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Notations

Traditional name

Parabolic cylinder function

Traditional notation

D,(2
Mathematica StandardForm notation

Par abol i cCyl i nderD[v, z]

Primary definition

07.41.02.0001.01

et

2

2
D,@=2"Vr e+

v_l_z2 \/72 1—v.
22 z]‘ (

F ;
R

N w
NN

Specific values

Specialized values

For fixed v

07.41.03.0001.01

V2 \/7
17)

For fixed z

Dv(o) =

Explicit rational v

07.41.03.0002.01
2V n

105

D «(@=
2

4

4

(2z4+1022+5)\7?| 1[2] -2z(Z+4) (22)3/4| 3[§]+2(22+4)(22)5/4|3[§] _5(22)3/4(224+1022+5)|1[f)]

z 4
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07.41.03.0003.01

1 |« 2 2+2 2 1 [n 2 z
Du@=-- = z(Z+3)e? + e+ - [ = e z(Z+3)efl—
3V s 6 3Vs NeS

07.41.03.0004.01

D-E(Z)zg[‘z(””)@';[f] —z(2z2+5)\‘7?|_%[§] +(222+5)(22)3/4|1[§]

4

4

07.41.03.0005.01

z 2 bs 2 z T 2
Dis=-—e 4 —_| — (22+1)e4erf[—]+ — (Z+1)e+
2 V8 vz) Vs

07.41.03.0006.01

D +(2= g [(22 sy Z2 |(§] -z(2)" |(§] +(22)5/“|§[f] - 1(22)3/“ (Z+1)1

4

07.41.03.0007.01

n 2 T 7 z 2
D29 =- 5 Zes + 5 es zerfl — | +e 4
V2

07.41.03.0008.01

S I R N )

2 4 4

07.41.03.0009.01

T 2 z
D@=,— e+ [l—erf[—)]
V2 V2

07.41.03.0010.01

z z
L 4?_[_]_ ? .1[_]
2 2 2 \‘7? 2l 4
07.41.03.0011.01
2
Doz =€ 4

07.41.03.0012.01

e o5 2] 2] e

4

07.41.03.0013.01
_Z
D12 =ze 4

07.41.03.0014.01
2 2
Ds(@ = @[(22-1)\‘7? '—1{2] 22" [Z] -,

07.41.03.0015.01
2
D9=e «(Z-1)
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07.41.03.0016.01

Ds(2 = %x/—[—z(zf—3)\‘7;|§[§) +2(27-5) ﬁll[é]—(zf—S)(zz)Bmli[;] +(222—3)(22)3/4I3[§)]

4 4 4

07.41.03.0017.01
2
D3(2) = z(Z-3)e =
07.41.03.0018.01

1
D:(29= 5«/7

4 zZ 4 4

(24 -102+5VZ2 |[§] 22(2-4) (22)3/“|3[§] _2(22-4)(22)5/4.3[9 @22 -10Z+9 h[f)

07.41.03.0019.01
2
Dy =(Z-6Z2+3)e «

07.41.03.0020.01

1 7
Ds(2 = 1—6x/_[—z(4z4—30z2+21)\‘7;|3[z] +

2 4

4 4

24z -7+ a2 |[§] (4237 4 a5) (2 |E[f] L4202+ 21) (2" |_§(f]]

Symbolic rational v

07.41.03.0021.01

2 Y
Dyn(2=(-1)"2"nle 4 Ln? E /ineN
07.41.03.0022.01
2 YA
Don1(@=(-D"2"nlze 4 LA 5 ineN

07.41.03.0023.01

YO
22 Vi 2
L eiH,

D—n—l(z) = n

iz z 21_Tnu‘” 2N iz z
]erfc[_]’f € Z(k)(—i)ank[—]H“[—]/; neN
V2 V2 n! py V2 V2
07.41.03.0024.01
4 2
5 1 _7\n n (—— 1 k
G o T en e S o) YT o

neN

Brychkov Yu.A. (2005)
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07.41.03.0025.01

