi(z V-1 z))+

=
1

\“/j
(—l)k“‘emT;r i(cos(4 -1 z)(Ci(Z V-1 z)+<//(k+ %)—z/{k—n+ %))+sin(4 -1 z)Si(Z V-1 z))+

inm

()N ez ([Ci(z V-1 z)—¢(k+ %)+z//(k—n+ %Dsin(4 -1 z)—cos(ﬁ Z)Si(z V-1 Z))]sz_

(cosh(\“/j Z)(Chi(2ﬁ2)+w[k+ %)—w(k—n+ %))—sinh(4 -1 z) Shi(z V-1 z))+

1 inm 1 ln—lJ

V12" ies Vaz"

2

nt kZ;AZZk(2kn+1)(‘2"+2”‘1>’ik
[\4/_ ([Chi(z — Z)+w(k+ g)—¢(k—n+ %))sinh(“ -1 z)—costw(ﬁz)Shi(zﬂz))+
-1

1
I
(—1)k+"em7” (cos({l/j z) (Ci(Z V-1 z)—w(k+ §)+¢/(k—n+ %D+s’n(4 -1 z)Si(Z V-1 z))—

(cosh(4 1 z)(Chi(Z V-1 z)—z//[k+ §)+w(k—n+ %D-sinh(“ —1 z) Shi(z V-1 z))+

TEI ((Ci(zﬁz)ﬂﬁ(m g)—w(k—m %)]sjn(4 -1 z)—cos(ﬁ Z)Si(Z V-1 Z)]]ZZK/; neN

With respect to z

03.19.20.0006.01

okei,(2) 1
T (-zkei,_1(2 - V2 vkei, (2 + zkerv,l(z))
9z V2z
03.19.20.0007.01
okei, (2 1

= (_keiv—l(z) + keiv+l(z) + kerv—l(z) - kerv+l(z))
0z oz

03.19.20.0008.01
a(2' kei, (2) z

(kerv—l(z) - ke' v—l(Z))
0z V2

03.19.20.0009.01
a(z" kei, (2) zv

(ke| v+1(z) - kerv+1(z))
0z V2
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03.19.20.0010.01

ke, 1
P =3 (—ker,_2(2) + 2ker,(2) — ker,,2(2))
03.19.20.0011.01
kel (2 kel,_1(2  (v(v+1D)kei(2)
= + e (2 -
o7 V2 z Z
Symbolic differentiation
With respect to v
03.19.20.0012.01
) o (2) ooq 5 n(2k+30)
PRTLC TN ) ol (E)Z o Ty
! 2|k \2 avm

1l
o

Sl

“1(2

With respect to z

N
N
s

2l

i—0 2

kerv—l(z)

V2 z

) mj (_1)ii!SE]i’)Fj v i v . )
CORMEDY [(z cot(—) + 1) (i cot(—) - 1) — 2™ (i cot(mv) + 1) (i cot(x v) — 1)]
2 2

)" sjn(f-1 7(2k-3)
[(k-v+1)

9V

2k O

(g)v S'n(% m(2k+3 v))

i
2k 9 T'(k+v+1)

(=) ™1 2™ (; cot(r v) — 1) Z

™ (-1 i1Sh | (i cot(rv) + 1)
~ O i

i—0 2

LhveZ

vl
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03.19.20.0013.01

o"kei,(2)
o
n n m (= DK 22K (—m)y g (Vi {EJ -Di k-2 Z\4i
z‘”Z(—l)m"[m)<—v)n_mZ kei,(2 ) — : (5)
o Py (m-k! RDIK=4D! (k= + 1)) (1)) \2
z 5] (-1 (-2 +k-D1) (2"
— (kav—l(z) - kerv—l(z)) N N -
2vV2 0 @DN(=4]+k=D(=k=v+1); z2js1
= .
1 2 DI (-2j+k-1)! Z\4i
~ Zken,(2 : : (_) _
4 S @i+ DN4j+K=2! (~k=v+ D1 (Mjin \2
sl ()i (-2j+k-21)(2)"
—— (kei,_1(2) + ker,_1(2) - - /ineN
8vV2 0 CI+DIE4]+k=3)! (=k=v+ 151 (22
03.19.20.0014.01
ke, (2) T _(1- 1 1 i 72
=-2%2 23T 132 ot v) (1 - v) 2‘”'V2F3[_V’ 12 2 (cnovel), = (cn-v+2), 1-v, I_J +
P4 2 22 2 4
Biny _(1- 1 1 1
2”*2“%7zzn3/2csc(nv)r(l—v)z*“*Vst[ 2V, 1- g; 5 CN=y+D, S (N-v+2,1-v, —Z(izz)) +
3inv _(v+1 v+2 1 1 i
2V2v=2 677 i (—i+ cot(mv) (v + 1) 27" ,F5 R ;5(—n+v+1),E(—n+v+2),v+1;T -

