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Notations

Traditional name

Assosiated Legendre function of the first kind of type 3

Traditional notation

P2

Mathematica StandardForm notation

LegendreP[v, u, 3, z]

Primary definition
07.09.02.0001.01

(z+ K2 1-z
Hfoian]

Pl(2) = v, v+ 11—y —
I o

Specific values

Specialized values

For fixed v, u
07.09.03.0001.01
2t
PO =
—pu=v —p+v
=)r(=")

07.09.03.0002.01
PY(1)=0/;Re(u) <0V u e N*

07.09.03.0003.01
Pi(D)=c /; Re(u) >0 A u & N*

07.09.03.0004.01
Pi(D==(/;Re(u)=0Apu+0

07.09.03.0005.01
Pl-D=&/veZ

For fixed v, z
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07.09.03.0006.01
P2 =P,2

07.09.03.0007.01
2V+1 v-1 v+l
)= (z-1)7 (z+1) 2 Bi.(v+1,v+1)
rv+1H(1-2 2
07.09.03.0008.01
(z- "% (z+ 1)"?
2T(v+1)

07.09.03.0009.01

, 1-2" @+
P, (2= Bi.(-v, -v)
2T -1 7

07.09.03.0010.01

2V+l v+l v+l

Pl = Z-1)"z z+1) 2

-v)

07.09.03.0093.01

1 2
PZAD==,/—(Z—1Y”4Q+1Y“4TAD
V—E T

07.09.03.0094.01

2 Co v+ cos 12
PV 2= | — S( )
T Jz-1 4z

For fixed u, z
07.09.03.0011.01
) 1 (z+DH?
Po(z) == _
FA-p) z-1H2
07.09.03.0012.01
z—u  (z+ DH?
P}{(Z) == _—
F@2-p) z-1H?
07.09.03.0013.01
. 3Z-3uz+p?-1 (z+HH?
PZ(Z) ==
- (z— DH?
07.09.03.0014.01
; 152152 +3(2p -3) -y +4p (z+ )2
P3(Z) ==
I@-pw (z- 147
07.09.03.0015.01
; 9+1057 - 1052 1~ 10p% + pu* + 452 (u? - 2) + 2(55 11 — 10 1s%) (z+ M2
P4(Z) ==

I'G-w

z-DH?
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07.09.03.0016.01

Pg(z) ==
(z+ 12
(94522 — 644 — 9457 1+ 20 1s® — pi° = 1052 pu (=7 + ?) + 2102 (-5+ 2 %) + 152(15 - 13 4 + p*)) ———
Ir6é-uw (z— D2
07.09.03.0017.01
PL(2) = e (1039572° - 103952 p1 + (=5 + 1) (=3 + 1) (=1 + ) (L1 + 1) B+ ) (5+ ) +
—H

(Z+ M2

47257 (-3 + %) - 6302 i (-17 + 2 %) — 21214 (99 — 25 1 + i) + 1052 (45 — 32 pi? + 2 %)) >
(z-DH

07.09.03.0018.01

Pi(z) = - ((135135z7 +23041— 135135 1 — 1 (—28+ y2) — 173257 u (—10+ 1?) + 311852 (=7 + 24) -
—H
(z+ 12
- + + - + +7z(- + - +
1897 11 (28360 u? + 2 y*) + 1575 2% (63— 38 1u® + 2 pu*) + 72(~ 1575 + 1516 4> — 170 * + 4 ;ﬁ))) >
(z-D¥
07.09.03.0019.01
Pg(2) == 3 (11025+ 2027025 — 2027025 2" 11 — 12916 * + 1974 pu* — 84 4° + 1i® +
ro-w
945945 7° (=4 + 1s?) — 1351352 1 (- 23+ 2 %) + 519757 (42— 22 pi® + 1) — 3465 2 11 (383 - 70 p” + 2 p*) +
2 4 6 2 4 6 (Z+ 1)/1/2
3157 (-1260 + 1043 pi — 100 u* + 2 %) — 9z (— 15159 + 4396 i* — 266 1 + 4 41°)) W
Z_
07.09.03.0020.01
1
Py(2) == ——— (34459425 7° — 34459425 11 — 4729725 2° i (-13 + /%) +
r0-pu)
81081007" (—-9+24%) - 1351357 11 (249 — 40 4 + i) + 945945 2 (54 — 25 1 + 1) -
4957 ;1 (~11601 + 2933 i® — 154 pu* + 2 4i°) + 6930 2 (— 1890 + 1373 pu? — 115 pu* + 2 ) -
(z+ M2
11 (147 456 — 52480 1i” + 4368 u* — 120 4° + 11®) + 45 2(19845 — 20217 pi? + 2674 yi* — 98 1 + 1)) —
(z—DH
07.09.03.0021.01
Pl =

r(Al-p)
(—893025 + 654729075 7' — 654 729075 2° y1 + 1057 221 i — 172810 u* + 8778 1u® — 165 1s® + p1*° + 310134825 2
(-5+ p?) - 45945900 2" y1 (—29+ 2 i) — 28378352 1 (314 — 45 1s® + u*) + 9459450 2° (135 - 56 ” + 2 1) +
3153157 (~1350 + 874 1i* — 65 u* + 1u°) — 128702 1 (- 16830 + 3773 p? — 175 * + 2 1u®) —
(z+ 12
55211 (251865 — 78877 i” + 5754 u* — 138 1® + 11®) + 1485 7 (33075 — 29828 1i® + 3479 pu* — 11245 + 11®)) —
(z—DH
07.09.03.0022.01
(z+ D2 N (=n) (N + 1) (1- z
2

k
ineN
(z- "2 (o Tk—p+ k! )
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07.09.03.0023.01

(z+DH2 =l (L—n)(n), [(1-2z\K
P2 = (—) /ineN*
(z- 2 3 Tk=pu+ k! L 2
07.09.03.0024.01
P T(=p) (z+ D2 MHEO-1 (—n) (n+ 1)y (z+1
(Z == 7(
T TN T —pt D) o2 S k! \ 2
07.09.03.0025.01
1 n2n-Kk!(-n) 2 \K
Pl = —— (z-D)"H2 1+ "2 Z T (—) ineN
2"n! o KITn-k-—pu+1H\1-2z

07.09.03.0026.01
Ph@=0/;neNAneN* An<m

For fixed z
07.09.03.0027.01
Pl =1

07.09.03.0028.01
P(lJ(z) =z

07.09.03.0029.01
Plo=Vz-1Vz+1

07.09.03.0030.01
P2 = z (3Z2-1)

2

07.09.03.0031.01
Py@2=3zVz-1 Vz+1

07.09.03.0032.01
P52 =3(Z2-1)

07.09.03.0033.01

1
P2 = 3 z(57-3)

07.09.03.0034.01
3

Pi(2 = E\/z—1 Vz+1 (52-1)
07.09.03.0035.01

P32 =152(Z-1)