L 1\ L (Z
0,, 30 =2 EE (V2 o o F)e

2 k
Corm @7 o (-5 (2) & 2 2
Wl T L TP L O L O
21 =0 k! 4 v m —krzme2{ 4 —kr2mi2| 4
Brychkov Yu.A. (2005)
07.41.03.0026.01
D—Zn—%(z)z
n-t 4 n _ik
et A S Sl
4 - 2 \/7(%)2 ok 44 =
Brychkov Yu.A. (2005)
07.41.03.0027.01
7 2 1y 1 2
D s(z>=<—1>”2’”W7(\/?_z)r(—n——)Lz | =]+
-2n-3 2l 2
1 2 k
ot (A n (-5 L 2V & 2 2
Lt T T I L O
\/;(g) =0 k! 4 o m —krzme2| 4 —kr2mio| 4
2n

Brychkov Yu.A. (2005)

Values at fixed points

07.41.03.0028.01
Do(0) = 1

Values at infinities

07.41.03.0029.01

D,(c0) =0
07.41.03.0030.01

. 0 1=0
D,(e'* ={ :ImQ) =0
(et o) & True /2 1m@)

07.41.03.0031.01

limD,(2=0

Z—00

07.41.03.0032.01
lim D,(2 =&

Z->—00
07.41.03.0033.01
lim D,(2 = &

Z-i 0
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07.41.03.0034.01
lim D,(2 =%

Z-—ico

General characteristics

Domain and analyticity
D,(2) isan analytical function of v and z, which is defined in C2.
07.41.04.0001.01
(vx2)—D,(2:: (CRC)—C
Symmetries and periodicities

Parity

07.41.04.0002.01
Dh(-2=(-1)"Dn(@/;neN

Mirror symmetry

07.41.04.0003.01
D,(Z)=D,(2

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v, the function D, (2) has an essential singularity at z == .

07.41.04.0004.01
Sing (Dy(2)) == {0, oo}}

With respect to v
For fixed z, the function D, (2) has only one singular point at v = co. It isan essential singular point.
07.41.04.0005.01
Sing (Dy(2) = {{, co}}
Branch points
With respect to z
For fixed v, the function D, (2) does not have branch points.

07.41.04.0006.01
BP,(D,(2) = {}

With respect to v
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For fixed z, the function D, (2) does not have branch paints.
07.41.04.0007.01

BP#D,(2) = {}

Branch cuts

With respect to z

For fixed v, the function D,(2) is an entire function of z and does not have branch cuts.

07.41.04.0008.01
BCAD\(2) =1}

With respect to v
For fixed z, the function D, (2) is an entire function of v and does not have branch cuts.

07.41.04.0009.01
BC,(Dy(2) = {}

Series representations

Generalized power series
Expansions at generic point z== z
07.41.06.0001.01

1 1
D,(2) = Dy(20) - (Dv+1(20) —5% DV(ZO)] @-2)+ o (4(Dy12(20) — 2 D,11(20) + (B + 2) Dy(20) ) (2= 20° + ... [; (2> 20)

07.41.06.0002.01

1 1
Dy(2) = Dy(2) - (DM(ZO) -~ % Dv(zo)) Z-2)+ 2 (4(D,.2(20) — 2 D,11(20)) + (% + 2) Dy(20) ) (2— 20)° + O((2— 20)°)

07.41.06.0003.01
© 1 i k k K ) iZy
D@O=> —|-— > | (-2i) H ;| — | D; -z
@ kzg)k!( 2] Z(])( i) kj(z] i(20) (2— 20)
= j=0
07.41.06.0004.01
© 1 1 k k K\ . %
D,=)> —|-- C|2i (- -H_-(—)DV_- — 7
@ kZ(;k!( ) 2(5)2 eGP 20
= j=0
07.41.06.0005.01
D,(2) « D\(z9) (1+O(z-z))
Expansionsat z==0
07.41.06.0006.01
v+l v v-3
22\ 22 Nrnz 22%Vr @v+DZ 27 Vr Qv+ A

(L) Ty ML) erey)

+.../;(Z-0)