1 .
2M-2v-2 o3 I 132 (i 4 cot(rv)) T(v + 1) 2"
5 (v+ 1 v+2 1 1

1
oF3 S ;E(—n+v+1),E(—n+v+2),v+1;—z(i22))/;ve,t_Z/\neN

03.19.20.0015.01

ke, o 1P ,
=27 -1y ( )((1+zz”)keuk_nw(z)—zz(l—zz“) Kefatcnnn (@) +
o7 24\ 2k
E
Do gy ) EA K 12D = A+ ) et 2@ | i
pard +1

03.19.20.0016.01

o"kei,(2) 3y EJ n+1 /n
=22 -1 ( ) 1+ " Keigrni (2 + (=i + ") kergyna () +
— (i )gzml o ) (L + ) Keiainey(@) + (=i + i) Kea (D)

\/?(l+i/)(4k—n+v+l) ( n

ok 1 ) (1= ™) Keigkonars1(D + (=i + i) KeMainer 1 () [ N EN

z
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03.19.20.0017.01

_n Lmn 20 3_” l(_n_,_zy)

o"kei,(2) 1 z 1 ,
—vaz_z gg[ZZ ) . 14 44 L1 a|ineznn=3
0 Z(—n+V+2) 2 4_1( n-— V+2) —( n-— V) —( n+2V) It
Fractional integro-differentiation
With respect to z
03.19.20.0018.01
Biny
0°kei,(2) i27%e¢ 4 mzZ%ceso(ny)
or rl-a-v)
3iny 1-v v l-a-v a+v iZ 1-v v l-a-v a+v i
e 2 ,Fs J1-—1-v, 1- fe— | oy —— 1 =1, 1- —||-
2 2 2 2 4 2 2 2 2 4
i272e 4 n27cso(nv) iy v+l v l-a+v a-v iZ
e 2 yF3 ,—+1Lv+1, y1- y—— |-
rMl-a+v) 2 2 2 4

v+1l v l-a+v a-v LZZ
oF3 ,—+1v+1, ,1- live”Z
2 2 2 2 4

03.19.20.0019.01

1. 1 .
(eZ”’(ZV*'V” —(-Dkes (‘”Q”‘V'”) (M -k=1D!T@K- v +1)

2 kei Ivl-1
0" kei,(2) _ 12 g Z | 4 (=L o2 gra-
9 = KITRk-a—v|+1) 4
k:[ 2 J+1

2

[\vlflJ (@%in(2v+|vl) _ (—l)k e‘%(in(zvﬂv\))) (|V| — k- 1)' (|Og(Z) _ lﬁ(Zk— a - |V| + 1) + d’(lvl -2 k)) [I ZZ]k

Kl(v|-2k-DITRk-a-v|+1)

T
o

o 0087 72 (K+v)+ VD) T@k+IV+ 1) 7.2k

2-vI=2 7 (‘(Z _
o KI(kK+ VD! TQCk-a+|v|+1) 2

L 1,

i (e‘z(”ﬂvl) B (_1)kezm\vl)7rcl(g;(z, 2k+ D) i 2 k

o [+
2. K!(k+ ! 4

- (ﬁ“”'““—(—1)ke4£"”‘v')r(2k+|v|+1)(2|og(2)+¢/(k+ D+yk+ M +1) ok
2=I1=2 jv+ivl az [ ] [iveZ
0 KI K+ D! T@Rk—a+|v|+1)

Integration

Indefinite integration

03.19.21.0001.01

az
fkelv(az)alz— 2626 ?

1
4|2 _
4
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Definite integration

03.19.21.0002.01

f e Plkei () dt =273 p @ [4V Ia-vTy-1)
0

3y

(a'—v)(a/—v+l)cos( :) « 1 va v 3 a v « v 53 v 3 v 1
- F B e T b Ml e e T
p? 4 2 44 4 4 4 4 4 4 4 2 22 2 p*

a va v 1 a 1 ve v 311 v v 1) (3nv

4@ -DFg| === ===+ = —bmm o —m—t— o = — =, 1 = - — sn(—] P>+

4 4 4 4 44 2 44 4 422 2 2 p 4

a va v 1 a v 1« v 31v 1v 1)\ (nv
IN=v-Dl(@+|[40v+D4F5-+—-, -+ —+—-, —+—+—, —+—+— -, -+ —, -+ 1, —— sm(—)—

4 4 4 4 4 4 4 24 4 422 22 p* 4

(@+v) (a+v+1)cos(%)

a v 1 a v
aFyl—+—+= —+ -+
2 4 4 2 4 4

p

Re(a+v)>0/\Re(a—v)>O/\Re(p)>—i/\v$l
V2

Integral transforms

Laplace transforms

03.19.22.0001.01
Lifkei, ()] (2 =

3 1 1
+1, —+—;-—]]/; IRem)| <1 /\ Re@ > - —
2" £ V2

Mellin transforms

03.19.22.0002.01

Z-v Z+v 1
Mikel,(t)] (2) = =272 F(T) F(T) sin(l—1 n(z+ 2v)) /i R&(z+v)>0ARe(z-v)>0