07.09.03.0036.01
P32 = 15(z- 1)°? (z+ 1¥?

07.09.03.0037.01

1
P2 = 5 (3-302+357)

k
—) /ineZ
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07.09.03.0038.01
5
P2 = 52\/ z-1Vz+1 (7172-3)

07.09.03.0039.01

15
P2 = 5 (Z-1)(7Z2-1)

07.09.03.0040.01

P3(2) = 1052(z- 1)*? (z+ 1)¥?
07.09.03.0041.01

Pl =105(Z2-1)°
07.09.03.0042.01

1
PUD) = 5 z(15-707 + 637')

07.09.03.0043.01
15
P2 = 5 Vz-1Vz+1 (1-1472+217)

07.09.03.0044.01

105
Pi2) = - 2(Z2-1)(32-1)

07.09.03.0045.01

105
PUD) = — @ 12 (z+1)%2(92 - 1)

07.09.03.0046.01

Pi2) = 9452(2 - 1)’
07.09.03.0047.01

P2(2) == 945(z—- 1)°? (z+ 1)*?
07.09.03.0048.01

1
P2 = % (2312 - 3157 + 1052 - 5)

07.09.03.0049.01

21
Pa(2) = Ezv z-1 Vz+1 (5-307+337)

07.09.03.0050.01

105
P2 = - (Z-1)(332-182+1)

07.09.03.0051.01

315
P2 = - 2(z- D)% (z+ 1¥* (112 -3)

07.09.03.0052.01
945
Po=—(2- 1) (112-1)
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07.09.03.0053.01
P3(2) == 103952 (z— 1)%2 (z+ 1)°?

07.09.03.0054.01
P2 = 10395 (2 - 1)°
07.09.03.0055.01

1
P2 = 5 242 2 - 6937 +3157 - 35)

07.09.03.0056.01

7
P2 = " Vz-1 Vz+1 (4292 - 4957 + 1357 - 5)

07.09.03.0057.01

63
Pi2) = 5 z(Z - 1)(1432 - 1102 + 15)

07.09.03.0058.01

315
P2 = - 132 (z+1)¥?(3- 662 + 1437")

07.09.03.0059.01

3465
Plo=——2(7- 1)’ (132-3)

07.09.03.0060.01

. 10395
P7 (Z) ==

(z- D2 (z+ 1% (-1+137)

07.09.03.0061.01

P2 = 1351352(Z2 - 1)°
07.09.03.0062.01

PJ(2) = 135135(z— 1)"? (z+ 1)
07.09.03.0063.01

1
P2 = 8 (643572 - 120122 + 6930 7' — 1260 7 + 35)

07.09.03.0064.01

9
Py(2) = Ez«/z—l Vz+1 (7152 -10017* + 3852 - 35)

07.09.03.0065.01

, 315
Py(2) = Ty (7-1)(1432°-1437' + 337 - 1)

07.09.03.0066.01

3465
Py(2 == — 2 132 (z+ 1% (3-262+397)

07.09.03.0067.01

10395
P =——(7- 1)’ (657 - 262 + 1)
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07.09.03.0068.01

s 135135
PS(Z) ==

2(z- 1% (z+ 1% (52 -1)

07.09.03.0069.01

135135
Pho=——(7- 1)°(152-1)

07.09.03.0070.01
P4(2) = 20270252(z— 1)"? (z+ 1)

07.09.03.0071.01
P2 = 2027025(Z - 1)
07.09.03.0072.01

1
Py = 8 (121552 - 257402° + 18018 7' - 4620 Z + 315)

07.09.03.0073.01
45

Ps(2 = 8 Vz-1 Vz+1 (24317 - 40042 + 20027 — 308 2 + 7)
07.09.03.0074.01

, 495

Py(2) = Ty 2(Z-1)(22122-2732 + 917 - 7)
07.09.03.0075.01
3465

P2 = ST (z- 1D (z+1)¥%(221 - 1957+ 397 - 1)

07.09.03.0076.01

135135
Pl = —— (7~ 1’ (175107 +2)

07.09.03.0077.01

5 135135
Pg (Z) ==

(z- 1% (z+1)%%(8572' - 307 + 1)

07.09.03.0078.01

675675
PS(2) = 2(2-1)° (172-3)
07.09.03.0079.01
2027025
Pi(2) = — D2 @z+ )R (172 - 1)

07.09.03.0080.01
PS(2) == 34450425 2(Z - 1)

07.09.03.0081.01
PY(2) == 34459425 (z— 1)%2 (z+ 1)7?

07.09.03.0082.01

1
P = P (46189 7'° — 109395 2 + 90090 2 — 30030 Z* + 3465 7 - 63)



http: //functions.wolfram.com

07.09.03.0083.01

55
P2 = sz/z—l Vz+1 (41997 - 7956 2 + 49147 — 10927 + 63)

07.09.03.0084.01

495
PH@ = 8 (Z-1)(41997 - 618872° + 27307 - 3647 + 7)

07.09.03.0085.01

6435
PH@ = - 2 132 (z+1)%?(3232° - 3577 + 1052 - 7)

07.09.03.0086.01

45045

P = —— (2~ 1)° (3232 - 2552 + 452 - 1)
07.09.03.0087.01

s 13513 oo o

P2 = 2(z- 1% (z+1)%* (3232 - 1702 + 15)
07.09.03.0088.01
675675

P52 = (Z-1)° (3232 - 1022 +3)
07.09.03.0089.01
11486475

P2 = — - 172 (z+1)"? (192 - 3)
07.09.03.0090.01
34459425

Plo@ = ——— (2~ 1) (192 - 1)

07.09.03.0091.01
P} (2) = 654729075 2(z— 1)%? (z+ 1)°?

07.09.03.0092.01
P2 == 654729075(2 - 1)°

General characteristics

Domain and analyticity

P/(2) isan analytical function of v, u and zwhich is defined over C3. For integer v, P} (2) degenerates to a polyno-

- L . /2
mial in zmultiplied on function &2
(-1

07.09.04.0001.01
(vxu+3%x2— P2 (CRCR®{3J®C)—C

Symmetries and periodicities

Parity
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07.09.04.0002.01
U
PL@=P _,2

Mirror symmetry

07.09.04.0003.01
Pl =PlD [ 2¢ (-, 1)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v, u /; g ¢ Z , the function P%/(2) does not have poles and essentia singularities.
07.09.04.0004.01

M
Sing,(P)(2) = {} /; S¢Z

For integer v and integer % the function P4 (2) is polynomial and has pole of order v at z = & (for v € N*) or order
—v—1latz = (for —v € N*).
07.09.04.0005.01
Sing (@) =@ 5 e Z [\ ven'
07.09.04.0006.01
Sing (@) = {180, v =1 ;= € Z [\ v eV

With respect to u

For fixed v, z, the function P (2) has only one singular point at 4 = . It isan essential singular point. .

