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Notations

Traditional name

L egendre polynomial

Traditional notation

Pn(2)

Mathematica StandardForm notation

Legendr eP[n, z]

Primary definition

05.03.02.0001.01

1 o n\(2n-2k
- Nk -2k .
Pn(2) == o kéo( 1) (k)( n )z" /ineN

05.03.02.0002.01
Pn@=P_1@/;neZAn<0

Specific values

Specialized values

For fixed n
05.03.03.0001.01
PO =

05.03.03.0002.01
Po(1) =1

05.03.03.0003.01
Po(-D) = (-1)"

05.03.03.0017.01

PON(Q) =6 nenF 2" | inenaren
n sin(%(n—r);r) ' r % '
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05.03.03.0018.01
D™ (n+1)!

P%O’r)(—l) ==
2r!(n-n)!

For fixed z

05.03.03.0004.01
Po(@=1

05.03.03.0005.01
P12 =2

05.03.03.0006.01

1
Py(2) == 5 (372-1)

05.03.03.0007.01

1
Ps(2) == 5(5z3 -32)

05.03.03.0008.01

1
Ps(2) = 3 (352" -307 +3)

05.03.03.0009.01

1
Ps(2) = 5 z(637' - 707 + 15)

05.03.03.0010.01

1
Po(d = (23122 -3157' + 1057 - 5)

05.03.03.0011.01

1
P2 = 2(4292° - 6937 + 3157 - 35)

05.03.03.0012.01

1
Po(d = — (64357 - 12012 2° + 6930 Z* — 1260 Z + 35)

05.03.03.0013.01

1
Po(@ = — (121552 - 25740 + 18018 7' — 4620 Z + 315)

05.03.03.0014.01

1
Pio(2) == P (46189 7'° - 109395 2 + 90090 2° — 30030 Z* + 3465 7 - 63)

Values at infinities

05.03.03.0015.01
Pp(c0) == 0 /;n>0

05.03.03.0016.01
Pn(=00) = (=1)"c0 /;n>0
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General characteristics

Domain and analyticity

The function P,(2)is defined over N ® C. For fixed n, the function P,(2) isa polynomial in z of degreen.
05.03.04.0001.01
Nx2—Ph2::N®C)—C
Symmetries and periodicities

Parity

05.03.04.0002.01
Pn(=2) = (=1)" Ps(2)

Mirror symmetry

05.03.04.0003.01
Pn(2 =Pn(2)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
The function P,(2) is polynomial and has pole of order nat z = .
05.03.04.0004.01
Sing (Pn(2)) = {{, n}}
Branch points
With respect to z
The function P,(2) does not have branch points.

05.03.04.0005.01
BP(Pn(2) == {}

Branch cuts
With respect to z
The function P,(2) does not have branch cuts.

05.03.04.0006.01
BCy(Pn(2) = {}

Series representations
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Generalized power series

Expansions at generic point z== 7,

05.03.06.0023.01
Phz) P2(20)
z-2)+

iz 23

05.03.06.0024.01
PX(zo) P2(z9)
@-2)+

iz a3

Pn(2) o Pn(2p) - Z-202%+.../; 2> 29

Pn(2) o< Pn(Zo) - (- 20)* + O((z- 20)%)

05.03.06.0025.01
(- D*P&(20)

Pn(2 = Ziw(z 2)"
k=0 (1—28) k!
05.03.06.0026.01

2(2
n 2 kel
_ _ k
Pn(z)—k; - Co b (20) (- 2)

05.03.06.0027.01

2*I(n+k+1) -2
P.(2) =Z—2Fl[k—n, K+n+21 k+1; ](z—zo)k
o (KD2T(n—k+1)
05.03.06.0028.01
2k+1
Pn(2) = Z(Zk 1)”2 Z Oyt oy ﬂ P, (@) (- 2)"

i2k41=0
05.03.06.0029.01
Pn(2) o Pn(20) (1 + O(z - 29))
Expansionsat z==0

05.03.06.0030.01

o e (-l r(m2 22| - 1) optltats
V|3t
[ n-2[3]+1)|3] 4(z]-1)13ln-2[3]+1)(2n-2|3]+3 ] _
1- 2+ Z+...|/@z->0
(n- l I+1(h-2[3]+2)  (-2[3]+1)(n-2[3]+2)(n-2[3]+3)(n-2[3]+4)
P2m(z)ocm[l— m(2m+1)22+(m_l)m(1+2m)(3+2m)z“+...)/;(z—>0)
vV m! 6

