
Log

Notations

Traditional name

Natural logarithm

Traditional notation

logHzL
Mathematica StandardForm notation

Log@zD

Primary definition
01.04.02.0001.01

logHzL � â
k=1

¥ H-1Lk-1 Hz - 1Lk

k
�;  z - 1¤ < 1

Specific values

Specialized values

01.04.03.0001.01

logHãnL � n �; n Î Z

Values at fixed points

01.04.03.0002.01

logH0L � -¥

01.04.03.0003.01

lim
z®+0

logHzL � -¥

01.04.03.0004.01

logH1L � 0

01.04.03.0005.01

logH-1L � ä Π

01.04.03.0006.01

logHãL � 1



01.04.03.0007.01

logH-ãL � 1 + ä Π

01.04.03.0008.01

logHäL �
Π ä

2

01.04.03.0009.01

logH-äL � -
Π ä

2

01.04.03.0010.01

logHjL � csch-1H2L
Values at infinities

01.04.03.0011.01

logH¥L � ¥

01.04.03.0012.01

logH-¥L � ¥

01.04.03.0013.01

logHä ¥L � ¥

01.04.03.0014.01

logH-ä ¥L � ¥

01.04.03.0015.01

logH¥� L � ¥

General characteristics

Domain and analyticity

logHzL is an analytical function of z which is defined over the whole complex z-plane. 

01.04.04.0001.01

z� logHzL � C�C

Symmetries and periodicities

Mirror symmetry

01.04.04.0002.01

logHz�L � logHzL �; z Ï H-¥, 0L
Quasi-homogeneity

01.04.04.0003.01

logHΛ zL � logHzL + logHΛL �; Λ > 0 ê z + Λ ³ 0

Scale symmetry

01.04.04.0004.01

logHzaL � a logHzL �; z > 0 ß a Î R ê -Π < ImHa logHzLL £ Π

http://functions.wolfram.com 2



Periodicity

No periodicity

Poles and essential singularities

The function logHzL does not have poles and essential singularities.

01.04.04.0005.01

SingzHlogHzLL � 8<
Branch points

The function logHzL has two branch points: z � 0, z = ¥� .

01.04.04.0006.01

BPzHlogHzLL � 80, ¥� <
01.04.04.0007.01

RzHlogHzL, 0L � log

01.04.04.0008.01

RzHlogHzL, ¥� L � log

Branch cuts

The function logHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L where it is continuous from

above.

01.04.04.0009.01

BCzHlogHzLL � 88H-¥, 0L, -ä<<
01.04.04.0010.01

lim
Ε®+0

logHx + ä ΕL � logHxL �; x < 0

01.04.04.0013.01

lim
Ε®+0

logHx + ä ΕL � logH x¤L + Π ä �; x < 0

01.04.04.0014.01

lim
Ε®+0

logHx + ä ΕL � logH-xL + Π ä �; x < 0

01.04.04.0015.01

lim
Ε®+0

logHx - ä ΕL � log H x¤L - Π ä �; x < 0

01.04.04.0011.01

lim
Ε®+0

logHx - ä ΕL � logH-xL - ä Π �; x < 0

01.04.04.0012.01

lim
Ε®+0

logHx - ä ΕL � logHxL - 2 ä Π �; x < 0

Analytic continuations

http://functions.wolfram.com 3



logHzL is chosen to be the principal branch of the general logarithmic function that has infinitely many sheets, each

differing from logHzL by 2 Π ä k, k Î Z.

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

01.04.06.0013.01

logHzL µ
argHz - z0L

2 Π
log

1

z0

+ logHz0L + logHz0L +
z - z0

z0

-
Hz - z0L2

2 z0
2

+ ¼ �; Hz ® z0L
01.04.06.0014.01

logHzL µ
argHz - z0L

2 Π
log

1

z0

+ logHz0L + logHz0L +
z - z0

z0

-
Hz - z0L2

2 z0
2

+ OIHz - z0L3M
01.04.06.0015.01

logHzL �
argHz - z0L

2 Π
log

1

z0

+ logHz0L + logHz0L + â
k=1

¥ H-1Lk-1 z0
-k

k
 Hz - z0Lk

01.04.06.0016.01

logHzL � 2 ä Π

Π - argJ z

z0
N - argHz0L

2 Π
+ logHz0L + â

k=1

¥ H-1Lk-1 z0
-k

k
 Hz - z0Lk

01.04.06.0017.01

logHzL �
argHz - z0L

2 Π
log

1

z0

+ logHz0L + logHz0L +
z - z0

z0
2F1 1, 1; 2; -

z - z0

z0

01.04.06.0018.01

logHzL µ
argHz - z0L

2 Π
log

1

z0

+ logHz0L + logHz0L H1 + OHz - z0LL

Expansions of logHf HzLL at z � z0

01.04.06.0019.01

logH f HzLL µ 2 ä Π

Π - argH f  Hz0LL - argK f HzL
f Iz0M O

2 Π
+ logH f Hz0LL +

f ¢Hz0L Hz - z0L
f Hz0L +

1

2

f ¢¢Hz0L
f Hz0L -

f ¢Hz0L2

f Hz0L2
Hz - z0L2 +

1

6

2 f ¢Hz0L3

f Hz0L3
-

3 f ¢¢Hz0L f ¢Hz0L
f Hz0L2

+
f H3LHz0L
f Hz0L Hz - z0L3 + ¼ �; Hz ® z0L ì f Hz0L ¹ 0

http://functions.wolfram.com 4



01.04.06.0020.01

logH f HzLL � 2 ä Π

Π - argH f  Hz0LL - argK f HzL
f Iz0M O

2 Π
+ logH f Hz0LL + â

s=0

¥ â
k=0

s H-1Lk

k + 1
 

f ¢Hz0L
f Hz0L

k+1

pk+1,s-k Hz - z0Ls+1 �;

f Hz0L ¹ 0 í f ¢Hz0L ¹ 0 í p j,0 � 1 í p j,k �
1

f ¢Hz0L k
 â
m=1

k j m + m - k

Hm + 1L !
 f Hm+1LHz0L p j,k-m í k Î N+

01.04.06.0021.01

logH f HzLL � 2 ä Π

Π - argH f  Hz0LL - argK f HzL
f Iz0M O

2 Π
+ logH f Hz0LL + â

s=0

¥ â
k=0

s

u H-1Lk

k + 1
 

f HuLHz0L
f Hz0L u!

k+1

pk+1,s-u k Hz - z0Ls+u �;
f Hz0L ¹ 0 í I f HkLHz0L � 0 �; 1 £ k £ u - 1M í f HuLHz0L ¹ 0 í

p j,0 � 1 í p j,k �
u!

f HuLHz0L k
 â
m=1

k j m + m - k

Hm + uL ! Hm + 1L !
 f Hm+uLHz0L p j,k-m í k Î N+

01.04.06.0022.01

logH f HzLL µ 2 ä Π

Π - argH f  Hz0LL - argK f HzL
f Iz0M O

2 Π
+ logH f Hz0LL  H1 + OHz - z0LL �; Hz ® z0L ì f Hz0L ¹ 0

Expansions on branch cuts

For the function itself

01.04.06.0023.01

logHzL µ 2 ä Π
argHz - xL

2 Π
+ logHxL +

z - x

x
-

Hz - xL2

2 x2
+ ¼ �; Hz ® xL ß x < 0

01.04.06.0024.01

logHzL µ 2 ä Π
argHz - xL

2 Π
+ logHxL +

z - x

x
-

Hz - xL2

2 x2
+ OIHz - xL3M �; x < 0

01.04.06.0025.01

logHzL � 2 ä Π
argHz - xL

2 Π
+ logHxL + â

k=1

¥ H-1Lk-1 x-k

k
 Hz - xLk �; x < 0

01.04.06.0026.01

logHzL � 2 ä Π
argHz - xL

2 Π
+

z - x

x
2F1 1, 1; 2; -

z - x

x
+ logHxL �; x < 0

01.04.06.0027.01

logHzL µ 2 ä Π
argHz - xL

2 Π
+ logHxL H1 + OHz - xLL �; x < 0

Expansions at z � 1

For the function itself
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01.04.06.0005.02

logHzL µ z - 1 -
Hz - 1L2

2
+

Hz - 1L3

3
- ¼ �; Hz ® 1L

01.04.06.0028.01

logHzL µ z - 1 -
Hz - 1L2

2
+

Hz - 1L3

3
- OIHz - 1L4M

01.04.06.0006.01

logHzL � â
k=1

¥ H-1Lk-1 Hz - 1Lk

k
�;  z - 1¤ < 1

01.04.06.0007.01

logHzL � Hz - 1L 2F1H1, 1; 2; 1 - zL
01.04.06.0008.02

logHzL µ z - 1 + OIHz - 1L2M
01.04.06.0029.01

logHzL � F¥HzL �; FnHzL � Hz - 1L â
k=0

n H-1Lk  Hz - 1Lk

k + 1
� logHzL + B1-zHn + 2, 0L í n Î N

Summed form of the truncated series expansion.

Expansions of logH1 + zL at z � 0

For the function itself

01.04.06.0001.02

logH1 + zL µ z -
z2

2
+

z3

3
- ¼ �; Hz ® 0L

01.04.06.0030.01

logH1 + zL µ z -
z2

2
+

z3

3
- OIz4M

01.04.06.0002.01

logH1 + zL � â
k=1

¥ H-1Lk-1 zk

k
�;  z¤ < 1

01.04.06.0003.01

logH1 + zL � z 2F1H1, 1; 2; -zL
01.04.06.0004.02

logH1 + zL µ z + OIz2M
01.04.06.0031.01

logH1 + zL � F¥HzL �; FnHzL � z â
k=0

n H-1Lk  zk

k + 1
� logH1 + zL + B-zHn + 2, 0L í n Î N

Summed form of the truncated series expansion.
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Expansions of logHf HzLL at z � 0

01.04.06.0032.01

logH f HzLL µ 2 ä Π

Π - argJ f HzL
c0

N - argHc0L
2 Π

+ logHc0L +
c1

c0

 z +
c2

c0

-
c1

2

2 c0
2

z2 +
c1

3

3 c0
3

-
c2 c1

c0
2

+
c3

c0

z3 + ¼ �;

Hz ® 0L í f HzL � â
k=0

¥

ck zk í c0 ¹ 0

01.04.06.0033.01

logH f HzLL � z â
s=0

¥ â
k=0

s H-1Lk

k + 1
 

c1

c0

k+1

pk+1,s-k zs + 2 ä Π

Π - argJ f HzL
c0

N - argHc0L
2 Π

+ logHc0L �;

f HzL � â
k=0

¥

ck zk í c0 ¹ 0 í c1 ¹ 0 í p j,0 � 1 í p j,k �
1

c1 k
 â
m=1

k H j m + m - kL cm+1 p j,k-m í k Î N+

01.04.06.0034.01

logH f HzLL � zu â
s=0

¥ â
k=0

s

u H-1Lk

k + 1
 

cu

c0

k+1

pk+1,s-u k zs + 2 ä Π

Π - argJ f HzL
c0

N - argHc0L
2 Π

+ logHc0L �; f HzL � â
k=0

¥

ck zk í

c0 ¹ 0 í Hck � 0 �; 1 £ k £ u - 1L í cu ¹ 0 í p j,0 � 1 í p j,k �
1

cu k
 â
m=1

k H j m + m - kL cm+u p j,k-m í k Î N+

01.04.06.0035.01

logH f HzLL µ 2 ä Π

Π - argJ f HzL
c0

N - argHc0L
2 Π

+ logHc0L H1 + OHzLL �; Hz ® 0L í f HzL � â
k=0

¥

ck zk í c0 ¹ 0

Expansions of Hc logH1 + zLLΑ at z � 0

01.04.06.0036.01

Hc logH1 + zLLΑ � ã
2 ä Α Π -

argHcL
2 Π

-
1

2 Π
 arg

logHz+1L
e

+
1

2
-

argHzL
2 Π cΑ zΑ Α â

k=0

¥
k - Α

k
â
j=0

k H-1L j

Α - j
 

k
j

 p j,k zk �;

c ¹ 0 í ck �
c H-1Lk

k + 1
í p j,0 � 1 í p j,k �

1

c k
 â
m=1

k H j m - k + mL cm p j,k-m í k Î N+

Expansions of logH1 + zL at z � ¥

For the function itself

01.04.06.0037.01

logH1 + zL µ logHzL +
1

z
-

1

2 z2
+

1

3 z3
- ¼ �; H z¤ ® ¥L
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01.04.06.0038.01

logH1 + zL µ logHzL +
1

z
-

1

2 z2
+

1

3 z3
+ O

1

z4

01.04.06.0039.01

logH1 + zL � logHzL + â
k=1

¥ H-1Lk-1 z-k

k
�;  z¤ > 1

01.04.06.0040.01

logH1 + zL � 2 ä Π
Π - argHzL - argJ1 + 1

z
N

2 Π
+ log 1 +

1

z
+ logHzL

01.04.06.0041.01

logH1 + zL � logHzL + log 1 +
1

z
�;  z¤ > 1

01.04.06.0042.01

logH1 + zL � logHzL +
1

z
 2F1 1, 1; 2; -

1

z
�;  z¤ > 1

01.04.06.0043.01

logH1 + zL µ logHzL + O
1

z

Asymptotic series expansions

01.04.06.0009.01

logHzL µ logHzL �; Hz ® 0L
01.04.06.0010.01

logHzL µ logHzL �; H z¤ ® ¥L
Residue representations

01.04.06.0011.01

logH1 + zL � â
j=1

¥

ress

GH-sL2 z-s

GH1 - sL  GHs + 1L  H- jL �;  z¤ < 1

01.04.06.0012.02

logH1 + zL � ress GHs + 1L z-s
GH-sL

s
 H0L + â

j=1

¥

ress

GHs + 1L z-s

s
 GH-sL  H jL �;  z¤ > 1

Integral representations

On the real axis

Of the direct function

01.04.07.0001.01

logHzL � à
1

z 1

t
 â t
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Contour integral representations

01.04.07.0002.01

log Hz + 1L �
1

2 Π ä
 à

L

GHs + 1L GH-sL2 z-s

GH1 - sL  â s �;  argHzL¤ < Π

01.04.07.0003.01

log Hz + 1L �
1

2 Π ä
 à

Γ-ä ¥

Γ+ä ¥ GHs + 1L GH-sL2 z-s

GH1 - sL  â s �; -1 < Γ < 0 ì  argHzL¤ < Π

Product representations
01.04.08.0001.01

logHzL �
z - 1

ã - 1
 ä
k=1

¥ ã2-k
+ 1

z2-k
+ 1

Ruffa Anthony

Limit representations
01.04.09.0001.01

logHzL � lim
Ε®0

zΕ - 1

Ε

01.04.09.0002.01

logHzL � lim
Ω®¥

Ω Iz1�Ω - 1M

Continued fraction representations
01.04.10.0001.01

logH1 + zL �
z

1 +
z

2 +
z

3 +
4 z

4 +
4 z

5 +
9 z

6 +
9 z

7 + ¼

�; z Ï H-¥, -1L

01.04.10.0002.01

logH1 + zL �
z

1 + KkKf k+1

2
v2

z, k + 1O
1

¥
�; z Ï H-¥, -1L
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01.04.10.0003.01

logH1 + zL �
z

1 +
z

2 +
z

3 +
2 z

2 +
2 z

5 +
3 z

2 +
3 z

7 + ¼

�; z Ï H-¥, -1L

01.04.10.0004.01

logH1 + zL �
z

1 + KkJf k+1

2
v z, 1

2
IH-1Lk Hk - 1L + k + 3MN

1

¥
�; z Ï H-¥, -1L

01.04.10.0005.01

log
1 + z

1 - z
�

2 z

1 -
z2

3 -
4 z2

5 -
9 z2

7 -
16 z2

9 -
25 z2

11 -
36 z2

13 - ¼

�; z Ï H-¥, -1L ì z Ï H1, ¥L

01.04.10.0006.01

log
1 + z

1 - z
�

2 z

1 + KkI-k2 z2, 2 k + 1M
1

¥
�; z Ï H-¥, -1L ì z Ï H1, ¥L

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

01.04.13.0001.01

z w¢HzL - 1 � 0 �; wHzL � logHzL ì wH1L � 0

01.04.13.0002.01

z w¢¢HzL + w¢HzL � 0 �; wHzL � c1 + c2 logHzL
01.04.13.0003.01

WzH1, logHzLL �
1

z

01.04.13.0004.01

w¢¢HzL +
g¢HzL
gHzL -

g¢¢HzL
g¢HzL w¢HzL � 0 �; wHzL � c1 logHgHzLL + c2
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01.04.13.0005.01