D,(2) «
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07.41.06.0007.01

v+l v v-3
22\ 25 Nmz 22%Vr @v+DZ2 27 Vr Qv+D B
- - +

D,(@ « - + - oZ)
r(l_Tv) r(-3) r(%) 31(-3)
07.41.06.0008.01
o k(DT 22K () w K (D2
DV(Z)=2V/2\/7 1 Z ZJZZK_ﬁZZZ ( 2)] sz

F(%) k=0j=0 j!(k- j)!(%)i I(-3)i0io k- j)!(g)j

07.41.06.0009.01
. i(_l)kﬁkzzk N (‘é)kz'kzﬂ_ V2 z & (~1k22k 2k = (%)kz_kZZk
r(5)e K @ (Yr TEDE KOS ()

D, =2"2\r

07.41.06.0010.01

2| 1 1 2\ V2z 1-v 3 2
D,@=2"Vr e* 11[‘V ]_—1Fl{ V?E]

= I
07.41.06.0011.01

22\
D,(2) «

(1+0(2)

i(7)

Asymptotic series expansions

07.41.06.0012.01

sin(rv) v
Dy(2) & — A7
2n
b _i\/— V2 v Fi % v-v @¢-3)r-2(v-1v
iz (V2 csc(—)+zsec(—))[l— N +...)+
[ 2 2 2 27 87
2 v+DH(v+2) v+ (v+3Hv+4h(v+2
w(\jzz —z)l"(v+l)[1+ + +) /; (12 = o0)
27 87
07.41.06.0013.01
D,(2) «
2
y —— _ v-1v v=-3)(v=2) (v=-1)v i _n n
Z'e 4(1 32 + o +O(26)) 2<arg(z)s2
2 ——iny -1
y —— _ v-Dv v=-3)(v-2) v-1v i _ e4 2n = v+1) (v+2) v+1) (v+3) (v+4) (v+2) i o
zes (1 22 T 8 +O(25)) = (1+ 22 87 +o(26)) ag2 =-3
2
Z2 —+iny -1
v == (1 _ =Dy (=3 (-2 0-Dv 1\)_e4 N2rz 4D (4+2) | (r+1) (v+3) (v+4) (v+2) 1
zes (1 22 ' 87 +O(ze)) () (1+ 22 ' 87 +O(26)) True
/s

(12 - o0)
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07.41.06.0014.01

sin(rv) v
Dy(2) o~ (2) 2
Var
_1)k(_1) (L_V) ok 72k

n 2 2 v b % n ( 2\ 2 )k

e -2 (-2 (\/ -7 asc(—)+zsec(—)) +0(z2"2?) |+

2 ¢ ( ) 2 2 ;0 k! ( )

v+1 v+2 kK -2k

2 o (7)) (F) 27

et (\/22 —z)r(v+1) > S +0(z2"2) ||/ (12 - o0)

e k!
07.41.06.0015.01
D,(2) «
2, e
Ze 7|3, - +0(z2"2) —Z<ag@d=;
2 DR(=2) (E2) 2k 72k o iny . v (v42) ook
e 7 [ZE_O ( Z)k Edz )k " O(Z_zn_z)] _ e4 r(_\z/)n 71 [ZE_O ( 2 )k( Zk!)k 4 O(Z‘Z"‘z)] arg(z) < _% /;
- 2
2 DK (=) () ok 2k ST Vﬁ v (2) ok 2k
e 7 [Zrk]zo ( Z)k |((!2 )k i O(Z_Zn_z)] _ 4 r(j;r 71 [Zﬂzo ( 2 )k( 2k!)k + O(Z_ZH_Z)] True
(14 - o0)

07.41.06.0016.01

Dv(z)‘x_w[ z é\/;(_ZA)V/Z(‘/;CSC(g)+zsec(%))2Fo[_z,1_y;;—3]+

J— E_
Ners 2 2" 2 2
2 v+l v+2 2
e?(\/zz —z)r(v+1)2Fo , =[]/ (12 - o0)
2 2 yia
07.41.06.0017.01
2
-—— 1 v v 2
e s ZFO(Z_E’_E;;_§) - <ag@=;
2 iﬂ’ v\/i
D,(z - 1 v _v.._2)_¢* 2r 7 volv g2 _r (2
WD x| 2 e 42F0(2 53 z2) - 2F0(2+2 2+1,,22) ag2) =-3 /; (12 = o0)
V_él: v v 2 4"\ 2n £t E(” 1 v 1..2 T
ze fa2 0(“5"5 ‘;)‘ ton 2 0(5*515* ~§) rue

