
KelvinKer

Notations

Traditional name

Kelvin function of the second kind

Traditional notation

kerHzL
Mathematica StandardForm notation

KelvinKer@zD

Primary definition
03.16.02.0001.01

kerHzL � ker0HzL
Specific values

Values at fixed points

03.16.03.0001.01

kerH0L � È

Values at infinities

03.16.03.0002.01

lim
x®¥

kerHxL � 0

03.16.03.0003.01

lim
x®-¥

kerHxL � ¥�

General characteristics

Domain and analyticity

kerHzL is an analytical function of z, which is defined over the whole complex z-plane. 

03.16.04.0001.01

z�kerHzL � C�C



Symmetries and periodicities

Mirror symmetry

03.16.04.0002.01

kerHz�L � kerHzL �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

The function kerHzL has an essential singularity at z � ¥� . At the same time, the point z � ¥�  is a branch point.

03.16.04.0003.01

SingzHkerHzLL � 88¥� , ¥<<
Branch points

The function kerHzL has two branch points: z � 0, z � ¥� . At the same time, the point z � ¥�  is an essential singularity.

03.16.04.0004.01

BPzHkerHzLL � 80, ¥� <
03.16.04.0005.01

RzHkerHzL, 0L � log

03.16.04.0006.01

RzHkerHzL, ¥� L � log

Branch cuts

The function kerHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L where it is continuous from

above.

03.16.04.0007.01

BCzHkerHzLL � 88H-¥, 0L, -ä<<
03.16.04.0008.01

lim
Ε®+0

kerHx + ä ΕL � kerHxL �; x Î R ß x < 0

03.16.04.0009.01

lim
Ε®+0

kerHx - ä ΕL � kerHxL + 2 ä Π berHxL �; x Î R ß x < 0

Series representations

Generalized power series

Expansions at generic point z � z0
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03.16.06.0001.01

kerHzL µ kerHz0L - 2 ä Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
berHz0L -

2 ä Π g argIz-z0M
2 Π

w g argIz0M+Π

2 Π
w Hbei1Hz0L + ber1Hz0LL - kei1Hz0L - ker1Hz0L

2
Hz - z0L -

1

4
-2 ä Π

argHz - z0L
2 Π

argHz0L + Π

2 Π
HbeiHz0L - bei2Hz0LL + keiHz0L - kei2Hz0L Hz - z0L2 + ¼ �; Hz ® z0L

03.16.06.0002.01

kerHzL � â
k=0

¥ kerHkLHz0L Hz - z0Lk

k !
�;  argHz0L¤ < Π

03.16.06.0003.01

kerHzL �
1

4
â
k=0

¥ 1

k !
 G3,7

3,3
z0

4
,

1

4

- k

4
, 1-k

4
, 3-k

4

- k

4
, - k

4
, 2-k

4
, 0, 1

4
, 1

2
, 3

4

Hz - z0Lk �;  argHz0L¤ < Π

03.16.06.0004.01

kerHzL �
1

2
â
k=0

¥ H-1 + äLk 2-
3 k

2

k !
â
j=0

f k

2
v

k
2 j

ä I1 - äkM kei4 j-kHz0L - 2 ä H-1Lk Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
beik-4 jHz0L +

I1 + äkM ker4 j-kHz0L - 2 ä H-1Lk Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
berk-4 jHz0L -

â
j=0

f k-1

2
v

k
2 j + 1

ä I1 - äkM kei4 j-k+2Hz0L - 2 ä H-1Lk Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
bei-4 j+k-2Hz0L +

I1 + äkM ker4 j-k+2Hz0L - 2 ä H-1Lk Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
ber-4 j+k-2Hz0L Hz - z0Lk

03.16.06.0005.01

kerHzL µ kerHz0L - 2 ä Π
argHz - z0L

2 Π

argHz0L + Π

2 Π
berHz0L H1 + OHz - z0LL

Expansions on branch cuts

03.16.06.0006.01

kerHzL µ kerHxL - 2 ä Π
argHz - xL

2 Π
berHxL -

J-2 ä Π f argHz-xL
2 Π

v Hbei1HxL + ber1HxLL + kei1HxL + ker1HxLN
2

 Hx - zL +

1

4
2 ä Π

argHz - xL
2 Π

HbeiHxL - bei2HxLL - keiHxL + kei2HxL Hx - zL2 + ¼ �; Hz ® xL ß x Î R ß x < 0
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03.16.06.0007.01

kerHzL �
1

2
â
k=0

¥ H-1 + äLk 2-
3 k

2

k !
â
j=0

f k

2
v

k
2 j

ä I1 - äkM kei4 j-kHxL - 2 ä H-1Lk Π
argHz - xL

2 Π
beik-4 jHxL +

I1 + äkM ker4 j-kHxL - 2 ä H-1Lk Π
argHz - xL

2 Π
berk-4 jHxL -

â
j=0

f k-1

2
v

k
2 j + 1

ä I1 - äkM kei4 j-k+2HxL - 2 ä H-1Lk Π
argHz - xL

2 Π
bei-4 j+k-2HxL +

I1 + äkM ker4 j-k+2HxL - 2 ä H-1Lk Π
argHz - xL

2 Π
ber-4 j+k-2HxL Hz - xLk �; x Î R ß x < 0

03.16.06.0008.01

kerHzL µ kerHxL - 2 ä Π
argHz - xL

2 Π
berHxL H1 + OHz - xLL �; x Î R ß x < 0

Expansions at z � 0

For the function itself

03.16.06.0009.01

kerHzL µ -log K z

2
O 1 -

z4

64
+

z8

147 456
+ ¼ + -ý +

2 ý - 3

128
z4 -

12 ý - 25

1 769 472
 z8 + ¼ +

Π z2

16
1 -

z4

576
+

z8

3 686 400
+ ¼ �;

Hz ® 0L
03.16.06.0010.01

kerHzL � â
k=0

¥ H-1Lk ΨH2 k + 1L
HH2 kL !L2

 K z

2
O4 k

+
Π z2

16
â
k=0

¥ H-1Lk

HH2 k + 1L !L2
 K z

2
O4 k

- logK z

2
O â

k=0

¥ H-1Lk

HH2 kL !L2
 K z

2
O4 k

03.16.06.0011.01

kerHzL �
Π z2

16
0F3 ; 1,

3

2
,

3

2
; -

z4

256
- logK z

2
O 0F3 ;

1

2
,

1

2
, 1; -

z4

256
+ â

k=0

¥ H-1Lk ΨH2 k + 1L
HH2 kL !L2

 K z

2
O4 k

03.16.06.0012.01

kerHzL � â
k=0

¥ H-1Lk ΨH2 k + 1L
HH2 kL !L2

 K z

2
O4 k

-
ä Π

8
JI0J -1

4
zN - J0J -1

4
zNN -

1

2
logK z

2
O JI0J -1

4
zN + J0J -1

4
zNN

03.16.06.0013.01

kerHzL µ -log HzL I1 + OIz4MM + HlogH2L - ýL I1 + OIz2MM
Asymptotic series expansions