WzHlogHgHzLL, 1L � -
g¢HzL
gHzL

01.04.13.0006.01

w¢¢HzL +
g¢HzL
gHzL -

2 h¢HzL
hHzL -

g¢¢HzL
g¢HzL w¢HzL +

2 h¢HzL2

hHzL2
+

g¢¢HzL h¢HzL
hHzL g¢HzL -

g¢HzL h¢HzL
gHzL hHzL -

h¢¢HzL
hHzL wHzL � 0 �;

wHzL � c1 hHzL logHgHzLL + c2 hHzL
01.04.13.0007.01

WzHhHzL logHgHzLL, hHzLL � -
hHzL2 g¢HzL

gHzL
01.04.13.0008.01

z2 w¢¢HzL + H1 - 2 sL z w¢HzL + wHzL s2 � 0 �; wHzL � c1 zs logHa zrL + c2 zs

01.04.13.0009.01

WzHzs logHa zrL, zsL � -r z2 s-1

01.04.13.0010.01

w¢¢HzL - 2 logHsL w¢HzL + log2HsL wHzL � 0 �; wHzL � c1 sz logHa rzL + c2 sz

01.04.13.0011.01

WzHsz logHa rzL, szL � -s2 z logHrL
Transformations

Transformations and argument simplifications

Argument involving complex characteristics

01.04.16.0003.01

logH z¤L � logHzL - ä argHzL
01.04.16.0002.01

log
z

 z¤ � ä argHzL
01.04.16.0001.01

logHsgnHzLL � ä argHzL
01.04.16.0046.01

logHz�L � log HzL - 2 ä argHzL �; argHzL ¹ Π

01.04.16.0047.01

logHz�L � logHzL - 2 ä argHzL - Π
argHzL + Π

2 Π

Argument involving basic arithmetic operations

01.04.16.0007.01

logH-zL � logHzL - Π ä �; ImHzL > 0 Þ ImHzL � 0 ß z < 0

01.04.16.0008.01

logH-zL � logHzL + Π ä �; ImHzL < 0 Þ ImHzL � 0 ß z > 0
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01.04.16.0048.01

logH-zL � logHzL - Π ä �; argHzL > 0

01.04.16.0049.01

logH-zL � logHzL + Π ä �; argHzL £ 0

01.04.16.0050.01

logH-zL � logHzL +
Π -z

z

01.04.16.0051.01

logH-zL � ä Π + 2 ä Π -
argHzL

2 Π
+ logHzL

01.04.16.0052.01

logHä zL �
ä Π

2
+ logHzL �; argHzL £

Π

2

01.04.16.0053.01

logHä zL � -
3 ä Π

2
+ logHzL �; argHzL >

Π

2

01.04.16.0054.01

logHä zL � logHzL -
ä Π

2
+

-1
4

Π ä z

z

01.04.16.0055.01

logHä zL �
ä Π

2
+ 2 ä Π

1

4
-

argHzL
2 Π

+ logHzL
01.04.16.0056.01

logH-ä zL � -
ä Π

2
+ logHzL �; argHzL > -

Π

2

01.04.16.0057.01

logH-ä zL �
3 ä Π

2
+ logHzL �; argHzL £ -

Π

2

01.04.16.0058.01

logH-ä zL � logHzL +
ä Π

2
-

H-1L3�4 Π -ä z

z

01.04.16.0059.01

logH-ä zL � -
ä Π

2
+ 2 ä Π

3

4
-

argHzL
2 Π

+ logHzL
01.04.16.0009.01

log
1

z
� -logHzL �; z Ï H-¥, 0L

01.04.16.0060.01

log
1

z
� -logHzL �; argHzL ¹ Π
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01.04.16.0061.01

log
1

z
� 2 ä Π - logHzL �; argHzL � Π

01.04.16.0062.01

log -
1

z
� -logHzL - Π ä

1

z
z - 1

01.04.16.0063.01

log
1

z
� 2 ä Π

argHzL
2 Π

+
1

2
- logHzL

01.04.16.0010.01

log -
1

z
� ä Π - logHzL �; ImHzL ³ 0

01.04.16.0011.01

log -
1

z
� -ä Π - logHzL �; ImHzL < 0

01.04.16.0064.01

log -
1

z
� Π -

1

z
z - logHzL

01.04.16.0065.01

log -
1

z
� ä Π + 2 ä Π

argHzL
2 Π

- logHzL
01.04.16.0066.01

log
ä

z
�

ä Π

2
- logHzL �; argHzL ³ -

Π

2

01.04.16.0067.01

log
ä

z
� -

3 ä Π

2
- logHzL �; argHzL < -

Π

2

01.04.16.0068.01

log
ä

z
�

ä Π

2
+ 2 ä Π

argHzL
2 Π

+
1

4
- logHzL

01.04.16.0069.01

log -
ä

z
� -

Π ä

2
- logHzL �; argHzL <

Π

2

01.04.16.0070.01

log -
ä

z
�

3 ä Π

2
- logHzL �; argHzL ³

Π

2

01.04.16.0071.01

log -
ä

z
� -

1

2
Hä ΠL + 2 ä Π

argHzL
2 Π

+
3

4
- logHzL

Addition formulas
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01.04.16.0012.01

logHa + zL � 2 tanh-1
z

2 a + z
+ logHaL + log

1

2 a + z
+ logH2 a + zL �; a > 0

01.04.16.0072.01

logHx + ä yL �
1

2
logIx2 + y2M + ä argHx + ä yL

Half-angle formulas

01.04.16.0013.01

logK z

2
O � logHzL - logH2L

Multiple arguments

For products

01.04.16.0014.01

logHa zL � logHaL + logHzL �; a > 0

01.04.16.0015.01

logHz1 z2L � logHz1L + logHz2L �; z1 + z2 ³ 0

01.04.16.0016.01

logIz - z2M � logH1 - zL + logHzL
01.04.16.0017.01

logI-z2 - zM � logH-zL + logHz + 1L
01.04.16.0073.01

logHz1 z2L � logHz1L + logHz2L �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.04.16.0074.01

logHz1 z2L � logHz1L + logHz2L - 2 ä Π �; argHz1L ³ 0 ì argHz2L > Π - argHz1L
01.04.16.0075.01

logHz1 z2L � logHz1L + logHz2L + 2 ä Π �; argHz1L £ 0 ì argHz2L £ -argHz1L - Π

01.04.16.0018.01

logHz1 z2L � logHz1L + logHz2L + 2 ä Π
Π - argHz1L - argHz2L

2 Π

01.04.16.0076.01

log ä
k=1

n

zk � â
k=1

n

logHzkL + 2 ä Π
Π - Úk=1

n argHzkL
2 Π

�; n Î N+

For quotients

01.04.16.0019.01

log
z

z + 1
� logHzL - logHz + 1L

01.04.16.0020.01

log
z

z - 1
� logH-zL - logH1 - zL
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01.04.16.0021.01

log
z1

z2

� log
z1

z2 - z1

- log
z2

z2 - z1

�; z2 - z1 Î R ì z2 ¹ z1

01.04.16.0022.01

log
z1

z2

� logHz1L - logHz2L �; z2 - z1 ³ 0

01.04.16.0023.01

log
z1

z2

� logH-z1L - logH-z2L �; z2 - z1 < 0

01.04.16.0077.01

log
z1

z2

� logHz1L - logHz2L �; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.04.16.0078.01

log
z1

z2

� logHz1L - logHz2L - 2 ä Π �; argHz1L ³ 0 ì argHz2L < argHz1L - Π

01.04.16.0079.01

log
z1

z2

 ��logHz1L-logHz2L+2 ä Π�;argHz1L£0ìargHz2L³argHz1L+Π

01.04.16.0024.01

log
z1

z2

� logHz1L - logHz2L + 2 ä Π
Π - argHz1L + argHz2L

2 Π

01.04.16.0025.01

log
a + z

b + z
� log

a + z

b - a
- log

b + z

b - a
�; a - b Î R ì a ¹ b

01.04.16.0026.01

log
z

1 - z
� logHzL + log

1

1 - z

01.04.16.0027.01

log -
z

z + 1
� logH-zL + log

1

z + 1

01.04.16.0028.01

log
z1

z2

� log
z1 + z2

z2

+ log
z1

z1 + z2

�; z1 + z2 Î R ì z1 + z2 ¹ 0

01.04.16.0029.01

log
z1

z2

� logHz1L + log
1

z2

�; z1 + z2 ³ 0

01.04.16.0030.01

log
z1

z2

� logH-z1L + log -
1

z2

�; z1 + z2 < 0

01.04.16.0031.01

log
a + z

b - z
� log

a + z

a + b
+ log

a + b

b - z
�; a + b Î R ì a + b ¹ 0
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Power of arguments

01.04.16.0032.01

logI z N �
logHzL

2

01.04.16.0033.01

log z2 � logHzL �; ReHzL > 0 Þ ReHzL � 0 ß ImHzL > 0

01.04.16.0080.01

log z2 � logHzL - Π ä �; Π

2
< argHzL £ Π

01.04.16.0081.01

log z2 � logHzL + Π ä �; -Π < argHzL £ -
Π

2

01.04.16.0082.01

log z2 � logHzL +

Π z2 - z

2 -z2

01.04.16.0034.01

logIz1�nM �
logHzL

n
�; n Î Z ß n ¹ 0 ß n ¹ -1

01.04.16.0083.01

logIz2M � 2 logHzL �; -
Π

2
< argHzL £

Π

2

01.04.16.0084.01

logIz2M � 2 logHzL + 2 Π ä �; -Π < argHzL £ -
Π

2

01.04.16.0085.01

logIz2M � 2 logHzL - 2 Π ä �; Π

2
< argHzL £ Π

01.04.16.0086.01

logIz2M � 2 logHzL + 2 ä Π
1

2
-

argHzL
Π

01.04.16.0035.01

logIz2M � logH-ä zL + logHä zL
01.04.16.0087.01

logI-z2M � logH-zL + logHzL
01.04.16.0036.01

logHzaL � a logHzL �; a Î R ì -Π < a argHzL £ Π

01.04.16.0088.01

logHzaL � 2 ä Π k + a logHzL �; a Î R ì -Π - 2 Π k < a argHzL £ Π - 2 Π k ì k Î Z

01.04.16.0037.01

logHzaL � a logHzL �; -Π < ImHa logHzLL £ Π
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01.04.16.0089.01

logHzaL � 2 ä Π k + a logHzL �; -2 Π k - Π < ImHa logHzLL £ Π - 2 Π k ì k Î Z

01.04.16.0038.01

logHzaL � a logHzL + 2 ä Π
Π - ImHa logHzLL

2 Π

Exponent of arguments

01.04.16.0090.01

logHãzL � z �; -Π < ImHzL £ Π

01.04.16.0091.01

logHãzL � 2 ä Π k + z �; -2 Π k - Π < ImHzL £ Π - 2 Π k ì k Î Z

01.04.16.0092.01

logHãzL � z + 2 ä Π
Π - ImHzL

2 Π

01.04.16.0093.01

logIãä zM � ä z + 2 ä Π
Π - ReHzL

2 Π

01.04.16.0094.01

logHãzL � ReHzL + ä Π - ä HHΠ - ImHzLL mod H2 ΠLL
01.04.16.0095.01

logIãä zM � ä Π - ImHzL - ä HHΠ - ReHzLL mod H2 ΠLL
Some functions of arguments

01.04.16.0096.01

logHc zaL � logHcL + a logHzL + 2 ä Π
Π - argHcL - ImHa logHzLL

2 Π

01.04.16.0097.01

logHc ãzL � z + logHcL + 2 ä Π
Π - argHcL - ImHzL

2 Π

01.04.16.0098.01

logIxa ybM � a log HxL + b logHyL + 2 ä Π
Π - ImHa logHxLL - ImHb logHyLL

2 Π

01.04.16.0099.01

logIxa yb zcM � a log HxL + b logHyL + c logHzL + 2 ä Π
Π - ImHa logHxLL - ImHb logHyLL - ImHc logHzLL + Π

2 Π

01.04.16.0100.01

log ä
k=1

n

zk
ak � â

k=1

n

ak logHzkL + 2 ä Π
Π - Úk=1

n ImHak logHzkLL
2 Π

01.04.16.0101.01

logHH-1Lr zrL � logHzL r + ä Π r �; 0 < r £
1

2

Products, sums, and powers of the direct function
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Products of the direct function

01.04.16.0039.01

logHz1L logHz2L � logJz1
logHz2LN �; z1 > 0 ì z2 > 0

01.04.16.0040.01

logHz1L logHz2L � logJz2
logHz1LN �; z1 > 0 ì z2 > 0

01.04.16.0041.01

logHz1L logHz2L � logJz1
logHz2LN - 2 ä Π

Π - ImHlogHz1L logHz2LL
2 Π

Sums of the direct function

01.04.16.0042.01

logHz1L + logHz2L � logHz1 z2L �; z1 + z2 ³ 0

01.04.16.0102.01

logHz1L + logHz2L � logHz1 z2L �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.04.16.0103.01

logHz1L + logHz2L � logHz1 z2L + 2 ä Π �; argHz1L ³ 0 ì argHz2L > Π - argHz1L
01.04.16.0104.01

logHz1L + logHz2L � logHz1 z2L - 2 ä Π �; argHz1L £ 0 ì argHz2L £ -argHz1L - Π

01.04.16.0043.01

logHz1L + logHz2L � logHz1 z2L - 2 ä Π
Π - argHz1L - argHz2L

2 Π

01.04.16.0105.01

â
k=1

n

logHzkL � log ä
k=1

n

zk - 2 Π ä
Π - Úk=1

n argHzkL
2 Π

�; n Î N+

Differences of the direct function

01.04.16.0044.01

logHz1L - logHz2L � log
z1

z2

�; z2 - z1 ³ 0

01.04.16.0106.01

logHz1L - logHz2L � log
z1

z2

�; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.04.16.0107.01

logHz1L - logHz2L � log
z1

z2

+ 2 ä Π �; argHz1L ³ 0 ì argHz2L < argHz1L - Π

01.04.16.0108.01

logHz1L - logHz2L � log
z1

z2

- 2 ä Π �; argHz1L £ 0 ì argHz2L ³ argHz1L + Π

01.04.16.0045.01

logHz1L - logHz2L � log
z1

z2

- 2 ä Π
Π - argHz1L + argHz2L

2 Π

Linear combinations of the direct function
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01.04.16.0109.01

a logHxL + b logHyL � logIxa ybM - 2 ä Π
-ImHa logHxLL - ImHb logHyLL + Π

2 Π

01.04.16.0110.01

a logHxL + b logHyL + c logHzL � logIxa yb zcM - 2 ä Π
-ImHa logHxLL - ImHb logHyLL - ImHc logHzLL + Π

