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Notations

Traditional name

Assosiated L egendre function of the second kind of type 2

Traditional notation

Q2

Mathematica StandardForm notation

LegendreQ[v, u, 2, 7]

Primary definition

07.11.02.0001.01

meso(um) ((1+2072 3 1-2zy Tu+v+1) A-2"2 _ 1-2
Q2= cos(u ) ZFl[—v, v+ 11—y —) - zFl(—v, v+1Lu+1; —) /;
2 1-2"? 2 T(-p+v+1) (14242 2

He”z

The function LegendreQ[v, u, 2, z] isthe analytic continuation of the function LegendreQ[v, u, z] from the unit
disk | z| < 1to the cut complex plane. Inside the unit disk they coincide.

For u € Z the above definition becomes indeterminate, and the function LegendreQl[v, u, 2, z] is defined by taking alimit.
Series expansions for this case can be found in the Series representations section.

07.11.02.0002.01
Y@ =ImQG@/inez

fiop

Specific values

Specialized values

For fixed v, u
07.11.03.0001.01
211792 T(u+v)
QO=-—7 tan[ 2 )
AR
r( a )r(T +1)

07.11.03.0002.01
Q)= iueZ
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07.11.03.0003.01
G =&/ueZ

07.11.03.0004.01
Q-V=(/ipn¢Z
07.11.03.0005.01

Q-D=x/nueZ

For fixed v, z

07.11.03.0006.01
P@2=Q,®

07.11.03.0007.01

1 n 1 1
Q@ =-.| — sin[[v+ —) COS"l(Z)]
> 2 (1_22)1/4

07.11.03.0008.01
Q"(@=%/neN*

07.11.03.0009.01
2—v—1

Q)@=

(1- 22)”2 (Cos(n WL TRv+1) -T+1)Bi.(-v, —v)) iveZ
r@v+1) Z

07.11.03.0010.01

2—v—1 y 1
Q2 = - 1-2) 2 [n cot(rv) Biz(—v, —v) =& V1 cscrv) T(=v) F(v + 5)) iveZ
—y >
07.11.03.0011.01
2" it cot(mr v) ot
Ql@=——(1-2) 2
I'(=v)
For fixed u, 2

07.11.03.0012.01

7T CSC(7r (1) _E
= 1-7) 2 N —A-2M/ue2
Q%@ 2r(l_#)( ) 2 (z+ D costmp) —(1-2") /i p &
07.11.03.0013.01
(m-1)!
Q@ = 1-2"21+2™2(z-1)™@zZ+D)"-1) /;meN*

07.11.03.0014.01
Q@ =& /;meN*

07.11.03.0015.01

7T CSC(7r ) _K
Q@ = (1-2) 2 (z+ D" (z- wycoslm p) = (1= 2 (z+ )
2T(2—-p)
07.11.03.0016.01
T CSC(mr ) _k
%@ = (1-2) 2(z+D* (32 -3puz+p?-1)cos(n ) — (1 -2 (32 + 3puz+ y* - 1))

2r@-p)
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07.11.03.0017.01

7T CSC(7r (1) _K
QA = (1-2)

2T p
(z+ D (152 - 15uZ + (64 —9)z— p® + 4 p)cosimp) — (L -2 (152 + 15 Z + (6 4 — 9) 2+ p° — 4 1))

07.11.03.0018.01

7T CSC( )
Qﬁ(z) ==
25—

(1-2" (1052 +105u 22 +45(u? = 2) 2 + 5 (2p? - 11) 2+ p* - 10 4* + 9))

(1-2) 2 ((z+ D (1057 - 1054 2 + 45 (u® - 2) 2 + (55 1 — 10 4®) z+ pu* — 10 4 + 9) cos(m p) —

07.11.03.0019.01

7T CSC(7r (1) _#
2= 1-7) 2

il
(z+1)¥ (94522 - 9454 7' + 210 (2 4> = 5) 22 — 105 (u? — 7) Z + 15 (p* — 13 p4® + 15) z— pu (u* — 20 p® + 64)) cos(m 1) —

(1-2" (9452 + 945 7 + 210(2 4> - 5) 2 + 105 (u? — 7) 2 + 15 (p* — 13 p® + 15) 2+ ° - 20 14° + 64 1))

07.11.03.0020.01
Qg(z) ==

7 €SO 1)
21(7-w)

(1-2) 2 ((z+D¥(103952° - 10395 4 2% + 4725 (u? - 3) 2 = 630 1t (2 > — 17) 2 + 105 (2 u* — 32y + 45) 2 -

20p (u* = 2547 +99) 2+ (1 = 5) (= 3) (= ) (u+ 1) (u + 3) (u + 5)) cos(r )
(1-2/(103952° + 10395 41 2 + 4725 (u? = 3) ' + 630 p (2 * = 17) 22 + 105 (2 pu* — 32 p4” + 45) 2 +
21p(u* = 2547 +99) 2+ (1 —5) (= 3) (= ) (u+ 1) (u + 3) (1 + 5)))
07.11.03.0021.01
7T CSC(7r 1) _B
218 - p)

Q@ = (1-2)>

((z+ 1H (13513527 - 1351352 +31185(24? - 7) 22 — 17325 yu (u* - 10) 2 + 1575 (2 u* — 38 4> + 63) 2 -
189 (2" — 60 % + 283) 2 + 7 (4 u° — 170 * + 1516 p® — 1575) z— 1% (u® - 28)2 + 2304 u) cos(m 1) —
(1-2* (13513527 +135135 22 +31185(24? - 7) 22 + 17325 pu (u* - 10) 2 + 1575 (2 " — 38 4? + 63) 2 +
189 p (2" — 60 % + 283) 2 + 7 (4 u® — 170 * + 1516 p® — 1575) 2+ 11® (u® - 28)2 - 2304 ﬂ))

07.11.03.0022.01
p
oS 21
(z+D¥ (20270257 — 2027025 ;1 2" + 945945 (u? — 4) 22 — 135135 4 (2 4? — 23) 2 + 51975 (u* — 22 pi? + 42) 7 -
3465 1 (2 pu* — 70 4% + 383) 22 + 315 (u — 6) (1 + 6) (2 p* — 28 ” + 35) 2 —
94 (440 - 2664 +4396 1%~ 15159) Z+ (u = 7) (1= 5) (= 3) (u = 1) (u + 1) (u + 3) (u +5) (u + 7)) cos(z p) —
(1-2+ (20270252 + 2027025 ;1 7' + 945945 (? — 4) 2 + 135135 41 (2> — 23) 2 +
51975 (u* — 22 4% + 42) 2 + 3465 p (2 4 — 70 p? + 383) 22 + 315 (1 — 6) (u + 6) (2 u* — 28 p® + 35) 2 +
9t (45 — 266 u* + 4396 1? — 15159) 2+ (u = 7) (= 5) (= 3) (= 1) (u + 1) ( + 3) ( +5) (1 + 7)) €SC(m o))
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07.11.03.0023.01

7 esc(m )

((z+ D)+ (344594257 — 34459425 ;1 72 + 8108100 (2 p? — 9) 2’ — 4729725 pu (u? — 13) 22 + 945945 (u* — 25 44> + 54) 2 —
135135 1 (" — 40 2 + 249) Z* + 6930 (2 4° — 115 * + 1373 * — 1890) 2 —
495 11 (2 p® — 154 p* + 2933 1” — 11601) 2 + 45 (u® — 98 u® + 2674 * — 20217 pi* + 19845) z -
U=8) (u—6) (U= (u—2) p (+2) (u+4) (1 +6) (u+ 8)) cOS( ) —

(1-2)" (344594257 + 34459425 ;1 72 + 8108100 (2 4> — 9) 2/ + 4729725 ju (u* - 13) 22 +

945945 (u* — 25 44? + 54) 22 + 135135 pu (u* — 40 4* + 249) Z* + 6930 (2 11° — 115 p* + 1373 4> — 1890) 2 +
495 41 (2 4 — 154 p* + 2933 % — 11601) 2 + 45 (B — 98 u® + 2674 * — 20217 * + 19845) 7+
(u—8) (u—6)(—4) (u—2) p(u+2) (u+4) (u+6) (1 +8)))

07.11.03.0024.01
Q@ =
7T CSC(mr )
2011 - )
9459450 (2 pu* — 56 p? + 135) 2 — 2837835 1 (u* — 45 1* + 314) 2 +
315315 (1 — 65 u* + 874 > — 1350) 2! — 12870 1 (u = 7) p? (u + 7) (24> — 77) - 16830) 2 +
1485 (B — 112 ® + 3479 y* — 29828 i? + 33075) 22 — 55 11 (B — 138 4® + 5754 * — 78877 i + 251865) 2+
=== W= (-1 u+1) (u+3) (u+5) (u+7)(u+9))cos(r ) -
(1- 2 (6547290757' + 654729075 1 2° + 310134825 (u? — 5) 22 + 45945900 1« (2 4 — 29) 2 +
9459450 (2 pu* — 56 p? + 135) 2° + 2837835 1 (u* — 45 1* + 314) 2 +
315315 (u® — 65 4 + 874 4> — 1350) 2 + 12870 (= 7) pi® (u + 7) (2 4* — 77) — 16830) 22 +
1485 (B — 112 4® + 3479 y* — 29828 i® + 33075) 2 + 55 11 (1® — 138 u® + 5754 * — 78877 i + 251865) 2+
U=DU-DU-5U-DE-D U+ U+ u+5 W+ (u+9))

u
(1-2) 2 ((z+ ¥ (6547290757 — 654729075 11 2 + 310134825 (1* - 5) 22 — 45945900 u (2 pi> - 29) 7' +

07.11.03.0025.01

meso(un) [cosum) (L+2H2 0 (=my(+ 1)y (1-z)k (N=p+1)y, (1-2H2 D (—n) N+ 1) (1-2)* .
Q@ = 2 [r(l_#) (1-2/2 & Q- k! ( 2 )_ Fu+1)  1+20?i5 (+Dk! (T)]/
neNAueN

07.11.03.0026.01

meso(um) (cosum) (L+2M2 M-y (1-2z\¢ A=N=p, 1-2"? 2 M@-nk (1-2))
Gnld=" [r(l—u) (1-22 ic (- k! ( 2 ) CTW+) Qe Dk (T)J

neN"Aue¢N
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07.11.03.0027.01

Im|

M| l_z?
Q@) =21 (—1)% Z+ D" (m+n)!n! ( )‘m‘
1+22
(=™K k- n+ m - 1)! (Z—l)k n-im 1
+
k=n—jm+1 k! (k+[m)! (n=k)! z+1 = k'k+Imh!(n-Kk! (-k+n—|m)!

z—1\K
(logl+2-logl-2—-y(n—k+21) —y(h—|m—-Kk+1)+yk+1)+yk+ |m|+1))[—l) +
Z+

m=1 (—1)™k (m| - k- 1)! [z— 1

k—|m|
—) /ineNAmeZAm=n
o Ktin=k!(n+|m-k!tz+1

07.11.03.0028.01

Q"2 =2"1(z+ )" (m+n)!n!

(1—2)? ml ok m-—k-1)! (z—l)k‘m n (—1)”‘k(k+m—n—1)![z—1)k _
- z+1

o KIh=K!Mm+n-Kk!\z+1 o kKlk+m!(n-Kk!