Expansions inside Stokes sectors

Expansions containing z ® ¥

In exponential form |||  In exponential form
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03.16.06.0014.01

berΝHzL µ -
1

2 2 Π z
 ã

-
z

2 ã
-

1

8
H5 ä ΠL+

3 ä Π Ν

2
-

ä z

2 - ã

5 ä Π

8
+

ä Π Ν

2
+

ä z

2 - ã

z

2 ã

ä Π

8
-

ä Π Ν

2
-

ä z

2 + ã
-

1

8
Hä ΠL+

ä Π Ν

2
+

ä z

2 +

1 - 4 Ν2

8 z
 ã

z

2 ã
-

1

8
H5 ä ΠL-

ä Π Ν

2
-

ä z

2 + ã

5 ä Π

8
+

ä Π Ν

2
+

ä z

2 + ã
-

z

2 ã

ä Π

8
+

3 ä Π Ν

2
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä Π Ν

2
+

ä z

2 +

ä I16 Ν4 - 40 Ν2 + 9M
128 z2

 ã
-

z

2 -ã
-

1

8
H5 ä ΠL+

3 ä Π Ν

2
-

ä z

2 - ã

5 ä Π

8
+

ä Π Ν

2
+

ä z

2 - ã

z

2 ã

ä Π

8
-

ä Π Ν

2
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä Π Ν

2
+

ä z

2 -

ä I64 Ν6 - 560 Ν4 + 1036 Ν2 - 225M
3072 z3

 ã

z

2 ã
-

1

8
H5 ä ΠL-

ä Π Ν

2
-

ä z

2 - ã

5 ä Π

8
+

ä Π Ν

2
+

ä z

2 +

ã
-

z

2 -ã

ä Π

8
+

3 ä Π Ν

2
-

ä z

2 - ã
-

1

8
Hä ΠL+

ä Π Ν

2
+

ä z

2 + ¼ �; -
Π

2
< argHzL £ Π í H z¤ ® ¥L

03.16.06.0015.01

berΝHzL µ -
1

2 2 Π z
 â

k=0

f n

2
v J 1

2
- ΝN

2 k
JΝ + 1

2
N
2 k

H2 kL !
 

ä

4 z2

k

ã
-

z

2 H-1Lk ã

3 ä Π Ν

2
-

5 Π ä

8
-

ä z

2 - ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2 - ã

z

2 H-1Lk ã

ä Π Ν

2
-

Π ä

8
+

ä z

2 + ã
-

1

2
Hä Π ΝL+

Π ä

8
-

ä z

2 +

1

2 z
 â

k=0

f n-1

2
v J 1

2
- ΝN

2 k+1
JΝ + 1

2
N
2 k+1

H2 k + 1L !
 

ä

4 z2

k

ã
-

z

2 H-1Lk ã

3 ä Π Ν

2
+

Π ä

8
-

ä z

2 - ã

ä Π Ν

2
-

Π ä

8
+

ä z

2 +

ã

z

2 H-1Lk ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2 + ã
-

1

2
Hä Π ΝL-

5 Π ä

8
-

ä z

2 + ¼ �; -
Π

2
< argHzL £ Π í H z¤ ® ¥L í n Î N
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03.16.06.0016.01

berΝHzL µ -
1

2 2 Π z
 ã

-
z

2 ã

3 ä Π Ν

2
-

5 Π ä

8
-

ä z

2
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
; -

ä

z2
-

ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
;

ä

z2
-

ã

z

2 ã
-

1

2
Hä Π ΝL+

Π ä

8
-

ä z

2
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
;

ä

z2
+ ã

ä Π Ν

2
-

Π ä

8
+

ä z

2

4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
; -

ä

z2
+

1 - 4 Ν2

8 z
 

ã

z

2 ã
-

1

2
Hä Π ΝL-

5 Π ä

8
-

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
;

ä

z2
+ ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
; -

ä

z2
+ ã

-
z

2 ã

3 ä Π Ν

2
+

Π ä

8
-

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
; -

ä

z2
-

ã

ä Π Ν

2
-

Π ä

8
+

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
;

ä

z2
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

03.16.06.0017.01

berΝHzL µ -
1

2 2 Π z
 -ã

z

2 ã

ä Π Ν

2
-

Π ä

8
+

ä z

2 1 + O
1

z2
+ ã

-
ä Π Ν

2
+

Π ä

8
-

ä z

2 1 + O
1

z2
+

ã
-

z

2 ã

3 ä Π Ν

2
-

5 Π ä

8
-

ä z

2 1 + O
1

z2
- ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2 1 + O
1

z2
+

1 - 4 Ν2

8 z
 ã

z

2 ã

ä Π Ν

2
+

5 Π ä

8
+

ä z

2 1 + O
1

z2
+ ã

-
ä Π Ν

2
-

5 Π ä

8
-

ä z

2 1 + O
1

z2
+

ã
-

z

2 ã

3 ä Π Ν

2
+

Π ä

8
-

ä z

2 1 + O
1

z2
- ã

ä Π Ν

2
-

Π ä

8
+

ä z

2 1 + O
1

z2
�; -

Π

2
< argHzL £ Π í H z¤ ® ¥L

In trigonometric form |||  In trigonometric form

03.16.06.0018.01

kerΝHzL µ
Π ã

-
z

2

2 z
cos

1

8
I4 2 z + Π H4 Ν + 1LN -

1 - 4 Ν2

8 z
 sin

1

8
IΠ H1 - 4 ΝL - 4 2 zN +

16 Ν4 - 40 Ν2 + 9

128 z2
 

sin
1

8
I-4 2 z - Π H4 Ν + 1LN +

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3
 cos

1

8
I4 2 z - Π H1 - 4 ΝLN + ¼ �; H z¤ ® ¥L
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03.16.06.0019.01

kerΝHzL µ
Π ã

-
z

2

2 z
 â

k=0

f n

2
v J 1

2
- ΝN

2 k
JΝ + 1

2
N
2 k

H2 kL !
 

1

4 z2

k

cos
Π k

2
+

1

8
I4 2 z + Π H4 Ν + 1LN -

1

2 z
 â

k=0

f n-1

2
v J 1

2
- ΝN

2 k+1
JΝ + 1

2
N
2 k+1

H2 k + 1L !
-

1

4 z2

k

sin
Π k

2
+

1

8
IΠ H1 - 4 ΝL - 4 2 zN + ¼ �; H z¤ ® ¥L ß n Î N

03.16.06.0020.01

kerΝHzL µ

Π ã
-

z

2

2 z
 cos

1

8
I4 2 z + Π H4 Ν + 1LN 8F3

1

8
H1 - 2 ΝL, 1

8
H3 - 2 ΝL, 1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H2 Ν + 1L, 1

8
H2 Ν + 3L,

1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L; 1

4
,

1

2
,

3

4
; -

16

z4
-

1 - 4 Ν2

8 z
sin

1

8
IΠ H1 - 4 ΝL - 4 2 zN 8F3

1

8
H3 - 2 ΝL,

1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL, 1

8
H2 Ν + 3L, 1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L, 1

8
H2 Ν + 9L; 1

2
,

3

4
,

5

4
; -

16

z4
-

16 Ν4 - 40 Ν2 + 9

128 z2
 sin

1

8
I4 2 z + Π H4 Ν + 1LN 8F3

1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL,

1

8
H11 - 2 ΝL, 1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L, 1

8
H2 Ν + 9L, 1

8
H2 Ν + 11L; 3

4
,

5

4
,

3

2
; -

16

z4
+

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3
cos

1

8
IΠ H1 - 4 ΝL - 4 2 zN 8F3

1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL, 1

8
H11 - 2 ΝL,

1

8
H13 - 2 ΝL, 1

8
H2 Ν + 7L, 1

8
H2 Ν + 9L, 1

8
H2 Ν + 11L, 1

8
H2 Ν + 13L; 5

4
,

3

2
,

7

4
; -

16

z4
�; H z¤ ® ¥L

03.16.06.0021.01

kerΝHzL µ
Π ã

-
z

2

2 z
 cos

1

8
I4 2 z + Π H4 Ν + 1LN 1 + O

1

z4
-

1 - 4 Ν2

8 z
sin

1

8
IΠ H1 - 4 ΝL - 4 2 zN 1 + O

1

z4
-

16 Ν4 - 40 Ν2 + 9

128 z2
 sin

1

8
I4 2 z + Π H4 Ν + 1LN 1 + O

1

z4
+

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3
cos

1

8
IΠ H1 - 4 ΝL - 4 2 zN 1 + O

1

z4
�; H z¤ ® ¥L

Expansions containing z ® -¥

In exponential form |||  In exponential form
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03.16.06.0022.01