2 Π

01.04.16.0111.01

â
k=1

n

ak logHzkL � log ä
k=1

n

zk
ak - 2 ä Π

Π - Úk=1
n ImHak logHzkLL

2 Π

Related transformations

Sums involving the direct function 

Involving sin-1HzL
01.04.16.0112.01

logHxL + sin-1HyL � log x ä y + 1 - y2
-ä

-

2 ä Π

-argHxL - arg Kä y + 1 - y2 O-ä

+ Π

2 Π
+

ReKlogKä y + 1 - y2 OO + Π

2 Π
+

Π - ImHlogHxLL
2 Π

01.04.16.0113.01

logHxL + ä sin-1HyL � log x ä y + 1 - y2 - 2 ä Π

-argHxL - argKä y + 1 - y2 O + Π

2 Π

Involving cos-1HzL
01.04.16.0114.01

logHxL + cos-1HyL � -2 ä Π

-argHxL - arg Kä y + 1 - y2 Oä

+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

Π - ReKlogKä y + 1 - y2 OO
2 Π

+

log x ä y + 1 - y2
ä

+
Π

2

01.04.16.0115.01

logHxL + ä cos-1HyL � -2 ä Π

-argHxL + argKä y + 1 - y2 O + Π

2 Π
+ log

x

ä y + 1 - y2

+
ä Π

2
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Involving tan-1HzL
01.04.16.0116.01

logHxL + tan-1HyL �

-2 ä Π

-arg Hä y + 1L-
ä

2 - argIx H1 - ä yLä�2M + Π

2 Π
+

1

2
ReHlogHä y + 1LL + Π

2 Π
+

Π - ImIlogIx H1 - ä yLä�2MM
2 Π

-

2 ä Π
-argHxL - argIH1 - ä yLä�2M + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ReHlogH1 - ä yLL

2 Π
+ log x H1 - ä yLä�2 Hä y + 1L-

ä

2

01.04.16.0117.01

logHxL + ä tan-1HyL � -2 ä Π
-argHxL + 1

2
argH1 - ä yL + Π

2 Π
+

1

2
ImHlogH1 - ä yLL + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

- 1

2
argHä y + 1L - arg x

1-ä y
+ Π

2 Π
+

Π - 1

2
ImHlogHä y + 1LL

2 Π
+

Π - Im log x

1-ä y

2 Π
+ log

x ä y + 1

1 - ä y

Involving cot-1HzL
01.04.16.0118.01

logHxL + cot-1HyL � -2 ä Π

-arg J1 + ä

y
N-

ä

2 - argKx J1 - ä

y
Nä�2O + Π

2 Π
+

1

2
ReJlogJ1 + ä

y
NN + Π

2 Π
+

Π - ImKlogKx J1 - ä

y
Nä�2OO

2 Π
-

2 ä Π

-argHxL - argKJ1 - ä

y
Nä�2O + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ReJlogJ1 - ä

y
NN

2 Π
+ log x 1 -

ä

y

ä�2
1 +

ä

y

-
ä

2

01.04.16.0119.01

logHxL + ä cot-1HyL � -2 ä Π
-argHxL + 1

2
argJ1 - ä

y
N + Π

2 Π
+

1

2
ImJlogJ1 - ä

y
NN + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

- 1

2
argJ1 + ä

y
N - arg x

1-
ä

y

+ Π

2 Π
+

Π - 1

2
ImJlogJ1 + ä

y
NN

2 Π
+

Π - Im log x

1-
ä

y

2 Π
+ log

x 1 + ä

y

1 - ä

y
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Involving csc-1HzL
01.04.16.0120.01

logHxL + csc-1HyL � log x 1 -
1

y2
+

ä

y

-ä

-

2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y

-ä

+ Π

2 Π
+

Re log 1 - 1

y2
+ ä

y
+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

01.04.16.0121.01

logHxL + ä csc-1HyL � log x 1 -
1

y2
+

ä

y
- 2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y
+ Π

2 Π

Involving sec-1HzL
01.04.16.0122.01

logHxL + sec-1HyL � -2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y

ä

+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

Π - Re log 1 - 1

y2
+ ä

y

2 Π
+

log x 1 -
1

y2
+

ä

y

ä

+
Π

2

01.04.16.0123.01

logHxL + ä sec-1HyL � -2 ä Π

-argHxL + arg 1 - 1

y2
+ ä

y
+ Π

2 Π
+ log

x

1 - 1

y2
+ ä

y

+
ä Π

2

Involving sinh-1HzL
01.04.16.0124.01

logHxL + sinh-1HyL � log x y + y2 + 1 - 2 ä Π

-argKy + y2 + 1 O - argHxL + Π

2 Π
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Involving cosh-1HzL
01.04.16.0125.01

logHxL + cosh-1HyL � logJx Jy + y - 1 y + 1 NN - 2 ä Π
-argIy + y - 1 y + 1 M - argHxL + Π

2 Π

Involving tanh-1HzL
01.04.16.0126.01

logHxL + tanh-1HyL � -2 ä Π
-argHxL + 1

2
argH1 - yL + Π

2 Π
+

1

2
ImHlogH1 - yLL + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

- 1

2
argHy + 1L - arg x

1-y
+ Π

2 Π
+

Π - 1

2
ImHlogHy + 1LL

2 Π
+

Π - Im log x

1-y

2 Π
+ log

x y + 1

1 - y

Involving coth-1HzL
01.04.16.0127.01

logHxL + coth-1HyL � -2 ä Π
-argHxL + 1

2
argJ1 - 1

y
N + Π

2 Π
+

1

2
ImJlogJ1 - 1

y
NN + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

- 1

2
argJ1 + 1

y
N - arg x

1-
1

y

+ Π

2 Π
+

Π - 1

2
ImJlogJ1 + 1

y
NN

2 Π
+

Π - Im log x

1-
1

y

2 Π
+ log

x 1 + 1

y

1 - 1

y

Involving csch-1HzL
01.04.16.0128.01

logHxL + csch-1HyL � log x 1 +
1

y2
+

1

y
- 2 ä Π

-argHxL - arg 1 + 1

y2
+ 1

y
+ Π

2 Π

Involving sech-1HzL
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01.04.16.0129.01

logHxL + sech-1HyL � log x
1

y
- 1 1 +

1

y
+

1

y
- 2 ä Π

-argHxL - arg 1

y
- 1 1 + 1

y
+ 1

y
+ Π

2 Π

Differences involving the direct function

Involving sin-1HzL
01.04.16.0130.01

logHxL - sin-1HyL �

log x ä y + 1 - y2
ä

- 2 ä Π

-argHxL - arg Kä y + 1 - y2 Oä

+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

Π - ReKlogKä y + 1 - y2 OO
2 Π

01.04.16.0131.01

logHxL - ä sin-1HyL � log
x

ä y + 1 - y2

- 2 ä Π

-argHxL + argKä y + 1 - y2 O + Π

2 Π

Involving cos-1HzL
01.04.16.0132.01

logHxL - cos-1HyL � -2 ä Π

-argHxL - arg Kä y + 1 - y2 O-ä

+ Π

2 Π
+

ReKlogKä y + 1 - y2 OO + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

log x ä y + 1 - y2
-ä

-
Π

2

01.04.16.0133.01

logHxL - ä cos-1HyL � -2 ä Π

-argHxL - argKä y + 1 - y2 O + Π

2 Π
+ log x ä y + 1 - y2 -

ä Π

2

Involving tan-1HzL
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01.04.16.0134.01

logHxL - tan-1HyL � -2 ä Π

-argHxL - arg H1 - ä yL-
ä

2 + Π

2 Π
+

1

2
ReHlogH1 - ä yLL + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

-argIHä y + 1Lä�2M - arg x H1 - ä yL-
ä

2 + Π

2 Π
+

Π - Im log x H1 - ä yL-
ä

2

2 Π
+

Π - 1

2
ReHlogHä y + 1LL

2 Π
+

log x H1 - ä yL-
ä

2 Hä y + 1Lä�2

01.04.16.0135.01

logHxL - ä tan-1HyL � -2 ä Π

1

2
argHä y + 1L - argIx 1 - ä y M + Π

2 Π
+

1

2
ImHlogHä y + 1LL + Π

2 Π
+

Π - ImIlogIx 1 - ä y MM
2 Π

-

2 ä Π
-argHxL - 1

2
argH1 - ä yL + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ImHlogH1 - ä yLL

2 Π
+ log

x 1 - ä y

ä y + 1

Involving cot-1HzL
01.04.16.0136.01

logHxL - cot-1HyL � -2 ä Π

-argHxL - arg J1 - ä

y
N-

ä

2 + Π

2 Π
+

1

2
ReJlogJ1 - ä

y
NN + Π

2 Π
+

Π - ImHlogHxLL
2 Π

-

2 ä Π

-argKJ1 + ä

y
Nä�2O - arg x J1 - ä

y
N-

ä

2 + Π

2 Π
+

Π - Im log x J1 - ä

y
N-

ä

2

2 Π
+

Π - 1

2
ReJlogJ1 + ä

y
NN

2 Π
+

log x 1 -
ä

y

-
ä

2

1 +
ä

y

ä�2

01.04.16.0137.01

logHxL - ä cot-1HyL � -2 ä Π

1

2
argJ1 + ä

y
N - arg x 1 - ä

y
+ Π

2 Π
+

1

2
ImJlogJ1 + ä

y
NN + Π

2 Π
+

Π - Im log x 1 - ä

y

2 Π
-

2 ä Π
-argHxL - 1

2
argJ1 - ä

y
N + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ImJlogJ1 - ä

y
NN

2 Π
+ log

x 1 - ä

y

1 + ä

y
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Involving csc-1HzL
01.04.16.0138.01

logHxL - csc-1HyL �

log x 1 -
1

y2
+

ä

y

ä

- 2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y

ä

+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

Π - Re log 1 - 1

y2
+ ä

y

2 Π

01.04.16.0139.01

logHxL - ä csc-1HyL � log
x

1 - 1

y2
+ ä

y

- 2 ä Π

-argHxL + arg 1 - 1

y2
+ ä

y
+ Π

2 Π

Involving sec-1HzL
01.04.16.0140.01

logHxL - sec-1HyL � -2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y

-ä

+ Π

2 Π
+

Re log 1 - 1

y2
+ ä

y
+ Π

2 Π
+

Π - ImHlogHxLL
2 Π

+

log x 1 -
1

y2
+

ä

y

-ä

-
Π

2

01.04.16.0141.01

logHxL - ä sec-1HyL � -2 ä Π

-argHxL - arg 1 - 1

y2
+ ä

y
+ Π

2 Π
+ log x 1 -

1

y2
+

ä

y
-

ä Π

2

Involving sinh-1HzL
01.04.16.0142.01

logHxL - sinh-1HyL � log
x

y + y2 + 1

- 2 ä Π

argKy + y2 + 1 O - argHxL + Π

2 Π

Involving cosh-1HzL
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01.04.16.0143.01

logHxL - cosh-1HyL � log
x

y + y - 1 y + 1
- 2 ä Π

argIy + y - 1 y + 1 M - argHxL + Π

2 Π

Involving tanh-1HzL
01.04.16.0144.01

logHxL - tanh-1HyL � -2 ä Π

1

2
argHy + 1L - argIx 1 - y M + Π

2 Π
+

1

2
ImHlogHy + 1LL + Π

2 Π
+

Π - ImIlogIx 1 - y MM
2 Π

-

2 ä Π
-argHxL - 1

2
argH1 - yL + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ImHlogH1 - yLL

2 Π
+ log

x 1 - y

y + 1

Involving coth-1HzL
01.04.16.0145.01

logHxL - coth-1HyL � -2 ä Π

1

2
argJ1 + 1

y
N - arg x 1 - 1

y
+ Π

2 Π
+

1

2
ImJlogJ1 + 1

y
NN + Π

2 Π
+

Π - Im log x 1 - 1

y

2 Π
-

2 ä Π
-argHxL - 1

2
argJ1 - 1

y
N + Π

2 Π
+

Π - ImHlogHxLL
2 Π

+
Π - 1

2
ImJlogJ1 - 1

y
NN

2 Π
+ log

x 1 - 1

y

1 + 1

y

Involving csch-1HzL
01.04.16.0146.01

logHxL - csch-1HyL � log
x

1 + 1

y2
+ 1

y

- 2 ä Π

-argHxL + arg 1 + 1

y2
+ 1

y
+ Π

2 Π

Involving sech-1HzL
01.04.16.0147.01

logHxL - sech-1HyL � log
x

1

y
- 1 1 + 1

y
+ 1

y

- 2 ä Π

-argHxL + arg 1

y
- 1 1 + 1

y
+ 1

y
+ Π

2 Π

Linear combinations involving the direct function
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Involving sin-1HzL
01.04.16.0148.01

a logHxL + b sin-1HyL � log xa ä y + 1 - y2
-ä b

-

2 ä Π

-argHxaL - arg Kä y + 1 - y2 O-ä b

+ Π

2 Π
+

ReKb logKä y + 1 - y2 OO + Π

2 Π
+

Π - ImHa logHxLL
2 Π

01.04.16.0149.01

a logHxL + b sin-1HyL �

ä Π 1 - H-1L
-

arg ä y+ 1-y2
-ä b

xa+1

2 Π
- -

arg xa ä y+ 1-y2
-ä b

2 Π

+ ä H-1L
arg xa ä y+ 1-y2

-ä b
-1

2 Π
+

1

2
-

arg ä y+ 1-y2
-ä b

xa+1

2 Π
+ -

arg xa ä y+ 1-y2
-ä b

Π

sin-1
1

2
x-a ä y + 1 - y2

ä b

ä y + 1 - y2
-2 ä b

x2 a + 1 -
Π

2
-

2 ä Π

-argHxaL - arg Kä y + 1 - y2 O-ä b

+ Π

2 Π
+

ReKb logKä y + 1 - y2 OO + Π

2 Π
+

Π - ImHa logHxLL
2 Π

Involving cos-1HzL
01.04.16.0150.01

a logHxL + b cos-1HyL �

Π b

2
- 2 ä Π

-argHxaL - arg Kä y + 1 - y2 Oä b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - ReKb logKä y + 1 - y2 OO
2 Π

+

log xa ä y + 1 - y2
ä b
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01.04.16.0151.01

a logHxL + b cos-1HyL �

Π b

2
- 2 ä Π

-argHxaL - arg Kä y + 1 - y2 Oä b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - ReKb logKä y + 1 - y2 OO
2 Π