1+22
neNAmeN" Am>n

07.11.03.0029.01

m

(1—2)5[ 1+272 21142 " ™0 (nyk—1) (M=k=1)! [z 1 km]
1" (M+n-1)! ( ) /;

P +

(2 == (m-n)!
Qrl@ = ) z n-1! i3 kK!(m-n-Kk)!

m

(1+2)2

neN"AmeN*Am=n

z-1) z+1

07.11.03.0030.01
QA @=%/ineN"

For fixed z

07.11.03.0031.01
1
Q@ = 5 log(1 +2) - log(1 - 2))

07.11.03.0032.01

Q@ =-
1-72
07.11.03.0033.01
(077 2
Z) ==
T2
07.11.03.0034.01
o 2+62
o Z) == —

(1-2)"
07.11.03.0035.01
24(z+2%)

Q@ =

(@-1f
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07.11.03.0036.01

. 24(1+572(2+2))
Qo(z) =-
(1-2)"
07.11.03.0037.01
s 2402(2 +3) (32 +1)
Q2 =~
Z-1’
07.11.03.0038.01
, 720(72+357+ 2172 +1)
Q@ = -
° L-2"2@z+1)7?
07.11.03.0039.01
. 40320(Z/+72+ 72 +2)
Qo(z) ==
#-1'
07.11.03.0040.01
. 40320(92 +847 +1267' +367 +1)
Q@ =~
° (1-2%(z+1)%?
07.11.03.0041.01
o 7257602(7' + 102 +5) (52" + 102 + 1)
Qo 2 =- 5
(Z-1)
07.11.03.0042.01
z
QL) == 5 (log(z+ 1) —logl-2 -1
07.11.03.0043.01
e (Z-1)(ogz+ 1) -log(l-2) -2z
i Z) ==
2 1-2
07.11.03.0044.01
5 2
Qi(2) = :
07.11.03.0045.01
Q@ =-
(1_ 22)3/2
07.11.03.0046.01
8(1+52)
Qéll(z) = -
(Z-1)
07.11.03.0047.01
48z(3+52)
A@=-—--=

(1-2)"
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07.11.03.0048.01
48(3+427 + 357

QL@ == -
(1-2)

07.11.03.0049.01
1920z(3+77(2+2))

7 - _
Q@ = (1- Zz)7/2

07.11.03.0050.01
5760(1+32(9+ 72 (3+2)))

(-1’

Q?(Z ==

07.11.03.0051.01
80640z(5+457 + 637 + 152)

(1-2)"

A@=-
07.11.03.0052.01
80640(5+117*(20+ 907 + 847 + 157°))

Q@ = -
(1-2)

07.11.03.0053.01

1
Q@ = 2 (32-1)(log(z+1) - log(1-2) - 62)

07.11.03.0054.01
4-672-3(z-1)(z+1)z(log(l-2 -logz+ 1)

Q2=
2y1-2
07.11.03.0055.01
, 22(322—5)—3(22—1)2(Iog(z+ 1) - log(1 - 2)
Q (Z ==
’ 2(2-1)
07.11.03.0056.01
Q@ =-
(1-2)"
07.11.03.0057.01
" 48z
Q2 = 5
(Z-1)
07.11.03.0058.01
. 48(1+72)
B@ =
(1-2)
07.11.03.0059.01
. 384z(3+77)
Q= ——-—

(-2
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07.11.03.0060.01
1152(1+ 182 + 217

Q2 = - —
(1-2)"

07.11.03.0061.01
115202z(5+302 +217*)

S == -
(Z-1)

07.11.03.0062.01
11520(5+ 332 (5+ 152 + 72))

(1 _ 22)9/2

Q@ =-

07.11.03.0063.01
967680z(5+557 + 997 + 337)

(-2

Q2 =
07.11.03.0064.01
1

QA = o (8-307-3(57 - 3)(log(1-2) - log(z+ 1)) 2)

07.11.03.0065.01
-302+262+3(52 - 62 + 1) (log(z+ 1) - log(1 - 2))

QA=
4y1-2
07.11.03.0066.01
L 307-507+16+15(Z- 1) (og(1-2) - log(z+ 1)z
&K@ =
? 2(2-1)
07.11.03.0067.01
, 3075 - 807 + 662+ 15(1-2)° (log(z+ 1) — log(1 - 2)
Qg(z) =
2(1-2)"
07.11.03.0068.01
QA@ = -
(Z-1)
07.11.03.0069.01
5 384z
Q3(Z =- 52
(1-2)
07.11.03.0070.01
(1497
o= —>
(1-7)
07.11.03.0071.01
11520(z+32)
o=

(1-2)"
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07.11.03.0072.01

. 11520(1+ 227 + 337
Qg(z) == P
(2-1)
07.11.03.0073.01
. 46080z(15+ 1107 +997)
Q2 = - o2
(1-2)
07.11.03.0074.01
138240 (5+ 1957 + 7157 + 429 2)
10
Q3 2=

(-2
07.11.03.0075.01

1
Q@ = y (-2102 + 1102+ 3(352 - 30 2 + 3) (log(z + 1) - log(1 - 2)))

07.11.03.0076.01
-2107+2302 - 15(z- 1) (z+1) (722 - 3) (log(1 - 2) — log(z + 1)) z— 32

Q@ =
122y1-2
07.11.03.0077.01
L 22(1057-1902+81) - 15(Z - 1)’ (77 - 1) (log(z+ 1) - log(L - 2)
Q2 =
) 4(2-1)
07.11.03.0078.01
. 2102 ~ 5607 + 4622 — 96 + 105(2 — 1)° z (log(1 - 2) - log(z+ 1))
Q4(Z) ==
2(1-2)"*
07.11.03.0079.01
o ~2107" + 7702 — 1022 2 + 5582+ 105 (2 - 1)" (log(z + 1) - log(1 - 2)
4(2) =
2(2-1)
07.11.03.0080.01
o 384
4 Z) == —
(1-2)"
07.11.03.0081.01
. 3840z
Q4(Z) = 3
(2-1)
07.11.03.0082.01
3840(1+112)
GO =-———
(1-2)"
07.11.03.0083.01
. 46080z(3+117)
QD= ————

(#-1'
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10

07.11.03.0084.01

46080 (3+ 787 + 1437")
Q@ =-
2(2) =
(1-2)"
07.11.03.0085.01
6451207(15+ 1307 + 143 7*)
%@ =
() ==
(1-2y

07.11.03.0086.01

1
QR = 20 (-2(9457 - 7357 + 64) - 152(637' - 70 Z + 15) (log(1 - 2) — log(z + 1))

07.11.03.0087.01
-6302°+8407° - 2262+ 15(212 - 357 + 1522 - 1) (log(z+ 1) — log(1 - 2))

Q2 =
16V 1-2
07.11.03.0088.01
, 14(45(2-2)Z+49)7 - 64+105(Z - 1) (322 - 1) z(log(1 - 2 - log(z + 1)
Qs5(2) ==
° 4(Z2-1)
07.11.03.0089.01
. 27(9457 — 26257 + 2359 2 — 663) — 105 (2 — 1)° (92— 1) (log(z+ 1) — log(1 - 2))
Qs(z) =
4(1-2)"
07.11.03.0090.01
, 9452(2 - 1) (log(z+ 1) — log(1 - 2)) — 6 (3(7 2 (152 — 552 + 73) — 279) 2 + 128)
Q52 ==
2(2-1)
07.11.03.0091.01
3 (2z(3(105z6 — 4907 + 896 22 — 790) 22 + 965) — 315(2 — 1)° (log(z+ 1) — log(1 — z)))
Q@ =-
2(1-2)"
07.11.03.0092.01
. 3840
Qs(z) = 3
(1-2)
07.11.03.0093.01
. 46080z
Qs5(2) = - 7
(1-2)"
07.11.03.0094.01
. 46080(137* + 1)
K@= —"""
(#-1)
07.11.03.0095.01
. 6451207 (3 + 137)
Qs(z) =

(1-2)"
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07.11.03.0096.01

o 1935360(1+ 302 +652")
Qs (2= 5
(1-2)
07.11.03.0097.01
1
QXD = 0 (5(217 (112 - 157 +5) - 5) (log(z+ 1) — log(1 - 2)) — 14z(1657 — 1707 + 33))
07.11.03.0098.01
Q2 = (—42(1657' — 2607 + 103) 2 - 105 (z— 1) (z+ 1) (332' = 30 Z + 5) (log(1 — 2) — log(z+ 1)) z+ 256)
80y 1-7
07.11.03.0099.01
, 27(34657 — 76657 + 51037 — 919) - 105(2 — 1)’ (332 — 182 + 1) (log(z+ 1) — log(1 - 2))
Q62 ==
° 16(2 - 1)
07.11.03.0100.01
1
XD =-— (315 2(112 - 3) (log(1 - 2) — log(z+ 1)) (Z — 1) + 62 (72 (1657 — 485 2 + 483) - 1221) + 512)
4(1-2)"
07.11.03.0101.01
QG =- (3(69302° - 26040 7" + 36036 7 - 214807° + 44902 - 315(Z - 1) (117 - 1) (log(z+ 1) ~ log(1 - 2)))
4(2-1)
07.11.03.0102.01
1
Q@) =~ ————— (3(34652(l0g(1 - 2) - log(z+ 1)) (Z - 1)’ + 227 (3(1057 - 4907 + 896 7 - 790) 7 + 965) - 2560))
2(1-2)"
07.11.03.0103.01
XD =

2(2-1)°

(3465109(1 - 2)(Z - 1)° - 3465 log(z+ 1) (Z - 1)° + 27(112 (3157 - 17857 + 4158 7' - 5058 7 + 3335) - 11895))

Q4@ =~

Q@ =

Q@ = -

Qéo(z ==

07.11.03.0104.01
46080

(1 _ 22)7/2

07.11.03.0105.01
645120z

(-1

07.11.03.0106.01
645120(1+157)

(1 _ 22)9/2

07.11.03.0107.01
30965760 (z+52)

-2
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07.11.03.0108.01

1
@ == 70 (512-14(55(397 - 50) Z + 849) 7 - 35(4292° — 693 7' + 3157 — 35) (log(1 - 2) — log(z+ 1)) 2)

07.11.03.0109.01

Qi@ =
160y 1- 2

(-300307" + 546707 — 28546 7° + 3746 - +35 (4297 - 9242° + 6307 — 140 Z + 5) (log(z+ 1) — log(1 - 2)))

07.11.03.0110.01

D= ———
! 80(Z2-1)

(6 (72 (55(39 2 - 95) 2 + 4119) - 7641) 2 + 315(2 — 1)° (1437 - 1102 + 15) z(log(1 - 2) - log(z+ 1) + 2048)
07.11.03.0111.01

CD=-——
16(1-2)"

(2 z(3(77 (21457 - 6710 Z + 7404) — 22950) Z + 9295) — 315(Z - 1)3 (1437' - 667 + 3) (log(z+ 1) — log(1 - z)))
07.11.03.0112.01

Q2 ==

4(2-1)
(-3465 2(132-3)(Z-1)" (log(1 - 2 ~ log(z+ 1)) — 227 (3(13657° — 53202 + 7798 2 — 5160) 2 + 4175) + 5120)
07.11.03.0113.01

3
G@=-—

- (90 0902t — 4273502 + 8011087 —
4(1-2)

736956 2° + 3281307 - 545107 3465 (2 - 1)° (132 - 1) (log(z+ 1) — log(1 - z)))

07.11.03.0114.01

L= -
2(2-1)

(45045 2(log(1 - 2) - log(z + 1) (2 - 1)° + 2(13(112 (3157 — 17852 + 4158 7 — 5058 2 + 3335) - 11895) 2 + 15360))

07.11.03.0115.01

3
Q) =~ ————— (45045 l0g(1 - 2) (2 - 1)/ - 45045 log(z+ 1) (Z - 1) +
2(1-2)"

22(13(117 (3157 - 21002 + 5943 7' — 9216 7 + 8393) — 48580) Z* + 169 995))