Representations through more general functions

Through hypergeometric functions
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Involving ,Fq

03.19.26.0001.01
kei,(2) = 2725 2% cso(nr v)

3nv (3 3-v v 2z 3nv (1
24Vcos(—)22‘V0F3 — 1o ——— —24V+4sin(—)z‘V0F3 e [ —
4 2 4 2 2 2 256

Z.a% (1 v+l v+2 2 v _( 3 v+3 v+2 7
165|n(—)zV0F3 e , - — —cos(—)z"*zoFs D= , —— || /imvez
4 2 2 2 256 4 2 2 2 256
Involving ,Fq
03.19.26.0002.01
. 3nv 3 3-v v 7
kei,(2) == —2V‘3cos{—)r(v—1)22“’0F3 - l-———| -
4 2 2 2 256

1 v+1 v+2

z

3nv 1 1-v v v
2"’11“(v)sin[—)z’V0F3 — - -—]-271 r(—v)sin[—)zVOFs P = :
4 2 2 2 256 4 2 2 2
3% 3 v+3 v+2 72
273 cos(—) [(-v-1)2"*2oF4; —, , —— | fiveZ
4 2 2 2 256
Involving hypergeometric U
03.19.26.0003.01
iny 2y inv B iz
kei,(2)=-2"2nie 4 cc(nv)Z” ((\/4 -1 z) —e2 sz)OFl[; v+1; T] -

iny inv 22
27 2nie s cs(nv)Z” (ZZV —e7 (¥ Z)zv) olfl[; v+l — %] -

3iny 2v 1
il V12— \/;Z_Y(HZ) U(V+ E 2v+1,2 V-1 z) +

1
i ((—1)3/42)2VU(V+ 2+l 2(—1)3/42) Lvez

Biny
1 -1
2 lea i

03.19.26.0004.01
izz]

3iny -
kei,(9=-2"3¢ 2 2 (—4i log(2) +4i Iog( V-1 z) + n) OFl{; v+1; e

IZZ inv
]—2"_1@_ -1 T iNn 2

5v
(-1 2737 (4ilog2) - 4ilog((-1)¥* 2) + 7 Olfl[; v+1; Y
1 v 1
U[v+ Z2v+1,2v-1 z) + (D2 te Y i 27U (v+ > 2v+1,2(-1)% z) LiveZ

Through Meijer G

Classical casesfor thedirect function itself

03.19.26.0005.01

NS

256

v v 2-v v+2 v

% T
i——<ag(2 <
]/ 2 a9(2)

1
kei,(2) = — Z Gie
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03.19.26.0006.01
0 n n

_ _ 1 (mvy 4o 2
keLv(2)+ke|v(2)=——005(—]6115 — | v v o2 w2 N|i-—=AYD = -
2 2 256 | —7 7 4

o
N

03.19.26.0007.01

_ ) 1 vy Lo 2 % n n
ke|V(z)—ke|,y(z)=—§sm(?)GL5 g o2 2 1 /,—Zsarg(z)sz
4'4" 4 42
Classical casesfor powersof kel
03.19.26.0008.01

1 3 1

kei(\“/?)z——l A PR L RS
v - \/_ 0,4 64 Y 2 27/2 3,7 16 O l v l—_V v ﬂ +l
16V ST g g VS

Brychkov Yu.A. (2006)

03.19.26.0009.01

z \/7 z i, E‘ v+ : Vs b8
o= ng?‘[_‘ Rk _%)' P brd IR e L CCE
16\/7 64 2 16| o, 3 T3 g g 3 4 4

Brychkov Yu.A. (2006)

Classical casesfor productsof kel

03.19.26.0010.01

13
. (4 (4 COS(TV) 40 Z R T EY: K- 43
(2 fiz)- 2t ey Dot g2 [T 2| L
16V 07—5, 3 3 303
03.19.26.0011.01
13

cos(rrv) 40 pal 1 1 |n 50 pal 72 Vg
kei_,(2) ke, (2) = oal = 0.5 5 3|2/ = Goe| = RN Vb (¢
16V 8V 2 16| o, T T it 4

Classical casesinvolving bei

03.19.26.0012.01

bei,(VZ ) kei,(VZ ) = %\/7 G2

1
i > Bv+1 ~ 1 32 i
64

0,3 %5 -2, 3@v+D| 2727

Brychkov Yu.A. (2006)