+

ä 1 - H-1L
-

arg ä y+ 1-y2
ä b

xa+1

2 Π
- -

arg xa ä y+ 1-y2
ä b

2 Π

Π - ä H-1L
arg xa ä y+ 1-y2

ä b
-1

2 Π
+

1

2
-

arg ä y+ 1-y2
ä b

xa+1

2 Π
+ -

arg xa ä y+ 1-y2
ä b

Π

cos-1
1

2
x-a ä y + 1 - y2

-ä b

ä y + 1 - y2
2 ä b

x2 a + 1

Involving tan-1HzL
01.04.16.0152.01

a logHxL + b tan-1HyL �

-2 ä Π

-arg Hä y + 1L-
1

2
Hä bL - arg xa H1 - ä yL ä b

2 + Π

2 Π
+

1

2
ReHb logHä y + 1LL + Π

2 Π
+

Π - Im log xa H1 - ä yL ä b

2

2 Π
-

2 ä Π

-argHxaL - arg H1 - ä yL ä b

2 + Π

2 Π
+

Π - ImHa logHxLL
2 Π

+
Π - 1

2
ReHb logH1 - ä yLL

2 Π
+ log xa H1 - ä yL ä b

2 Hä y + 1L-
1

2
Hä bL

01.04.16.0153.01

a logHxL + b tan-1HyL �

-2 ä Π

-arg Hä y + 1L-
1

2
Hä bL - arg xa H1 - ä yL ä b

2 + Π

2 Π
+

1

2
ReHb logHä y + 1LL + Π

2 Π
+

Π - Im log xa H1 - ä yL ä b

2

2 Π
-

2 ä Π

-argHxaL - arg H1 - ä yL ä b

2 + Π

2 Π
+

Π - ImHa logHxLL
2 Π

+
Π - 1

2
ReHb logH1 - ä yLL

2 Π
+

ä Π 1 - H-1L
arg Hä y+1L-

1

2
Hä bL

xa H1-ä yL
ä b

2 +1

2 Π
+

1

2

+ 2 ä tan-1

ä 1 - xa H1 - ä yL ä b

2 Hä y + 1L-
1

2
Hä bL

Hä y + 1L-
1

2
Hä bL xa H1 - ä yL ä b

2 + 1
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Involving cot-1HzL
01.04.16.0154.01

a logHxL + b cot-1HyL �

-2 ä Π

-arg J1 + ä

y
N-

1

2
Hä bL

- arg xa J1 - ä

y
N ä b

2 + Π

2 Π
+

1

2
ReJb logJ1 + ä

y
NN + Π

2 Π
+

Π - Im log xa J1 - ä

y
N ä b

2

2 Π
-

2 ä Π

-argHxaL - arg J1 - ä

y
N ä b

2 + Π

2 Π
+

Π - ImHa logHxLL
2 Π

+
Π - 1

2
ReJb logJ1 - ä

y
NN

2 Π
+ log xa 1 -

ä

y

ä b

2

1 +
ä

y

-
1

2
Hä bL

01.04.16.0155.01

a logHxL + b cot-1HyL �

-2 ä Π

-arg J1 + ä

y
N-

1

2
Hä bL

- arg xa J1 - ä

y
N ä b

2 + Π

2 Π
+

1

2
ReJb logJ1 + ä

y
NN + Π

2 Π
+

Π - Im log xa J1 - ä

y
N ä b

2

2 Π
-

2 ä Π

-argHxaL - arg J1 - ä

y
N ä b

2 + Π

2 Π
+

Π - ImHa logHxLL
2 Π

+
Π - 1

2
ReJb logJ1 - ä

y
NN

2 Π
+

ä Π 1 - H-1L
arg xa 1+

ä

y

-
1

2
Hä bL

1-
ä

y

ä b

2 +1

2 Π
+

1

2

+ 2 ä cot-1

ä xa J1 + ä

y
N-

1

2
Hä bL J1 - ä

y
N ä b

2 + 1

xa J1 - ä

y
N ä b

2 J1 + ä

y
N-

1

2
Hä bL

- 1

Involving csc-1HzL
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01.04.16.0156.01

a logHxL + b csc-1HyL � log xa 1 -
1

y2
+

ä

y

-ä b

-

2 ä Π

-argHxaL - arg 1 - 1

y2
+ ä

y

-ä b

+ Π

2 Π
+

Re b log 1 - 1

y2
+ ä

y
+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

01.04.16.0157.01

a logHxL + b csc-1HyL � ä Π 1 - H-1L
-

arg 1-
1

y2
+

ä

y

-ä b

xa+1

2 Π
- -

arg xa 1-
1

y2
+

ä

y

-ä b

2 Π

+

ä H-1L

arg xa 1-
1

y2
+

ä

y

-ä b

-1

2 Π
+

1

2
-

arg 1-
1

y2
+

ä

y

-ä b

xa+1

2 Π
+ -

arg xa 1-
1

y2
+

ä

y

-ä b

Π

csc-1

2 xa 1 - 1

y2
+ ä

y

-ä b

1 - 1

y2
+ ä

y

-2 ä b

x2 a + 1

-
Π

2
-

2 ä Π

-argHxaL - arg 1 - 1

y2
+ ä

y

-ä b

+ Π

2 Π
+

Re b log 1 - 1

y2
+ ä

y
+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

Involving sec-1HzL
01.04.16.0158.01

a logHxL + b sec-1HyL �

Π b

2
- 2 ä Π

-argHxaL - arg 1 - 1

y2
+ ä

y

ä b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Re b log 1 - 1

y2
+ ä

y

2 Π
+

log xa 1 -
1

y2
+

ä

y

ä b
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01.04.16.0159.01

a logHxL + b sec-1HyL �

Π b

2
- 2 ä Π

-argHxaL - arg 1 - 1

y2
+ ä

y

ä b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Re b log 1 - 1

y2
+ ä

y

2 Π
+

ä 1 - H-1L
-

arg 1-
1

y2
+

ä

y

ä b

xa+1

2 Π
- -

arg xa 1-
1

y2
+

ä

y

ä b

2 Π

Π -

ä H-1L

arg xa 1-
1

y2
+

ä

y

ä b

-1

2 Π
+

1

2
-

arg 1-
1

y2
+

ä

y

ä b

xa+1

2 Π
+ -

arg xa 1-
1

y2
+

ä

y

ä b

Π

sec-1

2 xa 1 - 1

y2
+ ä

y

ä b

1 - 1

y2
+ ä

y

2 ä b

x2 a + 1

Involving sinh-1HzL
01.04.16.0160.01

a logHxL + b sinh-1HyL � log xa y + y2 + 1
b

-

2 ä Π

-arg Ky + y2 + 1 Ob

- argHxaL + Π

2 Π
+

Π - ImKb logKy + y2 + 1 OO
2 Π

+
Π - ImHa logHxLL

2 Π
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01.04.16.0161.01

a logHxL + b sinh-1HyL �

H-1L
1

2
-

arg xa y+ y2+1
b

Π
- -

arg ä xa y+ y2+1
b

-1

2 Π
+

1

2
-

arg y+ y2+1
b H-äL xa-1

2 Π

sinh-1
1

2
x-a y + y2 + 1

-b

x2 a y + y2 + 1
2 b

- 1 -

1

2
ä H-1L

- -

arg ä xa y+ y2+1
b

-1

2 Π
+

1

2
-

arg y+ y2+1
b H-äL xa-1

2 Π
- -

arg xa y+ y2+1
b

Π

1 - H-1L
1

2
-

arg xa y+ y2+1
b

Π

+

H-1L
-

arg xa y+ y2+1
b

2 Π
+

arg xa y+ y2+1
b

-ä

2 Π
+

1

2
+ -

arg ä xa y+ y2+1
b

-1

2 Π
+

1

2
-

arg y+ y2+1
b H-äL xa-1

2 Π
+

arg xa y+ y2+1
b

2 Π
+

1

2
-

arg xa y+ y2+1
b

-ä

2 Π
+ -

arg

-

H-1L
-

arg xa y+ y2+1
b

2 Π
+

arg y+ y2+1
b

xa+ä

2 Π
+

1

2
+ -

arg ä xa y+ y2+1
b

-1

2 Π
+

1

2
-

arg y+ y2+1
b H-äL xa-1

2 Π
+

arg xa y+ y2+1
b

2 Π
+

1

2
-

arg y+ y2+1
b

xa+ä

2 Π
+ -

arg

Π - 2 ä Π

-arg Ky + y2 + 1 Ob

- argHxaL + Π

2 Π
+

Π - ImKb logKy + y2 + 1 OO
2 Π

+
Π - ImHa logHxLL

2 Π

Involving cosh-1HzL
01.04.16.0162.01

a logHxL + b cosh-1HyL � log xa Jy + y - 1 y + 1 Nb

-

2 ä Π
-argJIy + y - 1 y + 1 MbN - argHxaL + Π

2 Π
+

Π - ImIb logIy + y - 1 y + 1 MM
2 Π

+
Π - ImHa logHxLL

2 Π
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01.04.16.0163.01

a logHxL + b cosh-1HyL � ä Π 1 - H-1L
-

arg y+ y-1 y+1
b

xa+1

2 Π
- -

arg xa y+ y-1 y+1
b

2 Π

+

H-1L
arg xa y+ y-1 y+1

b

Π
-

2 arg xa y+ y-1 y+1
b

-1

Π
+ -

arg xa y+ y-1 y+1
b

Π
- -

arg xa y+ y-1 y+1
b

-1

2 Π
+ -

arg y+ y-1 y+1
b

xa+1

2 Π

cosh-1
1

2
x-a Jy + y - 1 y + 1 N-b Jy + y - 1 y + 1 N2 b

x2 a + 1 -

2 ä Π
-argJIy + y - 1 y + 1 MbN - argHxaL + Π

2 Π
+

Π - ImIb logIy + y - 1 y + 1 MM
2 Π

+
Π - ImHa logHxLL

2 Π

Involving tanh-1HzL
01.04.16.0164.01

a logHxL + b tanh-1HyL � -2 ä Π

-argHxaL - arg H1 - yL-
b

2 + Π

2 Π
+

1

2
ImHb logH1 - yLL + Π

2 Π
+

Π - ImHa logHxLL
2 Π

-

2 ä Π

-argIHy + 1Lb�2M - arg xa H1 - yL-
b

2 + Π

2 Π
+

Π - 1

2
ImHb logHy + 1LL

2 Π
+

Π - Im log xa H1 - yL-
b

2

2 Π
+

log xa H1 - yL-
b

2 Hy + 1Lb�2

01.04.16.0165.01

a logHxL + b tanh-1HyL � -2 ä Π

-argHxaL - arg H1 - yL-
b

2 + Π

2 Π
+

1

2
ImHb logH1 - yLL + Π

2 Π
+

Π - ImHa logHxLL
2 Π

-

2 ä Π

-argIHy + 1Lb�2M - arg xa H1 - yL-
b

2 + Π

2 Π
+

Π - 1

2
ImHb logHy + 1LL

2 Π
+

Π - Im log xa H1 - yL-
b

2

2 Π
+

ä Π 1 - H-1L
arg xa H1-yL-

b

2 Hy+1Lb�2+1

2 Π
+

1

2

+ 2 tanh-1
xa H1 - yL-

b

2 Hy + 1Lb�2 - 1

xa H1 - yL-
b

2 Hy + 1Lb�2 + 1
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Involving coth-1HzL
01.04.16.0166.01

a logHxL + b coth-1HyL � -2 ä Π

-argHxaL - arg J1 - 1

y
N-

b

2 + Π

2 Π
+

1

2
ImJb logJ1 - 1

y
NN + Π

2 Π
+

Π - ImHa logHxLL
2 Π

-

2 ä Π

-argKJ1 + 1

y
Nb�2O - arg xa J1 - 1

y
N-

b

2 + Π

2 Π
+

Π - 1

2
ImJb logJ1 + 1

y
NN

2 Π
+

Π - Im log xa J1 - 1

y
N-

b

2

2 Π
+

log xa 1 -
1

y

-
b

2

1 +
1

y

b�2

01.04.16.0167.01

a logHxL + b coth-1HyL � -2 ä Π

-argHxaL - arg J1 - 1

y
N-

b

2 + Π

2 Π
+

1

2
ImJb logJ1 - 1

y
NN + Π

2 Π
+

Π - ImHa logHxLL
2 Π

-

2 ä Π

-argKJ1 + 1

y
Nb�2O - arg xa J1 - 1

y
N-

b

2 + Π

2 Π
+

Π - 1

2
ImJb logJ1 + 1

y
NN

2 Π
+

Π - Im log xa J1 - 1

y
N-

b

2

2 Π
+

ä Π 1 - H-1L
arg xa 1-

1

y

-
b

2 1+
1

y

b�2
+1

2 Π
+

1

2

+ 2 coth-1
xa J1 - 1

y
N-

b

2 J1 + 1

y
Nb�2

+ 1

xa J1 - 1

y
N-

b

2 J1 + 1

y
Nb�2

- 1

Involving csch-1HzL
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01.04.16.0168.01

a logHxL + b csch-1HyL � log xa 1 +
1

y2
+

1

y

b

-

2 ä Π

-argHxaL - arg 1 + 1

y2
+ 1

y

b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Im b log 1 + 1

y2
+ 1

y

2 Π

http://functions.wolfram.com 35



01.04.16.0169.01

a logHxL + b csch-1HyL � H-1L
1

2
-

arg xa 1+
1

y2
+

1

y

b

Π
- -

arg -ä 1+
1

y2
+

1

y

b

xa-1

2 Π
+

1

2
-

arg ä xa 1+
1

y2
+

1

y

b

-1

2 Π

csch-1

2 xa 1 + 1

y2
+ 1

y

b

x2 a 1 + 1

y2
+ 1

y

2 b

- 1

-

1

2
ä H-1L

- -

arg -ä 1+
1

y2
+

1

y

b

xa-1

2 Π
+

1

2
-

arg ä xa 1+
1

y2
+

1

y

b

-1

2 Π
- -

arg xa 1+
1

y2
+

1

y

b

Π

1 - H-1L
1

2
-

arg xa 1+
1

y2
+

1

y

b

Π

+

H-1L
-

arg xa 1+
1

y2
+

1

y

b

-ä

2 Π
+

arg xa 1+
1

y2
+

1

y

b

2 Π
+

1

2
+ -

arg -ä 1+
1

y2
+

1

y

b

xa-1

2 Π
+

1

2
-

arg ä xa 1+
1

y2
+

1

y

b

-1

2 Π
+

arg xa 1+
1

y2
+

1

y

b

-ä

2 Π
+

1

2
-

arg xa 1+
1

y2
+

1

y

b

2 Π

-

H-1L
-

arg 1+
1

y2
+

1

y

b

xa+ä

2 Π
+

arg xa 1+
1

y2
+

1

y

b

2 Π
+

1

2
+ -

arg -ä 1+
1

y2
+

1

y

b

xa-1

2 Π
+

1

2
-

arg ä xa 1+
1

y2
+

1

y

b

-1

2 Π
+

arg 1+
1

y2
+

1

y

b

xa+ä

2 Π
+

1

2
-

arg xa 1+
1

y2
+

1

y

b

2 Π

Π - 2 ä Π

-argHxaL - arg 1 + 1

y2
+ 1

y

b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Im b log 1 + 1

y2
+ 1

y

2 Π

Involving sech-1HzL
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01.04.16.0170.01

a logHxL + b sech-1HyL � log xa
1

y
- 1 1 +

1

y
+

1

y

b

-

2 ä Π

-argHxaL - arg 1

y
- 1 1 + 1

y
+ 1

y

b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Im b log 1

y
- 1 1 + 1

y
+ 1

y

2 Π

01.04.16.0171.01

a logHxL + b sech-1HyL � ä Π 1 - H-1L
-

arg
1

y
-1 1+

1

y
+

1

y

b

xa+1

2 Π
- -

arg xa 1

y
-1 1+

1

y
+

1

y

b

2 Π

+

H-1L
arg xa 1

y
-1 1+

1

y
+

1

y

b

Π
-

2 arg xa 1

y
-1 1+

1

y
+

1

y

b

-1

Π
+ -

arg xa 1

y
-1 1+

1

y
+

1

y

b

Π
- -

arg xa 1

y
-1 1+

1

y
+

1

y

b

-1

2 Π
+ -

arg
1

y
-1 1+

1

y
+

1

y

b

xa+1

2 Π

sech-1

2 xa 1

y
- 1 1 + 1

y
+ 1

y

b

1

y
- 1 1 + 1

y
+ 1

y

2 b

x2 a + 1

-

2 ä Π

-argHxaL - arg 1

y
- 1 1 + 1

y
+ 1

y

b

+ Π

2 Π
+

Π - ImHa logHxLL
2 Π

+

Π - Im b log 1

y
- 1 1 + 1

y
+ 1

y

2 Π

Identities

Functional identities

Univariate functional identities

01.04.17.0001.01

logHzL � logH z¤L + ä argHzL
01.04.17.0003.01

logHzL � 2 logI z N
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01.04.17.0004.01

logHzL � log z2 -

Π z2 - z

2 -z2

01.04.17.0005.01

logHzL � n logIz1�nM �; z Î Z

01.04.17.0006.01

logHzL � logH-zL -
Π -z

z

01.04.17.0007.01

logHzL � -log
1

z
+ Π ä 1 -

1

z
z

01.04.17.0008.01

logHzL � -log -
1

z
+ Π -

1

z
z

01.04.17.0009.01

logHzL �
argHz - aL

2 Π
log

1

a
+ logHaL + log

z

a
+ logHaL

01.04.17.0010.01

logHzL � logHaL + log
z

a
+ 2 ä Π

argHz - aL
2 Π

�; a < 0

Bivariate functional identities

01.04.17.0002.01

gHxL gHyL � gHxL + gHyL �; gHxL � c logHxL ì c Î R+ ì c > 0 ì x Î R+ ì y Î R+

Complex characteristics

Real part

01.04.19.0001.01

ReHlogHx + ä yLL �
1

2
logIx2 + y2M

01.04.19.0006.01

ReHlogHzLL �
1

2
logIImHzL2 + ReHzL2M

01.04.19.0007.01

ReHlogHzLL � logH z¤L
Imaginary part

01.04.19.0002.01

ImHlogHx + ä yLL � tan-1Hx, yL
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01.04.19.0008.01