05.03.06.0002.01

2m+1 m2m+ 3) mM-1)m@B+2m)(5+2m)
P2rm1(z)oc(—l)m2’2"F12(m+l)( m )2(1— Z+ Z+..|/@z->0

3 30
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05.03.06.0003.01
e (_n)j+k (n+ l)j+k (-2

P@=2.),

ko (JHK!jrK 2%k

05.03.06.0004.01

cowof N1+ 1z
Poa=F23:9 ~ -]

L 2" 2

05.03.06.0005.01

1 ny(2n-2k
o _ 1)K -2k
P = 3 DD (L")

05.03.06.0006.01

Vo
Pn(2) o« TR 1+0(2)/;(z-0)

05.03.06.0007.01
n

ol

Pn(2) o« { [EJ ) (n+ 1)”’2ng 73] (1+0(2)) /: (z-0)

Expansionsat z==

05.03.06.0008.01
-n(l+n) MA-N@A+n2+n)
+

Pl —(z-1 -1’/ 1
@ > (z-1 m (z-1 /i (z-1)

05.03.06.0009.01
N (=N (n+ 1)y (1— Z)

Pn(2) == Z >

2
k=0 k!

k

05.03.06.0010.01
1-2z
Pn(2) == ?_Fl(—n, n+1;1; T)
05.03.06.0011.01
P2 c1+0(z-1)/;(z> 1)

Expansionsat z== -1

05.03.06.0012.01
nld+n) M=-)n@A+n)(2+n)
(z+1)+ 6

Pn(Z)oc(—l)”(l— (z+ 1)2—...)/; (z--1)

05.03.06.0013.01

n o (-n) (n+1) 1)K
Pa(@ = (-1 ) —— k[Z; )

k=0 k12

05.03.06.0031.01

z+1
Pn(2) o (-1)" 2Fl(_n1 n+1; 1, T)

05.03.06.0014.01
Pn(2) o« (-1)" (1 + O(z+ 1))
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Expansionsat z== oo

For the function itself

Expansionsinl/z

05.03.06.0015.02

1
o on E“Zn 1 (n-1)n Jr(n—3)(n—2)(n—1)nJr ]/'(IZI )
h(2) - ./ - 0
n! 2@2n-1)Z2 8(2n-3(2n-1H7
05.03.06.0032.01
n(1l
o 2 E"zn ,__(-Dn +(n—3)(n—2)(n—1)n+o[l))
" n! 22n-1D2 8@n-32n-17Z \A
05.03.06.0033.01
n(l n 1-n n
2 (3), L (F).63),
Pid) = — 7y — -
: k=0 k'(z—n)kzz
05.03.06.0034.01
n(l
2 (E)n 1-n n 1 1
Pn(z) == znZFl( y Ty T 1, _)
n! 2 22 2
05.03.06.0035.01
n 1)
2/n 1
Pn(2) o z" (1+ O(—]]
n! i

Expansionsin1/(1- 2

05.03.06.0036.01
n(l-n)y? (n=22(M-1n
+

2" 1 n
Pn(2) —(—) (z-D)"|1- — -
nt \2/n 1-z @1-2n@-2°> 3@2n-1)(z-1)°
05.03.06.0016.01
(L n

2)n M (2
Pn(2) = @-1" ) « (—)
n! o Kl (=2 \1-2

k

05.03.06.0017.01
2(3)

2/ 2
Pn(2) = (z-1" 2F1(_n: -n, —2n; —)
n! 1-z
05.03.06.0018.01
1
"(3), 1
e —" 2(1of )
n! Z

Expansionsat n == oo

+...1/:(2 - o)
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05.03.06.0037.01

1 [2 m 1 1
Pn(2) « —— .| — cos(— - (n + —) cos‘l(z)) -
' n 4 2 128n?(1-2)