03.19.26.0013.01

be (V7 ) ki (V7) = - Vi o3

z
64

03.19.26.0014.01

z

1 b
bei, (2 kei,(2) = — Vx Grg| —
8 ° 64

) Vs
/1_Z—arg(z)— -

Z@v+1) ]_ 1 Gsz[f
4

0,2, % -%2@v+D| 27247

Brychkov Yu.A. (2006)
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v

03.19.26.0015.01
1 Z -5, = 1 z =3 v+
bei_kd,@=-Vr G —| | * 2 |- R
8 6402, -2 -2 L 2] gy l16]0 L B -y
—z <arg(2 = f
4 4
Classical casesinvolving ber
03.19.26.0016.01
Vr z & 1 z 13
ber,(VZ ) kei,(VZ ) = - — 3¢ — 2 _ 32 2 2%
d 1 v v 3v g 1 v v 1
8 0, 32" 227 16 33T~
Brychkov Yu.A. (2006)
03.19.26.0017.01
Vo z 1 z E, 3, v
ber_ (V2 Jkei (V7)== - &8 = [ 0.5 -5 5)- ——ati |, LT
8V2r 0, > 207723
03.19.26.0018.01
2 2 1 2 2
ber,a ke, =-——GiE | 0 - ——=G L,
0;5,5,—517 22\ 31203t T
Brychkov Y u.A. (2006)
03.19.26.0019.01
1 3
n z 1 z oV
ber_, (2) kei,(2) = ——GS:S[— Pt ] —— s v
8 64 8vV2an 16| o, 33 T Vs
Classical casesinvolving powers of ker
03.19.26.0020.01
2 2 1 z
fei(Vz ) +ken(VZ) = —— 688 0.4, 2. -4
8\/; g 2' 2 2
Brychkov Yu.A. (2006)
1 3 1
FA IR
1y vy wt V+%

\/7 GG,O

=TT s

keiv(\“/?)z—kerv(«“/?) -

03.19.26.0021.01

Brychkov Yu.A. (2006)

03.19.26.0022.01

keiv(z)2 + kerv(z)2 =
8V

Brychkov Yu.A. (2006)

T

N

s

Y|

1

I "2 sag2 =

IS
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03.19.26.0023.01

25/ 2

Vr z
kei, (2 — ker,(@? = - —— G&9| —

Brychkov Yu.A. (2006)

Classical casesinvolving ker

03.19.26.0024.01
e (47) ) = [T 62;3[1—26

Brychkov Y u.A. (2006)

03.19.26.0025.01
ker,(VZ ) kei, (VZ ) = - g \/? Gg:g[l_ze

03.19.26.0026.01

ke (V2 ) kel (7 ) + ker. ({7 ) kei-,(VZ) = =277 Vi contrn 6312[1_26

Brychkov Yu.A. (2006)

03.19.26.0027.01

kerv(\“/?) kdv(\y?) _ ker,v(‘y;) kei,v(\A/?) — o Vr sin(xv) 6232{1—26 ‘ 0

Brychkov Yu.A. (2006)

03.19.26.0028.01

. 1 |m 49 z
ker, (2 kel () = —= | = G37| —
8V 2 "1 16

Brychkov Yu.A. (2006)

03.19.26.0029.01

k ()k'()———1 /—GSO
er_,(2kei, (2 = )
gV2 2°

03.19.26.0030.01

1 v v 1-v v+l
Lot o]

22" 2 2

z
ker,(2) kei,(2) + ker_,(2)kei_,(2) = —2‘2 Vr cosnv) eg;g[E

Brychkov Yu.A. (2006)

/e
i——<ag(2 < —
v/ 2 arg(2)

1
2

T
——<ag® <
/ 7 ag(2)

T

4

sin(zv)

16V

0,4

G4'O[ z 0

sin(r v) 4‘0( z
_ gl —
50/ 18Vx 64

151 E‘_E

T

4

1 v v
032 ‘5)

P

1 v v

T
——<ag2 <
0/ 2 a(2)

big
——=<a <
/ 2 92

T

4

T
4
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03.19.26.0031.01
Vs

Vs
j——<ag2 < —
/ 7 arg(2) 2

z
ker,(2) kei,(2) —ker_,(2) kei_,(2) = —2"2 v sin(mrv) G?;@[E ‘

Brychkov Yu.A. (2006)

Classical casesinvolving ber, bel and ker

03.19.26.0032.01

Y (a4 4 4 _E 3,oi %(3v+1)
bav(\/?) kav(\/?)+berv(\/?) kery(\/?) - \/761'5[64 0 % - %(3v+1)]
Brychkov Y u.A. (2006)

03.19.26.0033.01
13
o {2) (1) b (1 o (1) - Gg;g[% S _]
2 2720 2" 2

Brychkov Yu.A. (2006)

03.19.26.0034.01

per (V2 ke (7 + b (V2 ) ke (7 = -— Gg;g[i

Brychkov Yu.A. (2006)

03.19.26.0035.01

bei,(VZ ) ker,(VZ ) - ber,(VZ ) kei, (VZ ) = 3 N Gfig[ é

Brychkov Yu.A. (2006)

03.19.26.0036.01

1 z Z@v+1) n n

bei, (2 ke, (2) +ber, D ken,@ = - Vr Gig| — | . * [i-—<ag@2=—

4 64 0, E' 5,—5,5(3V+1) 4 4

Brychkov Yu.A. (2006)
03.19.26.0037.01

1 z 13 n T
bei,(2) kei,(2) - ber,@ ken, (@) =-———G33| — | 4 1v] fi——=<ag@ = -
22Vx \®|0z e 7) 4 4