07.09.04.0007.01
Sing, (P}/(2) = {0, oo})

With respect tov
For fixed p, z, the function P} (2) has only one singular point at v = &. Itisan essential singular point. .
07.09.04.0008.01
Sing, (P4(2)) = {{&, oo}}
Branch points

With respect to z
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For fixed genericv, u/;ve Z /\ g ¢ Z, thefunction Pl (2) has three branch points: z == + 1land z == &%.
For fixed noninteger v and integer g the function P’ (2) has two branch points: z== —1and z == &%.
For fixed integer v and noninteger g the function P/ (2) has two branch points: z== —1and z== 1.
For fixed integers v and integers % the function P/ (z)does not have branch points.
07.09.04.0009.01
u
BPPl@) =1L 1) iveZ \ D ¢Z
07.09.04.0010.01
M
BP,(Pl(@) = (-1 &) ivez |\ S €z
07.09.04.0011.01
)i
BP(PL@)={-L 1 /ivez [\ S €Z
07.09.04.0012.01

BP,(Pl@) = ivez |\ % cz

07.09.04.0013.01
Ry(P(2), ~1) =log/; ue Z\ ¢ Q

07.09.04.0014.01

,
RAPY(@, -1)=s/; p= - /\ rez /\s— leN* /\gcd(r, g =1
s
07.09.04.0015.01
n K K
R{Pi(@), 1) =log/; ~ ¢ Z A S #Q
07.09.04.0016.01
1
Ry(P(2), %) =log /; v + S < z\/veQ
07.09.04.0017.01
;
Rz(PC‘(Z), 50) =S/,v=- /\{r, s} e Z/\s> 2/\gcd(r, 9 =1
s
With respect to u

For fixed v, z, the function P’ (2) does not have branch points.

07.09.04.0018.01
BP,(P) (@)= 1{}

With respect tov

For fixed p, z, the function P} (2) does not have branch points.

07.09.04.0019.01
BP,(P(2) = {}

Branch cuts
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With respect to z

For fixed v,u/;veZ /\ % ¢ Z, the function P} (2) is a single-valued function on the z-plane cut along the
intervals (—co, —1) and (-1, 1).
The function P (2)is continuous from above on the interval (—co, —1) and on theinterval (-1, 1).

For fixed noninteger v and integer % the function P (2) is a single-valued function on the z-plane cut aong the

interval (—co0, —1), whereit is continuous from above.

For fixed integer v and fixed u /; % ¢ Z, the function P} (2) is a single-valued function on the z-plane cut along the

interval (-1, 1), whereit is continuous from above.

For fixed integers v and £ thefunction P (2) isa polynomial and does not have branch cuts.
07.09.04.0020.01
¢ H ; . Y H
BCAPA(D) = {{(~o0, i), —i}, (-1, 1), ~il} ;v e Z |\ S €z
07.09.04.0021.01
i
BCAPLD) = ({(~c0, i), ~iN} v € Z |\ Sz
07.09.04.0022.01
M
BCPL@) = ((-L D, -l ivez [\ S ¢€Z
07.09.04.0023.01
BCPh@) =1 ivez )\ % ez

07.09.04.0024.01
lim Pi(x+ie)= PL(X) /; x< -1

e—>+0
07.09.04.0025.01
] ) 2imeHT B
lim PX(x—i€) = e?* " PH(x) + PA=x)/;x< -1
e>+0 FA-p+»I-p-v)

07.09.04.0026.01
lim Ph(x+ie)=Ph(x) /; —1<x<1
e—>+0

07.09.04.0027.01
lim Pi(x—ie) =™ Pi(x) /; 1< x< 1
e—>+0

With respect to u

For fixed v, z, the function P%(z) does not have branch cuts.

07.09.04.0028.01
BC,(PY(2) = {}

With respect to v
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For fixed y, z, the function P} (2) does not have branch cuts.

07.09.04.0029.01
BC,(P(2) = {}

Series representations

Generalized power series

Expansionsat z==0

07.09.06.0001.01
122 o o o MO+ D(5-K) (-3) D12

Pl = [1d<IApeNT
(Z—].)M2 k=0 m=0 j=0 F(k—,u+1)k!m!j!2k
07.09.06.0002.01
; (1- )11/2 iii( V)k(v+1)k( +1) (1_%)k(_%)j (_1)j+kzi+k+rml
P2 = +
z-D"?| 2 i Smo’m0 Dem Tk =+ D k! 12
0 0 00 (_V)k+m(V+1)k+m(m_%+1)k(_§)j (_Z)j+k
/i1 <1
é%é C(k+m—p+ 1) (k+m)! k! ji2km
07.09.06.0003.01
Q-2 (pz & " 3 1 z
P2 = k+1'( )zk F(——;;—Z)F(—, +1,1-—k+2,1- ;——)+
O e Z( ) oty AT 2 72
u
o ~3x1x0 V!V+1!1_E;l;; 1 z
1——) ( ) (-2 Fo.1. — -
( 20 Fauo L1-p1-%; 2 2

07.09.06.0004.01
2V (z+ 12
Pl(D) = - — (1+0(2) /; (z- 0)
r( : )r(l- 21 @-1)

07.09.06.0005.01
H 2n-2k
P2 =2"(z- 1)Wz(z+1)”V?Z( 1)k( )( )(n m-2k+1),2"™2*/meNAneN
k=0

07.09.06.0006.01
n-my (Z+ 1)™2 n _o|h=m n-m
Pr(2) o (-1) me 727 J( b 2-“[ nem ](Zn 2| 2 J](n—m—Z{ J ) 72 J(1+O(z))/
(z— M2 [TJ n 2 m
(z->0AmeNANneNAN=mM

Expansionsat z==

07.09.06.0007.01

(z+1)“/2[ 1 M +D(z-1) A-Vr+D)r+2)(z-1)7? ]/ 1-z
— + —...|/s

- 2T(2-w 8Ir@-pw

Ph(2) =

(z— 1)#/2
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07.09.06.0008.01

(Z+ D2 = (=v) (v + D) [1—2)“ 1-z

> )"

<1

(z- 2 43 T(k—pu+ k!

07.09.06.0009.01

(z+H2 1-z
2F1( )

Pl(2) = BV 2 L Ry p—
(z— 1);4/2 2

07.09.06.0010.01
2u/2

Pl (D«
(1

(z-1)2(1+0z-1)/;(z-DAueNt
-u
07.09.06.0011.01

P2 = (=DM 2 M (V) (v + Dy 2+ D™ (z— Y2 2lfl(m— v, m+v+1m+1; T] ;meN
07.09.06.0012.01
2 2T(m-v)I(m+v+1)sin(rv)

P2 o — ' D™z+ D2 (z-D)™? (1+0@z-1)) /; meN
am!

07.09.06.0013.01
(Z+ D2 0 (=n) (n+ 1), [1— z
2

PII-: (Z) ==

k
/ineN
(z- D2 (g T(k=p+1)k! )

07.09.06.0014.01
(z+ 1)/1/2 -1 (1- )y (M), (1_ 27K

(z— D2 (g T(k—pu+ k!