07.11.03.0116.01

. 645120
Q7(Z) == 4
(#-1)
07.11.03.0117.01
9 10321920z
Q7(Z = -

(l _ 22)9/2
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07.11.03.0118.01
10321920(172 + 1)

Q@ = -
(1-7)

07.11.03.0119.01

1
Q@ = 5960 (—4504507" + 690690 Z° — 294910 Z +

3031827+ 35(64357 — 12012 2° + 6930 7' — 1260 7 + 35) (log(z+ 1) — log(1 - 2)))
07.11.03.0120.01

1
Qf(2) = —————— (6(20901 - 3857 (195 7' - 4037 + 261)) Z —
1120y 1- 2
315(z-1)(z+1) (112 (657" - 912 + 35) - 35) (log(1 - 2) — log(z + 1)) z— 4096)

07.11.03.0121.01
1

R(Z-1)

(90090z9 — 2402407 + 2189887 — 76464 7° + 75627 315 (2 — 1)° (1437 — 1437 + 332 — 1) (log(z+ 1)  log(1 - z)))

Q%@ =

07.11.03.0122.01

Q@ =~ ————— (34652(397 - 26 2 + 3) (log(1 - 2 - log(z + 1)) (Z - 1) +
16(1-2)"
2(337° (40957 - 13650 2° + 16604 7' — 8718 7 + 1733) — 2048))
07.11.03.0123.01
1
Q4@ =-————(3(22(112(3(352 (1957 - 7937 + 1238) - 31806) 2 + 31615) - 37495) -
16(2-1)°
3465(Z - 1) (657 - 267 + 1) (log(z+ 1) - log(1 - 2))
07.11.03.0124.01
1
Q@) =~ ————— (3(450452(5 2 - 1) (log(1 - 2) - log(z+ 1) (Z - 1)’ +
4(1-2)"
267 (117 (3(357 (157 — 737 + 142) — 4846) Z + 7195) — 17015) + 20480))
07.11.03.0125.01
QA2 = (3 (2 z(13(337((357 (457 — 258 7 + 611) — 26676) Z + 18361) — 215110) Z + 385035) —
42-1°
45045 (7 - 1)6 (157 - 1) (log(z+ 1) — log(1 - z))))
07.11.03.0126.01
7 45 2_1)
Qi@ = — (450452(Iog(1— 2-logz+1)(Z-1) +

2(1-2)
2(Z(13(117 (3157 - 2100 2 + 5943 7 — 9216 7 + 8393) — 48580) 7 + 169995) — 14 336))
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07.11.03.0127.01

QL =- (45045 l0g(1 - 2) (7 - 1)° - 45045 log(z+ 1) (Z - 1)° +

2(2-1)"
22(Z(13(117 (3152 - 2415 2° + 80437 — 15159 7 + 17609) — 140903) 7 + 801535) — 184331))

07.11.03.0128.01
10321920

(1 _ Z2)9/2

07.11.03.0129.01
185794560 z

R = -
(1-2)
07.11.03.0130.01
1
0(2) == — (-2(165(91 2 (255 Z* — 455 2 + 249) — 3867) Z + 16 384) —
B = - (-2(165(01 7 +249) - 3867) 7 + 16384)
3152(11(137 (857" - 1807 + 126) — 420) Z + 315) (log(1 - 2) — log(z + 1))

07.11.03.0131.01
1
Q5= ————(315(z- 1) (z+ 1) (11(221 2 - 3647 + 1827 - 28) Z + 7) (log(z+ 1) — log(1 - 2)) —
1792y 1- 2
22(33(917 (2557 — 590 Z + 456) — 11910) Z + 30563))

07.11.03.0132.01

1
GD=—— (3465 2(221 - 2732 + 912 - 7) (log(1 - 2 - log(z+ 1)) (Z - 1)] +
224(2-1)

2(117(3(917 (2557 - 7407 + 766) — 30180) 7 + 14179) — 4096))
07.11.03.0133.01

1
XD =-—— (2 z(117 (3(917 (2557 — 905 Z + 1206) — 66678) 2 + 52411) — 45687) —
32(1-2)"

3465(2 - 1)° (2217° - 1957 + 392 - 1) (log(z+ 1) - log(1 - 2))
07.11.03.0134.01

1
Q) = ——— (3(-450452(177 - 102 + 1) (Z - 1) (log(1 - 2) - log(z + 1)) -
16(2 - 1)

2(13(117 (53552 — 227852° + 37926 7' — 30714 7 + 12079) - 21111) 7 + 8192)))
07.11.03.0135.01

3
B@D=- — (2 2(13(117(15(17852° - 8960 Z* + 18193 7 — 18904) Z + 155813) — 453320) 7 + 528395) —
16(1-2)

45045(7 - 1)’ (857 - 307 + 1) (log(z+ 1) - log(1 - 2))
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07.11.03.0136.01

QL = (450452(17 7 - 3) (log(1. - 2 - log(z+ 1) (Z - 1) +
4(2-1)
2(Z(13(117 (53557 - 31290 2 + 76041 Z* — 98460 Z + 71869) — 312270) Z + 725025) — 28 672))
07.11.03.0137.01
. 45
AR =-——
a(1-2)"

(2 z(7(13(11 2 (3(7Z (2557 - 17157 + 4911) — 54 205) Z + 151897) — 918183) Z + 3521 455) — 413707) —
45045(7 - 1)’ (172 - 1) (log(z + 1) - log(1. - 2))

07.11.03.0138.01

Ro=- (765 7652 (log(1-2) — log(z+ 1)) (Z - 1)8 +

2(2-1)"
2(17(Z(13(112 (3157 - 24152 + 8043 7' - 15159 7 + 17609) — 140903) 7 + 801535) — 184331) 7 + 229 376))
07.11.03.0139.01

45
Q@ =- W (76576510901 - 2) (7 - 1)° - 765765 log(z+ 1) (Z - 1)° +
2(1-

22(17(Z (13(117(3(1052° - 910 Z* + 3486 7 — 7734) Z + 32768) — 334602) Z + 2633274) — 985866) Z +
3363003))

07.11.03.0140.01
185794560

-2

éo(z) ==

07.11.03.0141.01

Q@ = (315(117(13(3232° - 7657 + 630 2 - 210) Z + 315) — 63) (log(z + 1) — log(1 - 2)) —

161280
222(39(7 7 (48457 — 9860 Z + 6594) — 11220) Z + 27 985))
07.11.03.0142.01

1
Qlo(d) = ————————(-22(39(339152° - 86870 ' + 78008 Z — 28650) Z + 143995) Z —
16128 1-2
3465 (z- 1) (z+1)(13(3232° - 6127 + 3787 — 84) Z + 63) (log(1 - 2) — log(z+ 1)) z+ 65536)

07.11.03.0143.01

1
2 (2) == ——— (22(11 2 (39(7 2 (85(57 2 — 179) Z + 17634) — 63762) 2 + 537025) — 368961) —
W= oy e 2 6 ) )- 63762 )- 368261

3465 (2 - 1)° (13(3237 - 476 7 + 2102 - 28) 2 + 7) (log(z + 1) — log(1 - z)))
07.11.03.0144.01

1
Q2 =- — (45045 (323722 -3577" + 1057 - 7) (log(1 - 2 - log(z+ 1)) (Z - 1)3 +
224(1-2)"

2(13(112(3(77(85(57 7 - 215) Z + 26514) — 128106) 7 + 124885) — 172353) 7 + 49 152))
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07.11.03.0145.01

1
Qo= —— (45045 (Z-1)" (3232 - 2557 + 452 - 1) (log(z+ 1) - log(1 - 2)) -
R(Z-1)

22(13(117 (3(7 2 (85(57 2 — 254) 7 + 38279) — 237852) 7 + 324919) — 748874) Z + 643083))
07.11.03.0146.01

3
Qho() = ~————— (45045 2(3237' - 1702 + 15) (7 - 1)° log(1 - 2) - log(z+ 1)) +
16(1-2)

27 (13(112(3(72(85(57 2 - 296) Z + 53469) — 414840) Z + 754915) — 2609040) 7 + 4485 285) — 229 376)

07.11.03.0147.01

15
Q%(d = ——— (45045(3237 - 1027 + 3)log(1 - 2 (Z - 1) - 45045(3237 - 1022 + 3) log(z + 1) (Z - 1)° +
16(2-1)°
22(Z(13(112(3(7 7 (85(57 7 — 341) Z + 72669) — 687 735) 7 + 1605595) — 7 750869) Z° + 22164 765) —
1699873))
07.11.03.0148.01
15 .
Q@ =-—-—— (765 7652(197 - 3) (log(1-2) - log(z+ 1)) (Z - 1) +
4(1-2)"
2(17(Z2(13(112(3(7 2 (2857 — 19457 + 5677) — 64 311) Z + 187115) — 1199989) 7 + 5124525) — 782369) 7 +
458752))

07.11.03.0149.01

QS2=-

42-1)
(2 z(17(Z(13(11 2 (3(7 7 (2852 — 2200 Z + 7392) — 98688) 2 + 349730) — 2870856) 7 + 17060904) — 4303824) 7 +
7491771) - 765765 (2 — 1)8 (197 - 1) (log(z+ 1) — log(1 - z)))
07.11.03.0150.01

45
Qi@ = - ———— (14549535 2(log(1 - 2) - log(z+ 1) (- 1) +
2(1-2)7

2(197(17(ZA(13(11 2 (3(1052° - 9107 + 3486 7 — 7734) 7 + 32768) — 334602) 7 + 2633274) — 985866) 2 +
3363003) - 4128768))

07.11.03.0151.01

Q@ =

(14549535 l0g(1 - 2) (- 1)"” - 14549535 log(z+ 1) (Z - 1) +
2(2-1)

22(197 (17(Z(13(117 (3152 - 3045 2° + 13188 7' - 33660 Z + 55970) — 695050) Z + 6983100) — 3619140) Z +
20122725) - 68025825)|

General characteristics

Domain and analyticity
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Q(2) is an analytical function of v, u and z which is defined over C3. For integer v and noninteger u, Q'@

(1242 (1242
(122 (1+2/2

degenerates to a sum of two polynomia in z multiplied on functions correspondently. For integers

v, 5 /i > —v, Q(2) becomes the meromorthic function.
07.11.04.0001.01
(vxux2x2— Q@2 (CRC®{2}C)—C
Symmetries and periodicities

Mirror symmetry

07.11.04.0002.01

QL@ =Q D/ 2¢ (-0, ~1) N Z¢& (1, )
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed v, u (exceptv e Z /\ % e N* /\ u > —v), thefunction Q’'(2) does not have poles and essential singularities.

07.11.04.0003.01

u
SingZ(Q‘V‘(Z)) ={}/;~ (v IS Z/\ E eN* /\,u > —v)

For integer v and integer % /s > 1\ p> —v, the function Q/'(2) is ameromorthic function with poles at points z= +1 of

orders %and at (maybe) z== % (for v < —1of order —v — 1).

07.11.04.0004.01
Sing (Q4(@) = {{1, g} {-1 g}} Lvez |\ g eN \u>-v/\v=0

07.11.04.0005.01
Sing (@) = {{1, %} {-1 %} (@, -v-1}hvez \ g e Au>—v\v<-1

With respect to u

For fixed v, z, the function Q’V‘(z) has an infinite set of singular points:

a) u=-v-k/; keN*, ae the smple poles  with residues

_ 7T CS( v) k+v
2(kk-D!T'(k+2v+1) PV (Z)

b) 1 == & isthe point of convergence of poles, which is an essential singular point.