ImHlogHzLL � tan-1HReHzL, ImHzLL
01.04.19.0009.01

ImHlogHzLL � argHzL
Absolute value

01.04.19.0003.01

 logHx + ä yL¤ � tan-1Hx, yL2
+

1

4
log2Ix2 + y2M

01.04.19.0010.01

 logHzL¤ � tan-1HReHzL, ImHzLL2
+

1

4
log2IImHzL2 + ReHzL2M

Argument

01.04.19.0004.01

argHlogHx + ä yLL � tan-1
1

2
logIx2 + y2M, tan-1Hx, yL

01.04.19.0011.01

argHlogHzLL � tan-1
1

2
logIImHzL2 + ReHzL2M, tan-1HReHzL, ImHzLL

Conjugate value

01.04.19.0005.01

logHx + ä yL �
1

2
logIx2 + y2M - ä tan-1Hx, yL

01.04.19.0012.01

logHzL � logHzL - 2 ä argHzL
01.04.19.0013.01

logHzL �
1

2
logIImHzL2 + ReHzL2M - ä tan-1HReHzL, ImHzLL

Signum value

01.04.19.0014.01

sgnHlogHx + ä yLL �
ä tan-1Hx, yL + 1

2
logIx2 + y2M

tan-1Hx, yL2
+ 1

4
log2Ix2 + y2M

01.04.19.0015.01

sgnHlogHzLL �
ä tan-1HReHzL, ImHzLL + 1

2
logIImHzL2 + ReHzL2M

tan-1HReHzL, ImHzLL2
+ 1

4
log2IImHzL2 + ReHzL2M

Differentiation
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Low-order differentiation

01.04.20.0001.01

¶ logHzL
¶z

�
1

z

01.04.20.0002.01

¶2 logHzL
¶z2

� -
1

z2

Symbolic differentiation 

01.04.20.0012.01

¶n logHzL
¶zn

� Sn
H1L z-n + ∆n logHzL �; n Î N

01.04.20.0003.01

¶n logHzL
¶zn

� H-1Ln-1 Hn - 1L ! z-n �; n Î N+

01.04.20.0004.01

¶n logHzL
¶zn

� Hz - 1L1-n
2F

�
1H1, 1; 2 - n; 1 - zL �; n Î N

01.04.20.0005.02

¶n logaHzL
¶zn

� z-n â
k=0

n Ha - k + 1Lk Sn
HkL loga-kHzL �; n Î N

01.04.20.0006.01

¶n logH f HzLL
¶zn

� â
k=1

n H-1Lk-1

k f HzLk
 

n

k
 
¶n f HzLk

¶zn
�; n Î N+

Fractional integro-differentiation

01.04.20.0007.01

¶Α logH1 + zL
¶zΑ

� z1-Α
2F

�
1H1, 1; 2 - Α; -zL

01.04.20.0008.02

¶Α logHb + a zL
¶zΑ

�
a z1-Α

b
 2F

�
1 1, 1; 2 - Α; -

a z

b
+

1

GH1 - ΑL  2 ä Π
Π - argJ a z

b
+ 1N - argHbL

2 Π
+ logHbL z-Α

01.04.20.0009.02

¶Α logIa z2 + bM
¶zΑ

� -
ä a z1-Α

b
2F

�
1 1, 1; 2 - Α;

ä a z

b
+

ä a z1-Α

b
2F

�
1 1, 1; 2 - Α; -

ä a z

b
+

1

GH1 - ΑL  2 ä Π
Π - argJ a z

b
+ 1N - argHbL

2 Π
+ logHbL z-Α
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01.04.20.0010.01

¶Α logHzL
¶zΑ

� FClog
HΑL HzL z-Α

01.04.20.0013.01

¶Α logHzL
¶zΑ

�
H-1LΑ-1 HΑ - 1L ! z-Α Α Î N+

HlogHzL-ΨH1-ΑL-ýL z-Α

GH1-ΑL True

01.04.20.0014.01

¶Α lognHzL
¶zΑ

� FClog
HΑL Hz, 0, nL z-Α �; n Î N+

01.04.20.0015.01

¶Α lognHzL
¶zΑ

�
H-1LΑ-1 z-Α n! Úu=0

n-1 Úi=0
u logu-iHzL GHn-u-1LH1LHu-iL! Hn-u-1L!

 Úv=0
i av bi-v Α Î N+

¶n GHa+1L za-Α

GHa-Α+1L
¶an �; a � 0 True

�;

n Î N+ í a2 k �
H-1Lk Π2 k

H2 k + 1L !
í a2 k+1 � 0 í bk �

H-1Lk GHkLHΑL
k !

í k Î N+

01.04.20.0016.01

¶Α log2HzL
¶zΑ

�
2 H-1LΑ-1 z-Α HΑ - 1L ! HlogHzL - ΨHΑL - ýL Α Î N+

z-Α

GH1-ΑL  JHlogHzL - ΨH1 - ΑL - ýL2 + Π2

6
- ΨH1LH1 - ΑLN True

01.04.20.0017.01

¶Α log3HzL
¶zΑ

�

H-1LΑ z-Α GHΑL J-3 HlogHzL - ΨHΑL - ýL2 + Π2

2
- 3 ΨH1LHΑLN

z-Α

GH1-ΑL  Klog3HzL + 3 H-ΨH1 - ΑL - ýL log2HzL + 3 JΨH1 - ΑL2 + 2 ý ΨH1 - ΑL + ý2 + Π2

6
- ΨH1LH1 - ΑLN logHzL - ý3 - ΨH1 - ΑL3 - 3 ý ΨH1 2

01.04.20.0011.01

¶Α Hza logHzLL
¶zΑ

� FClog
HΑL Hz, aL za-Α

01.04.20.0018.01

¶Α Hza logHzLL
¶zΑ

�

H-1L-a+Α-1 GHa + 1L H-a + Α - 1L ! za-Α Α - a Î N+

H-1La-1 log2HzL+2 HΨH-aL-ΨHa-Α+1LL logHzL+
Π2

3
+HΨH-aL-ΨHa-Α+1LL2-ΨH1LH-aL-ΨH1LHa-Α+1L

2 H-a-1L! GHa-Α+1L  za-Α -a Î N+

GHa+1L HlogHzL+ΨHa+1L-ΨHa-Α+1LL za-Α

GHa-Α+1L True

01.04.20.0019.01

¶Α Hza lognHzLL
¶zΑ

� FClog
HΑL Hz, a, nL za-Α �; n Î N+

01.04.20.0020.01

¶Α Hza lognHzLL
¶zΑ

�
¶n IFCexp

HΑL Hz, aL za-ΑM
¶an

�; n Î N+
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01.04.20.0021.01

¶Α Hza lognHzLL
¶zΑ

�
¶n-1 I FClog

HΑL Hz, aL za-ΑM
¶an-1

�; n Î N+

01.04.20.0022.01

¶Α Hza lognHzLL
¶zΑ

�

H-1L-a+Α-1 za-Α n! Úu=0
n-1 Úi=0

u logu-iHzL GHn-u-1LHa+1L Úv=0
i av bi-vHu-iL! Hn-u-1L!

Α - a Î N+

Π H-1La-1 n! za-Α

H-a-1L! GHa-Α+1L  Úu=0
n+1 Úi=0

u logn-u+1HzL H-i+u+1LHn-u+1L!
 Úv=0

i Hv + 1L Úr=0
v

H-1Lr+v Kv
r

O pr,v ci-v-1

r+1
Ús=0

u-i
H-1Ls u-i

s
qs,u-i

s+1
-a Î N+

¶n GHa+1L za-Α

GHa-Α+1L
¶an True

�;

n Î N+ í a2 k �
H-1Lk Π2 k

H2 k + 1L !
í a2 k+1 � 0 í bk �

H-1Lk GHkLHΑ - aL
k !

í k Î N+ í p j,0 � 1 í
p j,k �

1

k
 â
i=1

k H j i + i - kL ei p j,k-i í ek �
GHkLH-aL

H-a - 1L ! k !
í q j,0 � 1 í q j,k �

1

k
 â
i=1

k H j i + i - kL di q j,k-i í

dk �
GHkLHa - Α + 1L
GHa - Α + 1L k !

í c2 k+1 �
H-1Lk 2 I22 k+1 - 1M B2 k+2 Π2 k+1

H2 k + 2L !
í c2 k � 0 í k Î N+

01.04.20.0023.01

¶Α Iza log2HzLM
¶zΑ

�

2 H-1L-a+Α-1 H-a + Α - 1L ! GHa + 1L HlogHzL - ΨHΑ - aL + ΨHa + 1LL za-Α

H-1La I-log3HzL+3 HΨHa-Α+1L-ΨH-aLL log2HzL+I-3 ΨH-aL2+6 ΨHa-Α+1L ΨH-aL-Π2-3 ΨHa-Α+1L2+3 ΨH1LH-aL+3 ΨH1LHa-Α+1LM logHzL-ΨH-aL3+ΨHa-Α+1L3+3 ΨH-aL2 ΨHa-Α+1L+Ψ

3 H-a-1L! GHa-Α+1L
GHa+1L IHlogHzL+ΨHa+1L-ΨHa-Α+1LL2+ΨH1LHa+1L-ΨH1LHa-Α+1LM za-Α

GHa-Α+1L
01.04.20.0024.01

¶Α Iza log3HzLM
¶zΑ

�

H-1LΑ-a GHa + 1L GHΑ - aL I-3 HlogHzL + ΨHa + 1L - ΨHΑ - aLL2 + Π2 - 3 ΨH1LHa + 1L - 3 ΨH1LHΑ - aLM za-Α

H-1La-1 J15 log4HzL+60 HΨH-aL-ΨHa-Α+1LL log3HzL+30 I3 ΨH-aL2-6 ΨHa-Α+1L ΨH-aL+Π2+3 ΨHa-Α+1L2-3 ΨH1LH-aL-3 ΨH1LHa-Α+1LM log2HzL+60 IΨH-aL3-3 ΨHa-Α+1L ΨH-aL2+I3 Ψ 2

GHa+1L Ilog3HzL+3 HΨHa+1L-ΨHa-Α+1LL log2HzL+3 IΨHa+1L2-2 ΨHa-Α+1L ΨHa+1L+ΨHa-Α+1L2+ΨH1LHa+1L-ΨH1LHa-Α+1LM logHzL+ΨHa+1L3-ΨHa-Α+1L3-3 ΨHa+1L2 ΨHa-Α+1L-3 ΨHa
GHa-Α+1L
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01.04.20.0025.01

¶Α logH f HzLL
¶zΑ

�

2 ä Π
Π - argJ f HzL

f H0L N - argH f H0LL
2 Π

+ logH f H0LL  
z-Α

GH1 - ΑL + â
s=0

¥ â
k=0

s

u H-1Lk GHs + u + 1L
Hk + 1L GHs + u - Α + 1L  

f HuLH0L
f H0L u!

k+1

pk+1,s-u k zs+u-Α �;
f H0L ¹ 0 í I f HkLH0L � 0 �; 1 £ k £ u - 1M í f HuLH0L ¹ 0 í p j,0 � 1 í

p j,k �
u!

f HuLHz0L k
 â
m=1

k j m + m - k

Hm + uL ! Hm + 1L !
 f Hm+uLHz0L p j,k-m í k Î N+

Integration

Indefinite integration

For the direct function itself

01.04.21.0001.01

à logHzL â z � z logHzL - z

01.04.21.0002.01

à zΑ-1 logHzL â z �
zΑ HΑ logHzL - 1L

Α2

Involving the direct function

01.04.21.0003.01

à 1

z
 log

b + a z

d + c z
 â z � -log

a z

b
+ 1 + log

c z

d
+ 1 + log

b + a z

d + c z
logHzL - Li2 -

a z

b
+ Li2 -

c z

d

01.04.21.0004.01

á logHzL
c z2 + d

 â z �
1

2 c

d
c z2 + d

 
c z2

d
+ 1 -sinh-1

c

d
z

2

-

2 log 1 - ã
-2 sinh-1 c

d
z

sinh-1
c

d
z + 2 log

c

d
z +

c z2

d
+ 1 logHzL + Li2 ã

-2 sinh-1 c

d
z

01.04.21.0005.01

à logHb + a zL
d + c z

 â z �
1

c
 log 1 -

c Hb + a zL
b c - a d

logHb + a zL + Li2
c Hb + a zL
b c - a d
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01.04.21.0006.01

à logIa z2 + b z + eM
d + c z

 â z �

1

c
 log

b + 2 a z + b2 - 4 a e

2 a
log -

2 a Hd + c zL
b c + b2 - 4 a e c - 2 a d

+ log
2 a Hd + c zL

-b c + b2 - 4 a e c + 2 a d

log
b - b2 - 4 a e

2 a
+ z - log

b + 2 a z + b2 - 4 a e

2 a
logHd + c zL - log

b - b2 - 4 a e

2 a
+ z logHd + c zL +

logHd + c zL logHe + z Hb + a zLL + Li2

c -b - 2 a z + b2 - 4 a e

-b c + b2 - 4 a e c + 2 a d

+ Li2

c b + 2 a z + b2 - 4 a e

b c + b2 - 4 a e c - 2 a d

01.04.21.0007.01

à log2HzL
1 - z

 â z � -logH1 - zL log2HzL - 2 Li2HzL logHzL + 2 Li3HzL
01.04.21.0008.01

à log2Hz + 1L
z

 â z � logH-zL log2Hz + 1L + 2 Li2Hz + 1L logHz + 1L - 2 Li3Hz + 1L
01.04.21.0009.01

à log2Ha + b zL
e + f z

 â z �
1

f
 log

b He + f zL
b e - a f

log2Ha + b zL + 2 Li2
f Ha + b zL
a f - b e

logHa + b zL - 2 Li3
f Ha + b zL
a f - b e
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01.04.21.0010.01

à 1

z
 log2

a + b z

c + d z
 â z � log -

b z

a
log2

a

b
+ z + 2 Li2

b z

a
+ 1 log

a

b
+ z +

log -
d z

c
log2

c

d
+ z + logHzL -log

a

b
+ z + log

c

d
+ z + log

a + b z

c + d z

2

+

2 log
c

d
+ z Li2

d z

c
+ 1 + 2 -log

a

b
+ z + log

c

d
+ z + log

a + b z

c + d z

-log
b z

a
+ 1 + log

d z

c
+ 1 + log

a

b
+ z - log

c

d
+ z logHzL - Li2 -

b z

a
+ Li2 -

d z

c
-

2 Li3
b z

a
+ 1 - 2

1

2
log -

b z

a
+ log

a d - b c

d Ha + b zL - log
b c z - a d z

a c + b z c
log2

a Hc + d zL
c Ha + b zL +

log
d z

c
+ 1 log -

d z

c
- log -

b z

a
log

a Hc + d zL
c Ha + b zL + Li2

b Hc + d zL
d Ha + b zL - Li2

a Hc + d zL
c Ha + b zL log

a Hc + d zL
c Ha + b zL +

1

2
log

d z

c
+ 1 log

d z

c
+ 1 - 2 log

a

b
+ z log -

b z

a
- log -

d z

c
+ log -

b z

a
log

a

b
+ z log

c

d
+ z +

log
c

d
+ z - log

a Hc + d zL
c Ha + b zL Li2

b z

a
+ 1 + log

a

b
+ z + log

a Hc + d zL
c Ha + b zL Li2

d z

c
+ 1 -

Li3
b z

a
+ 1 - Li3

d z

c
+ 1 + Li3

a Hc + d zL
c Ha + b zL - Li3

b Hc + d zL
d Ha + b zL - 2 Li3

d z

c
+ 1

01.04.21.0011.01

à logHzL logH1 - zL
z

 â z � Li3HzL - logHzL Li2HzL
01.04.21.0012.01

à logHa + b zL logHc + d zL
e + f z

 â z �

1

f
 

1

2
log

b He + f zL
b e - a f

+ log
a d - b c

d Ha + b zL - log
Ha d - b cL He + f zL
Hd e - c f L Ha + b zL log2

Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL +

log
f Hc + d zL
c f - d e

log
d He + f zL
d e - c f

- log
b He + f zL
b e - a f

log
Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL +

Li2
b Hc + d zL
d Ha + b zL - Li2

Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL log

Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL +

1

2
log

f Hc + d zL
c f - d e

log
f Hc + d zL
c f - d e

- 2 logHa + b zL log
b He + f zL
b e - a f

- log
d He + f zL
d e - c f

+ log
b He + f zL
b e - a f

logHa + b zL logHc + d zL +

logHc + d zL - log
Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL Li2

f Ha + b zL
a f - b e

+ logHa + b zL + log
Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL Li2

f Hc + d zL
c f - d e

-

Li3
f Ha + b zL
a f - b e

- Li3
f Hc + d zL
c f - d e

- Li3
b Hc + d zL
d Ha + b zL + Li3

Hb e - a f L Hc + d zL
Hd e - c f L Ha + b zL

01.04.21.0013.01

à logHzL logH1 - zL
z

 â z � Li3HzL - logHzL Li2HzL
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01.04.21.0014.01