Expansionsat z== -1

07.09.06.0015.01

P I'(—w) (z+ M2 (1 v(d+v) 1 A=)y vA+v)(2+V) 14272 )
L (2) = - +2) - +2°+... |-
=Ty -—p+1) (z— 12 21+ 81+ (2+p
21
— sin(v ) T(w) (z+ 1) 7F2 (z—- 1)7+2
w
(=) A-pu+v) u=NA-p-MA-p+v)2-u+v) ) z+1
— T (+2+ 1+2 +...]/; —
21-p 8(l-w@2-w
07.09.06.0016.01
PA() = T(—p) (Z+ DH2 2, (=v) (v + D) [z+ 1)k
Y - =-Ty-p+1) z— 2 & (u+ k! 2
on o (v-—pu+d) (—u-v) (z+1\K [z+1
~ S () 2+ P - )] X X (L) N i <1\nez
n = (1- ) k! 2
07.09.06.0017.01
I'(—p) (z+ DH? z+1
Pl = zFl(—v, v+l u+l; —) -
Fp-Ty-p+1) (z— 12 2
24 z+1
— sin(vm) T(u) (z+ 12 (z— 12 zFl[v —u+L —p-v - T) LineZ
T

<1/\ys€Z
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07.09.06.0018.01

) 272 (- p) (1-2M2 (14212 = K (g)kfj (=) v+ D) 2k (z+ 1)k
PV (Z == - - —
[u-MTy-p+1 (z- M2 par (k=D!ju+);
m/2 sin(r v) (W) 1- Z)/J/Z o k (g)kfj (= — V)] v—pu+ 1)1 2k (z+ 1)k
— A
4 (z- V"2 (1+2/"? i k=Djra-m;
07.09.06.0019.01
27M2 (= p) (1-2%(1+ 22 242 sin( v) T (1) (1-2H2
PL(D) (1+0(z+1)- (1+0@z+1)/
Fp-MI-p+1) (z- D2 n (z- D2 (1+ 22
(Z--DAue¢z
07.09.06.0020.01
T(—u) (z+ 1);1/2 NH+0-1 (—n), (N+ 1) (z+ 1 k
Pio = w21
FEn-@pln-p+l) z-12 o (w+Dk! 2
07.09.06.0021.01
" (-pm? z+1) (z+ M2 z+1
P, (2= I ( ) 2F1(_V: v+ 1, m+1; —) -
mI'(-m-v)I'(v—m+1) 2 J(z-1m? 2
2"sin(rv) (m—=1)! ™1 (—=m-v), (v —m+ 1), [z+ 1)“ (=™ (z+ 1™
+
1@Z-D™21+2™ 5 k! (1 —m) 2 Tm=»TEm+yv+1) (z- 12
© (=) (v + D)y 1 ) . ) ) ’ z+1\¢ z+1 1/\ /\
_ +1)+ +m+1) - +v+1) - —))(—) l—| < me N* ¢”Z
ék!(k+m)!(w( )+ U )= dkr v D —ylk=v) | — ] /| S v
07.09.06.0022.01
Pl(2) «

(_ 1)ITF1 277

z+1
1-2"?(z- 1)™™2(z+ 1)™? (Iog(—+ ) —YyM+ D)+ (=) + (v + 1) + y) 1+0z+1)-
m' r'(-m-v)I'(v—-m+1) 2

2m2
—snvA) M- 1-2"?(z-1)™2(z+ )™ 1+0z+1) /;(z» - AmeN"Ave¢Z
T

07.09.06.0023.01

sin(rv) z+1 z+1

P2 = Iog(—) ZFl(—v, v+ 11 —) -

n 2 2

sSn(y) & (M v+ D Quk+ 1) —g(k+v+1) —y(k-v)) (Z+ 1)k .

2

k=0 k12

z+1

2

<1/\V$Z

T

07.09.06.0024.01
sin(rrv) z+1
log] —

2

PS(Z) N nV)

)(1+O(z+ 1)+ sint (—meot(mv) + 2Y(-v)+2y) (1 +O(z+ 1) /; (z-» -DAve¢Z

T T
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07.09.06.0025.01

_ (=DMsin(v ) z+1 z+1
P2 == ————— (z+ D2 (z- 1)m’2Iog(—)2Fl(m+v+ 1L, m-v,m+1 —)+
2"z m! 2 2
m-1)! z-1)M2 L () (v+ Dy 2+ 1\ (=D)Msin
( ) ( ) k k [ + ] ~ -1 (v 1) (24 D™ (2 1™
rm-y»Tm+v+1) 4+ nm2 & kid-my, \ 2 om g

z+1

o (M=v)y (M+ v+ 1) K
Wkk+1) +¥(k+m+ 1)—w(k+m+v+1)—w(k+m—v))(7] /imeN"Avez

k! (k+m)!

k=0

07.09.06.0026.01
~ =D™imsin(v m) z+1
P2 ———8 —— (z+1)™? (Iog(—) +(y—y(M+ D) +P(m—v) +P(M+v+ 1))) (1+0z+ 1)+
2M2 1 m! 2
im2M2 (m—-1)!

C(m-v)T(M+v + 1)

Z+1D) ™2 (1+0z+1)/;(z-»-DAmeN AveZ

Expansionsat z== o

07.09.06.0027.01

1 (z+1)”/2[ 2 (z-1) 1 u—v A= @u-vA+u-v
PL(D) = — F[v+—)(1+ + +...]+
Vo @@=\ Tv-pu+1 2 1-z 1-2v)(1-2?
27 tz-1t 1 1 2 1 2 1-z
#r(_v__){“ +,u+v+( +V) L+ p+v)( +#+v)+m]]/;‘— >1/\2vs§Z
[(—pu—v) 1-z (B+2v)(z-1?
07.09.06.0028.01
1 @Z+DH2( 27 (@z-1) 1\ & M=) 2 K
Pl = — F[v —) ( ) +
Vr @-p2\Tv-p+1 2/ (F2vik! \l1-z

27l @z-pt NS +Du+v+D o 2 ¢ j1-z
R R e T | M [ v
A

vV—— /’ -
I'(—u-v) 2113 2v+2)k! 2

07.09.06.0029.01

1 (z+1H? [ 2 (z- 1) 1 2
Pl = — F[v + —) 2F1(,u -y, -V, =2v, —) +

Vi -1 \T(v-pu+1) 2 1-z

271zt 1 2

71"(—1/——)2F1(v+1,y+v+1;2v+2; —) ize (-1, DA2veZ
[(-u-v) 2 1-z

07.09.06.0030.01
1 idyid 1 1 21zl 1 1
PP o — | —m— F(V+ —) (1+ O(—)) + — F(—v— —) (1+ O(—)] [i(Z > c0)\N2ve¢Z
N rv-u+1) 2 z I'—u-v 2 z
07.09.06.0031.01

@2n-K!(=n) [ 2\

- —] /ineN
KITN—K—p+1)

