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Notations

Traditional name

Associated Legendre polynomia

Traditional notation

Ph(2

Mathematica StandardForm notation

LegendreP[n, u, 2, 7]

Primary definition

05.07.02.0001.01
A+2M2 D (=n) N+ 1)y (1-2z\
(—2 ) /ineN

Pﬁ(z) ==

L-22 13 T(k—pu+1)k!

Specific values

Specialized values

For fixed n, u

05.07.03.0001.01

2\r

r( 1"2“") r(1-2")

PL(0) ==

05.07.03.0002.01
Ph(1)==0/; Re(u) <OV u e N*
05.07.03.0003.01
Ph(1) = & /; Re(u) > 0 A ¢ N
05.07.03.0004.01
Ph(1)==¢/; Re(u) =0A u 0
05.07.03.0005.01

PA(-D=&/in¢Z

For fixed n, z
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05.07.03.0006.01
PR@ = Pn()

05.07.03.0007.01
n+1 n+1
Pt @=—(1-7) 2 Bi.(n+1,n+1)
I'n+1) >
05.07.03.0008.01

-

Pa(@ =
I'(n+1)

05.07.03.0090.01

n-m n-m 2m+l

ny2 i
Pl =(-1)"(1-2) (2m—1)!!§ § 52§Ti“mm| | P @/ meNAneZAn=m
j=1

i1=0  i2m1=0

05.07.03.0091.01

(1-A™@m-p1 em oom 2mi1
P."(2) = Z Z Scom, l_[Pi_(z)/;meN/\neZ/\nzm
Z . i ,n—1
(n-m+Dom {3 00 O e
For fixed u, 2
05.07.03.0009.01
1 A+
Po@ = —
Fl-w @1-247?
05.07.03.0010.01
Z-u (1+2H7?
Pi(2 = —_—
F2-p 1-21?
05.07.03.0011.01
3Z2-3uz+p2-1 (1+2"?
Plzl(z ==
IrG-p (1-2H2
05.07.03.0012.01
152 - 152 +3(2p -3)z—p3 +4p (1+ 242
Py =
rdé-w (12?2
05.07.03.0013.01
9+1052 - 1052 - 10 + p* + 452 (4% - 2) + z(55 1 — 10 18®) (1+ 2#2
@=
! G- (122
05.07.03.0014.01
Pg(z) ==
L+ 202
(94522 + 64+ 9457 11 — 203 + 11° + 1052 p (u? - 7) = 21023 (2 4* - 5) - 152(15 - 13 ps° + p*)) ———
r6-uw (1- 22
05.07.03.0015.01
Py(2) = T (103957° - 10395 41 2% + 4725 (u? - 3) 2 - 630 (24> - 17) 2 +
—u
(1+22

105(2/14—32;12+45)22—21[.[(#4—25[12+99)Z+(/1—5)(/,t—3)(,u—1)(/.l+l)(,u+3)(‘u+5))ﬁ
1-2
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05.07.03.0016.01

P =

e (1351357" - 13513541 2% + 31185 (2 4> - 7) 2 - 17325 1 (u? — 10) Z* + 1575 (2 p* — 38 ” + 63) 2 —
—H

(1+2M?
189 1 (2 p* — 60 % + 283) 22 + 7 (4 u® — 170 p* + 1516 pi? — 1575) z— p1 (u® — 56 p* + 784 i — 2304)) —
1-2*

05.07.03.0017.01

Py(2) = (20270257 - 2027025 p1 2" + 945945 (u? — 4) 2 - 135135 44 (2 i — 23) 2 +

ro-w
51975 (u* - 22 ® + 42) 7 — 3465 1 (2 pu* — 70 4® + 383) 2 + 315 (2 ® — 100 1 + 1043 14> — 1260) Z -

(L+22
9 (4% — 266 u* + 4396 p? — 15159) z+ p® — 84 11° + 1974 4i* — 12916 1/* + 11025) W
—-Z

05.07.03.0018.01
Pg(z ==
T (3445942577 — 34459425 ;1 72 + 8108100 (2 4u? — 9) 2 — 4729725 pu (u? — 13) 2% + 945945 (u* — 25 44> + 54) 2 —
K
135135 1 (u* — 40 i + 249) Z* + 6930 (2 4® — 115 * + 1373 ” — 1890) 22 — 495 1 (2 u® — 154 pu* + 2933 41 — 11601)

(1+202
7 +45(u® - 98 u® + 2674 pu* — 20217 p® + 19845) z— pu (u® — 120 4° + 4368 * — 52480 11 + 147 456)) —
(1-2*

05.07.03.0019.01

Pio(2) = _ (654729075 7' — 654729075 11 22 + 310134825 (> - 5) 22 -
rA1-p)
45945900 11 (2 % — 29) 7' + 9459450 (2 y* — 56 11” + 135) 2° — 2837835 1 (u* — 454 + 314) 2 +
315315 (u® — 65 u* + 874 p* — 1350) 2 — 12870 1 (2 u® — 175 pi* + 3773 4> — 16830) 2 +
1485 (1B — 112 48 + 3479 p* — 29828 % + 33075) 2 — 55 1 (u® — 138 p® + 5754 yi* — 78877 pi? + 251865) 2+