à logHzL logHz - 1L
z

 â z �
1

2
HlogHz - 1L - logH1 - zLL log2HzL - Li2HzL logHzL + Li3HzL

01.04.21.0015.01

à log3HzL
1 - z

 â z � -logH1 - zL log3HzL - 3 Li2HzL log2HzL + 6 Li3HzL logHzL - 6 Li4HzL
01.04.21.0016.01

à log2HzL logH1 - zL
z

 â z � 2 Li3HzL logHzL - log2HzL Li2HzL - 2 Li4HzL
01.04.21.0017.01

à log2HzL logH1 - zL
1 - z

 â z �

1

12
-log4

1

z
- 1 + 4 logH1 - zL + log

1

z
log3

1

z
- 1 - 6 log2H1 - zL log2

1

z
- 1 + 12 Li2

z - 1

z
log2

1

z
- 1 +

4 log2H1 - zL HlogH1 - zL + 3 logHzLL log
1

z
- 1 - 24 Li3

z - 1

z
log

1

z
- 1 -

log4H1 - zL - 6 log2H1 - zL log2HzL + 4 log2H1 - zL logHzL H3 logHzL - 2 logH1 - zLL -

12 logH1 - zL -2 log
1

z
- 1 + logH1 - zL - 2 logHzL Li2H1 - zL - 12 log

1

z
- 1 - logH1 - zL 2

Li2HzL -

24 log
1

z
- 1 + logHzL Li3H1 - zL + 24 logH1 - zL - log

1

z
- 1 Li3HzL + 24 Li4H1 - zL + Li4

z - 1

z
- Li4HzL

01.04.21.0018.01

à logHsinHzLL â z � -z logI1 - ã2 ä zM + z logHsinHzLL +
ä

2
 Iz2 + Li2Iã2 ä zMM

01.04.21.0019.01

à logHcosHzLL â z �
ä

2
 Iz Iz + 2 ä logI1 + ã2 ä zM - 2 ä logHcosHzLLM + Li2I-ã2 ä zMM

01.04.21.0020.01

à logHtanHzLL â z �
ä

2
 HlogHtanHzLL HlogH1 - ä tanHzLL - logHä tanHzL + 1LL - Li2H-ä tanHzLL + Li2Hä tanHzLLL

01.04.21.0021.01

à logHsinhHzLL â z �
1

2
ILi2Iã-2 zM - z Iz + 2 logI1 - ã-2 zM - 2 logHsinhHzLLMM

01.04.21.0022.01

à logHcoshHzLL â z �
1

2
ILi2I-ã-2 zM - z Iz + 2 logI1 + ã-2 zM - 2 logHcoshHzLLMM

01.04.21.0023.01

à logHtanhHzLL â z �
1

2
HlogHtanhHzLL logHtanhHzL + 1L + Li2H1 - tanhHzLL + Li2H-tanhHzLLL

01.04.21.0024.01

à logHsinHzLL tanHzL â z �
1

2
H-logHsinHzLL logHsinHzL + 1L + Li2H1 - sinHzLL - Li2H-sinHzLLL
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01.04.21.0025.01

à logHcosHzLL tanHzL â z � -
1

2
log2HcosHzLL

01.04.21.0026.01

à logHcosHzLL
sinH2 zL  â z �

1

4
HlogHcosHzLL HlogHcosHzL + 1L - logHcosHzLLL - Li2H1 - cosHzLL + Li2H-cosHzLLL

01.04.21.0027.01

à logHtanHzLL tanHzL â z �
1

2
HlogHtanHzLL HlogHä tanHzL + 1L + logH1 - ä tanHzLLL + Li2H-ä tanHzLL + Li2Hä tanHzLLL

01.04.21.0028.01

à logHcotHzLL cotHzL â z �
1

2
H-logHcotHzLL logHä cotHzL + 1L + logHcotHzLL H-logH1 - ä cotHzLLL - Li2H-ä cotHzLL - Li2Hä cotHzLLL

01.04.21.0029.01

à logHa + sinHzLL â z �
1

8
-ä HΠ - 2 zL2 - 4 logHa + sinHzLL HΠ - 2 zL + 32 ä sin-1

a + 1

2
tan-1

Ha - 1L tanJ 1

4
HΠ - 2 zLN

a2 - 1

+

4 -2 z + 4 sin-1
a + 1

2
+ Π log 1 + ä a - a2 - 1 ã-ä z + 4 -2 z - 4 sin-1

a + 1

2
+ Π

log 1 + ä a + a2 - 1 ã-ä z - 8 ä Li2 ä a2 - 1 - a ã-ä z + Li2 -ä a + a2 - 1 ã-ä z

01.04.21.0030.01

à logHa + cosHzLL â z �

ä z2

2
+ logHa + cosHzLL z - 4 ä sin-1

a + 1

2
tan-1

Ha - 1L tanI z

2
M

a2 - 1

- z + 2 sin-1
a + 1

2
log ãä z a - a2 - 1 + 1 -

z - 2 sin-1
a + 1

2
log ãä z a + a2 - 1 + 1 + ä Li2 a2 - 1 - a ãä z + Li2 - a + a2 - 1 ãä z

01.04.21.0031.01

à logHa + tanHzLL â z �
1

2
ä log -

ä + tanHzL
a - ä

- log 1 -
a + tanHzL

a + ä
logHa + tanHzLL + Li2

a + tanHzL
a - ä

- Li2
a + tanHzL

a + ä

01.04.21.0032.01

à logIsin2HzL + aM â z �
1

2
2 ä z2 + 2 logIsin2HzL + aM z + 4 ä sin-1I -a N tan-1

Ha + 1L tanHzL
a Ha + 1L -

2 Jz - sin-1I -a NN logJã2 ä z I-2 a + 2 a Ha + 1L - 1N + 1N - 2 Jz + sin-1I -a NN
logJ1 - I2 a + 2 a Ha + 1L + 1N ã2 ä zN + ä JLi2JI2 a + 2 a Ha + 1L + 1N ã2 ä zN + Li2JI2 a - 2 a Ha + 1L + 1N ã2 ä zNN

01.04.21.0033.01

à z logK2 sinK z

2
OO â z �

ä

12
 K-z3 + 6 ä logI1 - ã-ä zM z2 - 6 ä logK2 sinK z

2
OO z2 - 12 Li2Iã-ä zM z + Π3 + 12 ä Li3Iã-ä zMO
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01.04.21.0075.01

à lognHzL
z H1 - zL  â z -

logn+1HzL
n + 1

+
1

6
Π2 ∆n-1 + â

j=0

n n

j
H-1L j j ! logn- jHzL Li j+1HzL �; n Î N+

01.04.21.0076.01

à zΑ-1 lognHzL
1 - z

 â z � zΑ â
j=0

n n

j
H-1L j j ! logn- jHzL Α- j-1 j+2F j+1H1, Α, ¼, Α, 1; Α + 1, ¼, Α + 1; zL �; n Î N

Definite integration

For the direct function itself

01.04.21.0034.01

à
0

1

logHtL â t � -1

Involving the direct function

01.04.21.0035.01

à
0

1 logIt2 - 2 cosHzL t + 1M
t

 â t �
Π2

6
-

1

2
HΠ - zL2 �; ImHzL > 0 Þ z > 0

01.04.21.0036.01

à
0

1

logHtL logHt + 1L â t � -2 logH2L -
Π2

12
+ 2

01.04.21.0037.01

à
0

¥ logHt + 1L logJ1 + 1

t2
N

t
 â t � C Π -

3 ΖH3L
8

01.04.21.0038.01

à
0

¥

logHt + 1L log 1 +
1

t2
 â t �

Π

2
 logH2L +

5 Π2

24
- Π + 2 C

01.04.21.0039.01

à
0

¥ logHa t + 1L logJ z

t2
+ 1N

t
 â t �

1

24 a
 6 Π

1

z
F -

1

a2 z
, 2,

1

2
- a log3

1

a2 z
+ 5 Π2 log

1

a2 z
+ 6 Li2 -

1

a2 z
log

1

a2 z
- 12 Li3 -

1

a2 z

01.04.21.0040.01

à
0

1 logHtL log2H1 - tL
t

 â t � -
Π4

180

01.04.21.0041.01

à
0

1

2 log4Ht H1 - tLL
1 - t

 â t �
16 log5H2L

5
- 4 Π2 ΖH3L + 72 ΖH5L

01.04.21.0042.01

à
0

1

2 log5Ht H1 - tLL
1 - t

 â t � �-
1

3
16 log6H2L+120 ΖH3L2-

79 Π6

252
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01.04.21.0043.01

à
0

1

2 lognHt H1 - tLL
1 - t

 â t �
1

2
lim
p®0

¶n

GHp+1L2
GH2 p+1L -1

p

¶ pn
-

2n logn+1J 1

2
N

n + 1
�; n Î N+

01.04.21.0044.01

à
0

1

2
lognJ t

1-t
N

1 - t
 â t � H-1Ln n! ΖHn + 1L H1 - 2-nL �; n Î N+

01.04.21.0045.01

à
0

1 logmHtL lognH1 - tL
t

 â t � lim
Λ®0

lim
Μ®0

¶n
¶m

exp -Úp=1
n+1 Úq=1

m+1 H-1Lp+q  Λp Μq Hp+q-1L! ΖHp+qL
p! q!

Μ

¶Μm

¶Λn
�; m Î N ì n Î N+

01.04.21.0046.01

à
0

z

log 2 sin
t

2
 â t � -

ä Π2

6
- z logI1 - ãä zM + z logK2 sinK z

2
OO +

ä

4
Iz2 + 4 Li2Iãä zMM

Clausen's integral

01.04.21.0047.01

à
0

Π

log 2 sin
t

2
 â t � 0

01.04.21.0048.01

à
0

Π

log2 2 sin
t

2
 â t �

Π3

12

01.04.21.0049.01

à
0

Π

log3 2 sin
t

2
 â t � -

3 Π

2
ΖH3L

01.04.21.0050.01

à
0

Π

log4 2 sin
t

2
 â t �

19 Π5

240

01.04.21.0051.01

à
0

Π

log5 2 sin
t

2
 â t � -

5

4
IΠ3 ΖH3L + 18 Π ΖH5LM

01.04.21.0052.01

à
0

Π

log6 2 sin
t

2
 â t �

45

2
Π ΖH3L2 +

275 Π7

1344

01.04.21.0053.01

à
0

Π

log7 2 sin
t

2
 â t � -

7

32
 I19 Π5 ΖH3L + 180 Π3 ΖH5L + 3240 Π ΖH7LM

01.04.21.0054.01

à
0

Π

log8 2 sin
t

2
 â t �

604 800 Π3 ΖH3L2 + 21 772 800 Π ΖH5L ΖH3L + 11 813 Π9

11 520
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01.04.21.0055.01

à
0

Π

log9 2 sin
t

2
 â t � -

3

32
I10 080 Π ΖH3L3 + 275 Π7 ΖH3L + 2394 Π5 ΖH5L + 22 680 Π3 ΖH7L + 428 400 Π ΖH9LM

01.04.21.0056.01

à
0

Π

log10 2 sin
t

2
 â t �

45 I93 632 Π5 ΖH3L2 + 1 774 080 Π3 ΖH5L ΖH3L + 31 933 440 Π ΖH7L ΖH3L + 2117 Π11 + 15 966 720 Π ΖH5L2M
11 264

01.04.21.0057.01

à
0

Π

2
logn

sinHtL
2

tan
t

2
 â t �

1

2n+1
 lim
p®0

¶n

GHp+1L2
GH2 p+1L -1

p

¶ pn
-

logn+1J 1

2
N

n + 1
�; n Î N+

01.04.21.0058.01

à
0

Π

2
logHtanHtLL â t � 0

01.04.21.0059.01

à
0

Π

2
log2HtanHtLL â t �

Π3

8

01.04.21.0060.01

à
0

Π

2
log3HtanHtLL â t � 0

01.04.21.0061.01

à
0

Π

2
log4HtanHtLL â t �

5 Π5

32

01.04.21.0062.01

à
0

Π

2
log5HtanHtLL â t � 0

01.04.21.0063.01

à
0

Π

2
log6HtanHtLL â t �

61 Π7

128

01.04.21.0064.01

à
0

Π

2
log7HtanHtLL â t � 0

01.04.21.0065.01

à
0

Π

2
log8HtanHtLL â t �

1385 Π9

512

01.04.21.0066.01

à
0

Π

2
log9HtanHtLL â t � 0

01.04.21.0067.01

à
0

Π

2
log10HtanHtLL â t �

50 521 Π11

2048

http://functions.wolfram.com 50



01.04.21.0068.01

à
0

Π

4
lognHtanHtLL tanHtL â t � H-1Ln 2-n-1 H1 - 2-nL n! ΖHn + 1L �; n Î N+

01.04.21.0069.01

à
0

Π

2
logmHsinHtLL lognHcosHtLL cotHtL â t � 2-m-n-1 lim

Λ®0
lim
Μ®0

¶n
¶m

exp -Úp=1
n+1 Úq=1

m+1 Λp Μq IH-1Lp+q Hp+q-1L!M ΖHp+qL
p! q!

Μ

¶Μm

¶Λn
�; m Î N ì n Î N+

01.04.21.0070.01

à
0

Π

3
t log2 2 sin

t

2
 â t �

17 Π4

6480

01.04.21.0071.01

à
0

2 Π

t2 log2 2 sin
t

2
 â t �

13 Π5

45

01.04.21.0072.01

à
0

2 Π

tn logm 2 sin
t

2
 â t � lim

Ν®0
lim
Μ®0

2 Π ã-
Π ä n

2

¶m

¶n
ãΠ ä Ν GIΜ+1M

G
Μ

2
+Ν+1 G

Μ

2
-Ν+1

¶Νn

¶ Μm
�; m Î N ì n Î N+

01.04.21.0073.01

à
0

Π

t2 m logn 2 cos
t

2
 â t � lim

Λ®0
lim
Μ®0

Π H-1Lm

¶n ¶2 mã
-Úq=1

n+1 Μq Úr=1
m+1 H-1Lr I1+H-1Lq M Hq+r-1L! Λr ΖHq+rL

2r r! q!

¶Μ2 m

¶Λn
�; m Î N ì n Î N+

Involving related functions

01.04.21.0074.01

à
0

1

ã-t logHtL â t � EiH-1L - ý

01.04.21.0077.01

à
0

¥

ã-t lognHtL â t � Hn - 1L ! â
k=2

n H-1Lk ΖHkL
Hn - kL !