07.11.04.0006.01
Sing (Q(2) = {{{-v~k 1} /i ke N*}, {&, co}}
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07.11.04.0007.01
T CSC(r V)
res,(Q4@) (-v—Kk) = - P2 /; ke N
2(k-1!T(k+2v+1)

With respect to v

For fixed y, z, the function Q/(2) has an infinite set of singular points:

(—D¥mescimy)  o-p .
sk kzy D-ku(@:

b) v == & isthe point of accumulation of poles, which is an essential singular point.

a) v==—u—k/; ke N*, arethe simple poles with residues

07.11.04.0008.01
Sing (@) = {{{-1 -k 1} /i keN*}, {&, o}

07.11.04.0009.01

res,(Q@) (—— k) L rolns) @/ keN*
—u—K) = ke
Y : 2(k-1IT(A-k-2p) *

Branch points
With respect to z
For fixed v, u (exceptve Z /\ g e N* /\ u > —v), the function Qf(z) has three singular branch points: z== -1,

z==1and z = .

For integer v and integer g /s w> 1A p> —v, thefunction Q/(2) does not have branch points.
07.11.04.0010.01

BP(Q D) = (-1, 1, &} /; - (v ez \ % eN' \ u> —v)
07.11.04.0011.01

BPZ(Q’V’(Z)):{}/;VGZ/\%eN*/\,u>—v
07.11.04.0012.01

‘RZ(QC(Z),—1)::|Og/;vel/\—|(vel/\%eZ/\%>O/\,u>—v)

07.11.04.0013.01
2r

RAQ @), -1)=s/; = — /\ frslez /\s> 1/\gcd(r, 9=1
s
07.11.04.0014.01
R(Q (@), 1)==|Og/;V€Z/\—-(veZ/\gel/\%>0/\/x>—v)
07.11.04.0015.01

2
Ro(Q (2, 1) = /; = —rA{r, siez [\s>1/\godr, 9 =1
S

07.11.04.0016.01
RAQU(2), %) =log/;2veZVa¢Q
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07.11.04.0017.01

r
RAQL@, @) =s/;v=—/\(r.seZz [\ s>1/\ gedr, 9 =
S

With respect to u
For fixed v, z, the function Q’V‘(z) does not have branch points.

07.11.04.0018.01

BP(Q@) =1}
With respect tov
For fixed y, z, the function Q//(2) does not have branch points.

07.11.04.0019.01
BP,(Q(2) ={}

Branch cuts

With respect to z

For fixed v, u (exceptve Z /\ % e Nt /\ u > -v), the function Q’'(2) is asingle-valued function on the z-plane
cut along the intervals (—oo, —1) and (1, o0). The function Q’V‘(z) is continuous from above on the interval (—co, —1]

and from below on theinterval [1, ).

For integer v and integer g /i > 1A\ u> —v, the function Q//(2) is a meromorthic function and does not have

branch cuts.

07.11.04.0020.01
M
BCQU(D) = {{(=o0, =1), =i}, {(L, 00), i} /5 = (v ez /\ SN IWVE —v)
07.11.04.0021.01

U
BCZ(Q‘V‘(Z))::{}/;VEZ/\EeN*/\ﬂ>—v

07.11.04.0022.01

lim Qf(x+ie)=Q/(X) /; x< -1

e-+0
07.11.04.0023.01
lim Qf(x—ie) ==

e->+0
1 .
- 5 i (3cos(mv) + co(m (2 u + v))) P (—x) + i T COS(7r 1) PY(X) + i H QY(X) + 2icos(m ) QY(=x)sin(r (L +v)) /; x< =1

07.11.04.0024.01
|i”}) QU(x+i€) = imcos(um) Py(x) + e FT QLX) /; x> 1
€+

07.11.04.0025.01

lim Q¥(x—ie)==QI(x) /; x>1

e>+0

With respect to u
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For fixed v, z, the function Q’V‘(z) does not have branch cuts.

07.11.04.0026.01

BC#(Qg(Z)) =
With respect to v

For fixed y, z, the function Q//(2) does not have branch cuts.

07.11.04.0027.01

50,( Q@) =

Series representations

Generalized power series

Expansionsat z==0

07.11.06.0001.01

H j 5j+m
o) = ﬂcsc(#ﬂ) cos(u ) iii( v)k(v+1)k( k)m(—a)j(_l)lz]
v Z) = —_
M- im0 (1— ) k! 2¢mt j1
G-+l = o o (VOFD(-k=3) (5) (D)2
ZZZ Hd<1lAp¢Z
Fu+1)  (Hmoio (u+1D k! 2<mt j!

07.11.06.0002.01

7T CSCl

(u ) nz u u u z
= —E k+D!f—+1 ZkF(—— )F( , 1,1-—k+2,1- ;——)
QA2 5 [Cos(;ur)[ > k:0( +1) (2+ )k 1Fo 5 3Fo| =V, v+ 5 + u > +

M
U\ S MU _axixo[ v, v+L1-311,1 oz
R RS A e |
k

L1-p1-%; 2" 2

uz It It i It z
(v—,u+1)2”[—?2(k+1)!(1— E)kzk 1F0(5; ; —2)3F2(—v, Vil Leike2, e —5)+

k=0

M

B (M _aeneof T VHL I+ L1 2
r(1+—) ()(z)kFH ——=\||hinez

ZZZK 2x1%0 u 5 H

1,1+ﬂ?1+52: 2

ese(m ) I(u+v+1)
M=) +1) (S5 ro-p+ (S +1)

Expansionsat z==1

1+0@)/,(z-0ANpez
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07.11.06.0004.01
71CSC(u ) (cos(;m) 1+ 22 v(l+v) A-MvA+v)2+v)
[1+ -1- (z—1)2+...]—
2 FA-p 1-2H2 2(1-w 8(1-w)(2-w

v-—p+1l)y, 1-2H? v(d+v) A-MNvA+v)2+v) 1-z
[1 1) - (z—1)2+...]

QC(Z) ==

+ z <1/ \ue”zZ
21+ 81l+w(2+w /\

fi|—
2

Fu+1) 1+ 2472

07.11.06.0005.01
7 ol ) [Coswm 1+202 & (—v)k<v+1)k(1_z)k V= HH Dy (1-22 & (VR0 + D (l_z)k] .

Q/;(Z == _—
2 \r@-w a-»7i3 A-pk \ 2 T+ @+22 i3 w+Dhk! \ 2
1-z
— < 1/\;4 ¢eZ
07.11.06.0006.01
reso(un) ((1+ 242 _ 1-z 1-2#2 1-z
Q)2 = COS(uﬂ)zFl(—v, v+ 11—y —)— v—pu+1),, zFl[—v, v+lp+1 —) /i
2 (1—2)H2 2 (1+ 22 2
nez
07.11.06.0007.01
H k
csc o k (CDX(=3) (v v+ D;@z-1)
Q) = 7 oSu ) cos(u ) (1 - 2)7#/2 2“/222 2] -
kojo T -p+Dk=-prjr
owe k CDNG) Mo D@D g,
(v-ﬂ+1)zﬂ(1-z)52‘522 fil—]<1
oz TG+p+Dk=prjre 2
07.11.06.0008.01
25 T+ v+ D T—p) " hy
Q2 « (1-22(1+0@z-1)+22z cosumT(w) 1-2*?(1+0z-1)/; 2> DApue¢Z
Tv—p+1)
07.11.06.0009.01
1] 1+ z)? M1 D)™ m—k— D! (=) v+ D)y (1—2\K
Q@ = - ' [ ) +
2| q_p3 i k! 2
(1-2)7 & (~Viem O+ Do (1 1-2(¢ (-D"T(m+v+1) (1-2)2
— > (—(Iog(l+z)— log(1 - 2)) + y(k + 1))(—) + -
2m & klik+m)! 2 re-m+d o, 0
@ (=v(+ 1) (1 1-2z\
—_— (— (logl+2 - logl-2)+yYk+m+1) —y(-m+v+1)—y(m+v+ 1))(—) /;
okrk+m! \2 2
1-z

<1/\meN/\(ve£Z\/veZ/\vzm)
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07.11.06.0010.01
(1427 ™ (~)™ Mm—k- 1! (M (N+ Dy (1_Z)k

d-23 & k! 2

1
Q@2 = —

m
2)2

1- n (=N (N+ 1)y (1-2\¢| 11-2z
(—l)”(m+n)!(m—n—l)!( > X k( ) /;‘ <1/\neN/\meNAm>n
(142t i KiGrmr 2 2

07.11.06.0011.01

1(1+z\ 7 ((z+1\" =L (M—K-D! (=) (v + D)y (z- 1\

a=3 ) ) =)
2\1-z z-1) 3 k! 2
(=)™ T(m+v+1) © (V) (V+ D)y (1-2)K
— (logl+2-logl-2) —¢(v—-m+1) —y(m+v+1)) 7(—)+
m!'T(v—-m+1) o (Mm+ 1) k! 2

[1+2)m EDMYyk+m+ ) TM+v+ 1) (—v) (v + 1)k]
+

- Dyumk+ 1
Zk'(k+m)'(( Phem (7 Dy e D Fv-m+1)

)

07.11.06.0012.01

<1/\meN/\v$Z

_ymoat "
QU‘(z)oc()72(1—2)5(2m(m—1)!m!F(v—m+1)(1—z)‘m—yr(m+v+1)+
m!I'(v-m+1)
1-z
'm+v+21)(log2-logl-2+y(m+21) —¥(v-m+1)—y(m+v+1))(1+0z-121)/; T<1/\meN+

07.11.06.0013.01

T m-11(1-2™21+0@z-1) /: 2> 1) AmeN*

Q@ o (-1)M22
07.11.06.0014.01

1 1-z
Q2 = E(Iog(l+ 2 —-log(l-2) - 2y(v + 1))2F1[—v, v+1 1 T) +

v+ Dk + 1) (1—2]k 1-z

2 2

<1

e

k k12

I
o

07.11.06.0015.01
1

L@ « (5 (log(2) —log(1-2) - y(v+1) —y) 1+0z-1)/,z-DAveZ
07.11.06.0016.01

7 esc( ) [ cos(un) (1+2472
2

M=

)

FA-p 1-221% @-mk!

M+ 1)y (1-z\¢ M—p+1),, 1-2#?
(-

(=M (N+ D), (1—2)k g
2 Tu+1) (1+202 & @+k! L 2 ’

[l
o

neN

07.11.06.0017.01
o 2 rmesc(un) [cos(um) (1+2H2 =1 () (1-n), (1—Z)k A-n-py, @-2#2 =1 () (1-n) (1—2)k )
“(2) = _ =74,
FA-w 1-2#? 1 QL-pk! 2 Fu+l  @+2M? 5 (+ k!