1-2 vn

[6 \/; cos([n - —) cos () + Z) + 9005(;1 (6-4n)cos () + n)) +(Z-1) cos(% - (n + %) cos‘l(z))) -

e )
Bny1-7

+...]/;(n> )

05.03.06.0038.01
2]+1

°° k ( DIk (1-2) 1 @j+Dmy_(t)L 1y (1
Pr(2) o cog|n—j+— cosi(z)- ———— | B2, ——j —| nky:
k-]
1/ kO]O jrk=p! 2 4 21 2/

(N - o)

05.03.06.0039.01

cos 1(z))

CO!
Pn(2) o« ,/ S( L+..)/; (N> )
d \/1 2 n

Other series representations

05.03.06.0019.01
DX (k+ n)!
Pn(z ::27( y e (1-2*+(-D"(z+ 1Y)
koo (N— k) k12 2k+l
05.03.06.0020.01
Z-1\" 2 z+ 1\
P = | —— _
(2 ( 2 )g(k) (z—l]

05.03.06.0021.01

n 1 1
Pn(cos(6)) == (-1)" Z[ _k5 ] ( T2 ] cos((n - 2Kk) 6)

k=0 n-k

05.03.06.0022.01

¥ costka) (n—K
Po{xy- V15 V1-1 cos] = Pn(x)Pn(y)+2Z( VXD DO b piy)

(k+n)!

Integral representations

On the real axis

Of thedirect function

05.03.07.0001.01

1 n
P.(2) == — f [z—\/zz—l cos(t)) dt
0

T
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05.03.07.0002.01

1 n
P.(2) == — f (Z+i\/l—22 cos(t)) dt

T JO

05.03.07.0003.01

2" oo (jt4+2)"
Pn(2) == —f . dt
T2+ 1)n+

Integral representations of negative integer order

Rodrigues-type formula.

05.03.07.0004.01
-y (-2
2"n! a7

Generating functions
05.03.11.0001.01

1
[tn]i]/;—l<z<l

t2-2zt+1

Pn(2) ==

05.03.11.0002.01

2
n! 1 1
Pn(2) == t”][izFl(a, 1-a1; E(—t—\/t2—22t+1 +1))2F1(a,1—a; 1; E(t—\/t2—22t+l +1))]/;

(a)n (l - a)n

-1<z<-1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.03.13.0001.01
(1-Z)W (@ -2zW @ + N+ DHnW(2) = 0/; W2) = ¢; Pn(2) + ¢, Q,(2

05.03.13.0002.02

1
W,(Pn(2), Q,(2) = ——

(1-2)
05.03.13.0003.01
209 @? nn+1)g@?
g@wW @ - [7 + g”(Z)] W (2 + ———W(2) =0/, W(2) = ¢; Pn(9(2) + ¢, Q,(9(2)
1-92? 1-g@2?

05.03.13.0004.01
'(2)

W,(Pn(9(2)), Q,(9(2)) =
1-9(2)?
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05.03.13.0005.01
2029 (2°

d@h2*w' 2 - [[
1-9(2)?

+ g"(z)] h@*+2¢@ N @ h(z)] W2+

202 9(2?

+2W(2%g@ +h©@ [h’(z) [
1-92?

1-92?
0/, wW(2) = ¢; h(2) Pa(9(2) + ¢, h(2) Q,(9(2)

nin+1)h@°g@° B o
—_— +9'@|-d@h"@||w> =

05.03.13.0006.01

h2*g@
W,(h(2) Pa(9(2)), h(2) Q,(9(2))) =
1-9@°
05.03.13.0007.01
r(@z"+1) ann+r? (22" -1)2" rs(@z"+1)
2W' (2 -z|2s+ -1|W@+]|- +S+ w(2) = 0/;
1-a22' (1_&1222r)2 1-a22'

W(2) = ¢, ZPy(aZ) +c,22Q,(az)
05.03.13.0008.01

ar Zr+2$1

W,(ZP,(aZ), ZQ.(aZ)) =
( " ) 1-a27"

05.03.13.0009.01

) (a?r?2 + 1) log(r) log(s)
+log“(s) + W(2) =
1_a2r22 1_a2r22 1_a2r22

0/; W@ =c; S Pp@ar’) +c,s°Q ar?