berΝHzL µ
1

2 2 Π -z
 ã

-
z

2 ã

ä Π

8
+

ä z

2

+
ä Π Ν

2
+ ã

-
1

8
Hä ΠL-

ä z

2

+
3 ä Π Ν

2
+ ã

z

2 -ã

3 ä Π

8
-

ä z

2

+
3 ä Π Ν

2
+ ã

3 ä Π

8
+

ä z

2

+
5 ä Π Ν

2
-

1 - 4 Ν2

8 z
 ã

-
z

2 ã

3 ä Π

8
+

ä z

2

+
ä Π Ν

2
+ ã

-
1

8
H3 ä ΠL-

ä z

2

+
3 ä Π Ν

2
+ ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2

+
3 ä Π Ν

2
- ã

ä Π

8
+

ä z

2

+
5 ä Π Ν

2
+

ä I16 Ν4 - 40 Ν2 + 9M
128 z2

 ã
-

z

2 ã

ä Π

8
+

ä z

2

+
ä Π Ν

2
- ã

-
1

8
Hä ΠL-

ä z

2

+
3 ä Π Ν

2
+ ã

z

2 -ã

3 ä Π

8
-

ä z

2

+
3 ä Π Ν

2
- ã

3 ä Π

8
+

ä z

2

+
5 ä Π Ν

2
+

ä I64 Ν6 - 560 Ν4 + 1036 Ν2 - 225M
3072 z3

 ã
-

z

2 ã

3 ä Π

8
+

ä z

2

+
ä Π Ν

2
- ã

-
1

8
H3 ä ΠL-

ä z

2

+
3 ä Π Ν

2
+

ã

z

2 ã
-

1

8
Hä ΠL-

ä z

2

+
3 ä Π Ν

2
+ ã

ä Π

8
+

ä z

2

+
5 ä Π Ν

2
+ ¼ �; Π

2
< argHzL £ Π í H z¤ ® ¥L

03.16.06.0023.01

berΝHzL µ
1

2 2 Π -z
 â

k=0

f n

2
v J 1

2
- ΝN

2 k
JΝ + 1

2
N
2 k

J ä

4 z2
Nk

H2 kL !

ã
-

z

2 ã
ä Π Ν

2
+

Π ä

8 ã

ä z

2 + H-1Lk ã
3 ä Π Ν

2
-

Π ä

8 ã
-

ä z

2 + ã

z

2 H-1Lk ã
5 ä Π Ν

2
+

3 Π ä

8 ã

ä z

2 - ã
3 ä Π Ν

2
+

3 Π ä

8 ã
-

ä z

2 -

1

2 z
 â

k=0

f n-1

2
v J 1

2
- ΝN

2 k+1
JΝ + 1

2
N
2 k+1

J ä

4 z2
Nk

H2 k + 1L !
ã

z

2 -H-1Lk ã
5 ä Π Ν

2
+

Π ä

8 ã

ä z

2 + ã
3 ä Π Ν

2
-

Π ä

8 ã
-

ä z

2 +

ã
-

z

2 ã
ä Π Ν

2
+

3 Π ä

8 ã

ä z

2 + H-1Lk ã
3 ä Π Ν

2
-

3 Π ä

8 ã
-

ä z

2 + ¼ �; Π

2
< argHzL £ Π í H z¤ ® ¥L í n Î N

http://functions.wolfram.com 8



03.16.06.0024.01

berΝHzL µ
1

2 2 Π -z
 ã

z

2 ã
5 ä Π Ν

2
+

3 Π ä

8 ã

ä z

2
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
; -

ä

z2
-

ã
3 ä Π Ν

2
+

3 Π ä

8 ã
-

ä z

2
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
;

ä

z2
+ ã

-
z

2 ã

ä z

2 ã
ä Π Ν

2
+

Π ä

8

4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
;

ä

z2
+ ã

-
ä z

2 ã
3 ä Π Ν

2
-

Π ä

8
4F1

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Ν

2
+

1

4
,

Ν

2
+

3

4
;

1

2
; -

ä

z2
-

1 - Ν2

8 z
ã

z

2 ã
3 ä Π Ν

2
-

Π ä

8 ã
-

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
;

ä

z2
-

ã
5 ä Π Ν

2
+

Π ä

8 ã

ä z

2
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
; -

ä

z2
+

ã
-

z

2 ã

ä z

2 ã
ä Π Ν

2
+

3 Π ä

8
4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
;

ä

z2
+ ã

-
ä z

2 ã
3 ä Π Ν

2
-

3 Π ä

8

4F1

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Ν

2
+

3

4
,

Ν

2
+

5

4
;

3

2
; -

ä

z2
�; Π

2
< argHzL £ Π í H z¤ ® ¥L

03.16.06.0025.01

berΝHzL µ
H-1L3�8 ã

ä Π Ν

2

2 2 Π -z

-ã
-

z

2 H-1L3�4 ã

ä z

2 + ä ã
ä Π Hk+ΝL-

ä z

2  1 + O
1

z
+ ã

z

2 -1
4

ã
ä Π Ν-

ä z

2 + ã

ä z

2

+ä Π Hk+2 ΝL
 1 + O

1

z
�; Hz ® -¥L

03.16.06.0026.01

berΝHzL µ
1

2 2 Π -z
 ã

z

2 ã
5 ä Π Ν

2
+

3 Π ä

8 ã

ä z

2 1 + O
1

z2
- ã

3 ä Π Ν

2
+

3 Π ä

8 ã
-

ä z

2 1 + O
1

z2
+

ã
-

z

2 ã

ä z

2 ã
ä Π Ν

2
+

Π ä

8 1 + O
1

z2
+ ã

-
ä z

2 ã
3 ä Π Ν

2
-

Π ä

8 1 + O
1

z2
-

1 - Ν2

8 z
ã

z

2 ã
3 ä Π Ν

2
-

Π ä

8 ã
-

ä z

2 1 + O
1

z2
- ã

5 ä Π Ν

2
+

Π ä

8 ã

ä z

2 1 + O
1

z2
+

ã
-

z

2 ã

ä z

2 ã
ä Π Ν

2
+

3 Π ä

8 1 + O
1

z2
+ ã

-
ä z

2 ã
3 ä Π Ν

2
-

3 Π ä

8 1 + O
1

z2
�; Π

2
< argHzL £ Π í H z¤ ® ¥L

In trigonometric form |||  In trigonometric form

http://functions.wolfram.com 9



03.16.06.0027.01

kerΝHzL µ
Π

2 -z
 2 ã

z

2 cosHΠ ΝL cos
1

8
I-4 2 z + 4 Π Ν + ΠN + ã

-
z

2 ä sin
1

8
I4 2 z + Π H4 Ν - 3LN +

1 - 4 Ν2

8 z
 2 ã

z

2 cosHΠ ΝL cos
1

8
IΠ H4 Ν + 3L - 4 2 zN - ä ã

-
z

2 sin 
1

8
I4 2 z + Π H4 Ν - 1LN +

16 Ν4 - 40 Ν2 + 9

128 z2
 ã

-
z

2 ä cos
1

8
I-4 2 z - Π H4 Ν - 3LN + 2 ã

z

2 cosHΠ ΝL sin
1

8
I4 2 z - 4 Π Ν - ΠN +

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3
 

2 ã

z

2 cosHΠ ΝL sin
1

8
I4 2 z - Π H4 Ν + 3LN - ä ã

-
z

2 cos
1

8
I-4 2 z - Π H4 Ν - 1LN + ¼ �; Hz ® -¥L

03.16.06.0028.01

kerΝHzL µ
Π

2 -z
â
k=0

f n

2
v J 1

2
- ΝN

2 k
JΝ + 1

2
N
2 k

J 1

4 z2
Nk

H2 kL !
 