2 2

neN*

Expansionsat z== -1
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07.11.06.0018.01

1 1-2+2 _
Q@D =-— [F(—u)F(ﬂ—V)F(/l+V+1)Sln(7r(ﬂ—v))
27 (1+ zM2

v(l+v) A-Mv@A+v)2+V)
(z+1) -
21+ 81+ ) (2+ )

v(d+v) A-vvA+v)(2+vV)
7 cos(r v) T(11) [1— (z+1) - (z+ 1)2+...]] /;

2(1-w 8(1l-w@2-w

cos(m (u+v) L+2*(L-27* (1— (z+ 1)2+...)+

z+1

<l/\ys§Z

07.11.06.0019.01

Q{:(Z) =
1 (1-2472 © (=W (V4 Dy (z+ 1\
-— T(=w T =) T(u+v+1)sin(m (u—v)) cos(m (4 + v)) (1+Z)”(1—Z)”‘Z ( ) +
27 (1+ zM2 w0 (w+D k! 2
o (- (V+ Dy (z+1\¢) |z+1
rcos(nv) T(u) 7(—) l— <1/\uez
o (- k! 2

07.11.06.0020.01

1 )
Q(2) = SinGr (=) SGe) S (s + ) 6 ) D+ v+ 1) (1-2)""*
T
z+1
(F(u) I'(—u —v) (cos(mr u) csc(r (u — v)) + esc(rv)) (L —2# gFl(—v, v+1;1-p; 7) -

z+1
I' (=) T'(u — v) (cos(m u) €so(rr v) — CSC(m (u + v))) (Z+ DH 2F1(—v, v+ u+ 1 T)) Lne”Z

07.11.06.0021.01

— I 1) 2+ 12 2—% w k (=9 v+ D) (g)kij 27k (z+ 1K
Q2= cos(urm

Tp=-NTr-p+D) Z3 (u+D; k=]

242 Sin(mv) T'(w) u ook (=) (v—ﬂ+1)j(§)kfj 27k @z+ 1)k
—(z+1) 2 : : _
k=0 j=0 A-pw;jtk=D!

M@+ 22 o k (Vj0+D(=3), 2% @+
(v—,u+l)2ﬂ Z 3

Tu-Tu+v+1) i (L—p); i1 (k= j)!
R — ). . _H -k l)k
277 sin(rv) T(=p) o k (W=V)(u+y+D(-3) 2 @+ 741
(Z+1)'u/2 - - /il—I<1 uez veZ
gﬁ,; (p+ D) jHk=)! 2 /\ /\

07.11.06.0022.01

275 costr (u + W) (=) T + v+ 1) , - y
QD) o« - - D Z+D**(1+0(z+1)—-22 “cosxv)T () (z+1) 2(1L+0O(z+ 1)) /;
V—u+

@->-DAu¢eZAvez
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07.11.06.0023.01

co! _m Ml m-Kk—D! (V) (V+ Dy [ z+ 1)K
Q@ =- ) (1-2)z|a-2m"m ) X X (_L] +
2m = k! 2
Sy (M=) (M+v+ D p(k+1) (z+ 1)K © (=) v+ D pk+m+1) fz+1\¢
2—m(1_22) Z k k¥ (_) N (Z+1)mz k K Y (—) B
k=0 k! (m+ 1), 2 e K!(M+ 1), 2

z+1

<1/\meN+

z+1
Yy(m+1)(z+ D)™ 2F1(—v, v+1,m+1; T]] /:

07.11.06.0024.01
Q'(2) o« —cos(m v) 2?’1 (m-1!(z+ 1)’? 1+0z+1)/;(z»-)AmeN*

07.11.06.0025.01

1 z+1
Q(y)(z = E (cos(m v) (= cot(mv) —log(l — 2) + log(z+ 1) + 2¥(—v)) — m cSC(n v)) zFl(—v, v+1;1; 7) -

<1/\V$Z

z+1

O (= (v + Dk + 1) (z+ 1K
cos(ﬂv)z ( ) /;
k=0 k1? 2

07.11.06.0026.01

1
QL) « 5 (cos(m v) log(z+ 1) — w csc(rr v) + cos(mr v) (2 —  cot(rr v) — 10g(2) + 2Y(—v)) (Oz+ 1)+ 1) /; z> -DAv ¢ Z

07.11.06.0027.01
nok+mlyk+1) [ z+1\¢
LY (AL R

1 1
Qﬁ(z) =" (5 (log(1+ 2 —log(1—2) + Y(n+ 1)) zFl(—n, n+1;1; %) -(=1 >

o K?(n-K!
07.11.06.0028.01

1 z+1

Qg(z) o (=" (5 IOQ(T) +y(n+1)+ )y) 1+0(z+1)/;(z-»-1DAneN
Expansionsat z== oo
07.11.06.0029.01

Q@ =22 (1 22)”/2 vV sec(nv)

22741 T(p — v) sin(r (u —v)) 27+ L M=-A+u-v) U=-VA+p=-)QR+p-v)B+u-v)
+ + +. |+
F(%—v) 2(1-2v) 7 8(3-8v+4v?) 7

cos(m (U +v)) + e =m)

F(v + g)

Mu+v+1)

[ QA+u+)2+u+v) A+u+v)QR+u+v)@B+u+v)@+u+v) )
1+ + +...11/;12>1
2@B+2v) 2 8@B+2v)(5+2w 7
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07.11.06.0030.01

u-v (,H+1) 72k
q,l(z _ 2_y—2 e@'ny Z—y—v—l\/;wc(ﬂ_v) (1_22)}1/2 22V+1ir(/.l—V)gn(ﬂ(ﬂ—V))22V+lZ k k +

k=0 F(k—v+ %)k!

p+v+1 u+v+2 2k
A - ()57
(costr (u+v) + & " M) T(u+v+1) )| f12d>1
k=0 F(k+v+ g)k!

07.11.06.0031.01
Q= 272 it =1 [ see(nry) (l - ZZ)H/2
u-v u-v+1 1 1

221 i sin(m (u—v)) r(u-v)z”“zlfl[ 5 > ;E—v; ;]+(cos(n(ﬂ+v))+e‘”<v-ﬂ>)

B [u+v+l H+v

31
F'u+v+1),F, > - +1;V+5;;)]/;|m(Z)>O\/(Z/\(—oo,—l)\/ZE(O,oo))

07.11.06.0032.01
2727 cso _
Qi‘(z == ﬂ—(ﬂﬂ) (z- 1)—v—1 (1 _ 22) Hl2
I(-p-v)

) @ v+ D (uv+D 2 K
F(_V_E)(CSC(H(;Hv))Sin(ﬂ(#—V))(—Z—1)”+ COS(”:“)(lJFZ)#)Z [ ) B

= u+D)Kk! 1-z
22v+1r(y+ %) T(—u—-v) © (= U=V [ 2 1-7
@- D (-z- D~ costm i) (1+2)) ). ( ) = |>1 \nez
rv-pu+1 oo (—2vxk! 1-z 2
07.11.06.0033.01
272+/n csc _
Q= e ) z-)7 1t (1-2) "

I(-p—-v)

1 2
[F(—v - 5) (cse(m (1 + v)) sin(m (u —v)) (—z— * + cos(z w) (L + 2*) 2F1(v +1L u+v+1,2(v+1); 1—) -
-z

227+ r(y + %) T(—p—v)

2
(z- 12"+ ((—~z- ¥ - cos(m ) (1 + D) 2F1[—v, u—v,=2v, —)] fize (1L, DAueZz
T(v—u+1) 1-7

07.11.06.0034.01

2727 cse(r p) 1-2+? 1 A+2" 1
QD) « 71 F(—v - 5) (cos(n )] a + csc(rmr (u + v)) sin(r (u — v))) (l + O(—]) -
z

[(=p-v) 1+ 2"? -2

27 (v+ ) D= =)

A+2" 1
2+t [1—003(7ru) ](1+O(—))] (A=) ANueZ
Frv—pu+1) 1-2 z
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07.11.06.0035.01

(=)™ 22 resc(2v) (1-2)™?2
Q2 = - (z-1 (log(1+2) - log(1-2) - 2¢(-m—v) = 2y(v - m+ 1))
Frv+1)T(-m+1) (1422
. 2 (-D™2 1w cso2nv) (1-2™?
zFl(—m—v, —-v;, =2v; —) + -t
1-z [(=m-v)T(-v) 1+2™?
2
(log(1+2 —log(l—2) +4rcot(nv)—2¢y(M—v) - 2¢y(M+v + 1))2I51(v+ Lv—-m+12v+2 1—) -
-z
272 rese2mv) 1+2™? _ 2
(z-1) (log(l+2 —log(l-2 — 27rcot(7rv))2Fl(m— v, =v; =2V, —) +
rv+1H)I'v-m+1) (1-2™? 1-z
2t resc2nv) (1+2™?2 _ 2
—  (Zz-1)'—— (@2rcot(rv) + log(1+2) - log(1 - z))zFl(v+ 1, m+v+12v+2 —) +
I'(-m-v)I'(-v) (1-2™?2 1-z
-1 F(V+ %) (1—Z)m/2
—_— (-
Vr Tv-m+1) (1+2™?
© (=Y 1+z\" 2 K
> [(m— Vi w(k+m- v)(—) + (=DM (-m-v) Yk —m- v))(—) +
k=0 k!(—2v)k 1-2z 1-2
272 F(—v - %) (1- Z)m/Z oo v+ 1)k
I (Z_l)—v—l
V7 T(=m-v) (1+2™2 (S K2y +2)
1+2z\" 2\ j1-z
[(m+v+l)k¢r(k+ m+v+ 1)(—) +(=D)" (v —m+ Dy k- m+v+ 1)](—) fi|—|>1/\meN
1-z -z 2
07.11.06.0036.01
272 L (1+2™?
Q'@ = -7 ——
v T(=m=-v)T(v-m+1) (1-2™?2

1 (= (M=v) (2 ¥ 1
227+ r(—m=-v) F(v+ —)(Iog(1+z)—log(—z— 1) (z— 1)2V+1Z X X ( ) +F(—v— —)
2 = (-2vyk! \1-z 2

o (v+1)k(m+v+1)k( 2 )k 1-z
1-z

T'(v-m+ 1) (2rcot log(l+2) -log(-z-1 V|
(v—m+1) (27 cot(x v) + log(1 + 2) - log( ))é i I

>1/\meN

07.11.06.0037.01
22 L (L+2™
Q@ == z-1)7
Vr T(-m-v)T(v-m+1) (1-2M?2

2

1
(22V+1 I'(-m-v) F(v + 5) (log(1+2) - log(-z- 1)) (z- D*"** zFl[—v, m—v; -2v; 1
-z

2
(27rcot(7rv)+Iog(1+z)—Iog(—z—l))zFl(er 1, m+v+1,2v+2 1—])/; z¢e (-1, ) AmeN

1
) +F(—v— E]F(V—m+l)
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07.11.06.0038.01

2—v—2
Q'@

(1+2M2
Z—v—l

Vr T(-m=v)T(v-m+1) (1-2™m

1
z

1
z

1
[2”*1 I(-m-v) r(v + 5) (log(1 +2) - log(1-2) 22””(1 + 0( )) +

1
F(—v - E) I'v—m+1)(2xcot(nv)+log(l+2 -log(l-2) (1 + O( ])) /i(1Z » o) AmeN

07.11.06.0039.01
27 25n(nv)

Q"2 =-

732

1
221 1(—m- F( —) log(1 + 2) - log(-z - 1)) (z— 1)*"*?
[ (-m=)T|y+ - |dog(l+2 ~log(-z= 1) (2= 17" )

(2m cot(mrv) +log(1+ 2) —log(—z— 1)) Z

07.11.06.0040.01
2725n(nv)

QM2 =-

71.3/2

(22“1 I'(-m-v) r(

(z-

1
v+ —
2

Lo @ 2)™?
(1-2™?
> (

k

k=0

< v+ D (M+v+1),

_V)k(m_v)k( 2 )
2wkt \1-z

o 2v+2)k!

N 2)™?2

(1-2™?