a? (log(r) — 21og(9)) r2% + log(r) + 2log(s) a2n(n+ 1) log?(r) r2?
w’'(2) — W (2) +

05.03.13.0010.01

ar?s??log(r)
W,(s* Py(ar?), & Q,@r?) == ———
1- a2 r2z

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.03.16.0001.01
Pn(=2) = (-1)"Py(2)

Products, sums, and powers of the direct function

Products of the direct function

05.03.16.0002.01

m+n
Pa@Pm@ = bin,m kP /;
k=|m-n|
b(n, m, k) = (60,(%(k+m+n))modl(2k+ Dk+m-n-DHNK-m+n-DN!'M+n-k-D!"(K+m+ n)!!)/

(kK+m-nm&k-m+nm!m+n-K!"K+m+n+1)!
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Identities

Recurrence identities

Consecutive neighbors

05.03.17.0001.01

2n+3)z n+2
Pn(2 = ———— Pn1(2 — —— Pni2(2
n+1 n+1

05.03.17.0002.01
2n-1z n-1
Pn(2) == E— Pn-1(2 - . Ph-2(2

Distant neighbors

05.03.17.0006.01

m+n+1
Pn(2) = Cm(N, 2) Pmin(2) -

2n+3)z
— A

Con,2==1/\C1(n, 2 =
0 /\ ! +1
05.03.17.0007.01
m-n
Pn(2) ==

n-m+1

2n-1)z
Co(n, 2) == 1/\Cl(n, 2) = ; /\Cm(n. 2)=
n

Functional identities

Relations between contiguous functions

Recurrence relations

05.03.17.0003.01
nP_1@+ N+ 1P 1(2=02n+1)zP,(2

05.03.17.0004.01

1
Pn(2d) == —— (NP1 + (n+ 1) Pp1(2)
2n+1)z

Normalized recurrence relation

05.03.17.0005.01
n2

zp(n, 2) =
4nc-1

Complex characteristics

Real part

Cm(n, Z) ==

pin-1,2+pn+1,2/ ph 2=

Crn-1(N, 2 Pryin1(2 /;

z2m+2n+1)

m+n

Cin-1(N, 2 Py_m1(2) + Cm(N, 2 Poom(2) /5

z2m-2n-

m-n-1

Cm—l(”r Z) -

D
Cm—l(nv Z) -

m+n

m+n-1

n-m+1

/\meN+

> C-2lhv [\ meN
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11

05.03.19.0001.01

[;J (-1i22iy2i 1 ( )
Z—(—) 20/ xeRAYeR
@it 2k

Re(Pn(X +1i y)) =

Imaginary part

05.03.19.0002.01

[?J (_1)1' 22j+1 y2j+1 1
IM(Py(X+1Y)) = —(

.3
2j+-
2j+1)! 5)2j+10(2j+2n)1()0/;XE[R/\yE[R
j=0 :

Argument

05.03.19.0003.01

o), L. ZevEng

agPa(x+iy)=tanlfy ——C (x)y2J -
,Z:: @) ! ,Z;‘ @j+D!

2j+1 2]+
22 Y i xeRAYeR

Conjugate value

05.03.19.0004.01

2] (-1i22i (L) |zt 1J( 1)l 221+1
P T = . i oy i 3 2

i @p! e 2j+1!

2j+1 2]+
C o2 0y i xeRAYyeR

Differentiation

Low-order differentiation

With respect to z

05.03.20.0001.01

dPn(2 n
= (zPn(d = Pr1(2)
9z Z2-1
05.03.20.0002.01
0?Pn(Z
@_ (2zPr 1@+ (-1 Z - n-1)Py(2)
o7 (Z-1)

Symbolic differentiation

With respect to z

05.03.20.0008.01

am Pn(2) _m
=(=D™(1-2) 2 P"2)/;meN
oo (1-2Z) 2P
05.03.20.0003.02
d"™P(2) 1y mel
== 2"‘(—) Ch-rd(2)/; meN
az" 2/)m
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05.03.20.0004.02

I"Pn(2) o z
=Z-1D""F-n,n+11-m T /imeN

az"