Brychkov Yu.A. (2006)

03.19.26.0038.01

T

T
i——<agd < —
/ 2 a(2)

. ! 1 3,2 z
ber,(2) kei,(2) + bei, (2) ker,(2) = — Gos| — 2

22n
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Brychkov Y u.A. (2006)

03.19.26.0039.01

1
bei,(2) ker,(2) — ber,(2) kei,(2) = — Vx GoY —
4 "l64] 0 %

Brychkov Yu.A. (2006)

Classical casesinvolving Bessel J

03.19.26.0040.01

T fpain =5 w7 o [

NI
N

3v

/e
4

13 13
1 32 i 44 ;632 i 3
SCAN RIS T A S DR
03.19.26.0041.01
4 .
J_V( -1 z)kelv(z):
; 1 3
1  sinv S &7 2 13 A
—e e VrzZ(V-1z iGHY — 474 G2 —
2,6 16 1-v v 1 v v+l 2,6 16
\/?ﬂ' 01 T’_E' E: 517
z -1@v 2 2a-3v)
—inv G3v0 _ 2 +iG3,0 - 2
15 64 0 1 v 1 3 v 15 1 v 1 v
b 5 51—5( V)’E 0, 5'_5’5(1_3V)'§
Classical casesinvolving Bessel |
03.19.26.0042.01
1
1 sinv v z S(Bv+1
Iy(\/4 -1 Z)kdv(Z): —e 4 \/72”(4 -1 z) iGrg| — . 2 .
8 64]0 22 -2 1@v+
13 1 3
L ;i G32 é 42 4G22 i 23
NEE G CE =S W =1 e, T) [ S S
V2 V3 T3 T 313 3T g
03.19.26.0043.01
I_V(4 -1 z) kei, (2 =
1
1 3inv | . z =(1-3v)
—e 4 \/72\’(14/_1 Z) &y lG%g - 2
8 ' 0% -2 1a-3y,2
Tt '3
. 13 1 3
e inv =2 24 13
ngé 1_6 1-v 4v 41 v v+1]+Gg:é[1_6 1 1-v 41/ ) v v+l
V2 0,7,—5.5,5,7 E’T_E’O’E’T

Classical casesinvolving Bessel K

1 3
a3 ]]_
1 1-v v v v+l
227202 %
v/ v/
i——=agy?=—
4 4
3v
N
g 1 v v
64 0, 5151 5
/ (2 il
,——=ag?2 = —
9 4

IN
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03.19.26.0044.01
4 ) 1 Simv (4 v 30 z 1 v o
KV(\/—l z)ke|v(z)= 1—6(m/7r e 4 Z ( -1 z) csc(nv))Gd4 —a 0, > T 5|t
1 _3iny vi(4 v . 3,0 1 v v
E Vmr e 4 Z( -1 Z) (l—ECOt(ﬂ'V)) GO,4__ E,O, 2173 +
iy v
c 52~ v (T 1 11 1
in’ce 4 Z‘( 1 Z) Csc(ﬂv)csc(ﬂ(v+4)) 2 o e
Gas| 1 1 1|
4~ 2 0, v, v, VT3

@3% 527 ((‘/j z)_v (icot(mv)+1) CSC(F (V + %))
e GaeliZ

Classical casesinvolving gF1

03.19.26.0045.01

oFl(;v+1; iﬁ]keiv(«“/?)z
4

R~

3iny
23 \r 2T+ [i Gig[

3,2
+ Gyl —
o r w1l v 1—_V] 2'6[16
2 22 2’ 2

03.19.26.0046.01

oFl[; 1-v; iﬁ]k%(ﬂ?):
4

3iny )
273 a Ar 2ZT(1-v) [c””

L3 ,
4’ 4 3,2
1-v v 1 v v+l] + GZ’G[ 16

0F 2227

—inv
e 632 z
tooe| ——

VZal |16

03.19.26.0047.01

iZ
OFl(; v+ 1 T) kei,(2) =

1. z ~@Bv+1 3
28N ro il | ]_ 30[64 NP
O, E' 5, —5, 5(3V+1) 0, E, E, E' 7
1 3 1 3
1 z i 2 13 x .
] 4’ 4 4’ 4
ngjé E v v+l 1 v lv]_'—Ggé E 1 v v+l v 1-v ]]]/,—ZSNQ(Z)SZ
V2 O’E’_Z’E’_E’_Z 5151—2,—5,—2.0
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03.19.26.0048.01