 à
0

¥

ã-t logn-kHtL â t - ý à
0

¥

ã-t logn-1HtL â t �; n Î N+

Double integrals

01.04.21.0078.01

à
0

1à
0

1 x - 1

H1 - x yL logHx yL  â x â y � ý

01.04.21.0079.01

à
0

1à
0

1 x - 1

Hx y + 1L logHx yL  â x â y � log
4

Π

Integral transforms

Laplace transforms
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01.04.22.0001.01

Lt@logHtLD HzL � -
logHzL + ý

z

Summation

Infinite summation

01.04.23.0001.01

â
k=1

¥ H-1Lk+1 
logH2 k + 1L

2 k + 1
�

1

4
Π log

2 Π GJ 3

4
N2

GJ 1

4
N2

+ ý

01.04.23.0002.01

â
k=1

¥

logI1 - ãk zM � log Η -
ä z

2 Π
-

z

24

Operations

Limit operation

01.04.25.0001.01

lim
z®0

za logHzL � 0 �; ReHaL > 0

01.04.25.0002.01

lim
z®¥

z-a logHzL � 0 �; ReHaL > 0

Representations through more general functions

Through hypergeometric functions

Involving 2F1

01.04.26.0001.01

logHzL � Hz - 1L 2F1H1, 1; 2; 1 - zL
Through Meijer G

Classical cases for the direct function itself

01.04.26.0002.01

log HzL � G2,2
1,2 z - 1

1, 1

1, 0

01.04.26.0003.01

log H1 + zL � G2,2
1,2 z

1, 1

1, 0
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01.04.26.0090.01

logHz + 1L - â
k=1

n H-1Lk-1 zk

k
� H-1Ln G2,2

1,2 z
1, n + 1

n + 1, 0
�; n Î N+

Classical cases involving algebraic functions

01.04.26.0004.01

log HzL
z - 1

� G2,2
2,2 z

0, 0

0, 0

01.04.26.0005.01

log HzL
z + 1

� -Π G3,3
2,2 z

0, 0.0001, 1

2

0, 0, 1

2

�; z Ï H-1, 0L
01.04.26.0006.01

1

z - 1
 log 

1

z
� -G2,2

2,2 z
0, 0

0, 0
�; z Ï H-¥, 0L

01.04.26.0007.01

1

z + 1
 log 

1

z
� Π G3,3

2,2 z
0, 0, 1

2

0, 0, 1

2

�; z Ï H-¥, -1L
01.04.26.0091.01

logHzL
z - d

�
1

d
 G2,2

2,2
z

d

0, 0

0, 0
-

logHdL
d

Π G2,2
1,1

z

d

0, 1

2

0, 1

2

�; d > 0

01.04.26.0092.01

logHzL
d + z

�
logHdL

d
G1,1

1,1
z

d

0

0
-

Π

d
G3,3

2,2
z

d

0, 0, 1

2

0, 0, 1

2

�; d > 0 ì z Ï H-d, 0L
01.04.26.0093.01

1

z - d
 log

1

z
� -

1

d
 G2,2

2,2
z

d

0, 0

0, 0
+

logHdL
d

Π G2,2
1,1

z

d

0, 1

2

0, 1

2

�; d > 0 ì z Ï H-¥, 0L
01.04.26.0094.01

1

d + z
 log

1

z
� -

logHdL
d

G1,1
1,1

z

d

0

0
+

Π

d
G3,3

2,2
z

d

0, 0, 1

2

0, 0, 1

2

�; d > 0 ì z Ï H-d, 0L
Classical cases involving algebraic functions in the arguments

01.04.26.0008.01

log I z + 1 + z N �
1

2 Π
 G2,2

1,2 z
1, 1
1

2
, 0

01.04.26.0009.01

log I z + 1 - z N � -
1

2 Π
 G2,2

1,2 z
1, 1
1

2
, 0
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01.04.26.0010.01

log 
1

z + 1 + z
� -

1

2 Π
 G2,2

1,2 z
1, 1
1

2
, 0

01.04.26.0011.01

log 
1

z + 1 - z
�

1

2 Π
 G2,2

1,2 z
1, 1
1

2
, 0

01.04.26.0012.01

log 
z + 1 + 1

z
� -

1

2 Π
 G3,3

2,2 z

1

2
, 1, 1

2

0, 1

2
, 0

01.04.26.0013.01

log 
z + 1 - 1

z
�

1

2 Π
 G3,3

2,2 z

1

2
, 1, 1

2

0, 1

2
, 0

01.04.26.0014.01

log 
z

1 + z + 1
�

1

2 Π
 G3,3

2,2 z

1

2
, 1, 1

2

0, 1

2
, 0

01.04.26.0015.01

log 
z

1 + z - 1
� -

1

2 Π
 G3,3

2,2 z

1

2
, 1, 1

2

0, 1

2
, 0

01.04.26.0016.01

log 
z + 1 + 1

2
�

1

2 Π
 G3,3

1,3 z
1, 1, 1

2

1, 0, 0

01.04.26.0017.01

log 
z + 1 + z

2 z
�

1

2 Π
 G3,3

3,1 z
0, 1, 1

0, 0, 1

2

01.04.26.0018.01

1

z + 1
 log I z + z + 1 N �

Π

2
G3,3

2,2 z

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0019.01

1

z + 1
 log I z - z + 1 N � -

Π

2
G3,3

2,2 z

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0020.01

1

z + 1
 log 

1

1 + z + z
� -

Π

2
G3,3

2,2 z

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0021.01

1

z + 1
 log 

1

1 + z - z
�

Π

2
G3,3

2,2 z

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0
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01.04.26.0022.01

1

z + 1
 log 

z + 1 + 1

z
�

Π

2
 G3,3

2,2 z
0, 0, 1

2

0, 0, 0
�; z Ï H-1, 0L

01.04.26.0023.01

1

z + 1
 log 

z + 1 - 1

z
� -

Π

2
 G3,3

2,2 z
0, 0, 1

2

0, 0, 0
�; z Ï H-1, 0L

01.04.26.0024.01

1

z + 1
 log 

z

1 + z + 1
� -

Π

2
 G3,3

2,2 z
0, 0, 1

2

0, 0, 0
�; z Ï H-1, 0L

01.04.26.0025.01

1

z + 1
 log 

z

1 + z - 1
�

Π

2
 G3,3

2,2 z
0, 0, 1

2

0, 0, 0
�; z Ï H-1, 0L

Classical cases involving powers of log involving algebraic functions

01.04.26.0026.01

1

z + 1
 log2 HzL � 2 G3,3

3,3 z
0, 0, 0

0, 0, 0
- Π2 G1,1

1,1 z
0

0

01.04.26.0027.01

1

z + 1
 log2 

1

z
� 2 G3,3

3,3 z
0, 0, 0

0, 0, 0
- Π2 G1,1

1,1 z
0

0
�; z Ï H-¥, 0L

01.04.26.0095.01

log2HzL
z - 1

� -2 Π G4,4
3,3 z

0, 0, 0, 1

2

0, 0, 0, 1

2

01.04.26.0096.01

1

z - 1
 log2

1

z
� -2 Π G4,4

3,3 z
0, 0, 0, 1

2

0, 0, 0, 1

2

Classical cases for powers of log involving algebraic functions in the arguments

01.04.26.0028.01

log2 I z + 1 + z N �
Π

2
 G3,3

1,3 z
1, 1, 1

1, 0, 1

2

01.04.26.0029.01

log2 I z + 1 - z N �
Π

2
 G3,3

1,3 z
1, 1, 1

1, 0, 1

2

01.04.26.0030.01

log2 
1

z + 1 + z
�

Π

2
 G3,3

1,3 z
1, 1, 1

1, 0, 1

2
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01.04.26.0031.01

log2 
1

z + 1 - z
�

Π

2
 G3,3

1,3 z
1, 1, 1

1, 0, 1

2

01.04.26.0032.01

log2 
z + 1 + 1

z
�

Π

2
 G3,3

3,1 z
0, 1

2
, 1

0, 0, 0

01.04.26.0033.01

log2 
z + 1 - 1

z
�

Π

2
 G3,3

3,1 z
0, 1

2
, 1

0, 0, 0

01.04.26.0034.01

log2 
z

z + 1 + 1
�

Π

2
 G3,3

3,1 z
0, 1

2
, 1

0, 0, 0

01.04.26.0035.01

log2 
z

z + 1 - 1
�

Π

2
 G3,3

3,1 z
0, 1

2
, 1

0, 0, 0

Classical cases involving unit step Θ

01.04.26.0036.01

ΘH1 -  z¤L log HzL � -G2,2
2,0 z

1, 1

0, 0
�; z Ï H-1, 0L

01.04.26.0037.01

ΘH z¤ - 1L log HzL � G2,2
0,2 z

1, 1

0, 0

01.04.26.0038.01

ΘH1 -  z¤L log 
1

z
� G2,2

2,0 z
1, 1

0, 0

01.04.26.0039.01

ΘH z¤ - 1L log 
1

z
� -G2,2

0,2 z
1, 1

0, 0
�; z Ï H-¥, -1L

01.04.26.0040.01

ΘH1 -  z¤L log H1 - zL + ΘH z¤ - 1L log Hz - 1L � Π G3,3
1,2 z

1, 1, 1

2

1, 0, 1

2

Classical cases for powers of log involving unit step Θ

01.04.26.0041.01

ΘH1 -  z¤L log2 HzL � 2 G3,3
3,0 z

1, 1, 1

0, 0, 0
�; z Ï H-1, 0L

01.04.26.0042.01

ΘH z¤ - 1L log2 HzL � 2 G3,3
0,3 z

1, 1, 1

0, 0, 0
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01.04.26.0043.01

ΘH1 -  z¤L log2 
1

z
� 2 G3,3

3,0 z
1, 1, 1

0, 0, 0

01.04.26.0044.01

ΘH z¤ - 1L log2 
1

z
� 2 G3,3

0,3 z
1, 1, 1

0, 0, 0
�; z Ï H-¥, -1L

01.04.26.0045.01

ΘH1 -  z¤L logm-1 HzL � H-1Lm-1 Hm - 1L ! Gm,m
m,0 z

1, ¼, 1

0, ¼, 0
�; z Ï H-1, 0L

01.04.26.0046.01

ΘH z¤ - 1L logn-1 HzL � Hn - 1L ! Gn,n
0,n z

1, ¼, 1

0, ¼, 0

01.04.26.0047.01

ΘH1 -  z¤L logm-1 
1

z
� Hm - 1L ! Gm,m

m,0 z
1, ¼, 1

0, ¼, 0

01.04.26.0048.01

ΘH z¤ - 1L logn-1 
1

z
� H-1Ln-1 Hn - 1L ! Gn,n

0,n z
1, ¼, 1

0, ¼, 0
�; z Ï H-¥, -1L

Classical cases involving algebraic functions in the arguments and unit step Θ

01.04.26.0049.01

ΘH z¤ - 1L log I z + z - 1 N �
Π

2
G2,2

0,2 z
1, 1

0, 1

2

01.04.26.0050.01

ΘH z¤ - 1L log I z - z - 1 N � -
Π

2
G2,2

0,2 z
1, 1

0, 1

2

01.04.26.0051.01

ΘH1 -  z¤L log 
1 + 1 - z

z
�

Π

2
G2,2

2,0 z
1

2
, 1

0, 0
�; z Ï H-1, 0L

01.04.26.0052.01

ΘH1 -  z¤L log 
1 - 1 - z

z
� -

Π

2
G2,2

2,0 z
1

2
, 1

0, 0
�; z Ï H-1, 0L

Classical cases involving Abs in the arguments

01.04.26.0053.01

log H 1 - z¤L � Π G3,3
1,2 z

1, 1, 1

2

1, 0, 1

2

�; z > -1

01.04.26.0054.01

log 
1 + z

1 - z
� Π G2,2

1,1 z2

1

2
, 1

1

2
, 0

�; z > 0

http://functions.wolfram.com 57



01.04.26.0055.01

log 
1 - z

1 + z
� -Π G2,2

1,1 z2

1

2
, 1

1

2
, 0

�; z > 0

Classical cases involving sgn in the arguments

01.04.26.0056.01

log 
1 + z

sgn H1 -  z¤L I1 - z N � Π G2,2
1,1 z

1

2
, 1

1

2
, 0

�; z Ï H-1, 0L
Generalized cases for the direct function itself

01.04.26.0097.01

logHzL � G2,2
1,2 z, 1

1, 1

1, 0
- G2,2

1,2 z, -1
1, 1

1, 0
�; z Ï H-1, 0L

Generalized cases involving algebraic functions in the arguments

01.04.26.0057.01

log z2 + 1 + z �
1

2 Π
 G2,2

1,2 z,
1

2

1, 1
1

2
, 0

01.04.26.0058.01

log z2 + 1 - z � -
1

2 Π
 G2,2

1,2 z,
1

2

1, 1
1

2
, 0

01.04.26.0059.01

log 
1

z2 + 1 + z

� -
1

2 Π
 G2,2

1,2 z,
1

2

1, 1
1

2
, 0

01.04.26.0060.01

log 
1

z2 + 1 - z

�
1

2 Π
 G2,2

1,2 z,
1

2

1, 1
1

2
, 0

01.04.26.0061.01

log 
z2 + 1 + 1

z
� -

1

2 Π
 G3,3

2,2 z,
1

2

1

2
, 1, 1

2

0, 1

2
, 0

�; Re HzL > 0

01.04.26.0062.01

log 
z2 + 1 - 1

z
�

1

2 Π
 G3,3

2,2 z,
1

2

1

2
, 1, 1

2

0, 1

2
, 0

�; Re HzL > 0

01.04.26.0063.01

log 
z

z2 + 1 + 1

�
1

2 Π
 G3,3

2,2 z,
1

2

1

2
, 1, 1

2

0, 1

2
, 0

�; Re HzL > 0
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01.04.26.0064.01

log 
z

z2 + 1 - 1

� -
1

2 Π
 G3,3

2,2 z,
1

2

1

2
, 1, 1

2

0, 1

2
, 0

�; Re HzL > 0

01.04.26.0065.01

log 
z2 + 1 + 1

2
�

1

2 Π
 G3,3

1,3 z,
1

2

1, 1, 1

2

1, 0, 0

01.04.26.0066.01

log 
z2 + 1 + z

2 z
�

1

2 Π
 G3,3

3,1 z,
1

2

0, 1, 1

0, 0, 1

2

�; Re HzL > 0

01.04.26.0067.01

1

z2 + 1

 log z + z2 + 1 �
Π

2
G3,3

2,2 z,
1

2

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0068.01

1

z2 + 1

 log z2 + 1 - z � -
Π

2
 G3,3

2,2 z,
1

2

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0069.01

1

z2 + 1

 log 
1

z2 + 1 + z

� -
Π

2
G3,3

2,2 z,
1

2

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0070.01

1

z2 + 1

 log 
1

z2 + 1 - z

�
Π

2
 G3,3

2,2 z,
1

2

1

2
, 1

2
, 1

2

1

2
, 1

2
, 0

01.04.26.0071.01

1

z2 + 1

 log 
z2 + 1 + 1

z
�

Π

2
G3,3

2,2 z,
1

2

0, 0, 1

2

0, 0, 0
�; Re HzL > 0

01.04.26.0072.01

1

z2 + 1

 log 
z2 + 1 - 1

z
� -

Π

2
G3,3

2,2 z,
1

2

0, 0, 1

2

0, 0, 0
�; Re HzL > 0

01.04.26.0073.01

1

z2 + 1

 log 
z

z2 + 1 + 1

� -
Π

2
G3,3

2,2 z,
1

2

0, 0, 1

2

0, 0, 0
�; Re HzL > 0

01.04.26.0074.01

1

z2 + 1

 log 
z

z2 + 1 - 1

�
Π

2
G3,3

2,2 z,
1

2

0, 0, 1

2

0, 0, 0
�; Re HzL > 0
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Generalized cases for powers of log involving algebraic functions in the arguments

01.04.26.0075.01

log2 z2 + 1 + z �
Π

2
G3,3

1,3 z,
1

2

1, 1, 1

1, 0, 1

2

01.04.26.0076.01

log2 z2 + 1 - z �
Π

2
G3,3

1,3 z,
1

2

1, 1, 1

1, 0, 1

2

01.04.26.0077.01

log2 
1

z2 + 1 + z

�
Π

2
 G3,3

1,3 z,
1

2

1, 1, 1

1, 0, 1

2

01.04.26.0078.01

log2 
1

z2 + 1 - z

�
Π

2
 G3,3

1,3 z,
1

2

1, 1, 1

1, 0, 1

2

01.04.26.0079.01

log2 
z2 + 1 + 1

z
�

Π

2
 G3,3

3,1 z,
1

2

0, 1

2
, 1

0, 0, 0
�; �; Re HzL > 0

01.04.26.0080.01

log2 
z2 + 1 - 1

z
�

Π

2
 G3,3

3,1 z,
1

2

0, 1

2
, 1

0, 0, 0
�; Re HzL > 0

01.04.26.0081.01

log2 
z

z2 + 1 + 1

�
Π

2
 G3,3

3,1 z,
1

2

0, 1

2
, 1

0, 0, 0
�; Re HzL > 0

01.04.26.0082.01

log2 
z

z2 + 1 - 1

�
Π

2
 G3,3

3,1 z,
1

2

0, 1

2
, 1

0, 0, 0
�; Re HzL > 0

Generalized cases involving algebraic functions in the arguments and unit step Θ

01.04.26.0083.01

ΘH z¤ - 1L log z + z2 - 1 �
Π

2
G2,2

0,2 z,
1

2

1, 1

0, 1

2

�; Re HzL > 0

01.04.26.0084.01

ΘH z¤ - 1L log z - z2 - 1 � -
Π

2
G2,2

0,2 z,
1

2

1, 1

0, 1

2

�; Re HzL > 0
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01.04.26.0085.01

ΘH1 -  z¤L log 
1 + 1 - z2

z
�

Π

2
 G2,2

2,0 z,
1

2

1

2
, 1

0, 0

01.04.26.0086.01

ΘH1 -  z¤L log 
1 - 1 - z2

z
� -

Π

2
G2,2

2,0 z,
1

2

1

2
, 1

0, 0
�; z Ï H-1, 0L

Generalized cases involving sgn in the arguments

01.04.26.0087.01

log 
z + 1

sgn H1 -  z¤L H1 - zL � Π G2,2
1,1 z,

1

2

1

2
, 1

1

2
, 0

Through other functions

01.04.26.0088.01

logHzL � -Li1H1 - zL
01.04.26.0098.01

logHzL � -S0,1H1 - zL
01.04.26.0089.01

FHz È 1L � logHsecHzL + tanHzLL �;  ReHzL¤ <
Π

2

Representations through equivalent functions

With inverse function Log

01.04.27.0062.01

logHãzL � z + 2 ä Π
Π - ImHzL

2 Π

The left side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � logHzL, which generically does not

equal to z.