)(Iog(l +2) —log(-z- 1)) (z— 1)*** 2F1[

>

)

2
-V, m-v, -2y, ——
1-2z

1
+F(—v— 5) I'v-m+1)

l/\meN+

1
J+F(—v— E)F(V—m+ 1

2
(2ncot(7rv)+Iog(l+z)—Iog(—z—l))zFl(v+ 1L, m+v+1;2v+2; l—))/; z¢ (-1, ) AmeN*

07.11.06.0041.01

27 25in(xv) (1+2™?
Z—v—l

1

Q"2 o« - v

(1-2)™? 2

1
4

(22v+1 I(-m-v) F(v + —) (log(1+2) - log(1 - 2)) 22”1[1 + 0( )) +

1 1
F(—v - E) I'(v—-m+1)(2xcot(rv) +log(l + 2 —log(l - 2) (1 + O( ))) /(2 » c0) AmeN*

Integral representations

On the real axis

Of thedirect function

07.11.07.0001.01

rv+1 of
o= [,
0

2T(v—p+1)

—-v-1

4

pumi umi —-v-1
2 (z+ V Z-1 cosh(t)) + eT(z— V Z-1 cosh(t)) ]cosh(p t)dt/;

—1<z<1AReu+v)>-1ARe(v—p)>-1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
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07.11.13.0001.01
2

u
ZZ]W(Z) == 0/, W(Z) =C P‘;(2) +Cy q/l(z)

(1-2)w'@-2zw (@) + [v v+1)-

07.11.13.0002.02

Mu+v+1
W,(P}(2), Q(2)) =

(1-2)T(-p+v+1)

07.11.13.0003.01

2929 2° (W2 -v+1(1-92?)9@°
gwW @ - [72 + g”(Z)] W (2) - . W(2) =0/, W2 = ¢, PY(g(2) +C, Q4(9(2)
1-92 (1-92?)
07.11.13.0004.01
Tu+v+1)g®@

W,(P}(9(2), Q4(9(2)) =

(1-9@?)T@~-u+v)
07.11.13.0005.01
2929 @°

d@h2*w' (2 - [[
1-9(2)?

+ g"(z)] h@*+2¢@ N @ h(z)] W(2) +

29 9(2°
1-g@2?

[ ©2-v(v+1)(1-92?)

h229@°+2N@°¢@ +h@ [h’(Z) [ + g”(Z)] -9 h”(Z)]] W(2) =

(1-0@?)’
0/; W(2) = ¢, h(2) P}(9(2)) + ¢, h(2 Q(9(2)

07.11.13.0006.01
Tu+v+1)h2°g@

(1-9@*)TA-p+v)

W,(h(2 PY(9(2)), h(2) Q(9(2))) =

07.11.13.0007.01

r(@z"+1) ar2(u+ (@2 -1)v(v+1) 2 2 rs(az"+1)

— - - ++
(1-a22") 1-a22"

2w (2 —z[25+ —1]w’(z)+ w2 =0/

1-a27"
W2 =c, 2Py (@) +c, Z2Q4az)

07.11.13.0008.01
arZ¥sIr(u+v+1)

W(ZPi(aZ), ZQi(@z)) = (1-a22")T(-pu+v+1)

07.11.13.0009.01
a2 (log(r) — 210g(s)) r2Z + log(r) + 2log(s)
- W (2) +

w2
1-a?r??
a?(u?-(1-a2r?%)v(v+1)) log?(r) r22 , (a2r22+ 1) log(r) log(s)
_ +log (s + W(2) =
(1—a2r22)2 1—a2r2z

0/;W2) =c; Pl (ar?) + ¢, s* Ql(ar?)

07.11.13.0010.01
ar’s2r(u+v+1)log(r)

Wy(s* Pl (ar?), * Qi(ar?) = (1-a2r?)T(-p+v+1)
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Identities

Recurrence identities

Consecutive neighbors

07.11.17.0001.01

2v+3)z u—v-

Q2= (jvl+1(z) R——— Qc+2(z)
u+v+1 1
07.11.17.0002.01
2v-1z u+v-1

Q(2) = Q.- Q@

V- U -
07.11.17.0003.01
2(u+1)z N

Q= Qi (2 +

Hu+D-vA+v)V1-7

07.11.17. 0004 01

2(1-p
Q@ =
V1-2

Distant neighbors

07.11.17.0017.01

[-
Q@) = Cn(v, 1, D Qsn(D +

2v+3)z

C]_(V, M, Z)

u+v+1

07.11.17.0018.01

H+v-n
Q@ =Cnlv, 1, DQ_,(@ - ————
v

C]_(V, My Z)

2v-1z

07.11.17.0019.01

Qi@ =Cn(v, u, 7 QA" +

CQ(V, M, Z) == 1/\Cl(V, M, Z) ==

n+u+v

RACCAEE

/\cnw 2=

N+p+v

-V -

pu+1D-vi+1

Q/;+2(Z)

7@‘ @D+ u-DE-2-v+ DA%

-1
Cot s 1, D Q@ [ Colvo i, D=1\

z2n+2v+1) H—v-n

Cnoa1(v, 1, D) + 7Cn 2, 1, 2) /\ neN*
nN+u+v-—

L Crar 1D Q 1@ [ Colv, D=1\

z(2n-2v-1) pu+v-n+1

Cn 1V, 1, 2 - 7Cn (v, 1, Z)/\neN+
V—u—-n+

Cn—l(v! M Z) Qt/HnJrl(Z) /,

M+u-(NM+w—-vEy+1

2(u+1)z

U+ -v(Id+v)

2z(n+ p)

1-Z (n-1+p+p-v(L+v)

07.11.17.0020.01
Q@ = Cav, 1, 2 "@D+ (U -N=D (=) =y + 1) Cra(v, 1, 2 Q" XD /; Cov, 4, D =1 /\
21-wz

C]_(V, My Z) ==

1-7

NCatv, 1, 2=

Cn—l(V, M,

2z(n-p)

1-7

NCntv 1.2 =
-2

1

z Choo(v, i, 2 neN*
)+(n—2+,u)(n—1+u)—v(l+v) -2 # )/\ <

Coa (v, 1, 2+ (=) =N+ 1) =v (v + D) Co v, 1, 2 [\ nEN*
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Functional identities

Relations between contiguous functions
07.11.17.0005.01

WU+ @ +(v-pu+D)Q @ =2v+1zQ 2
07.11.17.0006.01
W+ Q@+ —pu+1 Q@

Q@ = 2v+1z

07.11.17.0007.01

1 1 2pz
Hp-D-v+1)Q@-Q" (2=

Q&
Vi-2

07.11.17.0008.01

1-27

Q) = (1= -v(r+1) QL2 - Q)

07.11.17.0021.01

Zpu+v+ ) Q@ +Vi-z Vz+1 @ - (~u+v+ 1 Q@ =0

Pavlyk O. (2006)

07.11.17.0022.01

Q@) -2 @D -Vi-z Vz+1 (~u+v+ 1D Q=0
Pavlyk O. (2006)

Relations of special kind
07.11.17.0009.01

Q1 @=Q@+cosmVT(u-T(u+v+1)P. @
07.11.17.0015.01

Q.,_1(@) == cso(r (1 — v)) (7 cos(p m) cos(v 7) Py (2) — sin((u +v) 1) Q}/(2))

07.11.17.0010.01
Q" 1 @=Qq@-rcotvmP)@/,meZA\ve¢Z

07.11.17.0011.01
Tv-p+1)

—H = (2 i F)l‘;’

Q"2 TeveD) (2cos(m p) Q@) + 7 sin(r ) Py (2))

07.11.17.0012.01

=DM (v —m)!
Q"2=———Q'@/ mezZ
v+m!
07.11.17.0013.01
T CSC(m ) B _

Q-2 = Ql@+cese(r ) sin(rv) Q)@ ne Z N2 <1

IN—pu-riv-pu+1



http: //functions.wolfram.com

07.11.17.0016.01
Vs
Q)(=2) = —cos(u+v)m) Q) (2) — > sin((u +v) 7 Py (2)

07.11.17.0014.01
QM(-2) == (-=1ymen+t Q@ /;meNAneNA|Zd <1

Differentiation

Low-order differentiation

With respect tov

07.11.20.0001.01
0Q,(2
ov
cot(mpyese(mp) (v = p+ 1)y, (v —p+ ) —¢(u+v+1) Q@) +

= (mcot(mv) — cSC(m p) W(v — p+ 1) = Y(u +v + 1)) QD) +

7T CSC(p 1) (1-2"2 2 (= (V+ D Wk=v) =k + v+ 1)) (1-2z\K
(v—p+1),, (—) -
2 L+ 2213 I(k+ p+1)k! 2
L+22 2 (V) v+ D Wk=v)—k+v+1) (1-2\¥) |1-2
cos(u ) [ ) h|— <1/\ueEZ/\v$Z
(1-2"213 I'k—u+1k! 2

07.11.20.0002.01

042  mesc(um) L+2H? & 1 (l 2)k k B

= co i 1 ”( ) +1)f -
v [ s L-2"2 13 Tk—pu+Dk!\ 2 Zsi VZ( 'S v+

(1-2M? & 1 (1 2)" k o r
—p+1 ] 1 ”( —) -
v B (1+2M2 & Tk+pu+Dk! \ 2 ZS‘* ' Z( IS v d
- 1-z

V-pu+Dy, Yu+v+)—yv-p+1)P D /;‘T <1/\ﬂ$Z

07.11.20.0003.01
0Q,(2
av -

2v+1  (1-zMe+t

Cu_DT 1(+Z)” gt 1-viv+2 141, —v,v+1; 1-2 1-2
coS(umI(u-DI(v—pu+1) 2.0x%2 22— /l,,V+2,1 v 5 ) 5 +

AT(v—p+1) 1+242 1-2*

T(—u-DT(u+v+1)F5 03

1-v,v+2,1;1, —v,v+1 1-z 1-z
2,2+ u;,v+2,1-v; 2 9

T CSC(pt 1)

V—p+ D, W —p+ D —Yu+v+ D)P @ uez
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07.11.20.0004.01

Q2

V2

T CSc(u ) 1+2M2 & (=) (v + Dy 5 2
oS(u 1) (W(k—v)* = 2 (w cot(r v) + Yk + v + 1) (k= v) + Yk +v + 1)° + 2
Q-2 i K!IT(k—pu+1)

1-2z\¢ (1-2)+?
oot v)yk+v+1) + Pk —v) +yOk+v + 1))(7) —(v-pu+1),,

(1+22
ke (—V)k (V + l)k

gk!r(k+,u+l)

(W(k=)? = 2(rcottry) + Yk + v +1) =g — p+ 1) + Y+ v+ D) Yk =) + Yk +v + 17 +

1-— k
2¢k+v+ 1) (meotmv) — (v —p+ D)+ (u+v+ 1) + yPk=v) + y Pk + v + 1))(72) -

7 COS(T 1) PY(@) = (v = o+ D), (W = pr+ 1) =+ v + D) Qv = p+ 1) = + v + 1) = 2 cot(rv)) =

/s E <1/\ﬂe£Z

22— l//(l)(v —u+1+ (!/(1)(# +Vv+ 1)) P;#(Z)]

07.11.20.0005.01
PQD  mesclun) (1 + 2?2
= cos(p 1)

2 (1-22

o 1 1-zykk K
27(—) ZV'_Z '>Z(—1)f(v+1)'-2((r—1)rv2+i2(v+1)2+((2r—1)V_1)i(V+1))§Kr>_
HTk-p+Dk!\ 2 ) & -
1-2/2 & 1 1-2\¢
= p+ 1y, (=)
L+2#2 i Tk+p+ Dk L 2

r=-Drv2+2v+D%+j+D(@r-1v-1)
+

ko k
Zs(nvj Z(_l)r Sp o+ 1)r[
j=1 r=1

V2 (v + 1)?

j r
2(i+—)(W(#+V+l)—lﬁ(v—/l+l))]+

v v+1
_ 1-z
(WO —p+D=gu+v+ P -y O —p+ D +yPu+v+1) Pﬂ(z)]] =<1 \nez
With respect to u
07.11.20.0006.01
0  mesclr ) L-2"2 = (=) v+ Dpk+p+1) (1-2z\K 1+ M2
= v=u+1),, (—) + CoS(m 1)
ou 2 1+ 2213 I'k+p+Dk! 2 (1—2)H2
(M (VD= p+1) (1-2z\* _ coS(7 1)
Z (—) —(JTSH’l(ﬂ'ﬂ)— (Iog(1+z)—log(1—z))) Pﬁ'(z)—Zcos(nu)va‘(z)+
pard (k- pu+1)k! 2