2 ã

z

2 cos
Π k

2
+

1

8
I-4 2 z + 4 Π Ν + ΠN cosHΠ ΝL + ã

-
z

2 ä sin
Π k

2
+

1

8
I4 2 z + Π H4 Ν - 3LN +

1

2 z
 â

k=0

f n-1

2
v J 1

2
- ΝN

2 k+1
JΝ + 1

2
N
2 k+1

J 1

4 z2
Nk

H2 k + 1L !
 2 cosHΠ ΝL ã

z

2 cos
Π k

2
+

1

8
IΠ H4 Ν + 3L - 4 2 zN -

ä ã
-

z

2 sin
Π k

2
+

1

8
I4 2 z + Π H4 Ν - 1LN + ¼ �; Hz ® -¥L ß n Î N

http://functions.wolfram.com 10



03.16.06.0029.01

kerΝHzL µ
Π

2 -z
 

2 ã

z

2 cos
1

8
I-4 2 z + 4 Π Ν + ΠN cosHΠ ΝL + ã

-
z

2 ä sin
1

8
I4 2 z + Π H4 Ν - 3LN 8F3

1

8
H1 - 2 ΝL, 1

8
H3 - 2 ΝL,

1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H2 Ν + 1L, 1

8
H2 Ν + 3L, 1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L; 1

4
,

1

2
,

3

4
; -

16

z4
+

1 - 4 Ν2

8 z
2 cosHΠ ΝL ã

z

2 cos
1

8
IΠ H4 Ν + 3L - 4 2 zN - ä ã

-
z

2 sin
1

8
I4 2 z + Π H4 Ν - 1LN 8F3

1

8
H3 - 2 ΝL,

1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL, 1

8
H2 Ν + 3L, 1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L, 1

8
H2 Ν + 9L; 1

2
,

3

4
,

5

4
; -

16

z4
+

16 Ν4 - 40 Ν2 + 9

128 z2
ä ã

-
z

2 cos
1

8
I4 2 z + Π H4 Ν - 3LN - 2 cosHΠ ΝL ã

z

2 sin
1

8
I-4 2 z + 4 Π Ν + ΠN  

8F3

1

8
H5 - 2 ΝL, 1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL, 1

8
H11 - 2 ΝL, 1

8
H2 Ν + 5L, 1

8
H2 Ν + 7L,

1

8
H2 Ν + 9L, 1

8
H2 Ν + 11L; 3

4
,

5

4
,

3

2
; -

16

z4
+

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3

ã
-

z

2 H-äL cos
1

8
I4 2 z + Π H4 Ν - 1LN - 2 cosHΠ ΝL ã

z

2 sin
1

8
IΠ H4 Ν + 3L - 4 2 zN  

8F3

1

8
H7 - 2 ΝL, 1

8
H9 - 2 ΝL, 1

8
H11 - 2 ΝL, 1

8
H13 - 2 ΝL, 1

8
H2 Ν + 7L,

1

8
H2 Ν + 9L, 1

8
H2 Ν + 11L, 1

8
H2 Ν + 13L; 5

4
,

3

2
,

7

4
; -

16

z4
+ ¼ �; Hz ® -¥L

03.16.06.0030.01

kerΝHzL µ
Π

2 -z
 2 ã

z

2 cos
1

8
I-4 2 z + 4 Π Ν + ΠN cosHΠ ΝL + ã

-
z

2 ä sin
1

8
I4 2 z + Π H4 Ν - 3LN 1 + O

1

z4
+

1 - 4 Ν2

8 z
2 cosHΠ ΝL ã

z

2 cos
1

8
IΠ H4 Ν + 3L - 4 2 zN - ä ã

-
z

2 sin
1

8
I4 2 z + Π H4 Ν - 1LN 1 + O

1

z4
+

16 Ν4 - 40 Ν2 + 9

128 z2
ä ã

-
z

2 cos
1

8
I4 2 z + Π H4 Ν - 3LN - 2 cosHΠ ΝL ã

z

2 sin
1

8
I-4 2 z + 4 Π Ν + ΠN  

1 + O
1

z4
+

-64 Ν6 + 560 Ν4 - 1036 Ν2 + 225

3072 z3
ã

-
z

2 H-äL cos
1

8
I4 2 z + Π H4 Ν - 1LN -

2 cosHΠ ΝL ã

z

2 sin
1

8
IΠ H4 Ν + 3L - 4 2 zN  1 + O

1

z4
+ ¼ �; Hz ® -¥L

Expansions for any z in exponential form

Using exponential function with branch cut-free arguments Ker

http://functions.wolfram.com 11



03.16.06.0031.01

kerHzL µ -
ã

-
H1+äL z

2

8 2 Π - -1
4

z IH-1L3�4 zM3�2 H-1L3�4 z 4 ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1
4

zN - logHzLN -

Π 2 ãä 2 z ä z + ã 2 z H1 + äL 2 H-2 + 2 äL z + -ä z2

2
+ - -1

4
z

Π
ä z2 H3 - 3 äL

2
- 3 ä ãH1+äL 2 z z + 4 z + 4 ãH1+äL 2 z z + -1

4
ä z2 IlogIH-1L3�4 zM - logHzLM  

1 + O
1

z4
-

H-1L3�4
8 z

 H-1L3�4 z
1

2
H1 + äL ã 2 z Π H4 + 4 äL z - ä 2 -ä z2 - 2 ãä 2 z Π z +

4 -1
4

ã 2 z -ä z2 - ä ãä 2 z z JlogJ- -1
4

zN - logHzLN + - -1
4

z

Π -3 ä ã2 -1
4

z z - 4 z + 3 H-1L3�4 ä z2 + 4 ãH1+äL 2 z z - -1
4

ä z2 IlogIH-1L3�4 zM - logHzLM

1 + O
1

z4
+

9 ä

128 z2
H-1L3�4 z 4 ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1

4
zN - logHzLN -

Π 2 ãä 2 z ä z + ã 2 z H1 + äL 2 H-2 + 2 äL z + -ä z2

2
- - -1

4
z

Π
ä z2 H3 - 3 äL

2
- 3 ä ãH1+äL 2 z z + 4 z + 4 ãH1+äL 2 z z + -1

4
ä z2 IlogIH-1L3�4 zM - logHzLM  

1 + O
1

z4
+

75 -1
4

1024 z3
 H-1L3�4 z

1

2
H1 + äL ã 2 z Π H4 + 4 äL z - ä 2 -ä z2 - 2 ãä 2 z Π z +

4 -1
4

ã 2 z -ä z2 - ä ãä 2 z z JlogJ- -1
4

zN - logHzLN -

- -1
4

z Π -3 ä ã2 -1
4

z z - 4 z + 3 H-1L3�4 ä z2 + 4 ãH1+äL 2 z z - -1
4

ä z2

IlogIH-1L3�4 zM - logHzLM 1 + O
1

z4
�; H z¤ ® ¥L

http://functions.wolfram.com 12



03.16.06.0032.01

kerHzL µ -
ã

-
H1+äL z

2

8 2 Π - -1
4

z IH-1L3�4 zM3�2

â
k=0

f n

2
v

1

H2 kL !
 