05.08.20.0005.02

0Pz 2™TI'(m+n+1) 1-z
Fl(m—n,m+n+1;m+1; —2 )/;meN

- 2
oz" m!T(n-m+ 1)
05.03.20.0007.02

5mpn(z) n-m n-m 2m+1
P =@m-D1 ) > Gy o [ [ Py@smeNAneN
j=1 i’ p
j=1

i1=0  i3m1=0

Fractional integro-differentiation

With respect to z

05.03.20.0006.01
P2 o -Mn+151 1 2
97 == 1x0x1 -

Lil-o; 2 2

Integration

Indefinite integration

Involving only one direct function

05.03.21.0001.01

Pn+1(z) - Pn—l(z)
f Pnddz== ——
2n+1

Involving onedirect function and elementary functions

Involving power function

05.03.21.0002.01

-n,1+n;a; 1 Z)

z
-1 __ _ p2x0x1 -
fza Pn(2dz== o leOxl( Lia+1 2' 2

Involving algebraic functions

05.03.21.0003.01

2(n-1
L n-3 (1 - 22)2 "
f(l -Z)? Pn(@dz= il Ph:1(2)

05.03.21.0004.01

N 1- 22 n/2
f (1-2)  Pu@dz=- T) Py 1(2

Involving logarithm
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05.08.21.0005.01

1l+z 2Ph(2 1 1+z
f log(—) Pr(ddz== + Iog(—) (Pns1(2) = Pra(2)
1-z n+n 2n+1 1-2z

Definite integration
Involving the direct function
Orthogonality:
05.03.21.0006.01

1 26nm
f Pm(t) Pa(t) dt =
-1 2n+1

05.03.21.0007.01
mn k )2

f " Pm(cos(t)) Pr(cos(t)) P(cos(t)) sin(t) d't == 2( 000
0

Integral transforms

Laplace transforms

05.03.22.0001.01

1 Ll n\(2n-2k
- _ 1)K _ k—n—1
LlPD1@ = = éo( 1) (k)( N )F(n 2k+1) 2"

Summation

Finite summation

05.03.23.0001.01

Z cos(k cos’l(z)) Pn_k(2 = nPn(2

k=1

05.03.23.0010.01

n n
D 2k+ 1) P(z) Puz) =
k=0 4-%

+1

(Pn+1(z1) Pn(Z2) = Pn(z1) Pni1(22)) /s neN

05.03.23.0011.01

n
D @k+ 1) Pu(z) Qz) =

— ((n+ 1) (Ppe1(z) Q(Z2) — Pn(z) Q1)) - 1) ineN
k=0 1~ £

Infinite summation

05.03.23.0002.01

S 1
S Pa@W = ——————— i -1<z< 1AW <1

n=0 VW2 —2zw+1
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05.08.23.0003.01

© 1 1 1
Z— Pn(2) W" == OFl(; 1, —(z- 1)W)OF1[; 1, —(z+ l)W) fi-1l<z<1Aw <1
no nt? 2 2

05.03.23.0004.01

Z—' Pr@ W' = cWZOFl(; 1 Z(zz—l)wz) Li-l<z<1Aw <1

n=0

05.03.23.0005.01

* (V)n(1-7) 1 1
Z%Pn(z)vw:za(y,l—y; 1; 5(1—\/w2—2zw+1 —W))ZFl(y,l—y; 1; E(1—\/\/\/2—2zw+1 +w))

n!

7
o

05.03.23.0006.01

® (M [7 y+1 (22 1)\/\/2]
D P W = (1-w2) 7 oFy - ; fi-l<z<1AW <1
n=0 n! 2 2 (1 WZ)2

05.03.23.0012.01

© (@) (1-a) ’ 1 2 1 2
Z T P2t =:2F1(a,1—a; 1;5[—t—\/t —2zt+1 +1))2F1(a,1—a; 1;E(t—\/t —27t+1 +1))

k=0

05.03.23.0007.01

= (1 1 TPy(X)
Z(—l) ( - ]Pk(x):: . LiXxeRA-1<x<1AveZ
k=0

v—-k k+v+1 sin(v )

05.03.23.0008.01

0

Z(—l)k[ R ]Pk(xwk(y)::
v—-k k+v+1

k=0
XERA-1<x<1IAYeRA-1<y<1IAX+y>0Ave¢Z

Vs
P,(X) P,(Y) /;
)

05.03.23.0009.01

Z(2n+1)Pn(x)Pn(y) =26(x-Yy) /;-1<x<1A-1l<y<1

n=0

05.03.23.0013.01
o0 0-x°+2yzx-y? -2 +1)
Z(k+ 2] PL) Pu(y) Pi() == /
k=0 \/—x2+2yzx—y2—22+1

XeRA-1<x<1lAyeRA-1<y<1lAzeRA-1<z<1

Operations

Orthogonality, completeness, and Fourier expansions

The set of functions Py(x), n=0, 1, ..., forms a complete, orthogonal (with weight 2”+1

-1 1.