1
Ph(D) = —— (z- D" M2 (z+ 12
@ prall 2 (z+ 12 -

"Nt
n! k=0
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07.09.06.0032.01
2*lsin(r (u—=v)T(u+v+1) (z+ D2 z-1
zZ— 1)7‘/71 — 1 ( )ZFl(

aT(=v)TQ2v+2) z-12 o\ 2

P2 =
() 5

2
v+l u+v+12v+2 —)+
1-z

27 (z-1)Y (z+1*? 2v. 2v-K)!(-v) ( 2 )k 2"’Sin(7r(v—,u))sin(ﬂv)l"(y+v+1)( b 1(z+1)“/2
+ z-1)7" —

Fv+1) (z-12 (k! T(v—pu-k+H\1-2z 232 F(v + g) (z- 1+

© (V+Dy(u+v+1),

k=0 k! (2V+2)k

07.09.06.0033.01

2T+l 1
o o)
Vr Tv-pu+1) z

2 T(u+v+Dsin@(u—-v)
al(=v)T2v+2)

z
07.09.06.0034.01
V2 cos(r ) F(ﬂ + %) 1 1 1
P @ [Iog(ZZ)—w(——#)—v)(“o(—))/;w—eZ
-3 1327 2 z 2
07.09.06.0035.01

D2 () (z+ DH2 2
PL(2 = 2F1(v+1,p+v+l;2v+2;—)/;2v+1eN/\p—veN+
Qv+D!IT(-v) (z— DM+t 1-z

07.09.06.0036.01

(=Dt 27 (4 ) 1
Vi —v—1
Py(2) « 7z [1+O(—))/;(IZI—’OO)/\2v+1eN/\/J—veN+
2v+D!T(-v) z

07.09.06.0037.01

2Ty + 1 V- _ _ K qy—u ov+l
UL U RSP TR X YR JETasal aes
\/71“(,/_#_,_1) o k!'(-2v), 1-z I'-v)rv+2

2
(Z—l)_“/z"y_l(z+1)“/22F1(V+1,ﬂ+v+1;2v+2; 1—]/;2v+leN/\v—ﬂeZ/\—vsu$v+l

07.09.06.0038.01
2 F(V + %) z 1 (_l)v—,u v+l 1—*(# +v+1) 71 1
Pox———(1+9])- (1+92))
\/;F(V—/J-Fl) 4 Ir-»mr@2v+2 z
(l1Z»>0)A2v+1eNAv—pueZ AN-v<u=<v+1

2 k
(xp(k+1)—zﬁ(k+v+1)+(//(k+2v+2)—lp(—k—y—v))[l—) [i2v+1leNAv—ue¢Z
Z

1
z V‘l(log(g)—w(—y—v)—zp(v+1)+¢(2v+2)—)y)(1+0( )) fi2veNAv-—ue¢Z
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07.09.06.0039.01

(_ 1)2 v+l 2v+1
Pl@) = ———————— (- D"z
(Fpu=v=D!T(=v)

k

_1 2
[Log[z2 ]+¢(k+ 1) — (k=g —v) =k +v + 1) + vk + 2v+2))(1—) +

Hl v+ D)y (v + 1),

o Kl@v+k+D! _7
2T(v+3 2 (=M (Vi [ 2\ (1P 2 S (L -
3 -2y k( )+( ) vold-m
VI -+ 1) S k2vy \1-2)  aTA-p-WTo—-p+2)

2
(z—l)“/2’1(2+1)*‘/23F2(1, Ll-p—p—v+1l —pu+v+2 1—)/;2v+1€N/\v—ueZ/\u+v50
-z

07.09.06.0040.01

(_1)2v+l 2v+l fv—l (I z L ) " ) (1 O[ 1))
o —_ — — — — — —
iy DITnT@r+2) g( ) YEp=-v) =Y+ +y@2v+2) —y||1+ . +

2

V l 4

2 T(V+ 5)2 1 (1% 2¥ 1 &inmyv) T - p) 1

- (1 + o(—)) + z“‘l(l + o(—)) /;
\/71"()/—#+1) z alQl-pu-IT@2-pu+v) z

(l1Z>0)A2v+1eNAv—ueZ Au+v=<0

Pl(2)

07.09.06.0041.01

5 10922 - u(5 - )~y 1 1

L@, |- (1+O(—))/: (|Z|—>oo)/\—u——eN
- T r(% _ M) \/? z 2

Integral representations

On the real axis

Of thedirect function

07.09.07.0001.01

(-1 22y 1\ @+ o t-1Y z+3Y
PR=————— (—) f (t - —) dt/; -1 < Re(v) < —Re(u)

I=pu-vmry+ H\l-z (z- 1);1/2 1(t+ 1);4+v+l z—1
07.09.07.0002.01
m (V) cos(mt)
P, @)= f dt/;meNARe? >0
V4 0

(V21 como)

07.09.07.0003.01

1 z
P2 = (z+ 12 (z- D2 f P,(t) (t-27* 1 dt/; Re(u) <0
(- 1

Integral representations of negative integer order

07.09.07.0004.01

0"P,(z
PJ(@ = (z+ )" (z- D™? @

/imeN
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Differential equations

Ordinary linear differenti

For thedirect function itself

07.09.13.0001.01
(1-Z)W@-2zw @ + [v v+

07.09.13.0002.02

eirH I(u+
W,(P(2), @)(2) =

al equations and wronskians

2
-

]W(Z) =0/, W@ = P@+cQ)@

v+1)

(1-Z)T(-p+v+1)

07.09.13.0003.01
29029 2°
g@wW'( - [7 +
1-92?

07.09.13.0004.01

W,(P}(9(2)), Q4(9(2)) =

ETET(u+v+1)

(W2 -vv+1(1-92?)9@°

g"(z)] W (2) - W(2) =0/, W2 = ¢, P} (9(2) +C, Q4(9(2)

(1-9@?)°

£
2

d@-9@-)2(g2-1 2(1-92?)

rdA-u+v)

07.09.13.0005.01
2929 @°

d@h@2*w'(2) - [[
1-9(2)?

[ 12—y (v +1)(1-g2?)

(1-09@?’

+ g"(z)] h@*+2¢@h @ h(z)) W(2) +

29 9(2?

h@?g@*+2h@°g@ +h@ [h’(z) [
1-9(2)?

+ 9”(2)] -9 h"(Z)]] w2 =

0/; W@ = ¢, h(2) Py (9(2) + ¢, h(2) Q4(9(2)

07.09.13.0006.01
W,(h(2) P\ (9(2)), h(2) Q4(9(2))) ==

07.09.13.0007.01
r(@z"+1)

Z2W'(2) -z|2s+
1-a22"

W@ =c, Z2P)@?) +, 2 Q' (a?)