1

2 2 k

2 ä

4 z2

k Π

2
 H-1Lk+

3

4 2 4 - 3 ä ãH1+äL 2 z J- -1
4

zN3�2
+ 3 H-1Lk H1 - äL ä z2 - -1

4
z +

H-1L3�4 z 2 ãä 2 z H-äL z - H1 + äL ã 2 z 2 2 H-1 + äL z + -ä z2 +

4 H-1L3�4 z ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1
4

zN - logHzLN +

4 H-1Lk - -1
4

z ãH1+äL 2 z z + -1
4

ä z2 IlogIH-1L3�4 zM - logHzLM -

H-1L3�4
2 z

 â
k=0

f n-1

2
v

1

H2 k + 1L !
 

1

2 2 k+1

2 ä

4 z2

k H1 + äL Π

2
 H-1Lk+

3

4 4 + 3 ä ã2 -1
4

z H-1 + äL J- -1
4

zN3�2
+ 3 H-1Lk+

3

4

H1 - äL ä z2 - -1
4

z + H-1L3�4 z ãä 2 z H-1 + äL z + ã 2 z 4 H1 + äL z - ä 2 -ä z2 +

4 H-1L3�4 z -1
4

ã 2 z -ä z2 - ä ãä 2 z z JlogJ- -1
4

zN - logHzLN +

4 H-1Lk - -1
4

z ãH1+äL 2 z z - -1
4

ä z2 IlogIH-1L3�4 zM - logHzLM + ¼ �; H z¤ ® ¥L ß n Î N

03.16.06.0033.01

kerHzL µ -
ã

-
H1+äL z

2

8 2 Π - -1
4

z IH-1L3�4 zM3�2 H-1L3�4 z 4 ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1
4

zN - logHzLN -

Π 2 ãä 2 z ä z + ã 2 z H1 + äL 2 H-2 + 2 äL z + -ä z2

2
+ - -1

4
z

Π
ä z2 H3 - 3 äL

2
- 3 ä ãH1+äL 2 z z + 4 z + 4 ãH1+äL 2 z z + -1

4
ä z2 IlogIH-1L3�4 zM - logHzLM  

8F3

1

8
,

1

8
,

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
;

1

4
,

1

2
,

3

4
; -

16

z4
-

H-1L3�4
8 z

 

H-1L3�4 z
1

2
H1 + äL ã 2 z Π H4 + 4 äL z - ä 2 -ä z2 - 2 ãä 2 z Π z +

4 -1
4

ã 2 z -ä z2 - ä ãä 2 z z JlogJ- -1
4

zN - logHzLN + - -1
4

z

+

http://functions.wolfram.com 13



Π -3 ä ã2 -1
4

z z - 4 z + 3 H-1L3�4 ä z2 + 4 ãH1+äL 2 z z - -1
4

ä z2 IlogIH-1L3�4 zM - logHzLM
8F3

3

8
,

3

8
,

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
;

1

2
,

3

4
,

5

4
; -

16

z4
+

9 ä

128 z2

H-1L3�4 z 4 ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1
4

zN - logHzLN -

Π 2 ãä 2 z ä z + ã 2 z H1 + äL 2 H-2 + 2 äL z + -ä z2

2
- - -1

4
z

Π
ä z2 H3 - 3 äL

2
- 3 ä ãH1+äL 2 z z + 4 z + 4 ãH1+äL 2 z z + -1

4
ä z2 IlogIH-1L3�4 zM - logHzLM  

8F3

5

8
,

5

8
,

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
;

3

4
,

5

4
,

3

2
; -

16

z4
+

75 -1
4

1024 z3
 

H-1L3�4 z
1

2
H1 + äL ã 2 z Π H4 + 4 äL z - ä 2 -ä z2 - 2 ãä 2 z Π z +

4 -1
4

ã 2 z -ä z2 - ä ãä 2 z z JlogJ- -1
4

zN - logHzLN - - -1
4

z

Π -3 ä ã2 -1
4

z z - 4 z + 3 H-1L3�4 ä z2 + 4 ãH1+äL 2 z z - -1
4

ä z2 IlogIH-1L3�4 zM - logHzLM

8F3

7

8
,

7

8
,

9

8
,

9

8
,

11

8
,

11

8
,

13

8
,

13

8
;

5

4
,

3

2
,

7

4
; -

16

z4
�; H z¤ ® ¥L

03.16.06.0034.01

kerHzL µ -
ã

-
H1+äL z

2

8 2 Π - -1
4

z IH-1L3�4 zM3�2 H-1L3�4 z 4 ãä 2 z z - H-1L3�4 ã 2 z -ä z2 JlogJ- -1
4

zN - logHzLN -

Π 2 ãä 2 z ä z + ã 2 z H1 + äL 2 H-2 + 2 äL z + -ä z2

2
+

- -1
4

z Π
ä z2 H3 - 3 äL

2
- 3 ä ãH1+äL 2 z z + 4 z + 4 ãH1+äL 2 z z + -1

4
ä z2 IlogIH-1L3�4 zM - logHzLM  

1 + O
1

z4
�; H z¤ ® ¥L

http://functions.wolfram.com 14



03.16.06.0035.01

kerHzL µ

-1
8 H1-äL+ 2 ãä 2 z Π

4 ã -1
4

z z

4 argHzL £ Π

Π

2
 

-1
8

2 z
 K-H-1L3�4 ã- -1

4
z + 2 -1

4
ã -1

4
z + ãH-1L3�4 zO 4 argHzL £ 3 Π

-1
8

ã- -1
4

z Π

4 z
 KH1 - äL + 2 ãä 2 z + 2 2 ã 2 z ä + ã2 -1

4
z H2 + 2 äLO True

�; H z¤ ® ¥L

Residue representations

03.16.06.0036.01

kerHzL �
1

4
â
j=0

¥

ress

GHsL2 I z

4
M-4 s

GJ 1

2
- sN  G s +

1

2
 - j -

1

2
+

1

4
â
j=0

¥

ress

GJs + 1

2
N I z

4
M-4 s

GJ 1

2
- sN  GHsL2  H- jL

Integral representations

On the real axis

Contour integral representations

03.16.07.0001.01

kerHzL �
1

8 Π ä
 à

L

GHsL2 GJs + 1

2
N

GJ 1

2
- sN  K z

4
O-4 s

 â s

Limit representations

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

03.16.13.0001.01

wH4LHzL z4 + 2 wH3LHzL z3 - w¢¢HzL z2 + w¢HzL z + z4 wHzL � 0 �; wHzL � c1 berHzL + c2 beiHzL + c3 kerHzL + c4 keiHzL
03.16.13.0002.01

WzHberHzL, beiHzL, kerHzL, keiHzLL � -
1

z2

03.16.13.0003.01

gHzL4 g¢HzL3 wH4LHzL + 2 gHzL3 Ig¢HzL2 - 3 gHzL g¢¢HzLM g¢HzL2 wH3LHzL -

gHzL2 Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M g¢HzL w¢¢HzL +

gHzL Ig¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 + gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 + 10 gHzL3 g¢¢HzL gH3LHzL g¢HzL -

15 gHzL3 g¢¢HzL3M w¢HzL + gHzL4 g¢HzL7 wHzL � 0 �; wHzL � c1 berHgHzLL + c2 beiHgHzLL + c3 kerHgHzLL + c4 keiHgHzLL
03.16.13.0004.01

WzHberHgHzLL, beiHgHzLL, kerHgHzLL, keiHg HzLLL � -
g¢HzL6

gHzL2
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03.16.13.0005.01

gHzL4 g¢HzL3 hHzL4 wH4LHzL + 2 gHzL3 g¢HzL2 IhHzL Ig¢HzL2 - 3 gHzL g¢¢HzLM - 2 gHzL g¢HzL h¢HzLM hHzL3 wH3LHzL +

gHzL2 g¢HzL I-Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M hHzL2 -

6 gHzL g¢HzL Ih¢HzL g¢HzL2 + gHzL h¢¢HzL g¢HzL - 3 gHzL h¢HzL g¢¢HzLM hHzL + 12 gHzL2 g¢HzL2 h¢HzL2M hHzL2 w¢¢HzL +

gHzL IIg¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 + gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 +