Fq:1 ‘izzk'
oF1|: —V,T e, (2 =

1 1
2—V—3€314£ \/72‘/1—‘(1—1/) einv iGS'O i 5(1_3V) 3,0 _E(Sv) _
Ylea| gL _ la-3y),¢ *lea| o L _» “tay L
T2 272 12 2t 2" 2 12
. 1 3 1 3
et z - 7 z il Vi b
. ~32 4’ 4 32 4’ 4
i Gyg| — ]+Gz’6 — J]]/;——sarg(Z)s =
d 1-v v 1 v v+l g 1 1-v v v v+l
2 16| o, < T 2 o 16 2 T’_E’O’ 7 7 4 4
Classical casesinvolving oF;
03.19.26.0049.01
1
B ivz 3inv z ~@Bv+1
OFl[;v+1; ]keiv(\‘l/;):?% « Nr v n’G‘%g — N V2 - ]—
O, 315 T §(3V+1)
z 3v 1 7 13 7 13
3,0 2 . ~32 4’ 4 3.2 4’ 4
Gis &‘ 01— 32—V]_7r 3 [lGZ’G[Tﬁ o w1 v a]“;%[ﬁ 1y vl v 1y

2T 2720 2" 2

03.19.26.0050.01

N ivz
OFl{; 1-v; ]keiv(\‘l/?)z
1 1
3iny ) z Z(1-3v) z ->@3v)
27 3¢ 4 \/TZV[@‘” iGlol —| | ZV . L |-Gis alos -
0, 5,—515(1—31’),5 0, 5,—5,—5(31/),5
e—izrv [ z 1 § z E g
. <32 4’ 4 32 4’ 4
EGZ,G[_ . szs[_ ] ]
g 1-v v 1 v v+l d 1 1-v v v v+l
\/77( 16| o, < T2 o 16 2 T,—EVO‘ 2 2
03.19.26.0051.01
1 3v
. iZ 1 z S@v+1 =
OFI[; v+ 1 —]keiv(z) =230 77]iG3Y — 2 -G — 2
s 1 v v 1 g 1 v
4 64 0, 3 E’_5’5(3V+1) 64 0, 31507

1 2
P63
az | (18

03.19.26.0052.01

. i)
oF1];1-v; T ke, (2) =
3inv X 24
2735 Vr 2|e™|iGi =
"l 64

i 13

e ;G2 i 22 432 i

\/— 2,6 16 1-v v 1 v v+l 2,6 16
2 0,

Generalized casesfor thedirect function itself

2027272 2
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03.19.26.0053.01
z 1

44

v

1
R ’

03.19.26.0054.01
Kei_.(2)+ kei. (2 1 S(HV)G4021
el_,(2) +kei, (2 = ——cod — | Gg| -, —
! ’ 2 \2) 4" 4

03.19.26.0055.01

Kei.(2)— kei(2) 1_(711/)64021
6,2 —kd_ (2 = ——sinl — | Gye| —, —
2 \2) 74" 4

Generalized casesfor powersof kel

03.19.26.0056.01

v v 2-v v+2 v

4’4" 4’ 4’2

o, 1 Lz o1, ) Vr ozt 3 oves
ke"’(z) = GO:4 ’Z 0, 2'2' 2 _? 3:7 E’ Z 1 v 1-v v v+l 1
16vVn 2v2 2 0, 3T g g vt3
Brychkov Yu.A. (2006)
Generalized casesfor productsof kel
03.19.26.0057.01
1 3
cos(rrv) z 1 1 |« z 1 -7
kei_,(2) kei,(2) = GS:Z[ RER? -%]—g 5 Z’:fa’[;;1 Ly iy ua ]
16V 2V2 0.-2. 35 753
Generalized casesinvolving bel
03.19.26.0058.01
1 1 3
1 z 1 5@v+1 1 z 1 7
bei,(2) kei,(2) = = V7 G2 B ]— Gi’;é[—,— o
8 2\/? 410, 3 57—515(31’4'1) 27/2\/7 2 410, 313 Ty
Brychkov Yu.A. (2006)
03.19.26.0059.01
1-v 1 3 1
1 z 1 -2, = 1 z 1 VS
bei_v(z)keiv(z):5\/7621613 — ] VZ V2 ) l—v]_ - G3 52l 1_V4 4V V 2
2v2 0,5 -5 =355 ) 27 Vv 0,35 5 =53V
Generalized casesinvolving ber
03.19.26.0060.01
Vi z 1 e 1 z 1 =3
ber,(2) kei,(2) = ~ 8 Gig ’Z 1 v2 v 3v]| 712 Gsé E’Z 1 v V+14 ) v 1y
2vV2 0,33 -3%5) 27 Vo 3135005 5
Brychkov Yu.A. (2006)
03.19.26.0061.01
Vr z 1 z 1 l, §,V
ber-v<z>keiv<z>=—?GS:2[—,; 035 é]— o L (T
2vV2 8vV2n 0, 32 TV
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Generalized casesinvolving powers of ker

03.19.26.0062.01

1 z 1
kei,(2)” + ker,(2* = —— Gg;ﬁ[—, =103 2, _g]
8vVn 22 4
Brychkov Yu.A. (2006)
03.19.26.0063.01
\/7 z 1 1, §,1/+l
kei,(2)” - ker,(2* = - —— G339l -, = 4t a2
252 2"4|gl_y vyl 1
12’ 2" 2 '2" 27 2