07.41.06.0018.01

o e i 2
) N2 (@) )" [\/; csc(ﬂz—y)usec(g)) (1+o(§)) J; (12 > o)

2
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07.41.06.0019.01

z e"é (1+O(%)) —% <ag2 < g
D@ 27 (1+0(2))- YT (1, 0f2)) agpe-] filZow)
Lo
2T (1402 - T o) Tre

Integral representations

On the real axis

Of thedirect function

07.41.07.0001.01

v+7

2T 0 7X71
Vﬁ(4t—1)z At+1)

r(-3)72

07.41.07.0002.01

o5l W (Gt-D)7 (YAt 1 +V2 )Hl
D,(2 = f
r-nz J: Va1

v-1
2

D.(2) = e?tdt/;Rev) <0 /\ Re(Z) > 0

e?tdt/;Re(v) <0 \ Re(Z) > 0

07.41.07.0003.01

222V e(VAt+1 +\/7)V@‘22t
Dv(z) = f

T1-v) 4t-1)

, dt/;Re) <1 /\Re#A) >0

4
07.41.07.0004.01
2507 o (a4 127

D,(2 = ——dt/;Ren) <1/\Rq?)>0

)% wi-ys

07.41.07.0005.01

2
@_T 0y v-1
D,@ = f t7h@2t+ 17 e 7'dt/;Re) <0 /\ Re#) >0
I(-3)
07.41.07.0006.01
1
2717 et H(V2t+1 4 1)V+ et
D.(2 = f dt/;Re(v) <0 [\ ReZ) >0
[=nz" Jo Vat+1
07.41.07.0007.01
2
2o d  pe(V2i+1 +1)Ve‘Zzt
D,@ = f dt/;Re(v)<1/\RegZ)>0
T ora-w Jo v /\Re?)
07.41.07.0008.01
2
T

D,(29 =

00 2
f t71e 27?32t/ Re(v) < OAR&(2) > 0
(=v) Jo
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07.41.07.0009.01

2
"4 co 2
D,(2) = - — f 2R+ (v+D)e 2 “dt/;Re(v) < ~1ARe2) > 0
I'(-v)zJo

07.41.07.0010.01

V2 2 o 2 ny
D,(2 = e4 f tVe 2 cos(zt— —)dt/; Re(v) > -1
v 0 2

07.41.07.0011.01

2277 _ifoo Y *L*\/Zt
0

D,(2 = tz'e ? " dt/;Re) <0 /\Re(Z)>0

07.41.07.0012.01

2

2_;_ zZ 2 e v v t
D,(2) = e s f e (r(——)—r[—— —]]zlt /i Re(v) <1ARe() >0
I'(-v) 0 2 2 2

07.41.07.0013.01
1 3£nn_£

00 1 .
e 2 4[ e 2T gt Re(y) > -1

Var =

Dn(@ =

Of the products of direct functions

07.41.07.0014.01

D,(?D_, 12=2 f me-Z‘ cos(zt - %ﬂ) J 4(t*)dt/;Re(v)> -1ARe2)> 0
0 V+E

07.41.07.0015.01

D(@”Tiz)D( 2D ) ﬂfw 2t g [i]dt/' Re(v) < 0ARe® = 0
v v 7V71 2 1 =
2

T(-v)

R 8
Dv(e”f z) Dy(e_%(”) )— _f - cos(zt— —) 1(t?)dt/; ~1<Re(») <0
[(-v)

Contour integral representations

07.41.07.0016.01

07.41.07.0017.01
2
e 4 i co
D@=——| T s)r( S )(\/—z) ds/: arg(z)<—/\—|(veZ/\v>O)
27 T(=v)2nmi