10 gHzL3 g¢¢HzL gH3LHzL g¢HzL - 15 gHzL3 g¢¢HzL3M hHzL3 + 2 gHzL g¢HzL Ih¢HzL g¢HzL4 - 3 gHzL h¢¢HzL g¢HzL3 -

2 gHzL IgHzL hH3LHzL - 3 h¢HzL g¢¢HzLM g¢HzL2 + gHzL2 I9 g¢¢HzL h¢¢HzL + 4 h¢HzL gH3LHzLM g¢HzL - 15 gHzL2 h¢HzL g¢¢HzL2M hHzL2 +

12 gHzL2 g¢HzL2 h¢HzL Ih¢HzL g¢HzL2 + 2 gHzL h¢¢HzL g¢HzL - 3 gHzL h¢HzL g¢¢HzLM hHzL - 24 gHzL3 g¢HzL3 h¢HzL3M hHzL w¢HzL +

IgHzL4 hHzL4 g¢HzL7 + gHzL4 I24 h¢HzL4 - 36 hHzL h¢¢HzL h¢HzL2 + 8 hHzL2 hH3LHzL h¢HzL + hHzL2 I6 h¢¢HzL2 - hHzL hH4LHzLMM g¢HzL3 -

2 gHzL3 hHzL Ig¢HzL2 - 3 gHzL g¢¢HzLM I6 h¢HzL3 - 6 hHzL h¢¢HzL h¢HzL + hHzL2 hH3LHzLM g¢HzL2 +

gHzL2 hHzL2 IhHzL h¢¢HzL - 2 h¢HzL2M Ig¢HzL4 + 6 gHzL g¢¢HzL g¢HzL2 + 4 gHzL2 gH3LHzL g¢HzL - 15 gHzL2 g¢¢HzL2M g¢HzL -

gHzL hHzL3 h¢HzL Ig¢HzL6 + gHzL g¢¢HzL g¢HzL4 - 2 gHzL2 gH3LHzL g¢HzL3 +

gHzL2 I6 g¢¢HzL2 - gHzL gH4LHzLM g¢HzL2 + 10 gHzL3 g¢¢HzL gH3LHzL g¢HzL - 15 gHzL3 g¢¢HzL3MM wHzL � 0 �;
wHzL � c1 hHzL berHgHzLL + c2 hHzL beiHgHzLL + c3 hHzL kerHgHzLL + c4 hHzL keiHgHzLL

03.16.13.0006.01

WzHhHzL berHgHzLL, hHzL beiHgHzLL, hHzL kerHgHzLL, hHzL keiHgHzLLL � -
hHzL4 g¢HzL6

gHzL2

03.16.13.0007.01

z4 wH4LHzL + H6 - 4 r - 4 sL z3 wH3LHzL + I4 r2 + 12 Hs - 1L r + 6 Hs - 2L s + 7M z2 w¢¢HzL +

H2 r + 2 s - 1L H-2 Hs - 1L s + r H2 - 4 sL - 1L z w¢HzL + Ia4 r4 z4 r + s4 + 4 r s3 + 4 r2 s2M wHzL � 0 �;
wHzL � c1 zs berHa zrL + c2 zs beiHa zrL + c3 zs kerHa zrL + c4 zs keiHa zrL

03.16.13.0008.01

WzHzs berHa zrL, zs beiHa zrL, zs kerHa zrL, zs keiHa zrLL � -a4 r6 z4 r+4 s-6

03.16.13.0009.01

wH4LHzL - 4 HlogHrL + logHsLL wH3LHzL + 2 I2 log2HrL + 6 logHsL logHrL + 3 log2HsLM w¢¢HzL +

4 HlogHrL + logHsLL I-log2HsL - 2 logHrL logHsLM w¢HzL + Ia4 log4HrL r4 z + log4HsL + 4 logHrL log3HsL + 4 log2HrL log2HsLM wHzL �
0 �; wHzL � c1 sz berHa rzL + c2 sz beiHa rzL + c3 sz kerHa rzL + c4 sz keiHa rzL

03.16.13.0010.01

WzHsz berHa rzL, sz beiHa rzL, sz kerHa rzL, sz keiHa rzLL � -a4 r4 z s4 z log6HrL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.16.16.0001.01

kerH-zL � kerHzL + berHzL HlogHzL - logH-zLL
03.16.16.0002.01

kerHä zL � kerHzL -
1

2
Π beiHzL - HlogHä zL - logHzLL berHzL
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03.16.16.0003.01

kerH-ä zL � kerHzL -
1

2
Π beiHzL - HlogH-ä zL - logHzLL berHzL

03.16.16.0004.01

ker
1

-1
4

z � kerJ -1
4

zN -
1

2
Π beiJ -1

4
zN - JlogI-H-1L3�4 zM - logJ -1

4
zNN berJ -1

4
zN

03.16.16.0005.01

kerIH-1L-3�4 zM � kerJ -1
4

zN + JlogJ -1
4

zN - logJ- -1
4

zNN berJ -1
4

zN
03.16.16.0006.01

kerIH-1L3�4 zM � kerJ -1
4

zN -
1

2
Π beiJ -1

4
zN - JlogIH-1L3�4 zM - logJ -1

4
zNN berJ -1

4
zN

03.16.16.0007.01

ker z44 � kerHzL +

Π 2 z4 - 2 z2

8 z2
 beiHzL +

1

4
I4 logHzL - logIz4MM berHzL

Addition formulas

03.16.16.0008.01

kerHz1 - z2L � â
k=-¥

¥ HberkHz2L kerkHz1L - beikHz2L keikHz1LL �; z2

z1

< 1

03.16.16.0009.01

kerHz1 + z2L � â
k=-¥

¥ HberkHz2L ker-kHz1L - beikHz2L kei-kHz1LL �; z2

z1

< 1

Multiple arguments

03.16.16.0010.01

kerHz1 z2L � â
k=0

¥ I1 - z1
2Mk I z2

2
Mk

k !
 cos

3 k Π

4
kerkHz2L - sin

3 k Π

4
keikHz2L �; ¡z1

2 - 1¥ < 1

Related transformations

Involving keiHzL
03.16.16.0011.01

kerHzL + ä keiHzL � K0J -1
4

zN + I0J -1
4

zN -
1

4
HΠ äL - logHzL + logJ -1

4
zN

03.16.16.0012.01

kerHzL - ä keiHzL �
ä Π

4
- logHzL + logJ -1

4
zN J0J -1

4
zN -

1

2
Π Y0J -1

4
zN

Differentiation

Low-order differentiation
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03.16.20.0001.01

¶kerHzL
¶z

�
kei1HzL + ker1HzL

2

03.16.20.0002.01

¶2 kerHzL
¶z2

�
1

2
Hkei2HzL - keiHzLL

Symbolic differentiation 

03.16.20.0003.01

¶n kerHzL
¶zn

� 2-
3 n

2
-1 Hä - 1Ln â

k=0

f n

2
v

n

2 k
Hä H1 - änL kei4 k-nHzL + H1 + änL ker4 k-nHzLL +

â
k=0

f n-1

2
v

n

2 k + 1
H-ä H1 - änL kei4 k-n+2HzL - H1 + änL ker4 k-n+2HzLL �; n Î N

03.16.20.0004.01

¶n kerHzL
¶zn

� 2-
3 n

2
-1 Hä - 1Ln â

k=0

f n

2
v

n + 1

2 k + 1
 

n

2 k
 IIä - än+1M kei4 k-nHzL + H1 + änL ker4 k-nHzLM -

H1 + äL 2 H4 k - n + 1L
z

 
n

2 k + 1
IH-ä + änL kei4 k-n+1HzL + I-1 + än+1M ker4 k-n+1HzLM �; n Î N

03.16.20.0005.01

¶n kerHzL
¶zn

�
1

4
G3,7

3,3
z

4
,

1

4

- n

4
, 1-n

4
, 3-n

4

- n

4
, - n

4
, 2-n

4
, 0, 1

4
, 1

2
, 3

4

�; n Î N

Fractional integro-differentiation

03.16.20.0006.01

¶Α kerHzL
¶zΑ

�
Π z2-Α

16
â
k=0

¥ H-1Lk 2-4 k H4 k + 2L !