) system on the interval

05.08.25.0001.01

© 2n+1 2n+1
Z[J Pn(x)][‘/ T Pn(y)]::é(X—y)/; -l<x<1A-1<y<1

n=0
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05.08.25.0002.01

1 2m+1
f Pt
-1 2

2n+1
T Pn(t) dt = 6m,n

Any sufficiently smooth function f(x) can be expanded in the system {Pn(®}pogy,... @ ageneralized Fourier series, with its

sum converging to f(x) amost everywhere.

05.03.25.0003.01

& 1 2n+1
f(0 =) G thn(X) /; G == flwna) fodt /\ v =,/ — Pa0 [\ -1<x<1
n=0 -

Representations through more general functions

Through hypergeometric functions

Involving oF1

05.03.26.0030.01

B 1-z
Pn(2) == 2F1[—n, n+1;1; T)

05.03.26.0031.01

N z-1
P2 =2"(z+1" zFl(—n, -1 —)
z+1

05.08.26.0032.01

1 _(n+l n 1
Pn(2) ::n[r(l‘—”)r(ﬂ) 2F1( ym =T 22)— N

2 2

05.03.26.0033.01

o -)"Va 2 _(l1-n n 1 1
2 = ,—— ——n —
n(2) n 2 1( 2 2' 2 22)
Involving »F,

05.03.26.0001.01

1-z
Pn(2) == zFl(—n, n+1; 1, - )

05.03.26.0034.01

z+ 1" z-1
Pn(2 == on 2F1[—ny -n; 1 m]

05.08.26.0002.01

2"TIn+ %) 2
Py(2) == ——— (z-D" ZFl(_nx -n; -2n, —)

Va T(n+1) 1-z

05.03.26.0035.01

1 n+1l n
Pn(2)=‘/7[ - " 2F1[ > 1—525,22)—
~ +
n(=Z)r(%) I(
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05.08.26.0036.01

Pn(2) =

2”2"F(n+%) 1-n n 1 1
2Fl( ; )

Through hypergeometric functions of two variables

05.03.26.0003.01
(—n, l1+n;; 1 Z)

__2x0x0
Pn(@=Fi 0.0

1 2 2
Through Meijer G

Classical casesfor the direct function itself

05.03.26.0004.01
v+1, —v)

ll' ) 1o(2-1
Pn(2) == ——limsin(nv) GZ,Z(T 0,0

g v=n

Classical casesinvolving algebraic functions

05.03.26.0005.01

1-z 1 n -
(z+ 11 P,{ ]—— _ G;é(z‘ M n) /iZ2¢ (-0, —1)

1+2z - r(n+l)2 0,0

05.03.26.0006.01

z-1 1
z+ 1™t Pn(m) = Gg;;(z

-n, -n
0,0

)/; 2¢ (-1, 0)

05.03.26.0007.01
i 1 2" 12
(z+1) 2 P, == Gyl z
vz+1 I'h+1) \/7

05.03.26.0008.01

mi z 2" 21
(z+1) 2 Py == G35
z+1 rn+HVr

05.03.26.0009.01
n+l zZ+2 ] 1

(z+1) 2 P, =
2vVz+1 Tn+LHVnr
05.03.26.0010.01

e 2z+1 1 "
(z+1) 2 Py = Gy
2vVz Vz+1 rn+HVnr

i

1-n 1-n
2

"2
n n+l

2" 2

z

Classical casesinvolving unit step 6

05.03.26.0011.01
n+1,-n

01 -12) Pn(2z-1) = Gﬁ;‘z’(z 0.0

)/; 2¢ (-1, 0)