07.09.13.0008.01

a i
W,z Pl@z), 2Q@z)) = —

ETET(u+v+1) " T .y
h 2 _ -1 _1 1- 2\
Tt @2°d@(-92-1 2(0@-D 2( 9(2))
22+ (22" -1)v(v+1) 2 rs(a2z2"+1
-1|lW@+]|- (e + ) ) +2+ ( ) W2 =0/
(l_azzzr)z 1-a22"
T Z2SIn( v+ 1) "

(caZ ~ 1)z @z -1z (1-a22)7 "

I'-pu+v+1
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07.09.13.0009.01
a2 (log(r) — 21og(9)) r?% + log(r) + 2log(s)
- W (2) +

w’(2)
1-a%r??
a®(u? - (1-a%r??)v(v+1)) log?(r) r2? , (a?r22+ 1) log(r) log(s)
- +log“(s) + W(2) =
(1_a2r22)2 1_a2r22

0/; W@ =c, P, (ar?) +c, s Q@ar?

07.09.13.0010.01
ae'"Hrr(—arr-1) z (ar*-1) z (1-a? rzz)?1 P2T(u +v + 1) log(r)
W, (s Pi(ar?), s Q4(ar?) =

M(—u+v+1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.09.16.0001.01
i
Pl @=P)2

07.09.16.0002.01

m 'v-m+1) "
P, @=—P, (@/imez
IF'v+m+1)

07.09.16.0004.01

B 1 (z— DH? (z— DH? (—z— K2
Pr@D=——T(-u-Ty—-pu+1) sin(v ) P +sin(ur) ————— Pi(-2)
n (1- M2 (1- K2 (z+ DH/2
07.09.16.0003.01
R I T 1 ” ]
P}/ (-2) = —cso(u ) [S n(rv) P2+ PJ‘(Z)) inez
(—z- D2 (z- DH? 1-2" Fp=nT-p+1)
Identities
Recurrence identities
Consecutive neighbors
07.09.17.0001.01
2v+3)z u—-v-2
Pl@=——P @+ P2
u+v+1
07.09.17.0002.01
2v-1z u+v-1
Pl@=——P, - P2
v—pu v—pu
07.09.17.0003.01
2(u+1)z 1
PL(2) = - Pl ———  pyp

U+ —vo+1)V-z-1Vi-z pu+)=-vv+1)
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07.09.17.0004.01

" 2(/1_1)2 u—1 U—2
P (2= P @-((u-2d9-H-viv+1)P, (2
-1-z+V1l-z

Distant neighbors

07.09.17.0009.01
pu—-v-n-1
P2 =Cn(v, 1, 2 Pln(@ + m Cn1(v, 1, 2 Plyl+n+1(z) 1 Colv, 1, 2) = 1/\

(2v+3)z

/\ z2n+2v+1) u—v-n /\ .
Civ, u, 9 = Cnry ;) == ————— CnaaV, 4, 9+ —————Cpo(v, 1, 2 [\ neN
! u+v+1 " n+u+v "t n+u+v-1 "2

07.09.17.0010.01
+v—-n

u
P2 =Cn(v, 1, D P (D - ————— Coa (v, 1, D P (D /; Cov, , ) =1 /\
v-u—-n+1

2v-1z z(2n-2v-1)

pu+v-n+1
/\Cn(V, 0= ———Cpa(v, 4, ) - ——
vV—pu n+u-v-1 V—pu—-n+2

Cilv, 4, 2 = Cn2(v, 14, 2 /\ neN*
07.09.17.0011.01

1
P =Cnv, 1, 2P, (D) -

Cra(v, ,ZP{,Hle .
M+ p-DN+p)—vy+1) n-10 2 @/

2(u+1)z
CO(V, M,y Z) == 1/\Cl(V, My Z) =

Mu+)-vy+1)Hv-z-1+v1-z
2z(n+ p)

Cn—l(Vv M, Z)_
V=-z-1+V1l-z((n+u-D(n+u)-vF¥+1)

07.09.17.0012.01

NCu, w2 =

! C /\nen
oV, 1, Z n *
Mtpu-2)(N+pu-—v(r+1) AN

PL@ =Cav, 1, D P @~ (—N=D) (=) =y (v + 1) Coa(v, 1, D P (D /;
2(u-1z

CO(V, M, Z) == 1/\Cl(V, M, Z) =
V-z-1+vVl-z

2z(u—-n)

Cnv, g, 0= ——— Cpa(v, 1, - (e —NM(u—n+ 1 —v (v + 1)) Cha(v, 4, Z)/\rleN+
Vv-z-1+vV1l-z

Functional identities

Relations between contiguous functions
07.09.17.0005.01

WUAVP @+ (v-u+D P @=R2v+1zP©@
07.09.17.0006.01

o HUAVP L @+(v-pu+D P L@
VZ::

2v+1)z
07.09.17.0007.01

Py+l u-1 2uz H —
@+ uu-H-viy+1)P, @+ P,(»=0

z-1+Vz+1
07.09.17.0013.01

2u+v+DPI@+VZ—1 Vz+1 P @ - (—p+v+ DP 2 =0
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Pavlyk O. (2006)

07.09.17.0014.01

Pi @ - 2P @+ VZ-1 Vz+1 (u+v+ )P =0
Pavlyk O. (2006)

Additional relations between contiguous functions

07.09.17.0008.01

+1 M
v

P@ P @ - P @ P @ - (- ) (1 - ) PU@ P + (4 7) (u +v) P (D P (@) =0

Differentiation

Low-order differentiation

With respect to v

07.09.20.0001.01

P (2) Z+ 12 & (=) (v + Dy
= ncot(nv) PL(2) - W k=) —pk+v+ 1))(
8y (z- D2 413 T(k—pu+ k!

1_ZT 1-z
2 2

<1/\V€EZ

07.09.20.0002.01

oD _ (z+1)u/zi 1 (Lz)kzk"sﬁ“vizkl(—l)' gp[h r )(y+1)r P i Y
v @-pRgTk-p+kt L 2 ) H = v v+l o2

07.09.20.0003.01

H 1. . _ _
apﬂazz vt a-1ﬁw0a+1meM1m(l—%V+2JﬂL—%V+1,1 z1 j
dv 2T(2 - ) 2302\ 22— pv+2,1-; 2

07.09.20.0004.01
P2
92

Z+DH2 = (=) (v + D)
2 2
(w(k—v) —2(mcotmv)+Yk+v+D)wk—v) +¥k+v+ 1)+ 2ncot(rv)y(k+v+ 1)+

(z— D2 g KIT(k—pu+1)

k 1-z

1-2z
w(l)(k—v)+zﬁ(l)(k+v+1))(7) - P/ - <1

07.09.20.0005.01
PP@ (z+1H? = 1 (1 - z]k
2

92 (z= 2 1 3 T(k=p+1)k!

k

. L 1—
VRSN Y+ DR (- DA+ R+ D+ @r-Dy-Div+ D) S /; ‘Tz

i=1 r=1

<1

With respect to u
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07.09.20.0006.01