L+ 242

™0 — 165 18 + 8778 1® — 172810 p* + 1057 221 11> — 893025) ;
(1-2*

05.07.03.0020.01

L+2"2 D (=) (n+1), (1-z\
)
1-2H2 i3 Tk—p+ Dkt L 2
05.07.03.0021.01
T(-p) (z+ 12 n (=) (n+ 1) (z+ 1\
)
Tn—@T-p+)1-2"% 45 Dkt 2

05.07.03.0022.01
N2 (1+ M2 @n=K!(-n) 2 K
P :( ) 1+2 Z K ( )
n! KIT(h—k—p+1)

1-2/"" 1%

1-z

05.07.03.0023.01
P2 ==0/;meN* An<m

For fixed z
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0
P (Z) —_— ]

05.07.03.0025.01
P2 =z

05.07.03.0026.01
Plg=-y1-2
05.07.03.0027.01

N 1
Py(2) = 5 (372-1)

05.07.03.0028.01

P2 =-3zy1-2

05.07.03.0029.01
Pi(2=3-37

05.07.03.0030.01
1

PY2 == -2(52-3)
2
05.07.03.0031.01

3
Pi(2 ::—5\/1—22 (52-1)

05.07.03.0032.01
Pi2 =-15(@z-1)z(1+2)
05.07.03.0033.01
3 22 3/2
P2 =-15(1-2)
05.07.03.0034.01

1
Py = 5 (3-302+357)

05.07.03.0035.01
5
Pi(2 = - zV1-7Z (72-3)

05.07.03.0036.01
15

P = - (e D@E+1(772-1)

05.07.03.0037.01
3 3/2

P, =-1052(1-7)
05.07.03.0038.01

Pi2) = 105(Z - 1)°
05.07.03.0039.01

1
PA2) = 5 z(15-707 +637')
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05.07.03.0040.01
15
P2 = 5 1-7 (12 -1472+1)

05.07.03.0041.01

105
P3(2) = - @-Dz@+D (372-1)

05.07.03.0042.01

105
Pl =-—(1- 2% (92-1)

05.07.03.0043.01
Pi(2) = 9452(Z - 1)°

05.07.03.0044.01
P2 = -945(1- )"

05.07.03.0045.01

1
P2 = P (23128 - 3157 + 1057 - 5)

05.07.03.0046.01
21
P2 = 5 zV1-2 (332-307 +5)

05.07.03.0047.01

105
Pi(2) = —?(z—l) (z+1)(337'-187 +1)

05.07.03.0048.01

315
PR =~ —~2(1- 2P (112 -3)

05.07.03.0049.01

945
PiD = —-(Z- 1)’ (112 -1)

05.07.03.0050.01
P32 =-103952(1- A"

05.07.03.0051.01
P(2) = 10395 (1~ )’
05.07.03.0052.01

1
Pl = P (42972 - 6937 + 3157 — 35)

05.07.03.0053.01

7
Pi2) = 5 1-7 (4292°-4957' + 1357 - 5)

05.07.03.0054.01

63
P3(2) = -5 @ hz+D (1437 - 1107 + 15)
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05.07.03.0055.01

315
Pl == (1- 2)** (1432 - 662 + 3)

05.07.03.0056.01

3465
Phg) = — z(Z-1)(132-3)
05.07.03.0057.01
10395
Pl =-——(1- 2 (132 -1)

05.07.03.0058.01
PS(2) = 1351352(1- A)°
05.07.03.0059.01

PI(2 = -135135(1- 2)
05.07.03.0060.01

1
Pa(2) = o (64357 - 12012 2° + 6930 Z* — 1260 Z + 35)

05.07.03.0061.01

9
P§(2) = = z\ 1-7 (7152 - 10017 + 3857 - 35)
05.07.03.0062.01
315
P3(2) = TS (7-1)(1432°-1437' + 337 - 1)

05.07.03.0063.01

3465
P =~~~ 2(1- 2)"* (397 - 267 +3)

05.07.03.0064.01

10395
Pho=—— (7~ 1)’ (657 - 262 + 1)

05.07.03.0065.01

135135
P32 = - 2(1-2)*(52-1)
05.07.03.0066.01
135135
PE@ = - (Z-1°(152-1)

05.07.03.0067.01

Pi(2) = -20270252(1- 2)"°
05.07.03.0068.01

PE(2) = 2027025(2 - 1)’
05.07.03.0069.01

1
P2 == 8 (121552 - 257402 + 18018 7' - 4620 Z + 315)
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05.07.03.0070.01

45
P§(2) = _E\/ 1-7 (24312 -40047° + 20027 - 3082 + 7)

05.07.03.0071.01

495
P3(2) = -5 @-bza+D (2212-27372 +917 - 7)

05.07.03.0072.01

3465
PD=-——(1- 2)"% (2212 - 19574 + 392 - 1)

05.07.03.0073.01

135135
Pi(2) = 5 (Z- 1)2 (172-107 +2)
05.07.03.0074.01
135135
P3(2) = - (1-2)" (852 -302 + 1)
05.07.03.0075.01
675675
PS@) = - 2(2-1)° (172 -3)
05.07.03.0076.01
2027025
Pl(2) == - — (1-2)"(172-1)

05.07.03.0077.01
PE(2) = 34450425 2(Z - 1)

05.07.03.0078.01

P(2) = -34459425(1 - 2)”

