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Notations

Traditional name

Natural logarithm

Traditional notation

log(2)

Mathematica StandardForm notation

Log(z]

Primary definition

01.04.02.0001.01

© (1 k-1 71 k
o9 =3, -1 <1

k=1

Specific values

Specialized values
01.04.03.0001.01
loge")=n/;nezZ
Values at fixed points

01.04.03.0002.01
10g(0) == -0

01.04.03.0003.01
lim log(2) == -

z-+0
01.04.03.0004.01
log(1)==0
01.04.03.0005.01
log(-1) ==in

01.04.03.0006.01
log(e) == 1
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01.04.03.0007.01
log(—e)=1+in

01.04.03.0008.01

] i
log(@) == ?
01.04.03.0009.01
' ni
log(—i) = -—

01.04.03.0010.01
log(¢) == csch™(2)
Values at infinities

01.04.03.0011.01
log(eo) == 00

01.04.03.0012.01
log(—o0) == o0

01.04.03.0013.01
log(i o0) == o0

01.04.03.0014.01
log(—i c0) == o0

01.04.03.0015.01
log(0) == o0

General characteristics

Domain and analyticity
log(z) isan analytical function of zwhich is defined over the whole complex z-plane.

01.04.04.0001.01
z—log(2::C—C

Symmetries and periodicities

Mirror symmetry

01.04.04.0002.01
log(2) ==109(2) /; ¢ (0, 0)

Quasi-homogeneity

01.04.04.0003.01
log(A2) == log(2) + log(A) /; A >0V z+A=0
Scale symmetry

01.04.04.0004.01
log(?) ==alog(® /; z>0NaeR YV - <Im(@log2) < n
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Periodicity

No periodicity

Poles and essential singularities
The function log(z) does not have poles and essential singularities.

01.04.04.0005.01
Sing (log(2) = {}

Branch points
The function log(z) has two branch points. z==0, z = .

01.04.04.0006.01
BP(log(2) = {0, &}

01.04.04.0007.01
R(l09(2), 0) == log

01.04.04.0008.01
R,(log(2), &) == log

Branch cuts

The function log(z) is a single-valued function on the z-plane cut along the interval (—co, 0) where it is continuous from
above.

01.04.04.0009.01
BCAlog(2) == {{(-0, 0), —i}}

01.04.04.0010.01
lim log(x+i€) =log(x) /; x< 0
e->+0
01.04.04.0013.01
lim log(x+ie)=log(X)) +7i/; x<O
e—>+0
01.04.04.0014.01
lim log(x+ie) =log(-x)+mi/; x<0
e->+0
01.04.04.0015.01
lim log(x—ie)=log (X)) —7i/; x<O
e->+0
01.04.04.0011.01
lim log(x—i€)=log(-x) —in /; x< 0
e->+0
01.04.04.0012.01
lim log(x—i€)=log(x) —2in /; x< 0

e—>+0

Analytic continuations
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log(2) is chosen to be the principal branch of the general logarithmic function that has infinitely many sheets, each
differing fromlog(2) by 27 ik, ke Z.
Series representations

Generalized power series

Expansions at generic point z== 7

For the function itself

01.04.06.0013.01

ag(z-z) [ [1] ) -2 (z-2)
log(2) o« | —— || log| — [+ l0g(zp) | + log(zp) + - +.../; (2> 2)
L 2n Z 22(2)
01.04.06.0014.01
arg(z— zo) 1 z-7y (z-2)? .
log(2) o | —— || log| — |+ log(z) | + log(z) + - +0((z- 20)%)
L 2x ] Z 22(2)

01.04.06.0015.01
ay(z-zo) 1 SHCENEFA )
log(2) = {7J [Iog[—] + lOQ(ZO)) +log(zy) + Z — (-2
2n Z ) k

01.04.06.0016.01

- arg(%) - ag(zy) o (—DZH
log(2) = 2ix +logzo) + ) ——— (2~ 2)"
27 ) k

01.04.06.0017.01

ag(z—-z) 1 -7 z-7
Iog(2)={7J log| — [+ l0g(2) |+ 10g(z0) + oF1) 1, 1,2~
2n % % %

01.04.06.0018.01

arg(z—zy) 1
log(Z)oc{iJ log| — | +109(2o) [ + 109(20) (1 + O(z - 25))
2n 7

Expansions of log(f(z)) at z == z,

01.04.06.0019.01

7 —arg(f (z0)) - arg(f“—”)

t'(z) (z—-z9)
log(f(2) « 2in +log(f(z)) + ——— +
2 f(z)

(z0) ' (z0)°

f@) f(z)?

1

2

1
(z-20° + —

21(2)° 3172 (@) P(2)
- +
f(2)° f(2)? f(20)

Z-2+...[; 2> ) \Nf(z) #0
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01.04.06.0020.01

n—arg(f (z)) - arg(:(—:
log(f(2) = 2in +|09(f(20))+zz

2 =0 k=0

k+1
] Prs+1sk (Z— ZO)SH' /s

(-1)F [f (20)
f(20)

jm+m-k
f™D(Z0) Pjxem /\ keN*

f@ 0\ '@ #0/\ po=1/\pu=

01.04.06.0021.01

e

')k (m+ D!

T = arg(f (ZO)) arg( f(zz)) o0 § (_1)k f(u)(zo) k+1
log(f(2)) = 2i log(f " z—270)5" /;
o(f(2)=2in - +log( (20))+§§ 1 [f(zo)m] Pritsuk Z— 201/

f@) %0 /\ (9@ =0/ 1=k=u-1) /\ f¥z) %0 /\

.
jm+m-—k

=1 = MU (20) Pi keN*

Pro=1/\Pruc= f(”)(Zo)kn;(m+u)'(m+1)' Piscn /\

01.04.06.0022.01

r-ag(f (z0) - g 1.

log(f(2) o [2in > +1og(f(20) | (1 + Oz~ 2)) /; 2= ) \ T(2) # 0
T

Expansions on branch cuts

For the function itself

01.04.06.0023.01

arg(z—x) z-X (z-X)?
|Og(Z)062i7T{ J+Iog(x)+—— +.../;(Zz>XAx<0
X 2x2
01.04.06.0024.01
arg(z— X) z-x (z-x)?
|Og(Z)o<2u'7T{ J+Iog(x)+—— +0((z-%%) /;x<0
X 2x2
01.04.06.0025.01
ar 1 k-1 —k
Iog(z):21i7r{ 9z J (X)+Z (Z-%/;x<0

01.04.06.0026.01

agz-x) | z-X zZ—X
J+—2F1(1 1,2 ——)+Iog(x)/ x<0
X X

| =2i
09(2) wr{ Py

01.04.06.0027.01

Clag@z-x)
|09(Z)0<2l7‘r{ J+Iog(x)(1+0(z—x))/;x<0
Expansionsat z==

For the function itself
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01.04.06.0005.02
z-1" (@z-1°

log(2) cz—1— + 3 —-.../;(@z->1
01.04.06.0028.01
z-1" (@z-1°
log(2) «z—1- + -O(z- 1%

2

01.04.06.0006.01

oo (_1)k—l Z—lk
log(z ::Z%/; lz-1<1

k=1

01.04.06.0007.01
l0g(2 = (z-1,F(1,1,2,1-2

01.04.06.0008.02
l0g(2) o z— 1+ O((z- 1)?)

01.04.06.0029.01
N (-Df(z-1)F

P k+1

log(2) == F.(2) /; [[Fn(z) =(z-1) ==10g(2) + B1_,(n+ 2, O)] /\ ne N]

Summed form of the truncated series expansion.
Expansionsof log(1+2) at z==0
For the function itself

01.04.06.0001.02

logl+2)xz— —+ ——.../;(z- 0)
2 3

01.04.06.0030.01

log(1 z.z oz
og( +Z)ocZ—E+§— (Z')
01.04.06.0002.01
) (_1)k—lzk
logl+2 =) — /;l4<1
2

01.04.06.0003.01
log(l+2) ==2z,F(1, 1;2; -2

01.04.06.0004.02
log(1 +2) « z+ O(Z)

01.04.06.0031.01

(DR
+1

log(1+2) =F.(2 /; [[Fn(Z) = ZZ
k=0 k

—log(1+2) +B_,(N+2, 0)] [\ne N]

Summed form of the truncated series expansion.
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Expansions of log(f(z))atz==0

01.04.06.0032.01

f(2
ﬂ—arg(q)—arg(co) G © o ¢ oo G
log(f(2) « 2in +loglcy) + —z+| — - — |2+ — -t 2+
27 Co 20% 3c0 0(2) Co

(z—>0)/\f(z)==icki‘/\co¢0
k=0

01.04.06.0033.01

COK (o ESECEOREETY
log(f(2)) == ZZZ [ ] Prersk 2 +2im +10g(co) /
0 k=0 2n

(o] 1 k
f(Z)::ZCkzl(/\CO#ZO/\CliO/\ Pjo == 1/\ Pjk = —Z(Jm+m—k)cm+1 pjyk_m/\keNJ’
k=0 akin

01.04.06.0034.01

log(f(2)) = ZUZZ

s=0 k=0

1) m—ag ) - ag(co)

k+1 00
( ) pk+1,s—ukzs+2iﬂ +log(cy) /; f(z ==chzk/\
k=0

2r

k
coqto/\(ck::O/;1sksu—1)/\cuqt0/\pj,o::1/\pj,k::iZ(jm+m—k)cm+u p,-,k_m/\keN*
m=1

01.04.06.0035.01

gl 2) - gt

log(f(2) « |2ix . +10g(co) [(1+0@) /: 2> 0) /\ f@ = Y 6 [\ co # 0
T k=0

Expansions of (c log(1+z))*atz==0

01.04.06.0036.01

(clog(1+z))":e2m”{_ 2r 2n

age 1 (Iog(zﬂ)) 1 ag?

: z‘szcﬂzaaZ(" ”)i( D (?)pj,kz"/;

k=0 j=0

c (-1

Cio/\ck— /\pJO_l/\p]k_ Z(Jm k+m)cmp]km/\k€N+

m:l

Expansionsof log(1 + 2) at z== oo

For the function itself

01.04.06.0037.01
log(1+2) « | L
0gl+2)eclogd + = —+ — ... /(A > )
272 37
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01.04.06.0038.01

log(L+ 2 o 10g(2) 1 1 1 O[l]
0g(l+2 «log+ — - —+—+0| —
z 22 37 z

01.04.06.0039.01
l k-1 Z—k
log(1+2) = Iog(z)+z /ild>1

01.04.06.0040.01
n—arg(2 - arg(l + %)

log(l+2)=2inrn
2

1
‘ + Iog(l + —) +log(2)
z

01.04.06.0041.01

log(1+2) = Iog(z)+|og[1+ )/ lzZ>1

01.04.06.0042.01

1 1
log(1+2) ==log(2) + — ZFl(l, 1; 2 ——) /il >1
z z

01.04.06.0043.01

1
log(1 + 2) < log(2) + O(—)
z

Asymptotic series expansions

01.04.06.0009.01
log(2) < log(2) /; (z— 0)

01.04.06.0010.01
log(2) « log(2) /; (121 —» o)

Residue representations

01.04.06.0011.01

log(l+2) = Zreﬁs[

S

I'(s+ 1)] -n/lilad<1
ra-

01.04.06.0012.02
I'(-9) > I's+1)z*s
log(1+2) = reﬁs(l"(s+ 1)zs )(O) + Zreﬁs[
s
j=1

F(—S)) (i /i1d>1

Integral representations

On the real axis

Of thedirect function

01.04.07.0001.01

z]
log(2) ==f—dt
1t
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Contour integral representations

01.04.07.0002.01
1 f I(s+1)I(-s2zS
L

log(z+1) = ra-9

ds/;larg@| <n
2nmi

01.04.07.0003.01
1 fm'oo I['(s+1)I[(-s?ZS
y—ioo I(1-9

log(z+1) =

2ni

Product representations

01.04.08.0001.01

-k
z-1 = 2 +1

log(z) =
e-1 lk! 2 +1

Ruffa Anthony

Limit representations

01.04.09.0001.01
r-1

log(z) == lim
-0 €

01.04.09.0002.01

log(2) == lim w (% - 1)

w—00

Continued fraction representations

01.04.10.0001.01

z
log(1+2) = 7 /i 2¢& (=e0, =1)
1+
z
2+
4z
3+
4z
4+
9z
5+
9z
6+
T+...
01.04.10.0002.01
z
log(1+2) == — /;2¢ (-0, -1)

1+ Kk([k;—lJz z, k+ l)l

ds/;-1<y<OAlag@| <n
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01.04.10.0003.01

z
log(1+2) = 7 [y Z¢ (o0, —1)
1+
z
2+
2z
3+
2z
2+
3z
5+
3z
2+
T+...
01.04.10.0004.01
z
log(l+2) = — /i Z¢ (-0, -1
1+ Kk({k;—lJ Z % (DF k-1 +k+ 3))l
01.04.10.0005.01
1+z 22
Iog( ]== fiz¢ (=00, -DAZ¢ (1, )
1-z Z
1_
47
3-
97
5_
16 2
7_
2572
9_
362
13- ...