Py 1 2+ D2 . (=) (v + 1) Lok 11—y
= — (log(z+ 1) — log(z- 1)) P (2) + _#+1)(_) P
ou 2 (z- 12 1S Tk=p+Dk! 2 2

<1/\;1eJEN+

07.09.20.0007.01

P2
ou -
rorbesh @b 2X1X2(1_V,V+2; L l-p 102 1_2] (lﬁ(l ) 1(Io (z+1) - log(z l))]P#(z)
_ — |+ -y - = +1)- - ”
20-pr@-p -z 20N 22-pmi2-p 2 w50 9

07.09.20.0008.01
PPl 1

= — (log(z+ 1) - logz— 1))’ P“(2) +
ou? 4

(Z+ M2 = (=v) (v + 1), (1_2 1-7
<

k
7) (W(k =+ 1%+ (logz+ 1)~ log(z— D) ¢k — p+ 1) =y P (k= + 1) /; —

(z— D2 g K!IT(k—pu+1)
1/\;1 ¢ N*

With respect to z

07.09.20.0009.01

oPL(2 1 o o
== zvP, (2D — (u+ 12
e 22_1(v @-(u+vP,_(2)
07.09.20.0010.01
PPl 2z P @+ (P +((v-DZ2-v-1)v) P2
oz (Z-1)

Symbolic differentiation

With respect tov

07.09.20.0011.02
ampl‘f(z) (z+ l)”/2 l 1 1—z\km my & o |
mo 2 ( ) ( i )ZS:)(i_j*'l)j VI_JZ(—]-)r S;)(j—m+r+1)m (v+ )=
ov (z- D2 (3 Tk=pu+Dk!\ 2 P J - =l

<1/\meN

With respect to z

1-z
2

07.09.20.0012.02

MP(2) Z+D"?  u memy L HOH z+1\ . 1-z\(z-1)\
== F(—+1)Z( . )zFl[—J, — ——]+1 —]st(l, -v,v+1Lj-m+1 1-yu; —)(—] /i
oz" (z—1y2rm \2 p J 2 2 1 2 z+1

meN
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07.09.20.0014.01
OmPAz  T(1-%)T(u+v+1)

97"  T-u+v)

221-k(m)|<vr(1—kJr m—p+v)
m k k : H

ko0 j=0 (k—j)!(zj—k)!r(l—j—g)r(k—m+ﬂ+v+1)

07.09.20.0015.01

BmPf,l(Z) m k-m k-m m
=Vr Y )" z-1)72 z%@z+ 1)7( )
az" ;; k
. u 1-k k 2
(—y—v)wk3Fz[1, -k, E; - 1- 5; = A= p+py P™ @) ;meN
Fractional integro-differentiation
With respect to z
07.09.20.0013.01
6"P’V‘(Z) _a- 22 13 K2 -2 - 1,1-% z
- Zl_ Z(k+1)y( ) Fixéxg( T - vv+l 2'_2'__)_,_
ik (z 1H2 | 2 k—a+2;k+2,1-p; 2

u

(M _aeta v+ LI-SiLk+ 1z
1——) . (——] (—2*Fy. 1. — =
( 2 Z 2 )k Zebat ;

k=0 1,1—y,1—%;k—a+1; 2 2

Integration

Indefinite integration

Involving only one direct function
07.09.21.0001.01

1- Z)ﬂ/z _1x1x3( K+2; —=; — 1, 1—— 4
fPﬂ(z)dz—— ZZZ(k+ 1)!( +1) ZkFix(l)Xg[ + v, V+ 2 __)+
(z-12(2 k+3,,k+2, 1-u; 2

u
Uy & ou L3x1xl —v,v+1,1—5;1;k+1;1 z
Ha-2)eS(-4) carrst
> kg:; 2 2x1x1 u

1,1—u;1—5;k+2; 2 2

Definite integration

Involving the direct function

07.09.21.0002.01

1 ) =DM2(mM+n)y!
anm(t) dt==————— //meNAneNAm=n
-1 2n+1)(n-m)!

07.09.21.0003.01

1 =DM 2(m+n)! 6y
fPﬂ“(t)PF‘(t)aZt:: ileNAmeNAneN
-1 2n+1)(n-m)!

. 1 ) 1 )
21 (z-1)2 P (24 12 R P g i me N
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Summation

Finite summation

07.09.23.0001.01

n
D EDTPI@ P " @ =1/;neN

m=-n

Operations

Limit operation
07.09.25.0001.01

z
lim v Pﬁ‘(cosh(—)) =1_,2
v

V00

Representations through more general functions

Through hypergeometric functions

Involving oF1

07.09.26.0001.01

(Z+ 2 1-z
Pl = 2Fl(—v, v+1 11—y — )

07.09.26.0081.01

z-1

'% 24 sin(rv)
T e [l
z+1

. z+1
(Z+ 1)_11 2F1(—/J+V+l, —H—V, 1—/1, T) +
7T
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07.09.26.0083.01

1
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I(3(u-v+D)r(3 u+v+2) 2

z
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07.09.26.0084.01
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Involving »F;

07.09.26.0004.01
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[(—p) (z+ DH? z+1
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T

07.09.26.0085.01
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2
2F1[v+1,u+v+1;2v+2; —)/ lize (1L, DA\2ve”Z
Va D-p-v) (=12 1-z



http: //functions.wolfram.com

07.09.26.0086.01

1

" " 1 1 1
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r(% (—p—v+ 1)) r(% (—u+ v+2))
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07.09.26.0087.01
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z

Through Meijer G

Classical casesfor the direct function itself

07.09.26.0007.01

pi sin(rv) (z+ 12 o2 z-1
(Z == — ! (
v T (2_1)/‘/2 2,2 2

v+1, —v
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07.09.26.0008.01
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T (z— 12 von L2 0, u

07.09.26.0009.01
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Classical casesinvolving algebraic functions

07.09.26.0010.01

1 1 % -, % +v+1
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07.09.26.0011.01
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07.09.26.0013.01

u 2 sin(rv) 1,1-pu
-~ Su i 21 )
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07.09.26.0014.01
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07.09.26.0018.01
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07.09.26.0019.01
2z+1 1 o |+ s Lo+
(z+ 12 P = G35z 1
2V Z+z Va T(-u-v) 272
Classical casesinvolving unit step 6
07.09.26.0020.01
v o |1y =ty
002 - 1) (z- 1)z Pi(2z- 1) = G| Z u o
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07.09.26.0021.01
k(2 1,1-p
_ _ | B — 2,0 g
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-1 @-) 2 P(Vz)=26z| * ?
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z Ty _5

1 z+1 ou A |5
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]/; Re(2 >0
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07.09.26.0024.01

z+1) T(5-4) of [ 1-r+3 5 -n
01-12h(1-27" P} = Gya|z - [iz¢(-1,0)
2Vz 3 5

07.09.26.0025.01
z+1 r(z—ﬂ l-p+ 2, = —p
62 -1(z-1™ Pi‘[ ]== ) CHE: v2 v+i
2Vz Vr ~3 5