05.08.26.0012.01

o2 | N+1,—n
012 -1 Pn(2z-1) = szz(z )

0,0

]/; z¢(-1,0

]/;ze(—l, 0)
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05.08.26.0013.01

(1 P 2 1|=G%? L1
(1-12) Py ;_ == 2,2(2 n+1 _n)
05.03.26.0014.01
2 0,2 '
o2 - 1P S -1)=cgz| | 17 )rze oo -1
05.03.26.0015.01
1-n n
z+1 S, 5;+1
6(1-2)) Py =G¥z| 2.% |hze(-1,0
2\/? <73
05.03.26.0016.01
n 1-n
z+1 S+1, =
(2 - 1) P, =Go2z| ? 2
vz ' il _n
2V z R

05.03.26.0017.01

a(lzl_l)(?)é(”‘zw‘l) Pn[ z-1 ]:: N F(n—F

Generalized casesinvolving algebraic functions

05.03.26.0018.01

1-n 1-n
_mi z 2 1| 50—
(Z+1) 2 Py = Galz=| 2 °
“1 2] ot
J2+1 ] TO+DHVr 5
05.03.26.0019.01
_m1 22+1 1 o 1] 5
(Z+1) 2 P, = Gzalz 5| 7,
o241 ) T+DHVr 2| -3

Generalized casesinvolving unit step 0

05.03.26.0020.01

n,q 1n
20 272
0(1-12) Pa(2 = G5z, = 1
0, >
05.03.26.0021.01
n 1-n
02 2tL 5
0(2 - 1) Pn(2) == Gz,z Z, — 1
0, 5
05.03.26.0022.01
1 2o 1| b %
LR CEE CHIEN
2’ 2
05.03.26.0023.01
1 o 1] 31
oD Pﬂ(;) =Ca% 5| n o
2' 2

1JGO,2 11 . N
3 2’2[2 2]+, -n+[ 2]+ )/ 0E
]/;Re(z)>0

1-n

2

1 ] /i Re(2) >0

2
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05.08.26.0024.01

Z+1 Innig
20l T 22
0(1-12) Pn[ >3 ]—- G;5|z nl n
22
05.03.26.0025.01

241 1| 2eg, 0

02l T 2 2

9(|Z|—1) Pn[ 27 ]—— G2’2 Z, 2 Ml n
2 2

Through other functions

I nvolving some hyper geometric-type functions

05.03.26.0026.01
Pn(2) = P3(2)

05.03.26.0027.01
Pu(2 = P2

05.03.26.0028.01
Pn(2) = PP?()

05.03.26.0029.01
1

Pn(2) == CE 2

Involving spheroidal functions

05.03.26.0037.01
Pn(2) = PS,0(0, 2)

Representations through equivalent functions

With related functions

05.08.27.0001.01

Qn_%(Z) QH%(Z) 1

oS U LARCL AN

Inequalities

05.03.29.0001.01

/ 2
|Pn(cos(6))| < - /;neN*
rnsin@)

05.03.29.0002.01

1
|Pn(cos())] < /;0<f8<xAn>0

814+ % (n+ %)4sin4(9)
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Brychkov Y u.A. (2006)

Zeros

05.03.30.0001.01

Pn(2 1 n-t
D @k+ 1) Pu(@) P(o) /; Pa(Z) == 0

_ P
z-17 (1—2(2))( OX(X |k:20) pary

Theorems

Expansions in generalized Fourier series

& 1 2n+1
f(x ==ch¢rk(X) i G ==flf(t)¢fk(t)clt, Y(x) = 4 — Pk(x), keN.
k=0 -

Gauss' numerical integration methods

b b-a 22mlpd
0 dx=— > W f(yi) + —————— 27 /;
a 2 o @n+1@n?
b-a b+a 2 2
Vi == —Xk+—/\Pn(Xk)==0/\Wk==—Z(P%(Xk)) AneZ*,a,beRAa<é<b.

2 2 1-x¢

History

—D. Bernoulli (1748)

—A. M. Legendre (1782, 1785)

—E. Heine (1842)

—P. L. Chebyshev (1855)

—L. Schi&fli (1881)

—I. Todhunter (1875) introduced the notation Py, (2)
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