01.04.10.0006.01

1+z 2z
Iog( ):: — /12¢ (-0, ~D) Az & (1, )
1-2) 14+K(-K 2, 2k+1);]

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

01.04.13.0001.01
ZW (2 -1==0/; w2 ==log(2) Aw(l)==0

01.04.13.0002.01
ZW' (2 +W (2 =0/; W2 ==¢; + ;1092

01.04.13.0003.01

1
W(1, log(2)) == Z

01.04.13.0004.01

/ Z 24
W,(Z)+(g( ) 9 2
92 dJd@

]W (2=0/; W2 = c;log(g(2) + ¢,
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01.04.13.0005.01
g@
92

01.04.13.0006.01

Wy(log(9(2)), 1) = -

W@+ | — - —— -

g@ 2h@ g”(Z)) 2h@2* 9@OhN@ g@he hE
W (2) + + - -
hz? h@9@ 9g2h@ he

92 h@ J@
W2 = ¢, h(2) 1og(g(2) + ¢z h(2)
01.04.13.0007.01
h@’ 9@
92

W;(h(2)1og(9(2)), h(2) = -

01.04.13.0008.01
ZW@D+(1-29zW (@ +W2F =0/, W2 =, Zlog@az) +c, 2

01.04.13.0009.01
Wy(Zlogaz), ) = -r 25+

01.04.13.0010.01
wW’(2) -2 log(s) W(2) + Iogz(s) W2 =0/; W2 =c; Slogar? +c, s

01.04.13.0011.01
Wy(s log(ar?), §) == —s2Zlog(r)

Transformations

Transformations and argument simplifications

Argument involving complex characteristics

01.04.16.0003.01
log(17]) == log(2) - i arg(2)

01.04.16.0002.01
z
Iog(—) =iarg(2
1z
01.04.16.0001.01
log(sgn(2)) = i arg(2)

01.04.16.0046.01
log(z)==log (2) - 2iarg(2) /; arg(2) + n

01.04.16.0047.01

ag2 +n
log(2) == log(2) — 2i [arg(z) -7 { J]

T
Argument involving basic arithmetic operations

01.04.16.0007.01
log(-2)==log(z) —ni /; Im(2) >0VIMmZ =0Az<0

01.04.16.0008.01
log(-2)==log(z) + i /; Im(2) <0OVIM(Z) ==0Az>0

w2 =0/,
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01.04.16.0048.01
log(-2) == log(z) —ni /; arg(2) > 0

01.04.16.0049.01
log(-2)==log(2) + ni /; arg(2) < 0
01.04.16.0050.01

7V -z
log(—2) == log(2) +

z

01.04.16.0051.01

(2)
J +log(2)

ar
log(-2) :=i7r+2i7r{—
T

01.04.16.0052.01
Vs

i
log(i 2) == — +1 ; <
0g(i 2) > +log(2) /; arg(2) = >

01.04.16.0053.01

3irm T
log(i 2) = 5 +log(2) /; arg(2) > >

01.04.16.0054.01

i V4 -1nviz
logiz) =loggd - — + ——
2 vz

01.04.16.0055.01

¥ 1 ag®2
log(i 2) == —+2y‘n{ J+Iog(z)
2 n

01.04.16.0056.01

in T
log(-iz) = - > +log(2) /; arg(2) > 5

01.04.16.0057.01
3inm T
log(-iz) = - +log(2 /; arg(2) < -3

01.04.16.0058.01

ir (-1)¥*xv-iz
log(-i2)=log(®) + — = ——— ——
2 vz

01.04.16.0059.01

in 3 ag®
log(—i2) == —? +2L77r{

+log(2)

01.04.16.0009.01

1
log[—) =-10g(2) /; 2¢ (-, 0)
z
01.04.16.0060.01

1
|og(_) =-log(2) /; arg(2) # n
z
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01.04.16.0061.01

1
|Og(—) =2ir— |Og(Z) /i arg(Z) =
z

01.04.16.0062.01

Iog(—;) =-log(2) -7 [\/E vz - 1]

01.04.16.0063.01
| (1) 5 rlg(z) 1J log(
o9l —|=2inr + —|-100(2)
g 5 5 g

V4 T

01.04.16.0010.01

1
|og(__) =in-log® /; Im2) =0
z

01.04.16.0011.01

1
Iog(——) =—in—109(2) /; Im(2 <0
z
01.04.16.0064.01
1 1
Iog(——) =7x.[-— Vz -log
z z

01.04.16.0065.01

1 arg(z
IOQ(——) = ﬂ’ﬂ+2iﬂ'{
z 2

)
J—Iog(Z)
bg
01.04.16.0066.01
| (u) in | g
ogl - |= — ~loy@ /; arg(2) = - =
g . > J g 5
01.04.16.0067.01
| (E) 3in | / b
ogl-|=———-log(2 /; arg(2) < — —
g . > g [¢] >
01.04.16.0068.01

| [u) in 0 ag 1 |
Ogg ——?+ lﬂ'\‘ on +ZJ—Og(Z)

01.04.16.0069.01

LR R
og—; --—?— 09(2) /; arg(z)<5

01.04.16.0070.01

| ( i) 3in | / 4

og|--|=—-log@ /; ag®) = —
z 2 2

01.04.16.0071.01

i 1 ) a9
Iog[——) =——(n+ ZEH{
z 2 2

T

e
+4 09(2)

Addition formulas
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01.04.16.0012.01

)+Iog(2a+ 2/;a>0

z 1
log(a+2) = 2tanh"1( ) +log(a) + Iog(
2a+z 2a+z

01.04.16.0072.01

1
log(x+iy) == 3 log(x® + y?) + i arg(x+iy)

Half-angle formulas
01.04.16.0013.01

Iog(g) ==log(2) — log(2)

Multiple arguments

For products

01.04.16.0014.01
log(az) ==log(a) + log(z) /;a> 0

01.04.16.0015.01
l0g(z1 ) == l0g(z1) +109(%) /; 21+, = 0

01.04.16.0016.01
log(z— Z) = log(1 - 2) + l0g(2)
01.04.16.0017.01

log(—Z - 2) == log(-2) + log(z+ 1)

01.04.16.0073.01
log(z; 2) == 109(z1) + 109(2) /; arg(z1) < OA\ —arg(zy) — m < aQ(Z) V arg(z1) = O\ arg(z) < 7 — arg(z)

01.04.16.0074.01
log(z 2,) == 109(zy) + l09(z) — 2in /; arg(z1) = O A\ arg(z) > 7w — arg(zy)

01.04.16.0075.01
log(z; 2) == 109(zy) + l09(z) + 2im /; arg(z1) < O\ arg(z) < —arg(zy) — 7

01.04.16.0018.01

m—ag(z) - arg(zz)J

log(z; 2) == log(zy) + log(z) + Zin{ >
Vs

01.04.16.0076.01

n n = ZE:;L arg(z,)
[ 1= _—
k=1

==Zlog(zk)+2rln /;neN*
For quotients

lo
I 2r

k=1

01.04.16.0019.01

z
Iog(—] =log(2 —log(z+ 1)
z+1

01.04.16.0020.01

z
Iog(—) ==log(-2) - log(1 - 2
z-1
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01.04.16.0021.01

Z Z Z
|Og— ::log —|Og /;ZQ—Z]_E[R/\Zzizl
2 -7 -7

01.04.16.0022.01

Z
Iog(z—l] = l0g(zy) ~109(z2) /; 22~ 21 = O
2

01.04.16.0023.01

Z
Iog[z—l) = log(-2)) - 10g(-2,) /; 2~ 2 < O
2

01.04.16.0077.01

Z
log(;l) =log(z1) - 109(z) /; arg(z) < O\ arg(zp) < arg(zy) + 1V arg(z;) > 0 A arg(z) =z arg(zy) — «
2

01.04.16.0078.01

Z
log(?l] =log(z) —109(z) - 2i 7 /; ag(zy) = O A arg(zp) < arg(z) — 7
2

01.04.16.0079.01

Z
Iog(?l) ===log(z,)-100(z»)+2 i nn/;arg(z,)<0A\arg(zy)=arg(z,)+n
2

01.04.16.0024.01

7 .| m—ag(z) + arg(z)
Iog(—) ==log(z,) — log(z) + Zun{ J
22 2 /e

01.04.16.0025.01
a+z a+z b+z

Iog(—) = Iog(—)—log ——|/;a-beRAaz#b
b+z b-a b-a

01.04.16.0026.01
z

1
SRR
0g 1-2 0g(2) + log 1-2

01.04.16.0027.01

ol g)=teca v )
og|——— | =log(- ogl —
gz+1 g(z)+gz+1

01.04.16.0028.01

Z Z+2
Iog(—) ==Iog( )+Iog(
4] 4]

)/;zl+zze[R/\zl+zz#=O
L+ 7y

01.04.16.0029.01
z 1
log| —|==log(zy) +log| — | /;zz+2 = 0
Z2) 2]
01.04.16.0030.01

Z 1
|Og(_) == |Og(—Zl) + |Og(—_) nn+2<0
Z> 4]

01.04.16.0031.01

a+z a+z a+b
Iog(—) ::Iog(—)+|og(—]/; a+beRAa+b+0
b-z a+b b-z
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Power of arguments

01.04.16.0032.01
log(2)

01.04.16.0033.01
Iog(\/ Z ) =log(2) /; Re(z) > 0V Re(2) ==0AIm(2) > 0
01.04.16.0080.01
/s
Iog(\/ Z ):: log(z) - 7i /; 3 <ag=n
01.04.16.0081.01

Iog(x/?) =log(2+nmi/;, —m<ag(2 < —g

01.04.16.0082.01

'09(‘/?) =log(2) + @

-

01.04.16.0034.01

log(2)
log(z/") == —— /ineZAn+0ANn#-1
n

01.04.16.0083.01
Vs

log(Z) = 2log(2) /; —g <arg(2) < 3

01.04.16.0084.01

log(Z) = 2log(2) + 2 i /; -1 < arQ(2) < —g

01.04.16.0085.01
T
log(Z) = 2log(2) - 2 i /; 3 <ag=n

01.04.16.0086.01

1
log(Z) == 2l0g(2) + 2im b - arg(z)J

n
01.04.16.0035.01

log(Z*) = log(—i 2) + log(i 2)
01.04.16.0087.01

log(—Z) == log(-2) + log(2)
01.04.16.0036.01

log(#)==alog(z) /;acRA-r<aagd=n
01.04.16.0088.01

log()=2ink+alog(z)/;acRA-r-2nrk<aag2<n-2rkAkeZ

01.04.16.0037.01
log(??) == alog(2) /; - < Im(alog(2)) < =
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01.04.16.0089.01
log(?) =2ink+alog /; -2nk—-n <Im(alog@) <n-2nkAkeZ

01.04.16.0038.01

—Im(alog(z
log(Z) = alog(z) + 2ir {%J
/e

Exponent of arguments

01.04.16.0090.01
loge®) =z/;—-m<Im(2 <n

01.04.16.0091.01

log(e?) =2ink+z/;-2nk-n<Im@2 <r-2nrkAkeZ
01.04.16.0092.01

- Im(z)J

2n

log(e?) = z+ Zin{

01.04.16.0093.01
ﬂ—Ran
2n

log(e'?) =iz+ Zin{
01.04.16.0094.01

log(e?) == Re(2) + i w — i (7w — Im(2)) mod (2 7))
01.04.16.0095.01

log(e'?) =i m — IM(2) — i (( — Re(2)) mod (2 7))

Some functions of arguments

01.04.16.0096.01

n—arg(c) — Im(alog(2)
log(c A ::Iog(c)+a|og(z)+2i7r{ J

2n
01.04.16.0097.01
m—arg(c) — Im(2)
log(ce?) = z+log(c) + 2im {Z—J
Ve

01.04.16.0098.01

—Im(l —Im(bl
Iog(xayb)=alog(x)+blog(y)+2u'7rr m(alog(x)) — Im( og(y))J

2r

01.04.16.0099.01

m—Im(alog(x)) — Im(blog(y)) — Im(clog(2) + =
2

log(x®y* Z°) = alog (x) + blog(y) +c|og(z)+212n{

01.04.16.0100.01
n n 7= Yieer IM(@x 10g(z0)
Iog[ﬂzi*]:Zaklog(zkHZm[ 5

k=1 k=1 b4

01.04.16.0101.01

log((-1)' Z)=log(@dr+inr/;0<r<

N -

Products, sums, and powers of the direct function
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Products of the direct function
01.04.16.0039.01

log(z;) l0g(zp) == Iog(z'fg(zz)) /iz7>0A2>0
01.04.16.0040.01

log(z;) l0g(zp) == Iog(z'zog(zl)) /iz1>0A2>0

01.04.16.0041.01

—Im(log(zy) log(z
log(z) 109(2) ==|og(2|1°g(22))—2n’7rl7r ( i( »109)
T

Sums of the direct function

01.04.16.0042.01
log(z1) +109(z) == log(z1 ) /; 22 + 2, = 0

01.04.16.0102.01
log(z) + 10g(z) = l09(z4 2) /; arg(zy) < O\ —arg(zy) —m < arg(z) V arg(zy) = 0\ arg(z) < m — arg(zy)

01.04.16.0103.01
log(z1) + 109(2,) = 100(z1 ) + 2i 7 /; aQ(z) = O A\ arg(z) >  — arg(zy)

01.04.16.0104.01
log(zy) + l0g(z) == log(z1 ) — 2in /; &Q(z) < O\ arg(z) < —arg(zg) —

01.04.16.0043.01

. |m-ag(z) - ag(z)
log(zy) + 109(z) == log(z; ) — 2 n{ > J
/8

01.04.16.0105.01

n ) [ﬂ—zﬂ_larg(zk)
sz —oni|—_—

k=1 2m

/ineN*t

> log(z) == log
k=1

Differences of the direct function

01.04.16.0044.01

Z
log(z) - 10g(2) = Iog(—l) /iz-2,=0
%
01.04.16.0106.01

Z
log(z) - 10g(zp) = Iog(z—l) /;ag(z1) < O\ arg(z) < arg(zy) + 7V arg(zy) > 0 A arg(z) = arg(zy) —«
2