05.07.03.0079.01

1
P = P (46189 7'° — 109395 2 + 90090 2° — 30030 Z* + 3465 7 - 63)

05.07.03.0080.01

55
Plo(2) = - P 2y 1-7 (41997 - 7956 2° + 49147 - 10927 + 63)

05.07.03.0081.01

495
P2 = — 28 (Z-1)(41997 - 618872° + 27307 - 3647 + 7)

05.07.03.0082.01

6435
Plo@ =-——2(1- 2)"* (3232 - 3577 + 1052 - 7)

05.07.03.0083.01

45045
Ph@=——(Z- 1)° (3237 - 2557 + 4572 - 1)
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05.07.03.0084.01

135135
3@ = - 2(1-2) (3232 - 1702 + 15)

05.07.03.0085.01

675675
oy = - (Z-1) (3237 - 1022 +3)

05.07.03.0086.01

11486475
T (1-A P (192-3)

Plo@ ==~

05.07.03.0087.01

34459425
Plo@=——— (7~ 1) (192-1)

05.07.03.0088.01
P2 = —6547290752(1- A)”

05.07.03.0089.01
PY(2) == 654729075 (1 2)°

General characteristics

Domain and analyticity

The function Ph(2)is defined over N® € ® {2} ® C. For fixed n, A, the function Ph(2) is a polynomial in z of degree

(122
-2

n multiplied on function

05.07.04.0001.01
(Nxpux2+2)— P2 (N®CR{2}®C)—C

Symmetries and periodicities

Mirror symmetry

05.07.04.0002.01

PA(2) = Ph(2)
Periodicity
No periodicity
Poles and essential singularities
With respect to z
For fixed n, u /; % ¢ Z, the function P5(2) does not have poles and essential singularities.

05.07.04.0003.01

M
Sing (Ph(2) = {} /; S ¢z
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For integer n and integer % the function P}, (2) is polynomial and has pole of order nat z = .

05.07.04.0004.01
M
Sing (Ph(2) = {{c0, n}} /; 5 € z
With respect to u
For fixed n, z, the function Ph(2) has only one singular point at 4 = . Itisan essential singular point. .
05.07.04.0005.01
Singy(Pﬁ(Z)) = {{c0, oo}}
Branch points
With respect to z
For fixed n and integers g the function P} (2)does not have branch points.
05.07.04.0006.01
u
BP(Ph(2) =1} /; A
With respect to u
For fixed n, z, the function Ph(2) does not have branch points.
05.07.04.0007.01
BP,(Ph(2) = {}
Branch cuts
With respect to z

For fixed generic n, u /; % ¢ Z, the function Ph(2) is a single-valued function on the z-plane cut along the intervals
(=00, —1) and (1, o). The function P4(2) is continuous from above on the interval (— oo, —1] and from below on the interval
[1, o).
05.07.04.0008.01
BC(Ph@) = ({(~co0, 1), =i}, {(L, ), i}} / g ¢z

05.07.04.0009.01
lim Ph(x+ie) ==Ph(¥) /; x< -1

e->+0
05.07.04.0010.01
_ ) 2irm _
lim Ph(x—i€) == '™ Pl (=x)+ Phx) | /; x< -1
e+ T~ - TN =g+ 1)

05.07.04.0011.01
lim PA(x+i€) == ™ Ph(X) /; x> 1

e—>+0
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05.07.04.0012.01
lim Ph(x—ie)=Ph(x) /; x> 1

e—>+0
For fixed integers g the function P4 (2) is a polynomial and does not have branch cuts.
05.07.04.0013.01
)i
BCAPh(2) =} /; 5 €2
With respect to u

For fixed n, z, the function Ph(z) does not have branch cuts.

05.07.04.0014.01

s, (PH(2) =

Series representations

Generalized power series

Expansionsat z==0

05.07.06.0001.01
o o o MM+ (5-K) (——)( 1) Z+m

PRD=2,0.),

kcom=0j=0 F(k—p+Dkim!jt2k

05.07.06.0002.01
0 00 o0 ( n)k (n + 1)k( + 1) (1 - %)k (_ g)] (_l)j+k Zj+k+m+l

ZE)%) . :

2 om0 (Qsm Tk =+ Dk j1 2k

(~Micen (N + Dy (M= 5 + 1), (=5), (=2

k=0 m=0 j=0 F(k+m—y+l)(k+m)'k'1'2k+m
05.07.06.0003.01

7 _ I z
Ph(2) == Z(k+l)'( ] zk1F0(—E;;—z)3F2(—n,n+1,1—5;k+2,1—,u;—5]+

2 -~ 2 ‘ 2x1x0 1’1_#;1_5” 2: 2

05.07.06.0004.01
27
Ph(2) (1+0(2) /; (z- 0)

r( 1”2"") r(1-20)

05.07.06.0005.01

P(2) = ()™ Z( 1)( )(Znn2k)(n—m—2k+l)mz"’””k/;meN
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05.07.06.0006.01

P2 o ()™ 7 2 [Léj](Zn_ZL%J)(n_m_z{n;mJu)m

2 n

Expansionsat z==

05.07.06.0007.01
(1+22

n-m-2
z

n-m

lz J(1+O(z))/;(z—>0)/\meN/\nzm

Ph(2) = [

1-2#2\I'A-p 22— 8T(3-p)

05.07.06.0008.01

P = (1+22 D, (=N (n+ D), (1 - 2)“
T Ay ST k- Dk 2
05.07.06.0009.01
L+2"?% 1-z
Ph(2) == zFl(—n, n+11—y; —)
(1-2H? 2
05.07.06.0010.01
" e o k CD(=3) i+ D z- 1k
n(Z) ==
1-2"?i%7%  TG-u+Dk-]rjra
05.07.06.0011.01
212
Ph(2) o 1-27#21+0zZ-1)/; 2> D Ap &N

rl-uw

05.07.06.0012.01

© (M=n) (M+n+1), (1-2z\
PM(2) == (1_22)”V22*m(—n)m(n+1)mz X k( ) /imeN

o T'k+m+1Dk! 2

05.07.06.0013.01

1+22 N (=N (N+1) (1-2\¢
P2 :( +2 k k ( Z)

2

1-242 3 T(k—p+Dk!