HH2 k + 1L !L2 GH4 k - Α + 3L  z4 k +

z-Α â
k=0

¥ H-1Lk 2-4 k H4 kL ! HlogH2L + ΨH2 k + 1LL
HH2 kL !L2 GH4 k - Α + 1L  z4 k - z-Α â

k=0

¥ H-1Lk 2-4 k FClog
HΑL Hz, 4 kL

HH2 kL !L2
 z4 k

03.16.20.0007.01

¶Α kerHzL
¶zΑ

� 22 Α-
15

2 Π3 z2-Α
2F

�
5

3

4
,

5

4
;

3

2
,

3 - Α

4
, 1 -

Α

4
,

5 - Α

4
,

6 - Α

4
; -

z4

256
+

22 Α+
1

2 Π2 logH2L z-Α
2F

�
5

1

4
,

3

4
;

1

2
,

1 - Α

4
,

2 - Α

4
,

3 - Α

4
, 1 -

Α

4
; -

z4

256
+

z-Α â
k=0

¥ H-1Lk 2-4 k H4 kL ! ΨH2 k + 1L
HH2 kL !L2 GH4 k - Α + 1L  z4 k - z-Α â

k=0

¥ H-1Lk 2-4 k FClog
HΑL Hz, 4 kL

HH2 kL !L2
 z4 k
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Integration

Indefinite integration

03.16.21.0001.01

à kerHa zL â z �
1

16
z G1,5

3,1
a z

4
,

1

4

3

4

0, 0, 1

2
, - 1

4
, 1

2

Definite integration

03.16.21.0002.01

à
0

¥

tΑ-1 ã-p t kerHtL â t �
1

3
2Α-3 3 2 cos

Π Α

4
4F3

Α

4
+

1

2
,

Α

4
+

1

2
,

Α

4
,

Α

4
;

1

4
,

1

2
,

3

4
; - p4 -

p2 Α2 sin
Π Α

4
4F3

Α

4
+

1

2
,

Α

4
+

1

2
,

Α

4
+ 1,

Α

4
+ 1;

3

4
,

5

4
,

3

2
; - p4 G

Α

2

2

+

2 p G
Α + 1

2

2

p2 HΑ + 1L2 cos
1

4
HΠ - Π ΑL 4F3

Α

4
+

3

4
,

Α

4
+

3

4
,

Α

4
+

5

4
,

Α

4
+

5

4
;

5

4
,

3

2
,

7

4
; - p4 -

6 cos
1

4
Π HΑ + 1L 4F3

Α

4
+

1

4
,

Α

4
+

1

4
,

Α

4
+

3

4
,

Α

4
+

3

4
;

1

2
,

3

4
,

5

4
; - p4 �; ReHΑL > 0 í ReHpL > -

1

2

Integral transforms

Laplace transforms

03.16.22.0001.01

Lt@kerHtLD HzL �
1

12 z4 + 1
4

 8 z3
3F2 1, 1,

3

2
;

5

4
,

7

4
; -z4 z4 + 1

4
+ 3 2 Π cos

1

2
tan-1Iz2M - sin

1

2
tan-1Iz2M �;

ReHzL > -
1

2

Mellin transforms

03.16.22.0002.01

Mt@kerHtLD HzL � 2z-2 cos
Π z

4
GK z

2
O2 �; ReHzL > 0

Representations through more general functions

Through hypergeometric functions

Involving hypergeometric U
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03.16.26.0001.01

kerHzL �
1

2
ã- -1

4
z Π U

1

2
, 1, 2 -1

4
z +

1

2
ã-H-1L3�4 z Π U

1

2
, 1, 2 H-1L3�4 z +

1

8
J-ä Π - 4 logHzL + 4 logJ -1

4
zNN 0F1 ; 1;

ä z2

4
+

1

8
Iä Π - 4 logHzL + 4 logIH-1L3�4 zMM 0F1 ; 1; -

ä z2

4

Through Meijer G

Classical cases for the direct function itself

03.16.26.0002.01

kerHzL �
1

4
G0,4

3,0
z4

256
0, 0, 1

2
, 1

2
�; -

Π

4
< argHzL £

Π

4

Classical cases for powers of ker

03.16.26.0003.01

kerJ z
4 N2

�
1

16 Π
 G0,4

4,0
z

64
0, 0, 0, 1

2
+

1

8

Π

2
G2,6

5,0
z

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.16.26.0004.01

kerHzL2 �
1

16 Π
 G0,4

4,0
z4

64
0, 0, 0, 1

2
+

1

8

Π

2
G2,6

5,0
z4

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

Classical cases involving bei

03.16.26.0005.01

beiJ z
4 N kerJ z

4 N �
1

8
Π G0,4

2,0
z

64
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0006.01

beiHzL kerHzL �
1

8
Π G0,4

2,0
z4

64
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; 0 £ argHzL £
Π

4

Brychkov Yu.A. (2006)

Classical cases involving ber

03.16.26.0007.01

berJ z
4 N kerJ z

4 N �
1

8
Π G0,4

2,0
z

64
0, 0, 0, 1

2
+

1

8 2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)
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03.16.26.0008.01

berHzL kerHzL �
1

8
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
+

1

8 2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

�; 0 £ argHzL £
Π

4

Brychkov Yu.A. (2006)

Classical cases involving powers of kei

03.16.26.0009.01

keiJ z
4 N2

+ kerJ z
4 N2

�
1

8 Π
 G0,4

4,0
z

64
0, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0010.01

keiJ z
4 N2

- kerJ z
4 N2

� -
1

4

Π

2
G2,6

5,0
z

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.16.26.0011.01

keiHzL2 + kerHzL2 �
1

8 Π
 G0,4

4,0
z4

64
0, 0, 0, 1

2
�; -

Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.16.26.0012.01

keiHzL2 - kerHzL2 � -
1

4

Π

2
G2,6

5,0
z4

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

Classical cases involving kei

03.16.26.0013.01

keiJ z
4 N kerJ z

4 N � -
1

8

Π

2
G2,6

5,0
z

16

1

4
, 3

4

0, 0, 1

2
, 1

2
, 1

2
, 0

Brychkov Yu.A. (2006)

03.16.26.0014.01

keiHzL kerHzL � -
1

8

Π

2
G2,6

5,0
z4

16

1

4
, 3

4

0, 0, 1

2
, 1

2
, 1

2
, 0

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

Classical cases involving ber, bei and kei

03.16.26.0015.01

beiJ z
4 N keiJ z

4 N + berJ z
4 N kerJ z

4 N �
1

4
Π G0,4

2,0
z

64
0, 0, 0, 1

2
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Brychkov Yu.A. (2006)