01.04.16.0107.01

Z
log(z1) - 10g(2,) == Iog(z—l) +2in/,ag(zy) z 0\ ag(z) < arg(zy) — n
2

01.04.16.0108.01
4]

log(z) - l0g(z) = log( ) -2in/;ag(zy) <0\ agz) = arg(zy) + 7

%

01.04.16.0045.01
m—ag(zy) +arg(z)

2n

z
log(zy) — log(zp) = Iog(—l) -2irm {
¥4

Linear combinations of the direct function
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01.04.16.0109.01
—Im(alog(x)) — Im(blog(y)) +

2

alog(x) + blog(y) = log(x® y) - Zin{

01.04.16.0110.01
—Im(alog(x)) — Im(blog(y)) — Im(clog(2)) + =

2n

alog(x) + blog(y) + clog(2) = log(x® y* £) - 2&'71{

01.04.16.0111.01

[ n ak] [ﬂ ~ Yo Im(ay log(z)
I_Izk -2ir
2n

k=1

n
> alogz) = log
k=1

Related transformations

Sums involving the direct function

Involving sin~1(z)

01.04.16.0112.01

log(x) +sin"1(y) = Iog[x (iy+ Vi1-V? )[] _
—arg(x)—arg[(iy+\/1—y2)_i]+n Re(log(iy+\/ﬁ))+n

2in + +{
2r 2r

7 —Im(log(x))
2n J

01.04.16.0113.01

log(x) + i sin”'(y) = |Og(x(ﬂ.y+m))_2iﬂ —afg(x)—arg(z?y+ \/ﬁ)+n

2n

Involving cos™(z)

01.04.16.0114.01

log(x) + cosH(y) = -2in +

2 2n

g a iy V17 || [y, = recgfiy+\ 1 )

2n

N7
Iog[x(iy+\/1—y2) +
01.04.16.0115.01

—arg(x)+arg(zzy+\/ 1-y? )+7r

X ¥/
log(X) + i cos ™ (y) = —2in +log ———8M8 |+ —
2n 2

iy+y1-y?
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Involving tan~%(z)

01.04.16.0116.01
log(x) + tan"1(y) =

—arg((i y+ 1)’%] —agx(1-iy"?)+n
-2in +
2n

m—Im(log(x (1 - i y)"?))
2r

> Rellog(iy+ 1) + 7
2n i

+lo (x(l—z‘ )72 (i +1)‘§)
2n 2n 2n 9 Y Y

—arg(x) - arg((1- i y)?) + n| x—Imogr) | |7—3Relogd-iy)
2in +l J+

01.04.16.0117.01

—arg(x) + % agll-iy)+n

2r 2n 2n

_— . [ Flm(IOQ(l—iy))M‘ n—lm(log(x))J]
log(x) +itan™"(y) = -2in + + _

—%arg(iy+ 1)—arg(

2in

- lm['og(ﬁ]] +|og[w]
Vi-iy

2n 2n

X ]+7T 1 .
NE lﬂ— 5 Imdogiy + 1)
+

Involving cot™(z)

01.04.16.0118.01

a (i)t )

log(x) + cot™(y) = —2inx +

2n 2n

;Re<|og(1+3>>*”[+ - infiolx(2- ")

2irn

1-- 1+-
2n 2n 2n y y

g -agf(1- ") e +r_|m(|og<x))J+[ﬂ-%Re('og(l-§))‘+|Og[x( a‘)i/z( L]z]

01.04.16.0119.01

—arg(x) + %arg(l— %) +7 % Im(log(l— %)) +7
2n " 2n

log(x) + i cot™ (y) = —2i 71[

ln— Im(Iog(x))J]
+ —
2r

2irn

[n-;lmoca(u&)) ‘ s
+ +
2n
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Involving csc™1(z)

01.04.16.0120.01

1 .
log(x) + csc™X(y) = log| x| [1- — +£ _
y2 oy
_arg(x)_arg[ -5 +§] ]*” Re(log[ [1-5 +§])+n

2in +

r— |m(|09(X))J
+
2n

01.04.16.0121.01

—arg(x)—arg[ 1- = +£]+7r
f 1 i A R
Iog(x)+icsc‘1(y)=log[x[ 1—; +§]]—2i7r o

Involving sec™1(z)

01.04.16.0122.01

<ol
+
< |~
~—
N—
+
N

—arg(x) — arg[[ 1-

log(x) + sec™X(y) = —2in

<o+

o5

ln - Im(Iog(x))J
+ +

2n 2n 2n

N |

1 i n
log[x| [1-— +—| |+
vy

01.04.16.0123.01

—arg(X) + arg 1-2 +i|4n
[ ¥ Y X inm
+log

log(x) +isec™X(y) = —2in S
9 y 2 2

Involving sinh™(z)

01.04.16.0124.01

log(x) + sinh™(y) = Iog(x(y+ \/ﬁ)) Coin —arg(y+ W) —agx) +7

2n

+
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Involving cosh™1(z)

01.04.16.0125.01

Iog(x)+cosh‘1(y)=Iog(x(y+\/y—1 \/y+1))—2in —arg(y+ e y+1)—arg(x)+7r

2r

Involving tanh~1(z)

01.04.16.0126.01

—arg(x) + % agl-y +x

+

log(x) + tanh™(y) = —zm[
2n

g|m(|og(1—y))+n‘ r—lm(log(x)) ]
+

~Zargly+1) - arg[

2irn

2n

X ]+7T 1
Viy m— 5 Im(log(y + 1))
+
2n

Involving coth™1(z)

01.04.16.0127.01

—arg(x) + %arg(l— %) +7 % Im(log(l— %)) +7

log(x) + coth"l(y) =-2i n[

r - Im(Iog(x))J]
+ p—
2n

+
2m 2n
—%arg(1+$)—arg +7 7 —Im|log| —=
1 1 X | 1+=
173 =3 Im(log(1+ —)) 1-2
2irm + + +log
2n 2n 2n
1-1
y

Involving csch™(z)
01.04.16.0128.01

1 1 —arg(x)—arg[ l1+% +§]+7r
Iog(x)+csch_l(y)=log[x[ }1+; +—]]—2rl7r

\ 2n

Involving sech™(z)
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01.04.16.0129.01

—arg(x)—arg[ /%—1 /1+$ +$]+7r
1 1 1
Iog(x)+sech_l(y)=logx --1 1+ - +—||-2in

y y |y 2

Differencesinvolving the direct function

Involving sin~1(z)

01.04.16.0130.01

logx) — sin”!(y) =

g - arg((i y* ‘/ﬁ)] o . r ~ im(og(x) J R relogfiy+V1-7° )

2r

o V17 ) )20

2n 2n

01.04.16.0131.01

—arg(x)+arg(u'y+ W) +7

— |- 2inr
iy+\/1—y2] 2

log(x) i sin"(y) = log

Involving cos™(z)

01.04.16.0132.01

log(x) — cos™(y) = —2in +
9 y 2n 2n

—arg(X)—arg[(in 1-5’2)[‘)” Re(log(ﬂ'yﬂl 1—Y2))+” r—lm(log(x))J

2n

—I T
Iog[x(ﬂy+ V1-vy? ) ]— 5
01.04.16.0133.01

log(x) — i cos ™ (y) = —2in _arg(X)_arg(ier 1‘y2)+” +I09(X(ﬂ'y+\/1—y2))_i_jr

2r 2

Involving tan~%(z)
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01.04.16.0134.01

—arg(x) — arg((l - iy)_%) +7

+
2r

l .
logo) —tan*(y) = ~2ix ; Rellog(1-iy) +7

2r

r— |m(|09(X))J
+ —
2r

_arg((i y+ 1)n‘/2) - arg(x(l - u‘y)‘é) +7 = Im(log(x(l - iy)_é))
2irn +
2r

+
2n 2n

7 2 Re(log(iy + 1))‘
+

Iog(x(l —i y)’é Gy+ 1)"/2)

01.04.16.0135.01

log(x) — i tan~(y) = —2u'7r[

Ziﬂ[

Involving cot™(z)

S Im(logGiy+ 1) +7

+
2n

%arg(iy+ D-argxVi-iy)+n
+
2n

m —Im(log(x 1—iy))|]_

2n
a-Imlogx) | |7- % Imlog(1-iy)) xvViI-iy
+{ > J+ +log| ——
T

2n ViyeT

—arg(x) — % agl-iy)+nx

2n

01.04.16.0136.01

—arg(x) — arg((l - 5)_5) +7
log(x) — cot™(y) = —2in

+
2n

2n 2n

;Re<log<1-5)>+n‘+l

- Im(Iog(x))J

\il2

. —afg((1+ ;)/ )_arg[X(l_ §)E]+n ) - Im[log[X(l— i)i]) +[ﬂ_ ! Re(log(1+ i))‘ .

2 2
iV i\
log| x 1——) (1+—
y y

01.04.16.0137.01

1 i i
Earg(1+ ;)—arg[x [ 1—; ]+n
log(x) — i cot‘l(y) =-2in

+
2n
ZiH[

% Im(log(l + %)) +7

2n

3]

2n

+

x [1-%

\l y

]+Iog _
v y

—arg - Sag(L- L)+ x| imdogooy |7 3 Im{log(- 1)
2n +{ 2 J+ 2
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Involving csc™1(z)

01.04.16.0138.01
log(x) — csc™X(y) =

—_— + p—
y 2n 2n 2n

i —arg(x)—arg[ 1- 2 +3] +7 _Rdlo 1-L 4 i
[\j 1 i] [ r r—miogog) | | Wy
log|x| |1 -2in +{ J+

01.04.16.0139.01

—arg(x)+arg[ 1—? +§]+7r

X
log(x) — i cscX(y) = log| ———— |- 2in
2n

S|P
<~

Involving sec™1(z)

01.04.16.0140.01

S|P

log(x) — sec™X(y) = —2in +

2n 2n
1 i T
log{x| [1-— +—| [-—
y oy 2

01.04.16.0141.01

—arg(xX) —arg 1-2 +i|4n
VoYY 1 il in
log(x) —isec™(y) = —-2in +log| x 1—; +—||-—

—arg(x)—arg[ 1- +5) +7| |Relog [1-L +i||+
[ ’ ] e[g[ 7))t lﬂ_lm(log(X))J
+ +
2n

2n y

Involving sinh™(z)

01.04.16.0142.01

arg(y+ VY +1 )—arg(x)+7r

2n

log(x) — sinh™(y) = Iog[ ]— 2im
y+yy:+1

Involving cosh™(z)



http: //functions.wolfram.com 26

01.04.16.0143.01

N X agly+Vy-1 Vy+1)-agx +x
log(x) — cosh " (y) = log -2in
y+Vy-1+y+1 2n

Involving tanh~1(z)

01.04.16.0144.01

S Im(log(y+ 1) +7

2n 2n

Sargly+1) —arg(xm)wr‘
+
2n

log(x) — tanh™(y) = —zm[

Ziﬂ[

Involving coth™(z)

. lﬂ— Im(log(xm))” )

—ag-agld-y)+7| |x-Imdogr)| |73 Imdogd-y))
2n +{ 2 J+ 2n

=
+log
] Vy+T

01.04.16.0145.01

%arg(1+$)—arg(x [1- $ ]+n

log(x) — coth™(y) = —2i x +
2n

2n 2n

Simflog(1+ )+ x ‘ "‘““["’g[x\/; ]]

2n 2n 2r

Ziﬂ“_arg(x)_%arg(l_%)+n‘+r—lm(log(x))J+lﬂ—%Im(log(l_%))“HOQ E

Involving csch™(z)

01.04.16.0146.01

—arg(x)+arg( [1+% +$]+7r

2n

X
log(x) — csch_l(y) =log ————|[-2in

+
< |k

S|P

Involving sech™(z)

01.04.16.0147.01

—arg(x) + arg 1.1 14t 4+ 4n
X [\/y \ y oy
2r

log(x) — sech_l(y) =log —-2in

11 |1+

= +
y

< |k
< |k

Linear combinationsinvolving the direct function
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Involving sin~1(z)

01.04.16.0148.01

alog(x) + bsin*(y) = Iog[xa (u‘y+ Vi1-V° )ib] -
—arg(x®) — arg[(u’y+ Vi1-y? )_ib] +7

2n

. Re(blog(iy+ W))+ﬂ'

2n

2irn

ln - Im(alog(x))J
+

01.04.16.0149.01
alog(x) + bsi n"l(y) =

T 0T

2n 2n

in|1-(-1) +i(-1)

(sml[gx iy+y1 yz)b[(mﬁ 2 1)]2]
Re(blogzy+\/7))

2n

-ib
—arg(x®) — arg[ my+ ]+7r

7 —Im(alog(x))
=

Involving cos™(z)

01.04.16.0150.01
alog(x) + bcos™(y) =

—arg(xﬁ)—arg[(iy+ ﬂ)ib)w n—Re(bIog(iy+ \/ﬁ))