Expansionsat z== -1

05.07.06.0014.01
272 (=) (z+ DM U@+ -2n+n)

Ph(2) = [1+ (z+1)+
[(—u-mIA-pu+n 41+ w

pA+R+w?—4Q+u@+w)n—41+p?r?+8n3+4n*
R2A+w2+w

05.07.06.0015.01

T(-p) (L+292 2 (=N (N+ D)y (z+ 1)
Ph(2) = (—) e
D(—p—-mI—p+1) (1-2#2 &5 (u+ 1)y k! 2
05.07.06.0016.01
(- 1+ 2#2 z+1
PA(2) == r d+2 2Fl(—n,n+1;,u+1; %)/;y

F(p—mTI-p+1) (122

1 N+ z-1) EnN@A-nh+DH(n+2)(z- 1)2 ]
- + -...

(z+1)? + ...]/; uez

z

¢Z
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05.07.06.0017.01

u H —k k
l—p) 22 o k (5) M+ D2 @+
PA(2) == Cwe: (z+ DMZZZ K : : LineZ
F(—u-mIN-p+1) 00 (H+Dj k=D
05.07.06.0018.01
2-H2T(—
Ph(2) s Z+D"?A+0z+1) /;(z->-DAueZ

T(—p-nTN-p+1)

Expansionsat z== o

05.07.06.0019.01
(-1"2" 1+ 22 @2n-K!(-n) ( 2 )k

Pﬁ(z) == Z
n! L=z i KIT(N—K—pu+1)

1-z

05.07.06.0020.01
r(n+ )2 1
PhD ) (1+0(—)] ACETS
Vr T(n-p+1)1-242 z

Integral representations

On the real axis

Of thedirect function

05.07.07.0001.01

D22 A+2zR e (-1 z+3)"
f (t—;) dt/;n<-Re(y)

Pr(2 =

C(—p—nyn! (1 -2#2" J-1(t 4 P+l

05.07.07.0002.01

(=M mai f cos(mt)
0

B (z+ VZ2-1 cos(t))m1

Pl(2) =

dt/;meNARe?2 >0
Ve
05.07.07.0003.01

1 1
Pho = —— (12" [ Pu -2 at/; Re <0
(=) z

Integral representations of negative integer order

Rodrigues-type formula.

05.07.07.0004.01

dMPy
PI(2) = (1" (1 Zz)mlz 2

/imeN

05.07.07.0005.01

™ (1-2)™ gmn(1-2)
P(2) == /imeN
2"n! gz™n
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Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.07.13.0001.01
2

7
22]W(Z) =0/;W2) = ¢; Ph(2) + ¢, Q4(2)

(1-Z)W@-2zw @ + [n (n+1)-

05.07.13.0002.02

'n+u+1)
W,(Pr(2), Qi(2)) =

(1-ZA)rn-p+1)
05.07.13.0003.01
2009 (2°

1-92°

(K -n(n+1)(1-9@7) g @’
+9"'@|W(2 - W(2) = 0/; W(2) = ¢, Pa(9(2) + C, Q4(9(2)

(1-92?)°

g@w' —[

05.07.13.0004.01

Fu+n+1)g©
W,(Ph(9(2), Q4(9(2)) =

(1-9@*)TA-p+n)

05.07.13.0005.01
2029 (2°

d@h2* W' - [[
1-9(2)?

+ g"(z)] h@*+2¢@ N @ h(z)] W2+

2929 (2°
1-92?

“2 -n (n + 1) (1 B g(Z)z) 2 3 2 7/ ’ 2
- . h@°9@°+2N@°dg@+h@|h (2 +9'@|-d@N @ ||w2 =
(1-9@2?)
0/; W2 = ¢, h(2) Ph(9(2) + ¢, h(2) Q4(9(2)

05.07.13.0006.01

Tu+n+Hh@*g @
W,(h(2) Ph(9(2)), h(2) Q4(0(2))) =

(1-9@*)T@-pu+n

05.07.13.0007.01
r(@z"+1)
1-a2 7'

ar?(u?+ (@2 -1nn+ 1)z rs(@z"+1)
++

(1-a22) 1-a2 2

w2 =0/

2w (2 —2[25+ —l]\/\/(Z)+

W2 =c, ZPh(@Z) +c, Z2Qiaz)

05.07.13.0008.01
arZ*?sIr(u+n+1)

W,(ZPr(aZ), Z2Qi@z)) = (1-@ 2 T(—u+n+1)
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05.07.13.0009.01
a2 (log(r) — 21og(9)) r?% + log(r) + 2log(s)
W (2) +

w2 -
1-a%r??
a®(u? - (1-a*r??)n(n+ 1)) log?(r) r22 (a?r2%+ 1) log(r) log(s)
- + Iogz(s) + wW(2) =
(1-a? rzz)2 1-a?r2z

0/;W(2) =¢8P, (ar?) + ¢, s*Ql(ar?)