Classical casesinvolving sgn

07.09.26.0026.01

z+1 r 1
(Sgn(l—IZI)(l—Z))VPf[ - )“ D Ggé[z

snA-1A)1-2)) T(-u-v)

07.09.26.0027.01

1
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07.09.26.0028.01

1
(son (2 - 1) (z— )+ ps[ o ]
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Classical casesfor powersof Legendre P
07.09.26.0029.01
’ 2 1 o | v+1 vt
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07.09.26.0030.01
2
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Classical casesinvolving products of Legendre P
07.09.26.0031.01
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07.09.26.0034.01

1 1 1
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Classical casesinvolving Legendre Q
07.09.26.0039.01
T (u+v+1) 1_ 1
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07.09.26.0040.01
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07.09.26.0041.01
_ e’”"u 22 l,—V,V‘I'l
PV“(\/2+1)Qf(\/z+1):: G3lz| 2 /;Z¢ (=co, 1)
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07.09.26.0045.01

. 3 5 1
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2 V2 DRt TR
07.09.26.0046.01
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07.09.26.0047.01
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07.09.26.0049.01
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07.09.26.0051.01
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Generalized casesinvolving algebraic functions
07.09.26.0053.01
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7 2,1 2 2,
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2+1 (% +1)F( > ) 272
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Generalized casesinvolving unit step 6

07.09.26.0056.01

1-p—v  v-pu
- 02 2 2t 1
012 -1)(Z-1) 2 P2 =2"Gy3|z, 5 : /;Re(2>0
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07.09.26.0057.01
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07.09.26.0058.01

1 1-v
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07.09.26.0059.01
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Generalized casesinvolving sgn
07.09.26.0060.01
1 1-v
(son(izd - 1) (2 - 1)) Pc‘{ ): — oz = 2 N 2 |;re@>0
22 ) 7T (-p-nTQ-p+v) -

07.09.26.0061.01

(son 12— D (2 - 1)) pg[ﬂ]

22
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Generalized casesfor powersof Legendre P
07.09.26.0062.01
2
VZ+1 1 af 1 u+1,1,1-pu
[ = Gy3|z — L1 /;Re(z) >0
z VaTA-p+WT(-u—v) 2| —vmvtdls
Classical casesinvolving products of Legendre P
07.09.26.0063.01
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z z 32 2 v+l g
07.09.26.0064.01
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31
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07.09.26.0065.01

1 VZ+1 VZ2+1 1 1| u+1 1 —p
P{,l P,‘L/Hl == Ggé[z, e I +1]/, Re(2 >0
241 z z VA T@A-p+NT(-u-v) 2l 27

07.09.26.0066.01

3 1 5
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3 5 1
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Generalized casesinvolving Legendre Q
07.09.26.0068.01
\/22+1 \/22+1 FHT(u+v+1) Lo 1 Lpu+l1-p
Pl Q) = Gz S| 1.,
z z 2Va TA-pu+v) pVtL oY
07.09.26.0069.01
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07.09.26.0070.01
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2
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=
+
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|
=

07.09.26.0071.01

Lyl VZ+1 emin 1 33+l
Pvi(\/22+l)Q’y‘ = Gég z-|* 43 141 /:Re(2>0
Hy z V2 T (d-p+v) 2 v+ v 5
07.09.26.0072.01
241 i cos(m )T (u+v+1) 1] 3v+3 2oy
Pl Q’V‘(\/zz+1):: Galz=| ] 11 |iRe@>0
2 z V2 2 T HT M

07.09.26.0073.01

Sk VZ+1 | ercosrpT (u+v+1) 1] 33+l
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07.09.26.0074.01
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07.09.26.0075.01

. 1 1 1
-2 VZ+1 e MM
Pvlz(\jzz+l)(.f2*v‘ = Gégz,— 454 N 43 /i Re(2>0
N z V2 (u+v+ DT @2-p+v) T A
07.09.26.0076.01
1 L [yVA+1 ik 1] 2-v, 3 v+
PZ @5‘(\/z2+1)==—cs§;§ 2> s MhRre@>o0
2+1 "2 z \/71"(1—,u+v) Mt M
07.09.26.0077.01
X 1 1 1
£ VZ+1 eriH 1| 73— Hu+3
PZ_;(\/ 22+1)Q’V‘ = Géjg z, - | * i - 1/ Re>0
V241 i3 z \/71”(1—;1+V) 2 vt a7V
07.09.26.0078.01
1 SN2+l eriH 1] —v-3 3043
Pz @’J[\/22+1):: Gaz=| , ) ‘' |ire@>0
2i1 2| 7 V2 v+ DT A -p+v) 2| —qpt g H g

07.09.26.0079.01

i 3 1 3

1 -t VZ+1 erin 1| 2, -, u+=>
P Z(x/z2+1)<g’; = <3§;§z,E ¢ ¢ f]/;Re(z)>o

’ 2

i
Hr3

J2+11 z V2 (u+v+ DT A -p+v)

Through other functions

I nvolving some hyper geometric-type functions

07.09.26.0080.01
Tv+1) (z+DH?

Pl = Py M (2)
Fv—pu+1) (z-H?

Involving spheroidal functions

07.09.26.0088.01

1—7)H/?
PC(Z)=( ?

e P

Representations through equivalent functions

With related functions

Involving Gegenbauer functions

07.09.27.0001.01
2k r(l—u)r(y+v+1) .
" 2 —u2 w2~ H
Py (2 = (z+ )M z-DMChy @
Va T'A-pu+v)

Involving L egendre functions
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07.09.27.0002.01

(1-2+?
P2 = Pl(2)
(z— 1)/4/2
07.09.27.0003.01
1-— 22
P}/(2) == — cso(r p) 4-2 sin(v) Py (-2 + i P2 iuez
(z—1H? F(—p=-»T-p+1)
07.09.27.0004.01
PH(x) = e% IimOP’VJ(z) ix>1

07.09.27.0010.01
rip

Pl =e2 lim P@/;x<-1
Z-X+i 0

07.09.27.0005.01
mip
Pl =e 2 IimOPi’(Z) fi-1<x<1

ZoX+i

07.09.27.0006.01
Tip

PP =e 2 Pi(x) /;x< -1

07.09.27.0007.01
rip

Pl =ez Pi(x)/;x>1

07.09.27.0011.01
mip

PlW=e 2 Pi(x)/; -1<x<1
07.09.27.0008.01

iet™” 2 1 ot
Pl(coth(z)) = ——— | — sinhz2(2@Q 2 (cosh(2))
M(-p-v) NV m TH

Involving spherical harmonic functions

07.09.27.0009.01
2V NTu+v+1) (A-2H?
Pl(2) = Y/ (cos™(2), 0)

V2v+1 VT —p+1) (z-DH?

History

—D. Bernoulli (1748)
—A. M. Legendre (1782)
—E. Heine (1842)
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