2n

— —2in +

r— Im(alog(x))J
+ +
2n
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01.04.16.0151.01
alog(x) + bcos™(y) =
ib
gy (iy+ V17 rdbrodive v Io
. arg(e) arg[uy+ y )+7r r_lm(alog(x))J =~ Reblogliy+y/1-y )
—-2in + + +
2 2n 2n 2n
erg[[i y+m]ibxa+1]‘ ar%xa [i y+V 1-y2 ]éb] arg[xa [x‘y+V 1-y2 ]‘b—l] arg[[z‘yﬂl 1-y2 ]ibxaﬂ]‘ arg[xa [x‘y+V 1-y2 ]‘ b]
i|1-(-D n—i(-1)
1 -ib 2ib
cos‘l(ax‘a(iy+\/l—y2) [(riy+\/1—y2) x2a+l))
Involving tan~%(z)
01.04.16.0152.01
alog(x) + btan™(y) =
1. ib ib
—arg((iy+ 1)’5(‘b))—arg(xa(1—ziy)?)+7r 1 Reblog(iy+ 1)) + & - Im(log(xa(l—iyﬁ))
-2in +]2 + -
2n 2n 2n
. b
—argoc) - arg((l— iy)2 ) T x—Im@logx) | |7 % Re(blog(1-iy)) ib Lep
2in +{ J+ +Iog(xa(1—iy)z Gy+12" )
2n 2n 2n
01.04.16.0153.01
alog(x) + btan™(y) =
) o OO e e el
. arg((uy+1)2 ag[x¥(1-iy)2 |+x %Re(blog(ny+l))+7r a—Im|log[x@(1-iy)>
-2inm + + -
2n 2 2n
b
_arg(xa)—arg((l—ny)2)+7r r_lm(alog(x))J [n—%Re(blog(l—iy))
2irn + + +
2n 2n 2n
ot
arg|(iy+1) 2 X (1-iy) 2 +1
2 Q% . LI )
I1-x(1-iy)2 Gy+1) 2 )
in|l-(-1) +2itan?
T b e g a2
y+1) 277 x@A-iy)2 +1
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Involving cot™(z)

01.04.16.0154.01
alog(x) + bcot™(y) =

(3B
y y

_arg[(l+ %);("b)] _ arg[Xa (1_ %)‘:] +7 1 Re(b|og(1+ i)) T - Im[log[xa (1_ %)xzb]]
=2inm N 2 v ‘+
2n o -
b
—arg(x*) - arg[(l— i) 2 ] . Im(alog(x)) lﬂ— % Re(blog(l— %))‘ ib
2in +[ J+ +log
2n 20 o

01.04.16.0155.01
alog(x) + beot™(y) =

_arg[(1+ i)_%("b)] - arg[xa (1- ;)?b] 7| | tRebloglL+ ) +x| | 7" Im(log[xa (2- ;);]]
=2inm + 2 d ‘+ _
2n 2n 2n
b
_arg(xa)—arg[(l_ ;) Z]M r_ Im(alog(X))J ln_ 2 Reblog(1- ;))‘
2im + + +
2n 2r 2n
1 ib
aqg xa[1+—)_2 “ [1_‘§]?+1]
R b
S I e
in|1-(-1) +2icot™t — —
-2 e

Involving csc™1(z)
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01.04.16.0156.01

alog(x) + besc(y) = log| 3@

—argod) - arg[ 1-

2irn

-ib
i+£] +7| |Reblog [1-2 +L||+
7y 9 T A ln—lm(alog(X))J
. +

2n

01.04.16.0157.01

alog(x)+bescX(y) = in|1-(-1) +

—-ib —ib —ib
arg| xal 1—i +i] -1 arg| [\/Z#—] @41 arg xa[ 17i +l—]
Ve R VR ~ib
27 ‘2 i

i(-1)

-ib
—arg(Xa)—arg[ -5 +£] RS R
[ L4t g EE | R ﬂ—lm(alog(X))J

2in + +
2r 2n 2r

Involving sec™1(z)

01.04.16.0158.01
alog(x) + bsec™X(y) =

<o|e
+
<=
S—
o
N ————
+
N

—arg(x®) — arg[( 1-

— -2in +
2

2n
[ 1 E-]
1-— +-
vy

+

~Reblog] [1-% +%
n—lm(alog(x»J " e[ g[ y2+y])
+

2n 2n

ib

log| x@
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01.04.16.0159.01
alog(x) +bsec™(y) =

ib
—arg(xa)—arg( 1-1 +5] 47
b [ o

—=2in +
2

+

—Reblog [1-% +&
“im@alogx) | | e[ g[\' y +y])
J+ 2n

2n

~
H
T
H
=
N
|

ib ib ib
arg[x@ 1—i +i -1 arg| 1—i -v-i x@+1 arg[x@ 1—i na
yz y s y2 y y2 y
o + -
2r 2 2n

i(-1) sect

Involving sinh™(z)
01.04.16.0160.01

alog(x) + bsinh™(y) = (xa y2 + 1 -

(v Vo1 ) || |- infbrogly s Vo2 ))

2in + +
2r 2r

7 —Im(alog(x))
2 J
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01.04.16.0161.01
alog(x) + bsinh™(y) =

. arg[xa [y+mr]

2 2r "2 21

l ag[i @ (wm )bfl] . ag[[wm )b “h xa—l]

(-1 sinh‘l[% x2 (y+ VY +1 )_b [xza(y+ Vy+1 )Zb - 1]) _
] g[[JyT] ] | ng[[wmf( ) ]‘ g[xa[JyT]] La,g[ o[y ]*’]
—i(-1) 1-(-1) +

S ey ey T ey R Ry [ Y ey R ey

(_ l) 2 2 2 2 2 2 2 2 2
erg[xa(yﬂ/sz ] ] aru[[wm ]h ] erg[i x@ [yﬂlﬁ ]bf ] . arg[[wm ]bH) xafl] erg[ [y m ] ] . ars[(wm ]b ] ar

(-1 2 2 2 2 2 2 2 2 2

—arg((y+ Vy+1 )b) —argx®) + 7
n-2irw +

2

n—lm(blog(y+ m))

r— Im(alog(x))J
+
2n

2n

Involving cosh™(z)

01.04.16.0162.01

alog(x) +bcosh (y) = Iog(xa (y+ Jy-14/y+1 )b) -
[[arg((yﬂ/y—l«/w—l)b)arg(xa)w
2inm

+

2n 2n 2n

m—Imblog(y+vVy-1 Vy+1 ))| . r—lm(alog(x))J]
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01.04.16.0163.01

2n 2n

i O f ]H([r )

alog(x) + bcosh ™ (y) = in|1-(-1)

n kg kg 2n 2n

syt Ve || 2 olor mf-l]‘+

7arg[xa [y+\/y—_1 \/w_l)b]H arg[xa [y+\/y—_l ‘/W_l]b_l)‘+l ar%[yH/Y-_l \/w_l]b xhl]‘
-1
cosh—l(g Ay ey Ty ) (e vt yyea) o))

—arg((y+ VY=1 VY+T)) - argo) + 1

2

2irn

2n 2

. m—Im(blogy+Vy-1 Vy+1 ))| . r—lm(alog(x))J]

Involving tanh~1(z)

01.04.16.0164.01

b
—arg(x®) — arg((l - y)’E) +7
alog(x) + btanh™(y) = —2i > +
Ve

S Im(blog1-y)) +7

r— Im(alog(x))J
+ —_

2n 2n

. - Im(log(zxa a- y)’g)) .
/e

2in

b
—arg((y + %) - af@(xa(l - yﬁ) + [n— L im(blogly + 1)
+

2r 2r

b
Iog(xa A-yz(y+ 1)b/2)
01.04.16.0165.01
b
—arg(x®) - arg((l - y)’E) +7

alog(x) + btanh™(y) = —2i +
2n

ZImblog1-y)) +7

r - Im(alog(x))J
+ —_

2n 2n

. - Im(log(zxa a- y)_;)) .
/e

2r

b
—argl(y + 2°2) - arg s (L)% ) +7| | — L imologiy+ 1)
2irn + 5
/e

b
argx@ (1-y) 2 (y+1)b/2+1]

1
4=
2n 2

in|l1-(-1) +2tanh™t

XLy (y+1)b/2—1]

b
A=y 2 (y+ P2 +1
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Involving coth™(z)
01.04.16.0166.01

—arg(x®) — arg[(l - %)_;] +7

alog(x) + bcoth"l(y) =-2in +
2r

%|m(blog(1— %))HT 7 — Im(alog(x))
2 +l 2n J B

b

efeft)

+ +
2r

_arg((l + i)b/z) - arg[xa (1 - %)_g) +7
2irm 5 +
Vs

15 12
<5 65)
y y

01.04.16.0167.01

- % Im(blog(1+ %))

2n

log

—arg(x®) — arg[(l - %)_g] +7

alog(x) + beoth™(y) = —2i +
2r

7—Im@a Iog(x))J

2n

;Im<mogz(i¢)>+n‘+

b

—arg((l + %)b/z) - arg[xa (1 - %)_g) +7 - Im[log[xa (1 - %)_5]]

m— % Im(blog(1+ %))

2irn + + +
2r 2n 2n
1 2 1\02
arg xa[lfy] 2(1+;) +1] .

4o b
2" ’ @ (1-2)77 (14 %)b/z i1

in|1-(-1) +2coth™ -
(-2 (1 )

Involving csch™(z)
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01.04.16.0168.01

alog(x) + besch™(y) = log| x@

1 1]
1+ — +—-| |-
\/ Yy

b
_arg(xa)—arg[[ l+% + %] ]+zr

2irn

7 —Im(alog(x))

n—lm[blog[ 1+

<ol

< |k

2n

|

2n

|+

2n
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01.04.16.0169.01

b b b
arg[x@ 1+i +l arg| —i 1+i +l x@-1 arg|i x@ 1+i +1 -1
) 2y 2y ) 2y b
2 w T 27 2 21 1 1
2x2 [ 1+ ? + ;)
alog(x) + besch™(y) = (-1) cscht _

1 b b . b b
ar%—i[ 1+F +; x@-1 . agix®| [ 1+— +—] - ] ag[xa[ 1+F +;] ] ) ag[xal 14— +—] ]
1
i 1-(-1) .
2

N
N
N
N
N
el
N
el
Ny
N
Bl

2 ' 2

-1
b b b b b b
ag[ 1+i +1] x4 argxa[ 1+i +1] arg—z[ 1-*-i +l] x@-1 argixa[ 1+i +1] -1 ar[ l-v-i -¢-l X.4i argxa[ 1-*-i +l]
V2 Y Vo), Vo2 Y ) N 2y NV 2y ) I
- 27 * 27 FiIie 21 2 27 + 27 t3~ o
-1
b
1 1
_arg(xa)—arg[[ 1+; +;]]+7r
n=2irm +

2n

—Im|blo /1 141
r—lm(alog(x))J 8 [ g[ +y2 +y]]
+

2n 2n

Involving sech™(z)
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01.04.16.0170.01

alog(x) + bsech(y) = log[ @

b
1 1 1
--1 [1+—- +—| [~
y y 'y

b
[[%—1 [1+2 + ]]+7r n—lm[blog[ll—l [1+=> +
r— Im(alog(x))J Y
+ +
o 2n

2n

—arg(x®) — arg

< |k
< |
<k
<k

)

2ir

01.04.16.0171.01

b b
1 1 1 1 1 1
agl|[ =1 [ 1+= +=| x@+1 agx@| [ =-1 [ 1+= +=
y y vy y y vy
B 2n - 2r

alog(x) + bsech ™ (y) = in|1-(-1) +

ag

b
xa[ 1wt +3]] 2arg|
y y 'y
n

+

b b b
ag[xa[ 1wt +1] ] arg[xa[ 1wt +1] 71] arg’[ 1wt +1] x3+1
y y vy y y y y y y
_ = +H =
ks 2n 2n

5 5]
=1

b
2xa[/§—1 1+ +]
1
sech -~ -
[/3—1 [1+ +3] X224 1
y y

b
1 1
[,l;—l 1+ +g] +r r—Imblog| [2-1 [1+3 +
7 — Im(alog(x)) Y
+ +
2r 2n

2n

<k
< |k

< |k

—arg(x®) — arg

)

)

<k
<k

2ir

Identities

Functional identities

Univariate functional identities

01.04.17.0001.01
log(2) = log(|2)) + i arg(2)

01.04.17.0003.01

log(2) == 2 Iog(\/?)
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01.04.17.0004.01

log(2) = |Og(\/;) B @
7
01.04.17.0005.01

log(2) == nlog(z'") /; ze Z

01.04.17.0006.01

N

T
log(2) = log(-2) -
z

01.04.17.0007.01

log(2 =:—|Og(§]+m7[l—\/§\/?]

01.04.17.0008.01
1 1

log(2) ::—Iog(——)+7r -— vz
z z

01.04.17.0009.01

arg(z—a) 1 z
(Iog(—) + Iog(a)) + Iog(—) + log(a)
a a

log(2) = {

T

01.04.17.0010.01

arg(z—a
gz )J/;a<0

z
log(z) = log(a) + Iog(—) + Zin{
a 2n

Bivariate functional identities

01.04.17.0002.01
gx g(y) =9 +9(y) /; 9 =clogx) Ace R* Ac>0AxeR* AyeR*

Complex characteristics

Real part

01.04.19.0001.01

Re(log(x + i y)) == % log(x* + y?)
01.04.19.0006.01

Re(log(2)) = % log(Im(2)? + Re(2?)
01.04.19.0007.01

Re(log(2) = log(|2))

Imaginary part

01.04.19.0002.01
Im(log(x + i y)) == tan~*(X, y)
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01.04.19.0008.01
Im(log(2)) = tan 1 (Re(2), IM(2))

01.04.19.0009.01
Im(log(2) = arg(2)
Absolute value

01.04.19.0003.01

1
llog(x +i y)| = \/ tanlox, y) + 7 log”(>® + y?)