05.07.13.0010.01

arzs2ZT(u +n+ 1) log(r
Wy(s? Ph(ar?), & Q¥(ar?) = (u+n+1)log(r)

(1-a2r?3I(-p+n+1)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.07.16.0001.01
D™ (n-m!
P2 == — Pl'@ /imeZ
(m+n)!
05.07.16.0002.01
mesc(r 1) Pa(2)

T(-n-wT-pu+1)

Pr(-2) =~

Identities

Recurrence identities

Consecutive neighbors

05.07.17.0001.01
2n+3)z u-n-2

P'I"I(Z) == P¢1l+l(z) + I:)/;+2(Z)
u+n+1 1
05.07.17.0002.01
2n-1)z pg+n-1
Ph(2) == Pl (2- Pl (2
n-u n-u
05.07.17.0003.01
22(1+p) . 1 R
Ph(2) = Ph™(2) + — Pi(2
@+ p-nd+my1-2 AprD-nt+D
05.07.17.0004.01
20-wz _
Pi(2) = Phl@+ (- u-2-nn+ D) Pi 2@

1-2

Distant neighbors
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05.07.17.0011.01

u—-n-m-1
Ph(@) = Crn(N, 4, D Phm(@) + Cora(N, 1, D Py 1@ /3 Coln, 1, D=1\
m+ g +n
2n+3)z z2m+2n+1) H—n-m
Cl(n! M, Z) == /\Cm(nv Hs )= —— Cm—l(n: Hs )+ —— Cm—Z(n! M, 2) /\ meN*
u+n+1 m+u+n m+u+n-1
05.07.17.0012.01
L+n—-m
PA(@) == Crn(N, 1, 2 Ph-m(@) = ——————— Coya(N, 1, DPA 1@ [ Coln, 1, D=1\
n-u—-m+1
c (2n—1)z/\C z(2m—2n—1)C ,u+n—m+lC /\ N
n, u, 2) = m(N, y, 2) == —————— nuz—- ——— n i, 2 /\meN*
1N, p, 2 - (N, p1, 2 mep_n_1 m-1(M, ¢4, 2) i me2 m-2(N, g, 2) €
05.07.17.0013.01
+m 1 +m+
Ph(2) = Cm(n, 11, 2 Ph (D) + Cona(n, 1, DPE™ @) /;
M+u-Ly(m+pw)—nn+1)
2(u+1z
CO(n! M, Z) == 1/\Cl(n! M, Z) == /\Cm(ni M, Z) ==

HE+D)-n@+n)y1-2

2z(Mm+ p) c 1 c /\ N*
moa(, 4, 2 ma, 1,2 A m
1, o )+(m—2+,u)(m—l+y)—n(1+n) 2042 <

1-Z (M=1+ ) (M+p)—nd+n)

05.07.17.0014.01
PA2 = Con(N, 1, 2P @) + (=M= 1) (u—m) = n(N+ 1)) Cra(0, 1, DPE ™) /;

21-wz
CO(nv My Z) == l/\cl(n! My Z) == /\
1-7

2z(m-p)
Cm(nx My Z) = Cm—l(n: My Z) + ((/J - m) (:u —-m+ l) - n(n + 1)) Cm—Z(n1 M Z) /\ me N+

iz

Functional identities

Relations between contiguous functions
05.07.17.0005.01
(u+N P @+M-p+ )P (2=12n+1)zPh(2

05.07.17.0006.01
u+mP @+ -u+ P, (2

Ph(2) ==
2n+1)z
05.07.17.0007.01
+1 -1 2# z
Ph"@-(uu-D-nn+1)Ph @+ Ph(2) =0
1-2

Expansion with respect to parameters
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05.07.17.0009.01

(N + p) ' (Np + pp)!
ny (2) PnZ(2) == (-1
(M —p)! (N =) ! ()

K+ p1 — p2)! _
(—1)”2‘*‘1(2k+1)(n1 M2 k)( mon k ) TR e, 0| mezZA\mez
0 0 OJ\ —pg po pi—po (K= g + u)!

05.07.17.0010.01

ny+ny

1f[k= l12 = ral A EvenQlk+ g + mpl,

— n-k
Pr(cos(B)) = (—1)m(§)”'§:(m:n)[_g) P (cos(y)) /; neN/\meZ/\—nsms n/\
05ﬁ£ﬂ/\0$7§ﬂ/\a=z—,8—7+7r/\ﬁ+ys:r/\ae[R/\a>o/\b::a sin(g) /\C::a sin(y)

sin(a) sin(a)

The conditions on g, v, a, b, and c alow an interpretation of «, 8, and y as angles of atriangleand a, b, and c are
the length of the opposite sides.