Brychkov Yu.A. (2006)

Generalized casesinvolving ker

03.19.26.0064.01

_ 1 [7 oz 1 2
R T Py (N R S
31T T
Brychkov Y u.A. (2006)
03.19.26.0065.01
. 1 3
sin(rv) z 1 1 |n z 1 -7
kd"(z) ker_"(z) =" Gg:g[ ! Z 0, %' %' _g]_g E Ggg[i' Z 1 v v4 1ilv v+l
16\/7 2\/? 3 T3z g

03.19.26.0066.01

ker,(2) kei,(2) + ker_,(2) kei_,(2) = o V7 cosnv) ngg[ ,

Brychkov Yu.A. (2006)

03.19.26.0067.01

ker,(2) kei,(2) — ker_, (2 kei_,(2) = 23 V7 sin(rv) eg;g[ ,

Brychkov Yu.A. (2006)

Generalized casesinvolving ber, bei and ker

03.19.26.0068.01

1
bei, (2) kel (2) + ber,(2) ker,(2) = 2 vV Gig

Brychkov Yu.A. (2006)

03.19.26.0069.01

bei, (2) kei, (2) - ber,(2) ker,(2) = -

32| Z 1
Gyl - —~
252\ 2 4
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Brychkov Y u.A. (2006)

03.19.26.0070.01

ber, (2) kei, (2) + bei, (2) ker,(2) = —

G32 E E
25/2\/7 26 24
Brychkov Yu.A. (2006)

03.19.26.0071.01

3y
1 z 1 <>
bei, (2) ker,(2) - ber,(2) kei,(2) = — V7 G2 = ?
4 “lovz 4|0 %L - ¥
2’ 2 2" 2
Brychkov Yu.A. (2006)
Generalized casesinvolving Bessel J
03.19.26.0072.01
4, .
Jy( -1 z)kav(z)z
1 3y
1 sinv v z 1 s@v+1 z 1 >
—e Vrz' (V-1 2) -u-ei;g[ o ]—G‘I’g[ o 3V]—
22 0, 3 51—515(31""1) 22 0, 315175
1 3 1 3
[Gs,z[f E 43 ]—163’2[5 E 211 ]]]
26( 57 1 v v 1 v 1 v 26| 5’ v v+l 1 v 1-v
a2l 243524522720 24105 222
03.19.26.0073.01
4 .
J,y( -1 Z)keIV(Z)=
. 1 3 1 3
1 1, .. —v| e z 1 12 z 1 22
Zea M\ 2 (NA/T z) iGyll -, - ‘e Gogl = — s -
8 V2 2 4]0 -z Lt fl2 4]ty _rox
T v Ty T Ty ' T T T,
1
~inv | 30 z E 3@V +ig30 z E 3(1-37)
15 ’ 15 ’
2NVZ 4|03 -2 -3G3W. % 2vZ 4| 0,3,-%3a-3v), %

Generalized casesinvolving Bessel |
03.19.26.0074.01
IV(4 -1 z) ke, (2 =

1 3inv v Z 1
ge_ « Nrn v (\/4 -1 Z) [lGig[ ‘2

1 z 1
i3 > -
V2 2 4
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03.19.26.0075.01
4 .
I_V( -1 z) ke, (2 =

1
3inv —| . z 1 ~(1-3v) z 1 -=(@3v)
—e4 z( —lz) e iGig , = . ZV 1 L i’g . P Nk
8 2v2 4]0, 51 73 ;1=3v), 3 2v2 4]0 i T d A
e Ty z 1 %,2 0z 1 %,g
e ”GZGEZO IR L D Rt}
2 2 2'2'2 2 2' 2 202 2
Generalized casesinvolving Bessel K
03.19.26.0076.01
4 , 1 Siny 30 1 1 vy
(VT ke = (Vr o 7 (V1 esotnn) 8]~ S | 0. -5 5[
1 1L - V-1z1
—Vr s (V17 @-icotrv) Gy L= %0% -2+
16 ’ 2\/7 4 2 2 2

iﬂ.s/ze‘sli [V(4 -1 Z)V CSC(?TV)CSC(F(V_'_ %)) 21

1
sts[ V-1z >

42 A
3inv
5/2 v ¥ ;
7 (\/_12) (ycot(nv)+1)CSC( (V+ )) e R 1 VT2 [veZ
3,5 "5 ’
4 2 2 01 V! %’ v V_Z

Generalized casesinvolving gF 1

03.19.26.0077.01

i
OFl(; v+1, T) kei, (2 =

1 3v
3inv z 1 Z(3Bv+1 z 1 =
238 \/—Z rv+1 nGl5 - 1 V2 L1 - ig y 1 v2 P b
2\/? 410 3 z,—5,5(31’+1) 2V2 410, 515 T
1 3 1 3
uG3’ZE E 11 +G3’ZE E 44
Vel B R R ) R PRV I S S
V2 V3 T3 T 217 2T g
03.19.26.0078.01
iZ)
oF1|;1-v; — |kei, (2 =
4
1
3iny z 1 >(1-3v) z 1 -5 3
27 3¢ s Vx 2TA-v|e™ |G . |-c2 S _
2vV2 410, E’_E’E(l_?’v)’i 2vV2 410 7 (3v),
—in 13 13
et EGBZ[Z 1 4’4 G2 z 1 2’4 ]]
26 5 4 1-v v 1 v v+l 265 1 1-v v v v+l
V2 r 2'4 0;7,—5,5,517 2 4 5,7,—5,0,5,7