01.04.19.0010.01

1
llog(2)| == \/ tan"L(Re(2), Im(2)° + 2 log(Im(2)? + Re(2)?)

Argument

01.04.19.0004.01
1
arg(log(X + i y)) = tan’l[a log(x? + ), tan~*(x, y))
01.04.19.0011.01

1
arg(log(2) = tan’l[g log(Im(2)* + Re(2)?), tan ' (Re(2), Im(z))]

Conjugate value

01.04.19.0005.01

1

log(X+iy) == 3 log(x? + y?) — i tan (X, y)
01.04.19.0012.01

log(z) == log(2) — 2i arg(2)

01.04.19.0013.01

1
log(z) == Elog(lm(z)2 +Re(2?) — i tan ™ (Re(2), Im(2))

Signum value

01.04.19.0014.01

itan~l(x, y) + % log(x? + y?)

sgn(log(x + i y)) =

tani(x, y)° + 710g° (3 + y?)

01.04.19.0015.01
itan"Y(Re(2), Im(2)) + % log(Im(2)? + Re(2)?)

sgn(log(2)) ==

tan"(Re(2), Im(2)” + % log?(Im(2? + Re(2?)

Differentiation
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Low-order differentiation

01.04.20.0001.01
dloga 1

0z z

01.04.20.0002.01
8%log(2) 1

a7 2

Symbolic differentiation

01.04.20.0012.01

d"log(2)

— =SV 7"+6,log@ /;neN
P S n

01.04.20.0003.01

d"log(2)
=CED" -1z ineNt
47"
01.04.20.0004.01
d"log(2) _
=(Z-D"",F;(1,1;2-m1-2/;neN
47"
01.04.20.0005.02
"log?(2) n
— T =7"Y(@-k+1),S¥l0g? @ /ineN
P g(; k 31 g

01.04.20.0006.01
Mlogf@) &y (-1 (n) r 1"
k) oz

/ineN*t
0z k=1 kf(z)k

Fractional integro-differentiation

01.04.20.0007.01

0*log(1+2) -
- A F@AL2-a -2
0z
01.04.20.0008.02
o logb+azy az-@ _ az 1 n—arg(%+l)—arg(b)
= zFl(l, 1,2-aq; ——)+ 2irm +logb) | Z*
0 b b rd-a 2n
01.04.20.0009.02
alog(az? +h) iva 27 _ iva z
= - 2F1 1, 1,2—61/, +
oz Vb Vb
ivaz iva z 1 r—arg( 3 + 1) - arg(b)
— k1, 1, 2-@; - + 2irn +logb) | Z*
Vb Vb rd-a) 27
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01.04.20.0010.01
0*log(2)

= ?Cfgé(z) z®

01.04.20.0013.01

d*log(2) { ) Ya@-1'z* aeN
= (og@-y(l-a)-y)z®
9z r(1-a)

True

01.04.20.0014.01
8*log"(2)
9z

= FClogz 0, MZ* ;neN*

01.04.20.0015.01

1
—pelzepytive log" @ T2 +
aalogn(z) (G Vb4 n.Zu:() i=0 (il (n—u—1)! Zv 08 b_y, aeN

I(a+l) 2= /;

= n
6 Za d Ta-a+l)

oan

/;a=0 True

(_1)kﬂ_2k
2k+1)!

(DT ®(@)

neN*/\aZl(: /\ 2k+1_0/\ k—i/\kEN+

01.04.20.0016.01
8" log’(2) { 2(-)" 1tz (@ - D! (log@) - Y(@) - 7) aeN*

oz o ((lOQ(Z) Y(l-a)-y)°+ % - a/)) True

01.04.20.0017.01
0® Iogg(z)
0

(-1 77 T(@) (-3 (0g@ - 9(@) -’ + & - 39V (@)

F(l )

01.04.20.0011.01

(& Iog(Z)) -
——— =iz ar"
0z

01.04.20.0018.01
(- lr@a+ ) (-a+a-1!1 2

2
0% (Z1og(2) -1t (Iogz(z)+2 (W(-a)-y(a-a+1) Iog(z>+%w/z(—a)—w(a—a+1))2—w‘l><—a>—¢/<1)<a—a+1>]
- = -
0z% 2(-a-1)!T'(a—a+1)
I'(a+1) (log(@+y(a+l)-y(a—a+1) 2
T'(a—a+1)

01.04.20.0019.01
8" (210d"(2))

oz

—TC(”)(Z anZ/ineNt

01.04.20.0020.01
5 (Rlog'(2) "(FCop(z @ 2)
0z B ga"

/ineN*t

a—aeN*t

-aeN*

True

5 (10g°@ + 3¢-pt- - plog (z>+3(w(1 02+ 2yY1-0) + 7 + 5~y P(1-0)log@ —v* — Y1 - )® - 3y u(
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01.04.20.0021.01
#@log' @) " TCigz A7)

= /ineN*
0z% aan—l

01.04.20.0022.01
8" (21og"(2)

0z*
log'~ (2 T-U-D(a+1) Zi\,, a,b;_
_1y-ate-1 a-a gy y-1lgu 0 Di—v B .
(-1 z N> —oizo D! a—-aeN
u-i
= (= )HV( )Per._ - (_1)5( )qsu_i
DAY Cparcu logtM@ CivurD [ G v u-i s )% .
(-a-1)! T(a-a+1) 2uz0Zizo (n-u+1)! ZV o+ ZT 0 r+1 5=0 sl -aeN /;
n @+ 2
Ta-a+l)
dal True

_ k. 2k (K
n€N+/\a2k=%/\azk+1=0/\bk—( i Gl a)/\keN+/\Pjo—1/\

L r®(-a) 18
pj,k=—Z(Jl+l—k)e1 pj,k-i/\@ /\qu /\QJ,k=—Z(JIH-k)dqu',k-i/\
k& (—a-1)1k! k&
r@-a+1) (-1 2(22K41 — 1) Bpyp 1241
e = /\ Cok+1 = CZKZO/\keN+
IN'a-a+1k! 2k+2)!
01.04.20.0023.01
6"(zalog2(z))
ar

2-D L (cat+o-1IT@+1) 1092 - Y(a - a) + ¥@+ 1)) 2

(-1 (-log*(2+3 (W(a-a+1)-y(-a)) log?(@)+(-3u(-a)>+6 y(@a-a+1) Y(-a)-n2-3y(a—a+1)>+3y D (-a)+3yD(a-a+1)) log@ -¥(-a)> +y(a-a+1)+3y(-a) Y(a—a+1)+y

3(-a-1)! [(@a-a+1)
T(a+1) ((log@+y(a+D)-v(a—a+D)?+y P @+)-y®(@-a+1) 2

T'a-a+1)

01.04.20.0024.01
& (2100%2)
bikad
(-1 2T(@+ (e -a)(-3dog@ +¢@+1) - (@ -a) +7° - 3yP@+1) - 3yP(a - a) 2
(-1 (1510g*2)+60 (W(~a)-y(a-a+1) 1og*@+30 (3y(-2? -6 y(@-a+1) (- +r%+3y(a-a+1? -3y (-2)-3y™ (a-a+1) 10g%(2)+60 (4(~a)*~3y(a-a+1) y(-a)+(

I(a+1) (log®@+3 (W(a+D)-y(a-a+1)) log2(2+3 (y(a+1)?-2y(a—a+1) y(a++y(a—a+D)2+yP @+ 1) -y (a-a+1)) log@+u(a+ 1P -y(a-a+1)>-3y(a+1)? ya-a+1) -3y

I'(a-a+1)
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01.04.20.0025.01
0*log(f(2)

0z

f(2)
m—arg|— | — arg(f(0)) 0
2in () +log(f(0) Z
2n rl-o) S k+DI(s+u-a+l)

S
u

(-DXT(s+u+1) fu(Q) <+
[ f(O)u! ] Pr+1,s-uk Stu-a /:

10 #0/\ ({90 =0/1=k=u-1)/\ {90 %0 po=1/

u! k. jm+m-=k

2

(M+u) . +
Oz k £ (m+u)! (m+1)! ASOLTEVACEL

pj,k ==

Integration

Indefinite integration

For thedirect function itself

01.04.21.0001.01
flog(z) dz==2zlog(2) -

01.04.21.0002.01
Z (alog(2) - 1)
fz‘”l log(2) dz = zle=o

a,2

Involving the direct function

01.04.21.0003.01

1 b+az az cz b+az
f—log[ ]d’z:: (—Iog[—+1)+|og[—+l)+log[
z d+cz b d d+cz

| L'( aZ) L'( CZ)
2)— Liy|—— i)|——
)) 09(2) - Li b +Liy g
01.04.21.0004.01
! 1 / 2 ey
f 9@ dz= —— — C—+1 —sinh"l[ g z] -
ycZ+d \/7\/c22+d
—2snhY [ S _2snnY [ &
l-e [‘/? ]]smh [l— z]+2|og [— Z+ /—+1 Iog(z)+L|2[e [ ‘ ]]

01.04.21.0005.01

log(b+az) 1 c(b+az c(b+az
fi Z== — [Iog( ]Iog(b+ az+ Liz( D
d+cz C bc-ad bc-ad

2log
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01.04.21.0006.01
flog(az2 +bz+e)

d+cz

dz=

1 b+2az+v b?>-4ae 2a(d+c2) 2a(d+c2)

—|log log| - +log

2
¢ a bc+Mc—2ad —bc+Mc+2ad
b-vyb?-4ae b+2az+V b?-4ae b-+b?>-4ae
2a

logj ——— +z|-log log(d+c2) —log
2a 2a

+z|log(d+c2) +

C(—b—232+\' b2—4ae) c(b+2az+\/ b2—4ae)

log(d + c2) log(e+ z(b + a2) + Li, + Li,

-bc++v/ b?-4ae c+2ad bc+V b>-4ae c-2ad

01.04.21.0007.01

Iogz(z) 5 ] )
f 1 dz==-log(1-2l0g°(2) — 2Liy(2) log(2) + 2Li3(2)
-z

01.04.21.0008.01
Iogz(z+ 1) ) ) )
_[7 dz==log(-2)log°(z+ 1)+ 2Liyx(z+ 1) log(z+ 1) — 2Li3(z+ 1)
z

01.04.21.0009.01

Iogz(a+ bz 1 be+f2 ) f(a+b2 f(a+b2
f—dz:: —(Iog[—]log (a+ bz)+2Li2(—)Iog(a+ bz)—2Li3[—))
e+fz f b f af-be af-be
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01.04.21.0010.01

1, a+bz bz of @ bz a
f— log ( )aﬂz:: Iog[——]log (— +z)+2Li2(— +l)log(— +z)+
z c+dz a b a b
| [ dz | Z(C ) | ()[ | (a ) | [c ) | {a+bz]2
og| - — [log| = + z| + log(2) | -log| — + z| + log| — + z| + lo +
9 c) 9 d 9 J b 9 d 9 c+dz ]
" (c )L' dz A (a ) | (c ) | a+bz
og| — +z|Lip| — + 1|+ 2| -log| — + z| + log| — + z| + lo
A 2[ c ) ( Ao Ya g(c+dz]]
bz dz a c bz dz
([—Iog[—+1]+Iog[—+1)+Iog(—+z)—|og(—+z))log(z)—Liz[——)+Li2[——]]—
a c b d a c
(bz 1 bz ad-bc bcz-adz 5 a(c+dz
2L|3(—+l)—2(—[log(——]+log[ )—Iog(—))log[ )+
a 2 a d@+bz ac+bzc c(a+b2
dz dz bz a(c+d2 b(c+d2 a(c+d2 a(c+d2
oo ) o)
c c a c(@a+bz d(@+bz c@a+hbz c(a+hbz
1 dz dz a bz dz bz a C
—Iog[—+1](Iog(—+1]—2Iog(—+z)](log(——)—Iog[——]]+|og[——)log(—+z)|og(—+z)+
2 c c b a c a b d
c a(c+dz bz a a(c+d2 dz
(Iog(—+z)—log( ))Liz(—+1)+(log(—+z)+log( ))Liz(—+1)—
d c(a+bz a b c(a+bz c

bz dz a(c+d2 b(c+d2 dz
L|3[— + 1] - L|3[— + l)+ L|3[ ]— L|3[ ]]—Zng(— + 1]
a c c(a+bz d@+bz c

01.04.21.0011.01
flog(Z) log(1-2)

4

dz==Li3(2 -log(2) Li»(2)

01.04.21.0012.01
flog(a+ bz log(c+d2 4

e+fz

2

1[1 be+f2 ad-bc (ad-bc)(e+f2 5 (be-af)(c+d2

0 e e B P B Fremrreee ) o e e

d(@+b2 (de-cf)(a+b2 (de-cf)(@a+bz

f(c+d2 de+f2 be+f2 (be-af)(c+d2

Iog( ] Iog( ] - Iog{ )) Iog[ ] +

cf-de de-cf be-af (de-cf)(a+b2

b(c+d2 (be-af)(c+d2 (be—-af)(c+d2 1 f(c+d2

[+ Garen) )= o o)
d@+hbz (de-cf)(a+b2 (de-cf)(a+b2

be-af

—Li
2 2

f(c+d2 be+f2 de+f2 be+f2
(Iog( ]— 2log(a+ bz)] (Iog[ ]— Iog[ )) + Iog( ]Iog(a+ bz log(c+d2z +
cf-de be-af de-cf be-af

cf-de

(be-af)(c+d2 L f(a+b2 (be-af)(c+d2 L [f(c+dz)
i i -
(de—cf)(a+bz)]] 2[ (de—cf)(a+bz)]] 2 cf—de)
(f(a+bz (f(c+d2 (b(c+d2 ((be-af)(c+dz
R bl O P RO )