03.16.26.0016.01

beiJ z
4 N keiJ z

4 N - berJ z
4 N kerJ z

4 N � -
1

25�2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

03.16.26.0017.01

berJ z
4 N keiJ z

4 N + beiJ z
4 N kerJ z

4 N � -
1

25�2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0018.01

beiJ z
4 N kerJ z

4 N - berJ z
4 N keiJ z

4 N �
1

4
Π G0,4

2,0
z

64
0, 1

2
, 0, 0

Brychkov Yu.A. (2006)

03.16.26.0019.01

beiHzL keiHzL + berHzL kerHzL �
1

4
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
�; -

Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.16.26.0020.01

beiHzL keiHzL - berHzL kerHzL � -
1

25�2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.16.26.0021.01

berHzL keiHzL + beiHzL kerHzL � -
1

25�2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; -
Π

4
< argHzL £

Π

4

Brychkov Yu.A. (2006)

03.16.26.0022.01

beiHzL kerHzL - berHzL keiHzL �
1

4
Π G0,4

2,0
z4

64
0, 1

2
, 0, 0 �; -

Π

4
< argHzL £

Π

4
ë 3 Π

4
< argHzL £ Π ë -Π < argHzL £ -

3 Π

4

Brychkov Yu.A. (2006)

Classical cases involving Bessel J
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03.16.26.0023.01

J0J -1
4

zN kerHzL �
1

8
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
- ä G0,4

2,0
z4

64
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

+ ä G2,6
3,2

z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; -
Π

4
< argHzL £

Π

4

Classical cases involving Bessel I

03.16.26.0024.01

I0J -1
4

zN kerHzL �
1

8
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
+ ä G0,4

2,0
z4

64
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

- ä G2,6
3,2

z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; -
Π

4
< argHzL £

Π

4

Classical cases involving Bessel K

03.16.26.0025.01

K0J -z
4 N kerJ z

4 N �
1

16 Π
 G0,4

4,0
z

64
0, 0, 0, 1

2
+

1

8 2 Π
 G2,6

6,0 -
z

16

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Classical cases involving 0F1

03.16.26.0026.01

0F1 ; 1;
ä z

4
kerJ z

4 N �
1

8
Π

G0,4
2,0

z

64
0, 0, 0, 1

2
+ ä G0,4

2,0
z

64
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

- ä G2,6
3,2

z

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

03.16.26.0027.01

0F1 ; 1;
ä z2

4
kerHzL �

1

8
Π G0,4

2,0
z4

64
0, 0, 0, 1

2
+ ä G0,4

2,0
z4

64
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z4

16

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

- ä G2,6
3,2

z4

16

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

�; -
Π

4
< argHzL £

Π

4

Generalized cases for the direct function itself

03.16.26.0028.01

kerHzL �
1

4
G0,4

3,0
z

4
,

1

4
0, 0, 1

2
, 1

2

Generalized cases for powers of ker

03.16.26.0029.01

kerHzL2 �
1

16 Π
 G0,4

4,0
z

2 2
,

1

4
0, 0, 0, 1

2
+

1

8

Π

2
G2,6

5,0
z

2
,

1

4

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2
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Generalized cases involving bei

03.16.26.0030.01

beiHzL kerHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 1

2
, 0, 0 -

1

8 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

Generalized cases involving ber

03.16.26.0031.01

berHzL kerHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2
+

1

8 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

Brychkov Yu.A. (2006)

Generalized cases involving powers of kei

03.16.26.0032.01

keiHzL2 + kerHzL2 �
1

8 Π
 G0,4

4,0
z

2 2
,

1

4
0, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0033.01

keiHzL2 - kerHzL2 � -
1

4

Π

2
G2,6

5,0
z

2
,

1

4

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

Brychkov Yu.A. (2006)

Generalized cases involving kei

03.16.26.0034.01

keiHzL kerHzL � -
1

8

Π

2
G2,6

5,0
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 1

2
, 1

2
, 0

Brychkov Yu.A. (2006)

Generalized cases involving ber, bei and kei

03.16.26.0035.01

beiHzL keiHzL + berHzL kerHzL �
1

4
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0036.01

beiHzL keiHzL - berHzL kerHzL � -
1

4 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2
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03.16.26.0037.01

beiHzL kerHzL + berHzL keiHzL � -
1

4 2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Brychkov Yu.A. (2006)

03.16.26.0038.01

beiHzL kerHzL - berHzL keiHzL �
1

4
Π G0,4

2,0
z

2 2
,

1

4
0, 1

2
, 0, 0

Brychkov Yu.A. (2006)

Generalized cases involving Bessel J

03.16.26.0039.01

J0J -1
4

zN kerHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2
-

ä G0,4
2,0

z

2 2
,

1

4
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

+ ä G2,6
3,2

z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Generalized cases involving Bessel I

03.16.26.0040.01

I0J -1
4

zN kerHzL �
1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2
+

ä G0,4
2,0

z

2 2
,

1

4
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

- ä G2,6
3,2

z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2

Generalized cases involving Bessel K

03.16.26.0041.01

K0J -1
4

zN kerHzL �
1

16 Π
 G0,4

4,0
z

2 2
,

1

4
0, 0, 0, 1

2
+

1

8 2 Π
 G2,6

6,0
1

2
-1

4
z,

1

4

1

4
, 3

4

0, 0, 0, 1

2
, 1

2
, 1

2

�;
-Π < argHzL £

3 Π

4

Generalized cases involving 0F1

03.16.26.0042.01

0F1 ; 1;
ä z2

4
kerHzL �

1

8
Π G0,4

2,0
z

2 2
,

1

4
0, 0, 0, 1

2
+

ä G0,4
2,0

z

2 2
,

1

4
0, 1

2
, 0, 0 +

1

2 Π
 G2,6

3,2
z

2
,

1

4

1

4
, 3

4

0, 0, 1

2
, 0, 1

2
, 1

2

- ä G2,6
3,2

z

2
,

1

4

1

4
, 3

4

0, 1

2
, 1

2
, 0, 0, 1

2
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Representations through equivalent functions

With related functions

03.16.27.0001.01

kerHzL �
1

4
J2 K0J -1

4
zN - Π Y0J -1

4
zN + Π beiHzL - 4 JlogHzL - logJ -1

4
zNN berHzLN

03.16.27.0002.01

kerHzL �
1

8
J4 K0J -1

4
zN - 2 Π Y0J -1

4
zN +

J-ä Π - 4 JlogHzL - logJ -1
4

zNNN I0J -1
4

zN + Jä Π - 4 JlogHzL - logJ -1
4

zNNN J0J -1
4

zNN
03.16.27.0003.01

kerHzL �
-ä Π I0J -1

4
zN + 1

2
K0J -1

4
zN - 1

4
Π J3 ä J0J -1

4
zN + Y0J -1

4
zNN 3 Π

4
< argHzL £ Π

1

2
K0J -1

4
zN - 1

4
Π JY0J -1

4
zN - ä J0J -1

4
zNN True

03.16.27.0004.01

kerHzL + ä keiHzL � K0J -1
4

zN +
1

4
I0J -1

4
zN J-ä Π - 4 logHzL + 4 logJ -1

4
zNN

03.16.27.0005.01

kerHzL + ä keiHzL �
K0J -1

4
zN - 2 ä Π I0J -1

4
zN 3 Π

4
< argHzL £ Π

K0J -1
4

zN True

03.16.27.0006.01

kerHzL - ä keiHzL �
1

4
J Jä Π - 4 logHzL + 4 logJ -1

4
zNN J0J -1

4
zN - 2 Π Y0J -1

4
zNN

03.16.27.0007.01

kerHzL - ä keiHzL �
- 1

2
Π J3 ä J0J -1

4
zN + Y0J -1

4
zNN 3 Π

4
< argHzL £ Π

- 1

2
Π JY0J -1

4
zN - ä J0J -1

4
zNN True

Theorems

History
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