01.04.27.0063.01

logHãzL � z �; -Π < ImHzL £ Π

The left  side of  above formula corresponds to composition f I f H-1LHzLM �; f HzL � logHzL,  which equal  to z  under

restriction -Π < ImHzL £ Π.

01.04.27.0064.01

ãlogHzL � z

The left side of above formula corresponds to composition f H-1LH f HzLL �; f HzL � logHzL, which generically equal to z.

With related functions

Involving sin-1
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01.04.27.0004.01

logHzL �
Π ä

2
- ä sin-1

z2 + 1

2 z
�; ImHzL > 0 Þ z £ -1 Þ 0 < z £ 1

01.04.27.0005.01

logHzL � ä sin-1
z2 + 1

2 z
-

Π ä

2
�; ImHzL < 0 Þ z ³ 1

01.04.27.0006.01

logHzL � ä sin-1
z2 + 1

2 z
+

3 Π ä

2
�; -1 < z < 0

01.04.27.0007.01

logHzL �
-z2

z
 

z - 1

z + 1

z + 1

z - 1
sin-1

z2 + 1

2 z
-

Π

2
+ Π ä 1 -

-z - 1 z

-z z + 1

Involving cos-1

01.04.27.0008.01

logHzL � ä cos-1
z2 + 1

2 z
�; ImHzL > 0 Þ z £ -1 Þ 0 < z £ 1

01.04.27.0009.01

logHzL � -ä cos-1
z2 + 1

2 z
�; ImHzL < 0 Þ z ³ 1

01.04.27.0010.01

logHzL � -ä cos-1
z2 + 1

2 z
+ 2 Π ä �; -1 < z < 0

01.04.27.0011.01

logHzL � Π ä 1 -
-z - 1 z

-z z + 1
-

-z2

z
 

z - 1

z + 1

z + 1

z - 1
cos-1

z2 + 1

2 z

Involving tan-1

01.04.27.0012.01

logHzL � 2 ä tan-1
ä H1 - zL

z + 1
�; z Ï H-¥, -1L

01.04.27.0013.01

logHzL � 2 ä tan-1
ä H1 - zL

z + 1
+ 2 Π ä �; z < -1

01.04.27.0014.01

logHzL � 2 ä tan-1
ä H1 - zL

z + 1
+ Π ä 1 - z + 1

1

z + 1

Involving cot-1

01.04.27.0015.01

logHzL � 2 ä cot-1
ä Hz + 1L

z - 1
�; z Ï H-¥, -1L
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01.04.27.0016.01

logHzL � 2 ä cot-1
ä Hz + 1L

z - 1
+ 2 Π ä �; z < -1

01.04.27.0017.01

logHzL � 2 ä cot-1
ä Hz + 1L

z - 1
+ Π ä 1 - z + 1

1

z + 1

Involving csc-1

01.04.27.0018.01

logHzL �
Π ä

2
- ä csc-1

2 z

1 + z2
�; ImHzL > 0 Þ z £ -1 Þ 0 < z £ 1

01.04.27.0019.01

logHzL � ä csc-1
2 z

1 + z2
-

Π ä

2
�; ImHzL < 0 Þ z ³ 1

01.04.27.0020.01

logHzL � ä csc-1
2 z

1 + z2
+

3 Π ä

2
�; -1 < z < 0

01.04.27.0021.01

logHzL �
-z2

z
 

z - 1

z + 1

z + 1

z - 1
csc-1

2 z

1 + z2
-

Π

2
+ Π ä 1 -

-z - 1 z

-z z + 1

Involving sec-1

01.04.27.0022.01

logHzL � ä sec-1
2 z

1 + z2
�; ImHzL > 0 Þ z £ -1 Þ 0 < z £ 1

01.04.27.0023.01

logHzL � -ä sec-1
2 z

1 + z2
�; ImHzL < 0 Þ z ³ 1

01.04.27.0024.01

logHzL � -ä sec-1
2 z

1 + z2
+ 2 Π ä �; -1 < z < 0

01.04.27.0025.01

logHzL � Π ä 1 -
-z - 1 z

-z z + 1
-

-z2

z
 

z - 1

z + 1

z + 1

z - 1
sec-1

2 z

1 + z2

Involving sinh-1

01.04.27.0026.01

logHzL � sinh-1
z2 - 1

2 z
�; ReHzL > 0 Þ 0 < ä z < 1 Þ ä z < -1

01.04.27.0027.01

logHzL � Π ä - sinh-1
z2 - 1

2 z
�; ReHzL < 0 ß ImHzL > 0 Þ -1 £ ä z < 0 Þ z < 0
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01.04.27.0028.01

logHzL � -Π ä - sinh-1
z2 - 1

2 z
�; ReHzL < 0 ß ImHzL < 0 Þ ä z ³ 1

01.04.27.0029.01

logHzL �
Π ä

2
 

z

z + ä

z + ä

z
-

z

z - ä

z - ä

z
+

-ä z - 1 ä z - 1

z2 + 1

Π z - z2

2 -z2

+
z2

z
 sinh-1

z2 - 1

2 z

Involving cosh-1

01.04.27.0030.01

logHzL � cosh-1
z2 + 1

2 z
�;  z¤ > 1 ê  z¤ � 1 ì 0 < argHzL £ Π

01.04.27.0031.01

logHzL � -cosh-1
z2 + 1

2 z
�;  z¤ < 1 ì z Ï H-1, 0L ê  z¤ � 1 ì -Π < argHzL £ 0

01.04.27.0032.01

logHzL � 2 Π ä - cosh-1
z2 + 1

2 z
�; -1 < z < 0

01.04.27.0033.01

logHzL � Π ä 1 -
-z - 1 z

-z z + 1
-

-z - 1 z - 1 -z2

H1 - zL5�2 z + 1
 -

H1 - zL4

z2
cosh-1

z2 + 1

2 z

Involving tanh-1

01.04.27.0034.01

logHzL � 2 tanh-1
z - 1

z + 1
�; z Ï H-¥, -1L

01.04.27.0035.01

logHzL � 2 Π ä + 2 tanh-1
z - 1

z + 1
�; z < -1

01.04.27.0036.01

logHzL � 2 tanh-1
z - 1

z + 1
+ Π ä 1 - z + 1

1

z + 1

01.04.27.0037.01

logHzL � tanh-1
z2 - 1

z2 + 1
�; ReHzL > 0 Þ ä z > 1 Þ -1 < ä z < 0

01.04.27.0038.01

logHzL � tanh-1
z2 - 1

z2 + 1
+ Π ä �; ReHzL < 0 ß ImHzL > 0 Þ ä z < -1 Þ z < 0

01.04.27.0039.01

logHzL � tanh-1
z2 - 1

z2 + 1
- Π ä �; ReHzL < 0 ß ImHzL < 0 Þ 0 < ä z < 1
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01.04.27.0040.01

logHzL � tanh-1
z2 - 1

z2 + 1
+

Π z - z2

2 -z2

+
Π ä

2
2 -

1

ä z + 1
ä z + 1 -

1

1 - ä z
1 - ä z

Involving coth-1

01.04.27.0041.01

logHzL � 2 coth-1
z + 1

z - 1
�; z Ï H-¥, -1L

01.04.27.0042.01

logHzL � 2 coth-1
z + 1

z - 1
+ 2 Π ä �; z < -1

01.04.27.0043.01

logHzL � 2 coth-1
z + 1

z - 1
+ Π ä 1 - z + 1

1

z + 1

01.04.27.0044.01

logHzL � coth-1
z2 + 1

z2 - 1
�; ReHzL > 0 Þ ä z > 1 Þ -1 < ä z < 0

01.04.27.0045.01

logHzL � coth-1
z2 + 1

z2 - 1
+ Π ä �; ReHzL < 0 ß ImHzL > 0 Þ ä z < -1 Þ z < 0

01.04.27.0046.01

logHzL � coth-1
z2 + 1

z2 - 1
- Π ä �; ReHzL < 0 ß ImHzL < 0 Þ 0 < ä z < 1

01.04.27.0047.01

logHzL � coth-1
z2 + 1

z2 - 1
+

Π z - z2

2 -z2

+
Π ä

2
2 -

1

ä z + 1
ä z + 1 -

1

1 - ä z
1 - ä z

Involving csch-1

01.04.27.0048.01

logHzL � csch-1
2 z

z2 - 1
�; ReHzL > 0 Þ 0 < ä z < 1 Þ ä z < -1

01.04.27.0049.01

logHzL � Π ä - csch-1
2 z

z2 - 1
�; ReHzL < 0 ß ImHzL > 0 Þ -1 £ ä z < 0 Þ z < 0

01.04.27.0050.01

logHzL � -Π ä - csch-1
2 z

z2 - 1
�; ReHzL < 0 ß ImHzL < 0 Þ ä z ³ 1

http://functions.wolfram.com 65



01.04.27.0051.01

logHzL �
Π ä

2
 

z

z + ä

z + ä

z
-

z

z - ä

z - ä

z
+

-ä z - 1 ä z - 1

z2 + 1

Π z - z2

2 -z2

+
z2

z
 csch-1

2 z

z2 - 1

Involving sech-1

01.04.27.0052.01

logHzL � sech-1
2 z

1 + z2
�;  z¤ > 1 ê  z¤ � 1 ì 0 < argHzL £ Π

01.04.27.0053.01

logHzL � -sech-1
2 z

1 + z2
�;  z¤ < 1 ì z Ï H-1, 0L ê  z¤ � 1 ì -Π < argHzL £ 0

01.04.27.0054.01

logHzL � 2 Π ä - sech-1
2 z

1 + z2
�; -1 < z < 0

01.04.27.0055.01

logHzL � Π ä 1 -
-z - 1 z

-z z + 1
-

-z - 1 z - 1 -z2

H1 - zL5�2 z + 1
 -

H1 - zL4

z2
sech-1

2 z

1 + z2

Involving logaHzL
01.04.27.0056.01

logHzL � logãHzL
01.04.27.0057.01

logHzL � logHaL logaHzL
Involving other related functions

01.04.27.0058.01

zlogHaL � alogHzL
01.04.27.0059.01

logHWkHzLL � 2 ä Π k + logHzL - WkHzL
01.04.27.0060.01

logHW-1HzLL � logHzL - W-1HzL - 2 ä Π �; z Ï -¥, -
1

ã
í z Ï H0, ¥L

01.04.27.0061.01

logHW-1HxLL 1 � logHxL - W-1HxL �; -
1

ã
< x < 0

Inequalities
01.04.29.0001.01

x

x + 1
< logH1 + xL < x �; x > -1 ß x ¹ 0
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01.04.29.0002.01

x < -logH1 - xL <
x

1 - x
�; x < 1 ß x ¹ 0

01.04.29.0003.01

-
3

2
 x < logH1 - xL <

3 x

2
�; 0 < x £ 0.5828

01.04.29.0004.01

logHxL £ x - 1 �; x > 0

01.04.29.0005.01

logHxL £ n Ix1�n - 1M �; n > 0 ß x > 0

01.04.29.0006.01

logH1 -  x¤L £ logHx + 1L £ -logH1 -  x¤L �; -1 < x < 1

Zeros
01.04.30.0001.01

logHzL � 0 �; z � 1

Theorems

The Shannon information content of a message

The Shannon information content of a message is H � -Úi pi logHpiL , where pi is the probability for the symbol Ξi.

The entropy of a (classical) physical system

The entropy S of a (classical) physical system is S � kB logHGHELL, where kB  is the Boltzmann constant and GHEL is
the phase space volume occupied by the system at energy E.

Transcendentality of a sum

If Α � Úi=1
n Γi logH ΒiL ¹ 0 , where the Βi, Γi are algebraic numbers, then Α is transcendental.

Conformal mapping from the half-plane to the strip

The  conformal  map  from  the  upper  half  w  -plane  to  the  strip  -¥ < ImHzL < 0, 0 < ReHzL < Π  is  given  by

zHwL � logHwL + I1 - w2M � 2.

Differential-Algebraic Constants
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To ensure the correctness of many formulas given in this collection over the whole complex plane, it is often

necessary to work with expressions of the form logIz2M � logHä zL + logH-ä zL , logIz2M - 2 logHzL, logHzL + logH1 � zL,
logI-z2M � logHzL + logH-zL, etc.. While in a textbook-mathematics setting these expressions are often simplified to

2 logHzL, 0, 0,  2 logHzL + Π ä, etc, this cannot be done inside Mathematica. From a complex function point of view

the Riemann surface of such functions are made from disconnected sheets. Inside Mathematica all branch cuts of

all functions (that have branch cuts) follow uniquely from the branch cut of the power function (the logarithm

function  respectively).  As  a  result  the  branch  cuts  related  to  functions  such  as   logIz2M,  logIz2M - 2 logHzL,
logHzL + logH1 � zL, logI-z2M exist, although they do not start and end at branch points.

In details we have:

BCzIlogIz2MM � BCzHlogHä zL + logH-ä zLL � 88H-ä ¥, 0L, 1<, 8H0, ä ¥L, -1<<
BCzIlogIz2M - 2 logHzLM � 88H-ä ¥, 0L, 1<, 8H0, ä ¥L, -1<, 8H-¥, 0L, -ä<<
BCzHlogHzL + logH1 � zLL � 88H-¥, 0L, 8<<<
An expression of the form logIz2M - 2 logHzL , logHzL + logH1 � zL are called differential-algebraic constants because

their derivative vanishes generically everywhere as a complex function (but not as a generalized function).

History

– J. Napier (1614) published the first tables and used word Log

– H. Briggs (1617) published the first tables in base 10 and found logarithms of the first 25 primes

– J. Burgi (1620)

– J. Kepler (1624)

– B. Cavalieri (1632)

– J. Gregory (1668) found series expansion for log

– N. Mercator (1668) used "Log naturalis"

– J. N. Lambert (1770) and J.-L. Lagrange (1776) found continued fraction representations for Log

– L. Euler (1749) found that log was multivalued

The function log is encountered often in mathematics and the natural sciences.
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