Li i i
s Nd@+bs) \de-cf(@+ba

(Iog(c+dz)—|og[ ]+[Iog(a+ bz)+|og[

af-be

af-be s cf-de

01.04.21.0013.01
flog(Z) log(1-2

z

dz==Li3(2 - log(2) Li»(2)
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01.04.21.0014.01
log(z) log(z—- 1) 1 2 . .
fi Z== E (log(z— 1) —log(1 - 2)) log“(2) — Li,»(2) log(2) + Liz(2)
z

01.04.21.0015.01

log’@) 5 . ) . .
f - dz==-log(1-2)10g7(2) — 3Li»x(2) log“(2) + 6 Li3(2)l0og(2) — 6 Lis(2

01.04.21.0016.01
flogz(z) log(1-2
z

dz=2Li32)l0g(2) — 10g*(2) Li5(2) - 2 Lis(2)

01.04.21.0017.01
Iogz(z) log(1-2)
f Y,
1-2z

1 [ A1 1 o1 ) o1 z-1 o1
— | -log (— —l)+4(|og(l—z)+log(—))log (— —1)—6log (1-2log [— —1)+12Li2(—)log (— —1)+
12 z z z z z z

z-1 1

1
4Iogz(1— 2) (log(1 - 2) + 3109(2)) Iog[— - 1) -24 Li3[—] Iog(— - 1) -
z z z

IogA(l -2-6 Iogz(l -2 Iogz(z) +4 Iogz(l -2 10g(2) (3log(2) — 2log(1-2)) —

1 1 2
12log(1- 2 (—Zlog(— - 1) +log(l-2-2 Iog(z)) Li,(1-2 - 12(Iog[— - 1] —log(1l- z)) Liy(2) —
z z

1 1 -1
24(Iog(— - 1] + Iog(z)) Liz(1-2+ 24(Iog(1 -2)- Iog(— - 1)) Liz(2) + 24(Li4(1— 2+ Li4(z—) - Li4(z)))
z z z

01.04.21.0018.01
i

flog(sin(z)) dz==-zlog(1 - €*'%) + zlog(sin(2)) + 5 (Z +Liy(e*?))
01.04.21.0019.01

flog(cos(z)) dz= g (z(z+2ilog(1+e*%) - 2i log(cos(2)) + Lip(—e?'))
01.04.21.0020.01

f log(tan(2)) d z == g (log(tan(2)) (log(1 — i tan(2)) — log(i tan(2) + 1)) — Li,(=i tan(2)) + Li,(i tan(2)))
01.04.21.0021.01

flog(si nh(z)) dz= % (Lix(e7?%) - z(z+ 2log(1 - e2%) - 2log(sinh(2))))
01.04.21.0022.01

flog(cosh(z)) dz= % (Lix(-€72%) - z(z+ 210g(1 + e~2%) — 2log(cosh(2))))
01.04.21.0023.01

f log(tanh(2)) d z == % (log(tanh(2)) log(tanh(2) + 1) + Li,(1 — tanh(2)) + Li>(—tanh(2)))

01.04.21.0024.01

1
flog(si n(z)tan(z) dz == 5 (—log(sin(2)) log(sin(z) + 1) + Li»(1 — sin(2)) — Lix(—sin(2)))
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01.04.21.0025.01
1
f log(cos(2)) tan(z) d z == —5 Iogz(cos(z))
01.04.21.0026.01

log(cos(2) 1 . .
f T dz= Z (log(cos(2)) (log(cos(z) + 1) — log(cos(2))) — Lio(1 — cos(2) + Lix(—cos(2)))
sin(2z

01.04.21.0027.01

1
‘fmmmmanaxadz=5(mqmmameﬂaxa+1ynom1—imman+Lbeimma)+Lb@mman

01.04.21.0028.01

1
f log(cot(2)) cot(2) dz == E (—log(cot(2)) log(i cot(2) + 1) + log(cot(2)) (—log(1 — i cot(2))) — Lio(—i cot(2)) — Li,(i cot(2)))

01.04.21.0029.01

1 va+1l @—1ﬂa{%M—22)
flog(a+ sin(z))dz:g —u‘(7r—22)2—4log(a+ sin(z)) (7r—22)+32z‘sin_1 tan~! +

A

4[—22+4sin_1[m]+7r]log(l+i(a—\/Z)e“z)+4[—22—4sin_l[m]+ﬂ

- |
ot s{a V)oY T ) ) efoe az_l)e-fz))]

01.04.21.0030.01

flog(a+ cos(2)dz=
| 2 Vari (a-Dtan(3 NEYE _
L+Iog(a+cos(z))z—4i§nl[ ar ]'[an‘1 (2) —[z+25in1[ ar ]]Iog(e”[a—\jaz—l]+l]—
2 \/? a2_1 \/?

e sl ) o5

V2

01.04.21.0031.01

1 i+tan(2) a+tan(2) a+tan(2) a+tan(2)
flog(a+ tan(2) dz = 5 z’([log(— : ) - Iog(l - )] log(a+ tan(2)) + Liz( - ) - Liz( ))
a

a—i a+i —1i a+i

01.04.21.0032.01
1 a+1)tan(z

flog(sinz(z) +a)dz=— [Zrlz2 +2 Iog(sinz(z) +a)z+ 4isin"1(\/ -a )tan‘l[u] -
2 Va@+1

2(2—sin"l(\/:))log(eZiZ(—Za+2\/ a@+1 —1)+1)—2(z+sin_l(\/:))
Iog(l—(2a+2\/a(a+ 1) +1)e2“)+u'(Li2((2a+2\/a(a+1) +1)e2“)+Li2((2a—2\/a(a+ 1) +1)e2“)))

01.04.21.0033.01
i

leog(Zsin(g))dz:: I (—23 +6ilog(l-e%)Z-6i Iog(ZSin(g)) Z - 12Liy(e™" ) z+ 7%+ 12i Lig(e’“))
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01.04.21.0075.01

log"(z log™@ 1 n , .
f 9@ dz- 9 @ + —712('5”,1+Z[r.])(—1)1 j'log" '@ Lij;1(@ | /ineN*
6 2\

z(1-2 n+1

01.04.21.0076.01

ztlog'(2) nn . . _
fi dz== z“Z( j )(—1)j it @a ™ | oFil e, . e, La+l, .., a+1;D /;neN
=0

Definite integration

For thedirect function itself

01.04.21.0034.01

1
f logt) dt==-1
0

Involving the direct function

01.04.21.0035.01

1log(t? — 2cos()t + 1) 2 1
f t=——-—@-2%/Im2>0Vz>0
0 t 6 2

01.04.21.0036.01
2

1
f log(t) log(t + 1) dt == —2log(2) — ﬂ_ +2
0 12

01.04.21.0037.01
1
Llog(t+1) Iog(l + t—z) 33

f dt=Cr- 2
0 t 8

01.04.21.0038.01

00 1 b 572
f Iog(t+1)|og[1+—]dt:= —log(2+ — -7+ 2C
0 t2 2 24

01.04.21.0039.01

Jlogat+1) Iog(té + l)

f dt—
0 t

1 1 1 1 3 1 1 1 1 1
3 for T2 2o )t oo 2] e )
24a z a2z 2 alz a’z a’z az az

01.04.21.0040.01
fl log(t) log”(1 —t) p P
0 t 180

01.04.21.0041.01

Slog*t(1-1) 1610g°(2)
f dt= — 472 (3 +724(5)
0 1-t 5

01.04.21.0042.01

log>(t(1-1) 1 . 79 78
f — dt=:——1610g°(2)+120 £(3)°—-——
0 1-t 3 252
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01.04.21.0043.01

rp+1?
n f@p+l) n+l( 1l
Hoaa-ty 1 = 2ieg™(3)
f ——dt=—Ilim - /ineN*
0 1-t 2p0  9p" n+1

01.04.21.0044.01

Log"(—
IZ#M = (=D +1)(1-2") /i neN*
o 1-

01.04.21.0045.01

el omil COPTIAP 18 (pra-1)! Z(p+a)
&0 ~Zp-12g-1 pla!
6m
n H
m n
fllog ®log(1-1) d oum
0

dt=Ilimlim imeNAneN*

t A-0 p—0 Kl

01.04.21.0046.01
-2

le (2 ] (t))dt A (1-e?)+zl (2 i (Z)) i(zz 4Liy(e'?)
og|2sin| — =-——7zlog(l-e'?) +zlog[2sin — ||+ — (Z +4Li,(&
0o 9 2 6 9 9 2/ 4 2
Clausen's integral

01.04.21.0047.01

j:|09(25in(;)) 0

01.04.21.0048.01
3

T (L n
flog (an(—))dt::—
0 2 12
01.04.21.0049.01
[rfesr{Z)ar=—7 ac
og’{2sin| - ||dt=-—¢(3
0 9 2 2 ¢
01.04.21.0050.01

T (L 197°
f log (an(—))dt ==
0 2 240

01.04.21.0051.01

fonlogS(zsin(;)) dt= _Z (73 + 187L5)

01.04.21.0052.01

st 45 27577
f log (Zsm(—))dtzz —nl(B3?+
0 2 2 1344

01.04.21.0053.01
" t 7
f Iog7(2$in(—)) dt==——(197°{(3) + 1807 {(5) + 32407 {(7))
0 2 32
01.04.21.0054.01

T t 60480073 £(3)? + 217728007 £(5) £(3) + 11813 7°
f log (Zsin(—))dt ==
0 11520
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01.04.21.0055.01
x t 3
f Iogg(Zsin(E)) dt=- - (100807 £(3)% + 275" £(3) + 2394 7° £ (5) + 22680 7% £ (7) + 4284007 £(9))
0

01.04.21.0056.01
T t 45(936327° £(3)” + 177408073 £(5) {(3) + 31933440 7 £(7) {(3) + 2117 7' + 15966 720 1 4(5)2)
f log (ZSin(—)) dt =
0

11264

01.04.21.0057.01

r(p+1?
@ p+l) 11
Dosnm) .t 1 M= o™ (3)
f log'| — tan(—)dt:: lim - /ineN*
0 2 2 2mlps0 gp" n+1

01.04.21.0058.01
f *log(tan(t)) d't == 0

0

01.04.21.0059.01

- v

log“(tan(t)) dt = —

0 8

01.04.21.0060.01

f 2 Jog’(tan(t)) dt = 0
0

01.04.21.0061.01
5

fgl *tan(t)) d >7

og”(tan =—

0 9 32
01.04.21.0062.01

f *log®(tan(t)) dt == 0

0

01.04.21.0063.01

617’

2
log°(tan(t)) dt =
j; g (tan(t) 128

01.04.21.0064.01
2 7

f log'(tan(t)) dt==0
0

01.04.21.0065.01
3857°

z 1
f *log®(tan(t)) d't ==
0
01.04.21.0066.01
f 2 og’(tan(t)) dt == 0
0

01.04.21.0067.01

: 10 50521 7'
f log™ (tan(t)) dt == ———
0
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01.04.21.0068.01
f *log"(tan(t) tan(t) dt = (-1)" 2" (1= 2 nt Z(n+ 1) /; n e N*
0

01.04.21.0069.01
ex‘{-z”ﬂ me1 AP #9 (CDPHA (pra-11) £(prap

am p=1-g=1 pla
P o A
T o
f2 log"(sin(t)) log"(cos(t)) cot(t) dt == 2-™"1 |im lim . imeNAneNt
0 A-0 -0 aAN
01.04.21.0070.01
5 of . (t 177
f tlog (ZSm(—))aft:: —
0 2 6480
01.04.21.0071.01
an 0t 1375
f t?log (ZSn(—))d ==
0 2 45
01.04.21.0072.01
P “c””l'(p;l)
am F(E+v+l) l'[ Efwl)
2r t Y
f t" Iogm(Zsin(—])dt =|limlim2re 2 —— — //meNAneN*"
0 2 y-0 u-0 6ﬂm
01.04.21.0073.01
M asm D" (1+-19) (q+r-D1AT ()
n PMe 2 Zr 1 2" riq!
T n t ) ) 3#2m
ftzmlog (Zcos(—))dt::hmllmn(—l)m /imeNAneN*
0 2 -0 p-0 oA"

Involving related functions

01.04.21.0074.01
1
f e tlog(t) dt == Ei(-1) -
0

01.04.21.0077.01

00 n _1k k 00 00
f e*‘log”(t)dt:(n—l)!Zw f etlog" b dt—y f e tlog™ ) dt /; neN*
0 = (h=K! Jo 0

Double integrals

01.04.21.0078.01

ff dxdy=vy
0o (1-xy)log(xy)

01.04.21.0079.01

4
ff dxaiy:log(—)
0 (xy+1)log(xy) n

Integral transforms

Laplace transforms



http: //functions.wolfram.com

52

01.04.22.0001.01

log(2) +y
Li[logH)] (2) == -

Summation

Infinite summation

01.04.23.0001.01

3 2
ok 1 [ [2ar(3)
Z( 1) Kol ==Zn log

01.04.23.0002.01

S 2]