1-z
f|—

<1/\yeEZ

1 _
v—p+1)y,, (5 (logdl+2-log(l-2)—yY(v—-—pu+D) —y(u+v+ 1)) Py”(z)]
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07.11.20.0007.01

QY@ rvv+1(z-1) cot(u ) (1+ 2" 2x1x2(1_v‘ v+2 11, 1-p 1-2 1—2)
= _ Y — +
au 4 A-pT2-p q-gez 20N 22-m2-p 2 2
ese(pum) T(u+v+1) (1-2+2 2><1><2(1 vv+2, 11 p+ 1 z l z
W+ DT+ T(~pu+v+1) (1+ 2+ 2x0x1 2,2+ 5 u+ 2

r 1
%(Cot(#ﬂ') (10g(1 +2) —log(1 - 2) + 2y(1 - p)) - 27 cs(u 1)) Ph(2) + mesc(um) T(u+v+1)

AT(v—p+1)
(logl+2) —logl—2) + 2(mcot(unm) + Y(u+ 1) (v —u+ D) —p(u+v+D))P @ [ ue¢ Z
07.11.20.0008.01

PA@D  mesA(wp) (L+2H2

ou? 4 (1-2+2
& (v (v + D

————(((log(1 + 2) — log(1 - 2)) SN2 ) = 4m) Y(k— p+ 1) + SN2 o) (W(k— p + 2 =y D k—p+ D))
HKITk-p+1)

2
2 (=) (v + D)y

2

o KIT(K+u+1)

(v-p+1),

[1 - z]k 7T CSC( 1) (1—24?
2 " @2

((log(1+2)—10g(1 - 2) + 27 COLm ) = 2¢(—pu + v + 1) = 2y + v + D) Yk + p + 1) +

t//(k+#+1)2—¢‘1)(k+u+1))(;)k +
g [(v —u+1,, cscA(r p) [sin(nu) (—% (log(1 +2) — log(1 — 2))* + 22 + (log(1 + 2) — log(1 — 2) — ¥(
V—u+1)—t//(#+V+l))(t//(v—#+1)+¢(N+V+l))+l//(1)(v—u+1)—t//(1’(M+V+l))—
meos(mrp)(logl+2 —-logl—2 - 2¢y(v—pu+1) - 2¢(u+v+1)— 27 csc(nu)) P, (2 +
[COt(ﬂ H) (2 7 e p) + ; (log(1+2) —log(1 - 2))2) - mesc(n ) (log(1 +2) — log(1 - z)))

<1/\#6€Z/\meN+

1-z
P‘v‘(z)) /; ‘—
2

With respect to z

07.11.20.0009.01

f?Q‘V‘(Z) 1
0z z2—1

07.11.20.0010.01

PA@ 22+ QL@+ (1 +((-DZ-v-1)Y) Q@

(v Q@ - (u+v Q4 (2)

0z (2-1)

Symbolic differentiation

With respect tov
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07.11.20.0011.02

amefl(Z) 7TCSC(/J7T) (1+Z)/1/2
o cos(u 1)
v (1 - 2)H2

Zr(k +1)k! (—Z) Z( )Zsﬂ) (i—j+D;v" 'Z( 'S0 G=mr+ D) v+ D™ -
u

k= 2 j=0 i=1

T i Dy Py (1-22 o (m) IR —p+ 1)y, i (1—2]
v ' L+ o\ P aym™P Hrk+u+k\ 2

<1\uez \men

P k
Z( )ZSK')(' i+ Dy 'Z( 'S (- prr+ Dy 0+ D" p“]/ ‘_

j=0

With respect to z
07.11.20.0012.02
MA@ (-D"mesc(un)

07" 2
COS(#H)F(E+1) ﬂ Y (r.])zlfl(—i, ﬁ; ﬁ_j+1; E)gﬁz(l, —v,v+1j-n+11-y 1;2)(2)1_
2 (1- M2 4 J 22 7-1 > N\71
(v—,u+1)2”1“[1_ﬁ) %
2] (1+2H?
LNy - H poz+1ly 1-z\(z-1\
Z(j)ZFl(‘j'—E _j_E ﬁ)st(l V,V+1;j—n+1,ﬂ+l;7)(m) ]/;neN/\ﬂez

j=0

07.11.20.0014.01
. . m
—1) 22i-kk1 TFA-K+m—u+v)
"2 Ml-5Tu+v+1) m k ( K -
- 2irk (1= 2)2 T gemgy

kojz0 (K= D12 =I!T(1—j = 5)Tk=m+pu+v+1)

oz" rdA-u+v
meN
07.11.20.0015.01
Q@ u 1-k k 2
_\/—Z( 1)an - 1 22) ( )( M= V)m—kSFZ[l -k, E; 7,1—5; ﬂ (1-/1+V)m-kQI\§7m‘L”(Z)/§

az"

meN
Fractional integro-differentiation

With respect to z
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07.11.20.0013.01
QD mescun) [# cos(u m) &

oz 2

M
u X gt VL 1I-5 L k+1 1z
F(l——]z’” E (——) -2*F B
2 2 ) 2x1x1 1

A-ml-tk-a+1 20 2

u o (o1 -v,v+1, > +11k+1 1 z
v-u+1l F(—+1)z"’ ( ) (-2KF,. 1. - ——-
212 2, S R T +lka+12 2

H - H _1x1x3( K+ 2; & -y, v+1—+1 z
— 7 (k+1)z[1——) F 2 -z ——|||/uez
2 kZ:(; 2)\ 1x0x2 2 M

k—a+2;k+2, u+1;

Integration

Indefinite integration

Involving only one direct function

07.11.21.0001.01

2

€O x 1x B _*
fQ”(Z)dz 2117r) [IJ S(#R)ZZZ(k+1)'( +1) Zkzkﬁx(l)xg(k-kzv 5 v v+l 1- 2

k+3;;k+2 1-g;

e}

U

M H et VL 1I-5Lk+ 1z
F(l——)zE (——) (-2"F,. 1. — -+

2 2 2x1x1

= Ll-ml-%ik+2 2 2

Ho, S . k+2— v+1 1+ 5 z
vop+ D, | =23 k4 1! 1—— szlili3 Y 2 g |-
2u 1x0x2
2 5 k+3;; k+2 1+y; 2

u ® i _axaxl =V V+L 1+ yLk+1 1z
zr(—+1)2(—) (-2%F1.1 ———/inez
2 )&\

L1+p 1+ 5,k+2, 2 2

Operations

Limit operation

07.11.25.0001.01

i oof )= v

Representations through more general functions

Through hypergeometric functions

Involving 2F1

U _ixixa(K+2 =5~y v+1,1- £,
21‘”Z(k+1)!(—+1) Fiéz{ 2 Y 2
2 o 2 k

_Z, —_——
kK—a+2;k+2 1-y;

z
—+
2

-z, ——

)
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07.11.26.0001.01
7 CSC(u ) ( (1 + 2)4?

QC(Z) == 2

N 1-z\y (1-22
cos(u i) 2F1(—v, v+ 11—y —) -

B 1-2
> (v—pu+1),, 2F1[—v, v+1lu+1 T)] /;

(1- K2 (1+ 242
ne”Z
07.11.26.0028.01

1
Q= E SiN(GT (1 — v)) SiN(Ge v) Sin(e (u + v)) €sc?(rr ) T+ v + 1)
_k - z+1
(1-2) - ((Cos(ﬂy) CSC(rr (1 — v)) + eSe(r v)) T(—p — v) (1 — 2)H zFl(—v, v+1 11— 7) +

B z+1
(cos(rr 1) ese(rr v) — esc(r (u +v))) T'(p —v) (z+ ¥ zFl(—v, v+Lu+1 T)) LineZ

07.11.26.0002.01
2 lresc(n )

Q@=——A+2 2 1-2"
rv-u+1

1+27 | z-1 _ z-1
cosir ) (v —p+ 1) zFl(—v, —pu=v; -y —)—F(M+V+1)2F1(—V. Hu=v,pu+1 —)) e
1-2# z+1 z+1

ZN\z¢ (-0, -1)
07.11.26.0029.01
272x eso(mp) (z- 1)t

Q{:(Z) == >
T(—p—v)(1-2)"

1 2
[F(—v - E] T'2v+2) (cse(rm (u+v) sin(m (u—v)) (=z— ¥ + (z+ D* cos(z w)) zlil(v +1Lu+v+1,2(v+1); 1—) -
-z

22 v+1

1
S — F[v + —) [(—p—v)T(-2v) (z- 1>
I—u+v+1) 2

2
(=z2— D" - cos(m p) (z+ 1)*) zlfl[—v, u-v,=2v, 1—)] hneZNze (-1, 1)
—-Z

07.11.26.0030.01

H

QG=2r(1-2)2

cog(5 (u+n )T +1)z "
5(2 # Vﬂ) (2 ) zﬁl(%(—u—v+l),%+1; 2:22]—

2r(% (—p+v+ 1))

sin(% (u+v)7r) F(% (u+v+ 1))

2k - v 2)
2F1 E(—M—V), 5(—u+V+ ), >

21“(% (—u+v+2))
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07.11.26.0031.01

1 L - 1y
Q@ = —[z-v-3\/7 -2 (1-2) 2 sec(ny) [1- —) Sin(T (1 - v))
S (-7) (1-7) >

1 1 vl
[4v+1zr(_'u—v)r(,u—V)(ZCO{EN(H+V)]_\/;Sin(gﬂ(u-i—‘/)))(_zzyﬂil[ﬂzV' E
1 1 \ ! cso| -
ﬂ(zﬁ(gﬂ(ﬂ_v)]tan(aﬂ(ﬂ-‘—v))_ -7 COI(ETI(H+V)) Eﬂ(l«l—V)])

F ! 1 ! 2); 3.1 : 1,1
2 1[5(#+V+ )‘E(IJ+V+ ),v+£, ;]]]/,ZSE(— 1)

1 1

Involving »F,

07.11.26.0004.01
7 CSC(u 1)

2

cos(un) (1+2)"? F( L1 1-2) v-p+1)y, @-2H? F( L L 1-2)/ 2
Vv,v+1 -y —|- vov+ L+l — ||/ in¢

INEET)) (1—2)#/22 ' g Fp+D) @+ z)/‘/22 ' g 2 g

2

07.11.26.0005.01
sin —-v))sin sin _
Y= (7 (u—v)) (ﬂv; (7 (1 + v)) csc(rr ) Fu v+ 1) (1_22) 12
T

z+1
(F WT(—pu—v) (A - 2" (cos(m w) csc(rm (1 — v)) + CSC(nr v)) 2F1(—v, v+11-y; T) -

z+1
T (=) T(u—v) A+ 2" (cos(m p) csc(mv) — eSC(m (1 + v))) 2F1(—v, v+ 1 u+1, T)) line¢g”Z

07.11.26.0032.01

2—v—l u
Q@=—— @+ 2(1-2"? [cos(n WTu+DT(—pu+v+1)
ulv—pu+1)

(z+ D ( z-1
Fi|=v, —u—=v; 1-p; —]—

1-2# it z+1

z-1

r(,U+V+1)r(1—M)2F1(—V,#—V;ﬂ+1; —
z+1

))/;ﬂel/\ze(—oo, -1

07.11.26.0006.01
2727 esoimp) (z- 1)
I'—p-v (l _ Zz)u/Z

Q{:(Z) ==

1 2
[F(—v - E) (cse(m (1 + v)) sin(m (u —v)) (—z— * + cos(zm w) (L + 2*) 2F1(v +1L u+v+1,2(v+1); 1—) -
-z

227+ F(v + %) T(—p—v)

2
(z- 12"+ ((—~z- ¥ - cos(m ) (1 + D) 2F1[—v, u—v,=2v, —)] ineZNze (-1, 1)
Fv—p+1) 1-z
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07.11.26.0007.01

272 L @+2M?
Q'@ = -yt ———
v T(=m-v)T(v-m+1) (1-2™?2
1 2 1
(22V+1 I(-m-v) r(v + 5) (log(1+2) - log(-z- 1)) (z— H*"** 2F1[—v, m-v; -2v; I ) + F(—v— E) F(v-m+1)
-Z

2
(2mcot(nrv)—log(-z—1) +log(1 + z))zFl(v+ 1L, m+v+12v+2; 1—])/; meNAz¢ (-1, 1)
-z

07.11.26.0008.01
27-25n(nv) (1+2™?
- (Z 1yl 0

QM2 =-
pisd (1-2™?