Whittaker,Watson,16, Examplel2

07.41.07.0018.01
2

Tv+1le « 2
D,(2) S— f (- te 7 at
V() L

(Hankel's contour integral.) The path of integration L starts at co + ¢ 0 on the real axis, goesto € +i 0, circles the
origin in the counterclockwise direction with radius e to the point e — i 0, and returns to the point co — i 0.
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Whittaker, Watson,16.6

07.41.07.0019.01

2V;1F +l y-1 221
D,(2 = f(t+l) 7 A-07 e dt; arg(z)<—/\arg(t+l)<7r

(Hankel's type contour integral.) The path of integration L starts at —co — i 0 on the real axis, goesto -1 —-¢e—i0,
circles the origin in the counterclockwise direction with radius € to the point —1 — € + i 0, and returns to the point

—oo+10.

Whittaker,Watson,16,Example 11

Integral representations of negative integer order

Rodrigues-type formula.

07.41.07.0020.01
2
2 e 2

Dh@=(-D"e+ /ineN

Limit representations

07.41.09.0001.01
22 4
D,@=e s T(v+1) (Iim A2 L‘}()L N z))
A—00
07.41.09.0002.01

2
D()=27¢ 7 F(v+1)[||m A zd[ ]]/ l2<v2
NP3

A—oc0

07.41.09.0003.01

)

22 v
D,(2 = 2T T rv+1 (”m a:z Psa,a)[
a—oo

Generating functions

07.41.11.0001.01

Dn(2) = 22n'([t” a2 2t ]/neN

Differential equations

Ordinary linear differential equations and wronskians

07.41.13.0001.01

1 27
w’(2) + (v + 5 - Z] w2 =0/,w2=¢c,D,@+c,D_,_1(i2
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07.41.13.0002.01
1.
W,(Dy(2), D_, 1(i2) = —ie 2"

07.41.13.0003.01

,7

w’(2) -

1
70 W(2)+ 2 (-9@%+4v+2)g@*W@ = 0/; W2) = ¢; D,(9(2)) +C,D_,_1(i 9(2)

07.41.13.0004.01

—inv

1
W,(Dy(9(2), D_,-1(i9(2) = —ie 2" g(2)

07.41.13.0005.01

2@ 9"
+

ha dJd@

W(2) = ¢; h(2) D,(9(2) + ¢, h(2 D_,_1(i 9(2)

2h@° N@g'@ h@
+ - w2 =0/
hz? h@g@ ha

1
V\//(z)—( )V\/(Z)+[Z(—g(z)2+4v+2) g/(z)2+

07.41.13.0006.01

inv

W,(h(2) D,(9(2), h®) D_,1(ig (@) =—ie 2" h2’ ¢ (2)

07.41.13.0007.01
r+2s-1

s(r+s
W@ - (r+s

1
W (2) + [Z ar’(-afZ +4v+2) 2%+ W2 =0/;W@2=c,2D,(az) +c,2D_,_; (iaZ)

07.41.13.0008.01
W,(ZD,(az), ZD_, 4(iaz)) = —i ae " gl
07.41.13.0009.01
W’ (2) — (log(r) + 2log(s) W (2) + G a’(-afr??+4v+2) log?(r) r2% + log?(s) + log(r) Iog(s)) w2 =0/;
W2 =c; Dy@ar? +c,D_,_q(iar?
07.41.13.0010.01

1.
Wy(&Dy(ar?), $D_,_s(iar?d))=—-iae 2 " r?Zlog(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.41.16.0001.01
T
Dv(\/ Z ) =D,/ - 5 <AID =
07.41.16.0002.01
y1o2 v+1 vy L (Z
DV(\/ZZ ): D,(2+22 2 e‘T(\/zz -z)r( 5 ) sin(—)Lf_l(—]
2
07.41.16.0003.01

Dv(\/?) =D.@+ i (\/; _Z)VF(E)SW%) e’é 1F1[1_V? g;

by
2




http: //functions.wolfram.com

13

07.41.16.0004.01
DZn(V Z ) =Dy /;neN

07.41.16.0005.01

w2 (v+1 avy L (2
D,(-2=D,(2-22 ze + 1"( 5 )sin(—)Lf_1 —

07.41.16.0006.01

v+l
272 vr(g)én(%) 2 1-v 3 72
D)(-2=D,@-——2e ¢+ 1k ; 5; >

3

07.41.16.0007.01
Dn(-2=(-1)"Dn(@ /;neN

Addition formulas
07.41.16.0008.01
1 [ee]
D,(zy - 2) =e2 % (%m2n) Z é Dysy(z1)
ki

07.41.16.0009.01

i (—V)ki;

k!