Operations

Limit operation

01.04.25.0001.01
limZlog(z) == 0/; Re(@) > 0
z-0

01.04.25.0002.01
limz2log(z)==0/; Re(a) > 0

Z-00

Representations through more general functions

Through hypergeometric functions

Involving »F,

01.04.26.0001.01
l0g(2) = (z-1)2F1(1, 1, 2,1 -2

Through Meijer G

Classical casesfor thedirect function itself

01.04.26.0002.01

11

log (2 -Gzz(z 1‘ 1 O)
01.04.26.0003.01

19 | 1,1
log(1+2) = Gzzz(z 1 0]
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01.04.26.0090.01
n (_ 1)k*1 Zk

logz+1) -y — =
9 k

k=1

1,n+1
n+1,0

)/;nel\l+

Classical casesinvolving algebraic functions

01.04.26.0004.01
log(2) 22( ‘ 0, O)

-1 %00

01.04.26.0005.01
log (2) 0, 0.
G22

= -7
33
z+1

01.04.26.0006.01

1 1
—_— Iog[—) == —Gg’g(z
z-1 z ’

01.04.26.0007.01

1 1
—_— Iog[—) ==7TG§§ z
z+1 z '

01.04.26.0091.01

log2 1 ,,2|0,0
(&lo

z—d - E 22 E
01.04.26.0092.01
log(2) _ log(d) 1,1(2

d+z a Mg

01.04.26.0093.01

z—d z d

01.04.26.0094.01
1 | (1) log(d)
[RS— og P e —
d

d+z z

URd )

1 1 1 z
)bl

4
11
Gl,l( n

1
0001, 3
1

]/;m(—l, 0)

0,0 .
0 o) /i ¢ (.0

1
0,0, 5

1

]/;zeé(—oo, -1
0,0

NI N

log(d) 11| 2
d

o) T,z
-G =
0) d 3'3[(1

0,0\ logd)
0, 0]+ T2

O) T 55 z
+ — G353l =
0" d 3’3[d

d

]/;d>0

/;d>0Az¢(-d, 0)

z 0,%

dl ot /;d>0Az¢ (~c0, 0)
T2

0,0 3

0.0 [;d>0Az¢(-d,0)

T2

Classical casesinvolving algebraic functionsin the arguments

01.04.26.0008.01

1 1,1
log(Vz+1 +\/?)==—G%:§[z 1 ]
2T 20
01.04.26.0009.01
1,1
log(Vz+1 —\/7):— Gézg(z 1 ]
2N 20
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01.04.26.0010.01

1 1 12
log = - G|z
Vz+1l +Vz

01.04.26.0011.01
1 1

log ] = G%’g[z

Vz+1l -Vz

01.04.26.0012.01

1 1
vz+1 +1 1 22|, 5,1,5
0 0

log =- G333

NA 2T )
01.04.26.0013.01
1,01
vz+1 -1 1 22 571,5
log = G332 .
\/? 2‘/7 01 2! 0
01.04.26.0014.01
1 1
vz 1 22 oL 1 3
log = G33lz ]
Vitz +1) 2vVn 030
01.04.26.0015.01
vz I 2 % L %
log =- G3a|z N
Vi+z -1 2Vn 030
01.04.26.0016.01
Vz+1l +1 1 13 1,1, 1
log = G35z 2
2 ovr Ul100
01.04.26.0017.01
Vz+1l +Vz 1 (0Ll
log = 33| Z 0.0 L
2Vz 2Vn 2

01.04.26.0018.01

111
1 V7 51505
Iog(\/?+\/z+l)::TG§:§[z =2 2]
11y

2 2

vz+1

01.04.26.0019.01

1 1 1
1 v 515 5
Iog(\/?—\/z+1)==—TG§j§[z 21 21 ;]
2' 2

vz+1

01.04.26.0020.01

11 1
1 1 Vr 22 2'2' 2
log =-—033z| |
z+1 Vitz +vVz 2 550
01.04.26.0021.01
11 1
1 Iog[ 1 ]__ Vr 22, 3133
=—033
z+1 Vitz -z 2 %%0
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01.04.26.0022.01

1 Vz+1 +1) vx (|00 L
log =—G33 21/,2¢(-1,0
z+1 vz 2 ,0,0

01.04.26.0023.01

1 Vz+1 -1 Vo (|00t
log =-——G33(z 21/,z¢(-1,0
z+1 vz 2 ,0,0

01.04.26.0024.01

1
0.0. 5]/;265(—1, 0
0

3
-—G

1 vz I
log = 33| Z
z+1 Vi+z +1 2

01.04.26.0025.01

1 vz v, 0,02
log = ——G3j3 21/,z¢(-1,0
z+1 Vvi+z -1 2 ,0,0

Classical casesinvolving powers of log involving algebraic functions

01.04.26.0026.01

1 0,00 0
2 533 00y 5
z+1 oy (&= 263'3(2 0,0, 0) " Gl'l(z 0)
01.04.26.0027.01
1 1 0,00 0
2(2) o33 DOUY 51 ) _
Z+1log (z) 2633( ‘ 0,0, 0) 8 Gl’l(z 0)/’262( >0
01.04.26.0095.01
1
log?(2) 0,00, 3
—= 271Gz :
z-1 0,00, >
2
01.04.26.0096.01
0,00,

1 1
— Iogz(—) =-2r Gi’f z
z-1 z '

= NI
————

0,0,0, 3

Classical casesfor powersof log involving algebraic functionsin the arguments

01.04.26.0028.01

N 1,11
Iogz(\/z+1 +\/?)::—G§’§z 1
2 ' 10, >
01.04.26.0029.01
N 1,11
Iogz(\/z+1—\/?)==—G§’§z 1
2 ' 10, 5
01.04.26.0030.01
(1 Vi | b1
log"| ————|= —Gs3|7| ; o 2
Vz+1 +Vz 2 P2




http: //functions.wolfram.com

56

01.04.26.0031.01

2 1 ] \/; 1,3[
—— | = —G35|z
vz+1 - \/?

2
01.04.26.0032.01

Vz+1 +1] v 31[
— = Gs3lz
vz

01.04.26.0033.01
| 2[\/Z+l -1 __\/; 3'1[ o1 1]
og"| ———— z

vz

1,11
log ]

1
10 3

N

log

vz Va 1
Iog2 — = 3'1[2 031

log| ———— | == —G33|z
g 5 a3

) vz V?u[oll

Classical casesinvolving unit step 6
01.04.26.0036.01

20( | L1
oL~ mlog @ = -G3z| o) ize (1,0

1,1
0, o)
01.04.26.0038.01
01 | (l) e
( _lzl) 0og ; - 2,2(2‘ O, 0)
01.04.26.0039.01
1
6(12 - 1)log (—) = _Gg;g(z
yA

01.04.26.0037.01

(12 - 1) log (2) == eg;g(z

1,1y .
0 o) 2% (-oo =D

01.04.26.0040.01

1,1,
0(1-z)log(1-2) + 6(1Z — 1) log (z— 1) = negi[z

NIk N

|

Classical casesfor powersof log involving unit step 0

01.04.26.0041.01

(1 log® (2) = 2 G2 L1, 1,0

(- ilog” @ =263(z| o o o) i 2¢(-1.0)
01.04.26.0042.01

612 - 1) log? (2) = 2 G232 111

(12 - D log” (2) == 313(2‘ 0,0, 0)
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01.04.26.0043.01
1 1,11
61— |2) lo 2(—) - 263‘0(2’ )
g 7 33 0, 0' 0

01.04.26.0044.01

6(12 - 1)1 2(1) 2| B, 1
(a-110g’(~) =268z o) 2 (o0 -1
01.04.26.0045.01
1,..,1
f(1-12)log™* (2 ::(—1)“1(m—1)!6m;?n(z 0 0)/;z¢(—1, 0)
01.04.26.0046.01
- on(_| L1
02 -1log™ " (2 == (n—l)!ann(Z 0 o)
01.04.26.0047.01
1 1,..,1
0(1—|z|)logm‘l(—] = (m-1)! Gm'om(z )
Z ! 0, eey 0
01.04.26.0048.01
a1 . |
6(12 - 1) log 2= =" (n—l)!ann(Z 0 0) [y 2¢ (-0, =1

Classical casesinvolving algebraic functionsin the argumentsand unit step 6

01.04.26.0049.01

Vi 1,1
812 -Dlog(Vz +Vz-1 ) == 7” Gg;g[z 0 &]
T2
01.04.26.0050.01
Vr 1
62 - Dlog(Vz -Vz-1) = —76‘2’33[2 0 1)
12

01.04.26.0051.01
1+vV1-z ] v [
_— oz

z

1
2! 1] [iz¢ (1,0
0,0

6(1-12) |09[

01.04.26.0052.01
1-vV1-z Voo Lo | 51
- ::—762122 2 0 /iz¢ (-1,0)

6(1-12) |09[
z

Classical casesinvolving Absin the arguments

]/;z>—l

01.04.26.0053.01
11,

NIFR Nl

log(l1-2)=n Géjg[z

01.04.26.0054.01

| (1+z
0 —_—
9 1

) =7 G;% b
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01.04.26.0055.01

| (1—2
0 —_—
9 1+2z

) =-r G;% 2

NI NI

, 1
/iz>0
,0

Classical casesinvolving sgn in the arguments

01.04.26.0056.01

1+Vz 11[
log =Gy, 2z
son(1- 12 (1-Vz)

NIR NI
o =

]/;m(—l, 0)

Generalized casesfor thedirect function itself

01.04.26.0097.01

log(2) = G%E(z, 1

1,0 1,0

Generalized casesinvolving algebraic functionsin the arguments

01.04.26.0057.01

1,1 12 1,1
)‘szz(zx‘l‘ )/;ze;(—l, 0

1 1] 11
Iog(\/ Z+1 +z) = —G%jg[z, -1 0]
2V 2| 3
01.04.26.0058.01
1 1] 11
Iog(\/22+l —z) ::——G%jg[z, -1 O]
2Vn 2| 3
01.04.26.0059.01
1 1 1 1
|Og = — G%é[z, =1 1 O)
VZ+1 +z 2Vn 2’
01.04.26.0060.01
1 1 1] 11
log = G%é[z, -1 O]
2+1-2z) 2 Vr 2l 2
01.04.26.0061.01
241 +1 1 1| 312
log = Gz = | ? . 2l Re(@>0
z 2vVn 2|0, 3 0
01.04.26.0062.01
VZ+1 -1 1 1] 312
log - Gz = | 2 . 2|/ Re( >0
z 2vVn 210, > 0
01.04.26.0063.01
1 1
z 1|51 3
log == ngg zZ — 2 N 2 /i Re(2) >0
VZ2+1 +1 2Vn 2 0,30
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01.04.26.0064.01

1 1
z 1 11513
log = Ggé Z, E 2 N 2]/; Re(2) >0
Vz+1-1) 2Vr 030
01.04.26.0065.01
VZ+1 +1 1 11111
log = G”[z, -7 '2]
33
2 2\ 211,00
01.04.26.0066.01
VZ+1 +2 1, 11011
log = G33lz - 1|/;Re( >0
2z ovg U 2[003
01.04.26.0067.01

; |og(z+ v Z+ 1)== gGgé[z, %

VZ2+1

01.04.26.0068.01

1 1 1
1 Vr 1|35 55
—Iog(\/22+l—z):=—TG§j§[Z,E 21 21 2]
V2+1 220
01.04.26.0069.01
1 1 Vi L 1]333
log =-——Gj3|z -
2 “l 2| L1Lip
\/22+1 \/22+1 +z 2" 2
01.04.26.0070.01
L 1 Vr Gzz[ 1|33 %]
Og == — 3’3 Z, —
2 “l 2 L L
Z+1 VZ2+1 -z 2030
01.04.26.0071.01
1 VZ+1+1| Vr 1]0.0
log == Giﬁ[z, oo 2]/: Re(2) >0
z
Z+1 0.0,

01.04.26.0072.01

1 VZ+1-1| vz ,,( 1001
log =-—G33|z - 2(/;Re(®>0
z 2 L 2]00,
Z+1

01.04.26.0073.01

1 z Vr 1 1
log =-— Giji[z. 5 0.0 2]/; Re( >0
Z2+1 VZ+1 +1 T

01.04.26.0074.01

1 z v 1 1
log = Gﬁjé[z, 5 0.0 2]/: Re(2) >0
Z2+1 VZ+1 -1 10,0
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Generalized casesfor powers of log involving algebraic functionsin the arguments

01.04.26.0075.01

vr 1
log? (\/ Z+1 + z) = Gé:g[z, 3
01.04.26.0076.01
Vo 1
log? (\/ Z+1 - z) = Géjg[z, >
01.04.26.0077.01
1 v 1
log?| ———— | = _e;g[z, -
2 |72
VZ2+1 +z
01.04.26.0078.01
) 1 Vi !
log"| ———— |=—G33|z -
2 |72
Z2+1 -z
01.04.26.0079.01
o2 Z+1 +1 JFGM 1
o | —|=—Gy3lz -
g z 2 ¥|72
01.04.26.0080.01
o2 Z+1 -1 J;G“ 1
o | ———— |=—G33|z —
z 2 72
01.04.26.0081.01
z vV 1
log?| ——— | = _eg';(z, -
2 |72
VZ+1 +1
01.04.26.0082.01
z Vr
W I I Gg;;(z, .