Additional relations between contiguous functions

05.07.17.0008.01
Ph @ PR @) — PRI @ PR 1@ + (0= 1) (N — 1) PA@) PRED) — (u+ 1) Gy + 1) Ph_y (D P, (D) = 0

Differentiation

Low-order differentiation

With respect to u
05.07.20.0001.01
P  (L+2"% &) (=) (n+ 1)

N
= kK—u+1 (—)
ou (1-2p2 (k- p+ k! vleped 2

1 1-z
+5(Iog(1+2)—Iog(1—2))P’n’(2)/; ‘T <1\men

05.07.20.0002.01

IPh(2) 1
[w(l— w— = (log(1-2) —log(1 +2)) ) Ph(2) -
ou 2
n(n+1) 1+ 242 2X1X2(1_n,n+2; 11, 1-p 1;2 E)
21-pT@2-pw 1-zp2?t 2ot 2,25 2 s 2 2

05.07.20.0003.01

PPh@ QA+ D, (—nM(+1D)y (1-2z\¢ 5
= (T) (W(k—p+ D" +(ogL+2) —logl-2)Y(k— p+ 1) —yPk—pu+ 1) +

(9,(12 (1—2)’1/2 k=0 KIT(k—p+1)

1 ) 1-z
Z(Iog(1+z)—log(1—z)) P2 /; - <1/\;45§N+

With respect to z

05.07.20.0004.01
OPA(2) 1

. (znPh@ - (u+ N P-_,(2)
0z -1
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05.07.20.0005.01

2 p"(z) 22(;1 +N P @+ (k2 +((N-DZ-n-1)n)Ph(2)

o7 (Z-1)f

Symbolic differentiation

With respect to z

05.07.20.0006.02
PR D"+
- )

oz" (1 - zH/2+m 2

m

my .( . H H z+1y . _ 1-z\(z-1)\!
Z( J )ZFl(_Jy E; E—J"'l; :)3F2(1,—n,n+1;J—m+l,1—,u; T)(m] /imeN
=0 -

05.07.20.0008.01

) ) m
oPh@  T(1-5)T(u+n+1) m « (—1)1221‘kk!(k)F(l—k+m—ﬂ+n)

- 2k (1-2)2 3 0e2im e
oz" FA-pu+n kzoj:o(k—j)!(2j—k)!F(1—j—%)F(k—m+u+n+1)

meN

05.07.20.0009.01

AmPh(2) u 1-k k 2

Py —‘/_Z( 1™k 7K 1 22) ( )( u- n)m_k3F2[1 -k, E? 7,1—5?22— 1- ,u+n)kaﬁ ™2 /;

meN
Fractional integro-differentiation
With respect to z

05.07.20.0007.01
d"Ph(2) 1enea(k+ 2 - L - 1,1- % z
”zl‘ Z(kﬂ)'( ) Fiég( +2 -5 -nn+11-2 _z,__]+
0z k—a+2;k+2,1-py; 2

p 1,1—y;1—g;k—a+1; 2 2

yr
= _anw NN+ 1= L k+1 1 2
(1——)2"2( ) (—2"F 2><1><1[ 2 - - =

Integration

Indefinite integration

Involving only one direct function

05.07.21.0001.01

(=M (n+1) 2
fP"(Z)dz ZZ - - z+1[ﬂ+ ,k—5+1)
Irk—p+Dk! Z\ 2 2

Definite integration
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Involving the direct function

05.07.21.0004.01

1 (=DM 7 (m+n)!2-2m1 1 m-n m m+3
f PR(X) d X = 3F2(—(m+n+1), T E+1; m+1, T; 1)/; neNAmeN

() o m

05.07.21.0005.01

(~1m2 2™ 7 mtme+ ! T(3) (3 (-m+n+ 1)

1
anm(x)clx:: /ineNAmeN
0

RESESRERENE

05.07.21.0006.01

D"+ (D"

1 n (1
PM(X)dX== ———— 2™2mI[=|T| = (m+n+ 1|/ neNAmeN
n+3\ n-m
-1 r(_)_| 2 2

2 2

05.07.21.0002.01

1

Orthogonality:

/

2(m+n)!

1
f Pt dt==——— /;meNAm=n

2n+1H)(h-m!

05.07.21.0003.01

1
PRt PI(t)
1

2(Mm+n)!
dt==——— [;1eNAmeN
@2n+1)(n-m)!

05.07.21.0007.01

1

(D™ + (-)M 2" 2mr(3) (5 (M+n+ 1)

fan"(t)dt— ime”Z
-1 HVF(E)
2 2
05.07.21.0008.01
©  (1-X Jm(y‘/Y) =H"@Ey)"ey
an’“( ) dx= L2m2y)ineNAmeNAyeRAy=0
0 1+X/ (1+ %732 n+%
05.07.21.0009.01
1 PR (m-p-1! (m+n)t )2 1 1
f dt== ( ] 4F3(m—n,m+n+1,m+—,m—p;2m+1,m+1,m—p+—;1
—1(1_t2)P+1 2mMP2m-2p-H! (n-m!m! 2 2
neNAmeNApeNAp+lsmsn
05.07.21.0010.01
1-
<PR() Iy VX)
f dX= @ymeYL2M 2y);neNAMeNAO=<mM=NAYERAY=0
0 (x+ 1)%2 n+1/2
Summation

Finite summation

)
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05.07.23.0001.01

D )P P = 1

m=-n

05.07.23.0002.01
(n—m)!cos(m(¢ - ¢1))

- (m+n)!

0<9<g/\0<91<g/\0<¢<g/\o<¢l<g

Pr(cos(9)) Ppl(cos(6;)) == Pn(cos() cos(6;) + cos(¢ — ¢1) Sin(d) sin(6y)) /;

M=

7

Operations

Limit operation

05.07.25.0001.01

lim n# Pﬁ(cos(f)) =J_,(2
Moco n

Representations through more general functions

Through hypergeometric functions

Involving oF1

05.07.26.0001.01

L+2M2 1-z
PA(2) == 2Fl(—n, n+1;,1-py —)
(1-2)H2 2

05.07.26.0003.01

(1+2™? 1-z

27" (—n), (n+ 1)m2l31[m— nm+n+1 m+1; T] /imeN*

Pr(z) ==
(1-2™?