1
D,(z - 7)) = €3 247

Dv—k(zl)
k=0

07.41.16.0010.01
» & (—tan(@) (-v)

k!

L (z1 sin(a)-2z, cos(@))

D, (cos(@) 2, + Sin(e) z,) = cos’ (@) e4 D,-«(z1) Dy(2)

k=0

Identities

Recurrence identities

Consecutive neighbors

07.41.17.0001.01

D,(29 =

(zDy41(2 - D,42(2)
v+1

07.41.17.0002.01
D)@ =(v-1D,»2-2D,1(2

07.41.17.0003.01

1
D,(29 = ; (vD,-1(2 +D,.1(2)

Distant neighbors
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07.41.17.0004.01
Cn1(v, 2

D,(2) = Cn(v, 2 Dnyy(2) - D412 /3

Coav, 2 [\neN

z z
Cov,2=1/\C1(v,) = — /\Cr(v,) = — C_1(v, 2) —
0 /\ ! v+1/\ " n+v -t n+v-1

07.41.17.0005.01
D,(2 =D,-n(@Cn(v, 2+ (N=v) Dy_n_1(2 Cn-a(v, 2 /;
Cov, 20 =1ANC1(v,2) =zZACnh(v,2) = 2Co1(V, ) = (v =N+ 1) Cpa(v, 7 AN e N*

Functional identities

Relations between contiguous functions

07.41.17.0006.01
Frov+1) ( _xiv vai

D,(2) = (e D, a(~iD+ez Dyl z))
V2r

Relations of special kind

07.41.17.0007.01
iV2rm e 2 )
D, (2= ————D_, 1(-i2+e"" D,(-2)
T'(-v)

07.41.17.0008.01

wiv

) iV2n e 2
D,(@=e"""Dy(-9) - ——D_,1(i2
T(=v)
07.41.17.0009.01
1 v+l
22 (L +1 27 Vr (Vz cot( ) +V -z 3
DV(\/ -z |= # va,l(\/;) _ i 2 ) 1F1(K +1— E)
(%) r(~%) e 2 22
07.41.17.0010.01
2”%\/—_zr(%) 2”2‘/7( -z ‘Zta”(%”)) y+1 1 z
S i e P Nl e

F :
vz 1(-3) V-2 (%) e 222

2

Differentiation

Low-order differentiation

With respect tov
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07.41.20.0001.01

aDy(2)

av B

EIog(2)DV(z)+2"§e_§[ ! [F(—K)w(i)f [—K } é] \/—ZF[ );[/( K)1F1[1_V;E f)]—
2 AT (-v) 2 2 22 2 2 2 2 2

2 y FLL-5 2 2 1-v L 2 2
ar(-Jeead| % S v ey T D
12T(-v) 2 231-% 22 2 2355 22

07.41.20.0002.01
4D,(2) Z%W(Iog(Z)—Zw(—v))z 2 [1—v 3 22] 257 (log2) = 2u(—v)) 2 [ v 1 zZJ
== ” e 4 1F1 . . _ N _
g 3 )
M 2 v-1 2 1-v 1-v
25 r e T i R L e o B L

) & ez & e

N |
N

Brychkov Yu.A. (2006)