VZ2+1 -1 2

1,1, 1]
1
10, >

11, 1]

1
1,0, >

11, l]
1
1,0, 3

1,1, 1]
1
1,0, >

11
2! ]/;/; Re(2 >0
0

1 Y

11
2’ ]/; Re(2 >0
0,0

1 Y

o
o NIk

1
0

]/; Re( >0
(0

1
03 1) /;Re(® >0
0,00

Generalized casesinvolving algebraic functionsin the argumentsand unit step 6

01.04.26.0083.01
632 - 1) Iog(z+ VZ2-1 )

01.04.26.0084.01

(2 -1) Iog(z— \/Z)

GO,Z z -
2,2[ 2

1, 1]
1|/iRe(>0
0.3

1

1,1

1
0,5

]/; Re( >0
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01.04.26.0085.01

1+V1-2 | Vr o 1]i1
0l-|zhlog| ——— = ——G5,|z —| 2
z 2 ' 2100
01.04.26.0086.01
1-V1-2 Voo Lo 1] %1
01l-1z)log| ———|=-——G35|z = | 2" [/iz¢(-1,0)
z 2 ’ 2|00

Generalized casesinvolving sgn in the arguments

01.04.26.0087.01

z+1 11
Iog[—) =n1Gy5|z
son(1-1zh(1-2 ’

Through other functions

NI -
NI N e
o =
~_—

01.04.26.0088.01
log(z) == —Liy(1- 2

01.04.26.0098.01
l0g(2 = -$1(1-2

01.04.26.0089.01

T
F(z| 1) = log(sec(2) + tan(2) /; IR&(2)| < >

Representations through equivalent functions

With inverse function Log

01.04.27.0062.01
- Im(z)J

log(e?) == z+ Zin{
2n

The |eft side of above formula corresponds to composition f(f(‘l)(z)) /; f(2) =1og(2), which generically does not
equal to z

01.04.27.0063.01
loge®d ==z/;-n<Im2 <n

The left side of above formula corresponds to composition f(f<‘1)(z)) /; f(2) ==log(2), which equal to z under
restriction —z < Im(2) < 7.

01.04.27.0064.01
20 - 7

The left side of above formula corresponds to composition fY(f(2)) /; f(2) = log(z), which generically equal to z.

With related functions

Involving sin™*
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01.04.27.0004.01

i [Z+1
log(z) == ?—isin’ /;Im2>0Vz=<-1V0<z=<1l
z

01.04.27.0005.01

Z+1 j
Iog(z)::u‘sinl[ i )—ﬁ/;lm(z)<0\/zzl
2z 2

01.04.27.0006.01

Z+1) 3ni
log(2) =isint +—/i-1<z<0
2z 2

01.04.27.0007.01

V-2 [z-1 [z+1 [_1[22+1] n) V-z-1+vVz
log(2) == sin - —|+nifll- ——m—
z z+1 z-1 2z 2 vVezVz+1

Involving cos™*

01.04.27.0008.01
Z+1
log(z) == i cos™* . /;Im>0Vz<-1V0<z=<1
z

01.04.27.0009.01

22+1]
/iim<0Vz=1
z

log(2) == —i cos‘l[

01.04.27.0010.01
Z+1

log(z) == —u’cos‘l[ ]+2m‘/; -1<z<0

22

01.04.27.0011.01
V-z-1+vVz) V-2 z-1 [z+1
log(2) ==mi|1- - —— | —— cost
V_zVz+1 z z+1 V z-1

1

Involving tan™

01.04.27.0012.01

j 2
log(z) == Zitan‘l(u) [y Z¢& (=00, =1)
z+1

01.04.27.0013.01
i(l1-2

log(z ::Zitan’l( )+2m’/;z<—1

z+1

01.04.27.0014.01

i(1—27 1
log(z ::Zzitan’l(l( ))+m'[1—\/z+1 —]

z+1 z+1

Involving cot™

01.04.27.0015.01

i(z+1)
1 )/;zsé(—oo‘—l)

log(z) = 2i cot‘l(
Z —_

Z+1
2z

|

|
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01.04.27.0016.01
i(z+1)

log(2) ==2rLCOt_l( )+27rr£/;2<—1

01.04.27.0017.01

i(z+1 1
log(z ==2r;cot‘l(l( ))+m'[1—\/2+1 —]

z-1 z+1

Involving csc™t

01.04.27.0018.01

i 2z
|og(z)==——icsc-1[ )/;Im(z)>0\/zs—1VO<zsl
2 1+27

01.04.27.0019.01

2z i
Iog(z)::icsc‘l( ]—ﬂ/;lm(z)<0\/zzl
1+ 2 2

01.04.27.0020.01
2z 3ri

+—/;-1<z<0
1+ 2

01.04.27.0021.01

V-2 FF 2z \ =«
log(2) = [cscl[ ]— —] +mif1-
z z+1 z-1 1+ 7 2

Involving sec™!

log(z) == icsc‘l(

01.04.27.0022.01

2z
log(z) = i secl( S

]/; Imz>0Vz=<-1V0<z<1l
1+

01.04.27.0023.01

2z
]/; Im<0Vz=1
7

log(z) = —i sec‘l[
1+

01.04.27.0024.01
2z

log(z) == —u’sec‘l[ ]+27r12/;—1<z<0

1+27

01.04.27.0025.01

V-z-1+vVz\| V-2 [z-1 [z+1
log(z) =ni|l- - - - s
V_zVz+1 z z+1 z-1

Involving sinh™

01.04.27.0026.01

log(2) ==sinh1[2—]/; Re(z >0V0<iz<1Viz<-1
V4

01.04.27.0027.01

log(2) =i —si nhl[
22

VTTNzE
VT

22
1
[1+22)

]/; Re(z) <OAIM(2 >0V -1<iz<0Vz<0

|
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01.04.27.0028.01

log(2) = —m‘-sinhl{z—] /;Re(2) <OAIM@Z) <0Viz=1
z

01.04.27.0029.01

i Z+i -i —iz-1+iz—-1 w(z-VZ
O A A =) S L= (F:H?

Involving cosh™t

01.04.27.0030.01

2+1
log(2) == cosh_l[2—+2] /;12>1V|Zd=1A0<ag®<n

01.04.27.0031.01

Z+1
log(2) == —cosh"l[%] [i1Zd<1Az¢(-L,0VI|d=1A-n<ag®2 <0
z

01.04.27.0032.01

v
log(z) ==2ni - cosh_l( ’

1
/;-1<z<0
2z

01.04.27.0033.01
V-z-1 «/?] V-z-1Vz-1 V-2 1-2* shl(zz+1

- - co
V-zVz+1 1-2°2Vz+1 zZ 2z

log(z) == mi[l—

Involving tanh™!

01.04.27.0034.01

z-1
log(2) = 2tanh‘1[—) /;2¢ (—c0, —1)
z+1

01.04.27.0035.01

1
]/;z<—1

Z_
log(z) ==27i+ 2tanh’1[—
z+1

01.04.27.0036.01

-1
log(z) == 2tanh™ [ )+m[l Vz ]
z+1 z+1

01.04.27.0037.01

2-1
Z+1

01.04.27.0038.01

2-1
Z+1

01.04.27.0039.01

2-1
Z+1

log(z) == tanh™* /iRe(2)>0Viz>1V-1<iz<0

log(2) == tanh™t

+7i/;Re(2) <0AIM(2) >0Viz<-1Vz<O0

log(2) == tanh™*

-ni/;Re(2)<0AIM@Z) <0VO0<iz<1l
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01.04.27.0040.01

1

N7
+ +?[2— - Viz+1 - -
2\/; iz+1 1-iz

Z-1
log(z) == tanh'l[ ]
Z2+1

\ll—u’z]

Involving coth™t

01.04.27.0041.01
(Z+1

log(2) == 2 coth (—) /1 Z¢ (o0, =1)
z-1
01.04.27.0042.01

z+1
log(z) = 2coth*1[—1] +2mif;z<-1
Z_

01.04.27.0043.01

1 1
log(2) = ZCoth’l[ZL] +7i [1— vz+1 | — ]

z-1 z+1

01.04.27.0044.01

Z+1
2-1

01.04.27.0045.01

Z+1
2-1

01.04.27.0046.01

Z2+1
Z-1
01.04.27.0047.01

(A1 ”[Z_VZZ) i 1 ' 1 _
log(z) == coth +—|2- Viz+1 - Vvi-iz
2Z_1 /_22 2 iz+1 1-iz

+
2

log(z) == coth™?

/iR&(2)>0Viz>1V-1<iz<0

log(z) == coth™* +7i ;R <OAIM@) >0Viz<-1Vz<0

log(z) == coth™* —7i/;Re(2) <OAIM@Z) <0VO<iz<1

Involving csch™t

01.04.27.0048.01

2z
log(z) == cschl[zz—) /iR&(2)>0V0<iz<1Viz<-1

01.04.27.0049.01

2z
log(2) ::mz—cschl(zz—]/; Re(2) <OAIM@Z) >0V -1<iz<0Vz<0
-1

01.04.27.0050.01

2z
log(2) == —mi — cschl[zz—) /iRe(2) <OAIM@2) <0Viz=1
1
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01.04.27.0051.01

ﬂl[ Z+1 \/ —E] —iz—1+Viz-1
log(2) == | — ,/ - —
Z+1 Z—1 22 1

Involving sech™*

01.04.27.0052.01

2z
log(z) == sech‘l[

)/; 2>1VI|d=1A0<ag@=<nr
1+

01.04.27.0053.01

2z
log(2) == —%ch‘l[

1+

)/; l7<1Az¢(-LOVId=1A-r<ag2 =<0

01.04.27.0054.01
2z

log(2) ==2m’—sech"1[ ]/;—1<z<0

1+ 7

01.04.27.0055.01
V-z-1 \/7) V-z-1+Vz-1 -2 1-2*
V=zVz+1 1-2%2Vz+1 z

Involving log,(2)

log(2) == m‘[l—

01.04.27.0056.01
log( == log, (2
01.04.27.0057.01

log(2) == log(a) l0g,(2)

Involving other related functions

01.04.27.0058.01
209@ __ 5log@

01.04.27.0059.01
log(Wk(2)) == 2i m k + log(2) — Wi(2)

01.04.27.0060.01

1
log(W_1(2) = log(2 ~-W_1(2) - 2in /; 2 ¢ (—oo, - —) /\ 2¢ (0, )
e

01.04.27.0061.01

1
log(W_1(x) L==log(®) —W_1(X) /; —— <x<0
e

Inequalities
01.04.29.0001.01

X
—— <log(l+x) <x/; x>-1Ax+0
X+ 1

sechl[

2z
1+ 7

|
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01.04.29.0002.01

X
x<—|og(1—x)<1—/;x< 1IAXx+0
- X

01.04.29.0003.01

3 3Xx
—§x<log(1—x)< 7/;O<xs0.5828

01.04.29.0004.01
logx)=x-1/;x>0

01.04.29.0005.01
log) <n(x*"-1)/;n>0Ax>0

01.04.29.0006.01
log(1-Ix) =log(x+1) < -log(l-|x) /; -1<x<1

Zeros
01.04.30.0001.01
log(z==0/;z=1
Theorems

The Shannon information content of a message

The Shannon information content of amessageisH == -} p; log(p;) , where p; isthe probability for the symbol &.

The entropy of a (classical) physical system
The entropy S of a(classical) physical system is S== kg log(I'(E)), where kg is the Boltzmann constant and I'(E) is
the phase space volume occupied by the system at energy E.

Transcendentality of a sum

If @==3]", v log(Bi) + 0, wherethe f3;, y; are algebraic numbers, then « is transcendental.

Conformal mapping from the half-plane to the strip

The conformal map from the upper half w -plane to the strip —co <Im(2) <0, 0 < Re(2) < x is given by
Zw) = logWw) + (1-w?) /2.

Differential-Algebraic Constants
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To ensure the correctness of many formulas given in this collection over the whole complex plane, it is often
necessary to work with expressions of the form log(z?) = log(i 2) + log(~i 2) , log(Z%) — 210g(2), log(2) + log(1/2),
log(—2%) == log(2) + log(-2), etc.. While in a textbook-mathematics setting these expressions are often simplified to
2log(2), 0, 0, 2log(2) + « i, etc, this cannot be done inside Mathematica. From a complex function point of view

the Riemann surface of such functions are made from disconnected sheets. Inside Mathematica all branch cuts of
all functions (that have branch cuts) follow uniquely from the branch cut of the power function (the logarithm
function respectively). As a result the branch cuts related to functions such as Iog(zz), Iog(zz) - 2log(2),

log(2) + log(1/2), log(—7?) exist, although they do not start and end at branch points.
In details we have:

BClog(Z)) = BCAI0g(i 2) + log(—i 2)) = {{(=i o0, 0), 1}, {(0, i 00), —1}}
BClog(Z) - 2109(2)) = {{(—i o0, 0), 1}, {(0, i ), —1}, {(—c0, 0), —i}}
BC(109(2) +109(1/2)) = {{(—c0, 0), {}}}

An expression of the form Iog(zz) —2log(2) , log(2) + log(1/2) are called differential-algebraic constants because
their derivative vanishes generically everywhere as a complex function (but not as a generalized function).

History

—J. Napier (1614) published the first tables and used word Log

—H. Briggs (1617) published the first tables in base 10 and found logarithms of the first 25 primes
-J. Burgi (1620)

—J. Kepler (1624)

—B. Cavdlieri (1632)

—J. Gregory (1668) found series expansion for log

—N. Mercator (1668) used "L og naturalis"

—J. N. Lambert (1770) and J.-L. Lagrange (1776) found continued fraction representations for Log
—L. Euler (1749) found that log was multivalued

The function log is encountered often in mathematics and the natural sciences.
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