05.07.26.0024.01

7 (z+ M2 B z+1
Ph(2) = - 2F1(—n,n+1;,u+1; —)/;IMEZ
(1-2"2sn(@w (g —-nT(N-pu+1) 2

05.07.26.0004.01

(L+ 2#/2+n z-1
Ph(=2" ——— zFl[—n, —u-nl-p —)
(1242 z+1
05.07.26.0025.01
1

i
2

Pi@=2"'n(1-2)

1 1 1
2ﬁ1(—(—#+n+1), —— (u+ny; —;22)—
F(%(—,u—n+ 1))r(§(-ﬂ+n+2)) 2 2 2

z

ﬁ(l D, L 2322)
—(-p=n+1), = (-p+n+2); =
)212(# +)2(IJ++)2

r(% (—p— n)) r(% (—p+n+1)
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05.07.26.0026.01

(1-2)7

JZ

1 ) & 1 ! 1 ’ 31
sec'— -n —(—p+n+1), —(~u+n+2);n+—; —
2”(# ) 21[2(,U+ +)2(IJ+ +2) +222 +

%@,ﬂw)]

! 1 ! ! 10
Su=n+D); —-m —||/iz¢ (-1,
2(/1 +)2 )/ZGE( )

JZ

1-z
2F1(—n, n+11-y T)/;#GENJr

z+1

278 (1" (cos27 ) - 1)
Ph(2) = -
Vr
I'u+n+1 un 1
[u (27 [sx{57wn)
1
221 (u—n) [csc[5 T+ n))
w1
)7 F5eumm
2
Involving 2F;
05.07.26.0005.01
1 1+2"?
Ph(2) ==
T(1-p) (1-2zH?
05.07.26.0006.01
I(-p) (1+22
P/ﬁl(z) ==
F—p-mMT-p+1) (1-2H?
05.07.26.0027.01
27" (z+ 1)2*”
Ph(@) = —————— 2F1(
() (1- 22
05.07.26.0028.01
27" (=" (2n)!
pﬁ(z) — &

nNrin-u+1)

05.07.26.0029.01

Ph@=2"Vr (1- zz)’%

" 2
1-2"z (z+ D2 zFl[—n, = -2 —)

2F1[—n,n+1;p+1; - )/;uﬁEZ

z-1

=N, —p-nl-y —1)/:M$Z

Z+

1-2z

1

2z

F(%(—,u—n+ 1))r(§(-y+n+2)

F(l 1 ! -1-22)
)215(—y+n+ ),—£(u+n),5, -

r(% (—p— n)) r(% (—p+n+1)

F(l 1 ! 2322)
—(—u—n , — (= n )
)212(;1 +)2(,u++)2
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05.07.26.0030.01

22 (cos(2 7t ) — 1) " F(/”“*l)r(%‘”) V-2 1
Ph(2) = (1-2) 2 SBC[Eﬂ(u—n))—CS(:[Eﬂ(p—n))

v z(2n+1) z

pu-n

(-2) 2 ,F 1( 1 l( 2) > 2 22" T( )r( 1)
-z 2 —(—pu+n+1), —(—p+n+2);n+—; — [+ -mIin+ -
2 1(2 H 5 H 5 22] H 5

V —22 wc(%n(p+n)) Cg{l pun [1 1 1 1
z

E”(‘”m) (-2) 7 2Fy| 5 Cu=m, S Cu=n+ ;o -, ;] /i2¢(=1,0)

Through Meijer G

Classical casesfor thedirect function itself

05.07.26.0007.01

1 @1+2H? z-1
Ph(2) = —— lim gn(m)egg[—
T (1 _ Z)u/z v-n i

v+1, -v
0, u

)/;neZ

Classical casesinvolving algebraic functions

05.07.26.0008.01

1-z 1 1-24n24n+1
el )= I
1+z I—pu-nmr(-n - -5 3
05.07.26.0009.01
M M
z-1 1 -+n+1,1-=+n
(z+1)“#n‘( ] Gzl © T
z+1 I'—u-nmIr(-n ~ >3
05.07.26.0010.01
1 2t Bl
(z+ D" Ph ] = Géé[z 22,
vz+1 ﬁF(—y—n) BT
05.07.26.0011.01
7 2-n-1 - “zin+l,n7”+1
Z+D"Ph| | — |=———— G35z L /¢ (=e0, 0)
z+1 ) Va T(-p-n 03
Classical casesinvolving unit step 6
05.07.26.0012.01
L o | ~5-n1-5+n
01-12)(1-2 "z Pi2z-1) = G35| Z v /iz¢(-1,0)
22
05.07.26.0013.01
i 2 1 ]_—'u
-= 02 ' . o
02 -1)((z-1) ZPIry:(;—l)——Gzyz(z —n,n+1)/72$( 00, =1)
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05.07.26.0014.01