1 2 1
(22V+1 r(-m-v) F(v + 5) (log(1+2) - log(-z- 1)) (z— ***! 2F1[—v, m-v; -2y, — ) + F(—v - 5) I(v-m+1)
—-Z

2
(2ncot(rv)—log(-z—1) + log(1 + z))zFl(v+ 1L, m+v+12v+2; l—))/; meNtAz¢ (-1, 1)
-z
07.11.26.0033.01
cos(%(,u+v)n)r(?+l)z 1 v—u 3
2F1(_(_ﬂ_"+l)x —+1 - 22)—
2 2 2

u

Q@=2Vr (1-2) 2

r(% (—p+v+ 1))

sin(%(u+v)7r)l"(%(u+v+ 1)) 1 1 1
2F1(5 (=p =), E(—IJ +v+1); Ei 22]

2r(% (—u+v+2))

07.11.26.0034.01

272 sin(m (u — EP _ 1y
Q@ = T by 2[1__)
zVr Qv+ DT (~pu—v) Z

3 1 1 y
(4”121"(—;1—1/) T(u—v) F(v+ E] (ZCOS(Eﬂ(ﬂ+V))— V-2 Sin(aﬂ(,u+v))) (-2)

. u-v 1 . 1 1 [1 )( 1 ) [1 )

s (u=v+D; ——v; — | +al[ = - &4— -v)|tan| = -

2 1( > 2(;1 v+1) > v 22]+7r > v||z 271(;1 v) | tan| 27r(;1+v)

V-2 t(l ( ))wc(l ( ))) F(1< 1) 1( 2) > 1)]/ (-1,1)
—z° cotf — + — - —(u+v+D), —(u+v+2;v+— — ||/ ze (-1,
27r JIE Y 271 H—=V)]|]|2F1 > H+V > MtV v > 2 &

Through Meijer G

Classical casesfor thedirect function itself
07.11.26.0009.01
Sin (7 v) csc () ((1+z)/‘/2

2

z-1
COS (1 ) G%%(T

-1

12( 2
QA@=- v—p+1),, Gzzz(—

v+1, —v) (1-24?
O ) (1402

a- Z)#/Z
vEZNu¢Z

07.11.26.0010.01
Sin (7 v) csc (7 1) [(1+ 2)H?

22+ 1)=-
Q2z+1) 5

1of | v+l —v (—22
cos(rr (1) GZZZ(Z )

v-pu+1),, Gég(z

v+1, -v .
0,/.1 Ov_ﬂ ) f

(-2M"? A

vEZNueEZ
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Classical casesinvolving algebraic functions

07.11.26.0011.01

1-z 7T CSC (7 )
(Z+1)VQ‘$( ]::
1+z 2T ()T (—u—-v)
U U . H U
s+v+L1-S+v| dn(@r(u-v) —+v+1,1-=+v
[cos(ny)G%éz 2 uou 2 ]+_761’22 2 P 2 LiveZ NugZ \Nz¢ (-0, 0)
23 SN (u +v)) 2737
07.11.26.0012.01
z-1 T CSC (7 )
(z+1)VQ§‘[ )::
z+1) 2T (=»T(-u-v)
H H . u
s+v+L1-5+v) dn@(u-v) 1->+v,5+v+1
[COS(ﬂ'ﬂ)G%éZ 2 P 2 ]+_762'1z 2 u 2# LveZ N NueZ Nz¢ (-1, 0)
773 sin(m(u+v)) 273
07.11.26.0013.01
1-z 7T CSC (7 ) Ly, -Ly Ly, -£y
(z+1)’V’1Q‘V‘( ):: cos(;rp)G%'gz 2 i 5 —G%’gz 2 u j /;
1+z 2l v+ DI A-p+v) ' L ' £t
2' 2 2'7 2
VEZNpEZ N2 (00, 0)
07.11.26.0014.01
z-1 7T CSC (7 ) L VA
-v- _ 2- "2 21 2 V2
(z+1)V1Q§’[ ):: cos(n ) G4l z -Gz /
2+1) 2T+ )T (A-pu+v) 22 mo_t 22 oK
2' 72 2' 72
vEZNuEZ Nz (-1, 0)
07.11.26.0015.01
v 1 v v+l H
1 C(u+v+1) z+1, 2= Ty, 22 v-L
(Z+1)V/2Qly1[ ]:— COS(”(IH'V))G;%Z ’ H HZ +G§:§Z 2;4 MZ ;42 /;
z+1 2V+2\/7 33 E,—E,V—E
VEZANpEZNZE (-, 0)
07.11.26.0016.01
v v—p v—u v u-v
z F'u+v+1 —+1 —+1 —+1, —+1 —+1
(Z+1)V’2Q‘y‘[,/—]==—7 cos(ru+m Gz © w6z T L f /s
z+1 2v+2\/7 V5 O’E,”T_,_l
VEZNpEZNZ&E (00, 0)
07.11.26.0017.01
—y 1
— L i 22 3 IT%
@+ 2 Q G33|2 g |veEZAREZNZE (~00, -1
Vz+1) 29T d-p+v) L-f
07.11.26.0018.01
(z+1) 2 Q/VJ = 63:32 y LveEZNugZ N\z2¢ (—o0,0)
z+1 FrA-—p+v) 0, %_“T

Classical casesinvolving unit step 6



http: //functions.wolfram.com

40

07.11.26.0019.01

1
01— 12) 2/‘7r2tan(—(;1+v)7r) _yord
(Q‘V’(—\/l—z)+Q‘V‘(\/1—z)) = 2 — nggz 2;4 ;24
Vi-z r(==)r(5+1) ~232
07.11.26.0020.01
61z - 1 [z-1 -1 2 7’tan(Z (u+vn pl Ln
: )[Qc[_ = ]“LQC[ : ]] T (2 - )Ggﬁ z vil Zv
V-1 ’ ‘ M=) r(5+y ERRE

Classical casesinvolving sgn

07.11.26.0021.01

(son (2 -1 (z— 1) Qm[ 237 ]

2
vz 1 vz +1
-3 3 N arg| [ VFLY*S 1) a1a
2 zF(v+1)F(2v+—)sec(nv) COS(JT(V+—))GZ'2 z +sin(n(v+—))62’2 z
2 4)) 7= £ 4)) =
4
5 5
2 2tan(nv) 22 v+1,v+‘—1
N & 1 [,z¢(-1,0
r(—zv—g)r(—v) -

Generalized casesinvolving algebraic functions

07.11.26.0022.01

v z F'u+v+1
(Z+1)" @ -
VZ2+1 272
u+v V—u V—u % u-v
—+1, —+1 1| —+1, —+1, —+1
cos(m(u+v)Gaalz = | ? 2 +G22lz = | 2 2 2
' 2 L ' 2 1 4
0, > (0} ) +1
07.11.26.0023.01
" V1 I+pu—v  1-p—v Nt
(ZZ+1)_Tle z _ 2 \/7 GZ’ZZE 2 0 2 2 veZ N\ Z
’ Traopen 2|72 g _me  |NVESAKE
VZ2+1 "2 2
Generalized casesinvolving unit step 6
07.11.26.0024.01
pu+l 1-p

002-1 | _[VZ2-1 2-1 24 x?tan (3 (u+v) 7)

Q + Q- =- G5\

e © ) )y

Generalized casesinvolving sgn

iy

v+1
2

2

Y
2

|

]]/;v$l/\/u$l/\Re(z)>o

iveZ N Nu¢eZ NRe(2 >0
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07.11.26.0025.01

(son (- 1 (- 1) QH;[zEJ )

z+1 z+1

3 3 1 1,1
2 2F(v+1)F(2v+£)SeC(7TV) COS[JT(V'Fz))GzIz Z

5
v+1,v+z

. ]/; Re(2 >0
0

5
27 2 tan(nv) 1
— G%:%[z, =
' 4

r(—zv— %)F(—v)

Through other functions

Involving some hyper geometric-type functions

07.11.26.0026.01

reso(um) T(v + 1) (1+ 2)"?

— | cos(un)
2I(v—pu+1)

1- /2
PS/*,UM)(Z) _ i ngﬂﬁm(z) /; HéE z
(1-2H? L+2/

07.11.26.0027.01
274 tsin(r (u—v) (1-2M?2

e L+ 242

Q{f(z) ==

1 1 1 .
cotr p) T(p +v + 1) r(5 - y) T(u =) (L= 2" Clay (D) +22# 1 CSC(m 1) CSCOT (1 + V) r(u + 5) a+2rC

Involving spheroidal functions

07.11.26.0035.01

Q(@=QS,,0,2

Representations through equivalent functions

With related functions

07.11.27.0001.01
7T CSC( T)

Q@ = (cosum Py (@~ (v-pu+1),, P @) inez

07.11.27.0002.01
(-1-2M? n
Q@=e " ——— Q@D+ -1+ (~1-2 "2 (L+ 2" cot(m p) — (~z- D cscr ) PL(2) s p ¢ Z
(1+2H? 2
07.11.27.0003.01
 (=1-2M7? n
Y@= ——— Q@+ =1+ * (L +2* cot(r p) — (-z— D e ) PY (D) /s ¢ Z
(1+ 24?2 2

07.11.27.0004.01

Z[MJ[ — Z]Z{Jﬂm
Q@ =—i"l> Q2 /;neNAmeN

1
2
pu—v-1

(Z))
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07.11.27.0005.01
C!

W . —H
Qi(2) = (cos(m (u +v)) Sin(zr (u =) T(u =) T( + v + 1) P, (=2) - m cos(z v) Py (-2)) /;

HEZNZE (—co, ~D) Az (1, )

07.11.27.0006.01

1 ) ip Tip
Ql(x) = — "””[e’T lim @@+e2 Iim_OQ‘j(z))/; -l<x<1

e
2 z-5X+i 0 ZoX—i

07.11.27.0007.01

a"Q,(
Q@ = ()" (1-A)"

/imeN

07.11.27.0008.01

1
Q=%+ 5 (log(1 + 2) - log(-z— 1)) P,(2)

Theorems

The solution of Laplace equation
The solution of the Laplace equation using the method of separation of variablesin toroidal coordinates

csinh(n) cos(d) csinh(n) sin(¢) csin(y)
z

~ cosh () — cos(p) y= cosh (1) — cos(ep) - cosh (1) — cos(¢)

isalinear combination of functions of the form

\/2(cosh (1) - cos(¢)) (c1 Cos(p) + 2 Sin()

(C3 COS(9) + C4 SIN(S)) (05 P™, (cosh(n)) + ¢ Q'n”j'l(cosh(n))) /imeZ,neN.

History

—E. Heine (1842)

—F. Neumann (1842)

—L. Schi&fli (1881) used complex u, v
—R. Olbricht (1888)
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