Generalized casesinvolving oF;
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03.19.26.0079.01

5 iz
OFl[; v+ 1, T] keIV(Z) =

3iny

v-3 ~v | . ~30
27%e 4 NV Z [wles

13 13
1 .3,221 2’1 3,221 v
Ned B PV R S o Lt i) IR TP s S
V2 222 T2 2 2'2' 2 2" 2
03.19.26.0080.01
Fil; 1 iz ke
v L=V, — e'v(z):
oF1 2
N z 1 Z(1-3v) z 1 -%@3)
273 Vi 2TA-w|e ™ |iGe . |-ci2 |
2\/? 410, z,—5,5(1—3V),5 2\/? 410 5173 -5(31/) 3

Representations through equivalent functions

With related functions

03.19.27.0001.01

1
ke, (2) = 5 7 (csc(mrv) bei_, (2) — cot(rv) bel,(2) + ber,(2) /; v ¢ Z

03.19.27.0002.01
kei, (2) = cot(rv) ker,(2) —csc(rv)ker_, (2 /; v ¢ Z
03.19.27.0003.01

ke, (2) = -2(2 KV( V-1 z) (—i) + (—l)"n'Yv( V-1 z) — i (log(4) + 410g(2) — 4log((1 + i) 2)) bei,(2) - inberv(z)) Livez

03.19.27.0004.01
T2

e, @ = %ﬂz”’ ()72 csotay)
S N e R B e L e e | SA
R et I N Ty I e

keiv(z)z—Ee’T zv (\4/: z)v KV(4 -1 z) - ?e a7 (\4/? Z)VY,,(\A/T z) +

%ﬂ'(;f‘;v 2 (V=T 2) cotan ¢+ 2 (V=T 2]+ cotrny | 3 (V=T 2)+

inv inv

n—i(eT pad (\A/T z)_v (~i+cot(mv))—e 4 z‘V(4 -1 z)v csc(nv)) IV(4 -1 z) iveZ
4
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03.19.27.0006.01

kei,(2) = —%iv (—417Iog(z)+4ilog(4 -1 z)+n) Iy(4 -1 z)—

%(—1)V (471092 - 4ilog(V=1 2 +7) 3,(V-1 2 + %(—rﬂ)”l K(V=1 7+ %(mz(-l)v-l)vv( V-17/ivez

03.19.27.0007.01

keiv(z) =
-4 (e-m Yv(x“/T z) +(3i cos(m v) — SiN(T v)) Jv(ﬁ z)) _ e ncosn) |y(\“/T z) -3 e Kv(ﬁ z) <
—%WV(JV(“—l z)+n'Yy(<‘/Tz))—§,ze’%y KV({‘/Tz) 1
/i
Ve
z
03.1'9.27.0008.01
Keiy () = — cstiry) 2 (@T Y,(V-T 9 (eT (V=T Z)ZVC()t(m) _2 csc(m))(“ EE
4
eMTV YV(\A/T Z) (ZZV cot(rv) — eMTV (\A/T Z)ZV Csc(m v)) (ﬁ Z)iy +
e% Yiny (-1¥* z)_v Yo, ((-D¥* 2) (eT 27 cse(ny) - (D z)zv cot(r v)) +
et T (12 v, (D) (=272 csotrn) - e 2" collr v))) [ivez
03.19.27.0009.01 .
kei,(2) + i ker,(2) = —% (@# zv (\A/T z)v YV( V-1 z) +
(e’mT” z (\“/T z)fv (G +ootrv) —e 1 27 ({‘/T z)v cot(r v)) JV(\“/T z) ) veZ
03.19.27.0010.01
0+ e ) { e e “»-1 2)+ 4(3u‘c08(7rv) - s:n(frv)) (V=12 ¥<ag=x ez
% (~(rie™)) (YV( -1 z) - iJV( -1 z)) True

03.19.27.0011.01
Biny v
kei, (2 —iker, (2 =-ie 4 z‘V( V-1 z) KV( V-1 z) -

ni

Binv v 3iny -V
—(e_T z-V({‘/T z) csc(ny) +e & zV(«“/T z) (i—cot(nv))) |y(“ —1 z) LiveZ

2
03.19.27.0012.01
S5inv 1,
—-ie 2 KV( V-1 Z) —2ne 2" cos(nv) IV( V-1 Z) %T” <agx=n
kei,(2) —iker, (2 = N . l,ive”Z
—ie 2™ K(V=1 ) True

Theorems
History
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