n—u 1-p—n
H N i
o=l (-2 Pi(VZ)=2'Gflz| * 7 ]/; ey
0,3
05.07.26.0015.01
1-u H
P (1 -t
004d-1(z-12 P‘n‘[ ) 2 Gylz| ° n+12]
z T2 2
05.07.26.0016.01
1
(1 - |2)) 21y -2, =
(Pﬁ(—\/l—z)+Pﬁ(\/1—z))=z - : G3o|z o |hze
T r(fa-up-m)r(i@-pu+n) ~33
05.07.26.0017.01
1- 1
6(2 - 1) [Pﬁ[— z-1 ] Pﬁ[ z-1 ]) ~ 2l <, = 5
- 2,2
Vz-1 z z F(3u-n+D)T (3 p+n+2) -3 ==
Generalized casesinvolving algebraic functions
05.07.26.0018.01
z 21 1] 20+, T
(Z+ 1)n/2 P4 = Ggé z-| 2 12 /;Re(z) >0
Jzi1) YaTu-n 2 3
Generalized casesinvolving unit step 6
05.07.26.0019.01
n—p 1-p—n
_H 1| —+1,
01-12)(1-2) 2Ph@=2" G35z, — | * 2
2 o1
2
05.07.26.0020.01
e i
o2 -1)(2-1) 2 pﬁ(;) =2/ Gz, 5 2 |h<ovRe >0
05.07.26.0021.01
1-u E

0(2 - 1) VZ-1 Z-1 20+l g

Pﬂn + P{:]l - == Ggé[Z,

NEm ? ? =)+

Generalized casesinvolving sgn

05.07.26.0022.01

(son (i - 1) (2 - 1)) P_n_g[zﬁ ] ~

z+1 z+1
I'n+1) 1) 44| 1|n+ln+7 1\ 44 1
-— cos(ﬂ(n+—))62:2 z, — . +sm(7r(n+ ))Gzz z,
M3 x 4 =0

Through other functions

n n+

2" 2

5
n+z,n+1

0,

NP

!

(_ 11 0)

]/; Z¢ (—o0, 1)

l]/;|z|<OVRe(z)>0

Re(2 >0
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I nvolving some hyper geometric-type functions

05.07.26.0023.01

(n+1) (1+2"2
Ph(2) == h+d (+2 Pﬁf“"‘)(z)
Fn—p+1) 1-2H2

Involving spheroidal functions

05.07.26.0031.01

Ph(2) = PS,,(0, 2

Representations through equivalent functions

With related functions

Involving Gegenbauer functions

05.07.27.0001.01

2 H r(% -ﬂ) T(u+n+1)
Pﬁ(z) =

(-2 " cite
Vr TA-p+n)

Involving L egendre functions

05.07.27.0002.01
z— 12

Plr:(z) ==

PL2
(12"

05.07.27.0003.01

2csc(p )
Ph(@) = -——— (cosum Q4@ - (N—u+1),, Q@) i n e Z
T

05.07.27.0004.01

Pl — CSC(mr )
7T2

(sn@rwTu-mTE+n+)QH (-2~ (-1)"2r Qh(-2) /in e Z

05.07.27.0005.01
mip

Ph¥)==e2 lim P@/;x<-1
z-X+i 0
05.07.27.0006.01

ZoX+i

Pl =e 2 lim Pr@/x>1

05.07.27.0007.01
mip

Ph(X¥)==e2 PA(X) /; x< -1
05.07.27.0008.01
mip
Ph(¥)==e 2 PLX) /;x>1
05.07.27.0009.01

Tip
Ph(X)=¢ 2 Jlim Ph@/-1<x<1
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05.07.27.0010.01
mEp

Ph(X)=e2 P(X) /;-1<x<1
05.07.27.0011.01

1 . mip mip
Pﬁ(x)::_.e*“*‘(eT lim Q@ -¢ 2z lim Qﬁ(z))/;—1<x<1

i z-x—i0 Z-x+i 0

Involving spherical harmonic functions

05.07.27.0012.01
2V VT(u+n+1
PA(2) == ™ VI ) Y#(cos(2), 0)

va2n+1l yT(1-pu+n)

Theorems

One infinite sum

= 4 (n—-m! N
Z(Z n+ 1" Z (2-6m) cos(p — @) Pi(cos(B)) Pricos() J_ +(1Kk|Ir ) =e"™"/;
=0 0 (n+m)! >

r=|r [{cos(e) Sin(¢), sin(p) Sin(¢), cos($} A k =k | {cos(a) sin(B), sin(a) sin(B), cos(pB)}

Eigenfunctions of the Schrddinger equation

Legendre functions Py’ are eigenfunctions of the Schrodinger equation with reflectionless, shape invariant, super-

symmetric potential:— P _ (n(n +1) sechz(x)) Y(X) = =P Y (X).

X2

The solution of Dirichlet problem for Laplace equation in spherical coordinates

The solution of the Dirichlet problem (1, ¢, &) == ¥ (¢, &) for the Ay(¢, ¢) == 0 on unit spherein spherical coordi-
natesis given by:

U, ¢, ) = i Zn: 2:(2: im) E: ; :; : r" P(cos(d) ) foﬂ(f:wo(;ﬁ, 5) cos(rr(q& - ;S)) d;)) Pn"‘(cos(:?)) sin(:?) d&

n=0 m=0

History

—D. Bernoulli (1748)

—A. M. Legendre (1782)

—E. Heine (1842)

—F. Neumann (18438)

—L. Schi&fli (1881) used complex u, v
—E. Hobson (1896)
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