07.41.20.0003.01

oD,(2
oy
1 2 1 [ vy (1-v v 17 1-v v 1-v 3 7
—log(2)D,(2+2 2e 4 r(——)w( )1F s —\/?zr[ )w(——)lFl | g
2 4T (-v) 2 2 22" 2 2 2 2 2 2
-1\ v F[ y 1 22] iZ‘k(—%)klp(k—%)zz"
()LL) :
o (Ve g
1-v 1-v
25 Vrz| (1-v F[l—v 3 22] izk(T)k‘/’(“T)zﬂ
. W( )1 1 Tl b
F(—E) 2 2 22) % k!(g)k
07.41.20.0004.01
D(lo)(z)__
1 22n—l 3 22 z 1 2 N lﬁ(——k)( 2)k22k
n![—) —zzze(l, 1, -2 —] +rerfil — +1ﬁ(——n)—y D2n(z)—(—1)”2”’1e_72 +
2| @n)! 2" 2 NG 2 -k k!
)P v: 20t g k[ 22] 27K g 2ke2 k+1[ zz] " (22]
es Vrzh, ?|-—|- ———L 2|-— ||t 2| = |- = Dan@l0g2 /; neN
() Skl k! =2 2| 2

Brychkov Yu.A. (2006)
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07.41.20.0005.01

16

1,0 1 —i
Dy Y@ =—e 3

Brychkov Y u.A. (2006)

07.41.20.0006.01
1 2
1,0
D(2 )(Z) ==

3
—e 7 |(1-2),F|1 1 -, 2
T S T
Brychkov Yu.A. (2006)
07.41.20.0007.01

v+l v
-1z 22 V7x 2
0D, (0) 2

[ 3 Z z
-2F2(1, 1 -2 —) 2+ nerfi[
22

=
2

_162/\V>0

—) —1og(2) —Y]
V2

zZ
E]ZZ—@é V27T erfc[ z

e 22 V(2
v 22 Vl_ Vlog(Z) + ’IT_V( > True
5 13
With respect to z
07.41.20.0008.01
oD,(2

-2zD,(2-D,.1(2
0z 2

07.41.20.0009.01
0D, (2

1
=vD,1(@--2zD,(2
0z 2

07.41.20.0010.01
oD, 1

(V Dv—l(z) - Dv+l(z))
0z 2

07.41.20.0011.01
#D,@ 1
=—(40v-1vD, (2 -42vD, 1(2 +(Z -2) D\(2)
07 4
07.41.20.0012.01
#D,2 1
©_2 (Z+2)Dy(2-2D,11(2) + D, 12(2)
07 4
Symbolic differentiation
With respect to v
07.41.20.0013.01
w1
’DD ., 2oy 2 S 1 G,y &
=22""1og"2)Vr ¢ 3 ( J[ ] _ 27) -2z
v kZ:: k/\log2) jzzo(zm P 2z) 2,
meN

With respect to z

i=0

E]zwr(zz-l)erfi[i

1

@]+ 1!

]-(z2 -1)(log(2) +y) -2
V2

L2

i-3) il
vk (222) !
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07.41.20.0014.01
akt_é)j ak(l%v)l
"D, - 2 2 Y& 1 G i =1 -3 i
:2zm|og”‘(2)«/?e42(m)[ ) > 3 (22 -V2 z) — -3 22) |1
aym o\ kM log2)) |2 o DI+ gk
meN
07.41.20.0015.01
™D, (2

" (~3); 5
, 2 m m 2 k|l « 1 I‘(l v) ) 0 1
2™ log"@) Vi ¢ T ( )[ ) 22) 7 2
o™ % k/\log(2) jzzoaj)s Y (27)

: (22) |/
0 2]+ gk
meN
07.41.20.0016.01
D@D . 2 7on Cpfkk & CDI2(=3), y 12
=22"e TV n Fli—=i+=—1|-
oz r(%) kzO(n—k)!(Zk—n)!J.:Oj!(k_j)!(%)j 27 22
—i i k 1-v
> n-1 2k ( (D2 ( j )(T)J 1-v 37
— (n+1)Zl_nZ " 1F1[j+ R —]+
r( E) o Ck—-n+D(n-K! 3 (2)j 2 2 2
_qy-i i (v
Zn+ln(1) Z(Z)JF[ 1—V_ 322]/ N
————————F|i+ —— i+ = |||/ine
4 ; a3 2 2 2
o jrin-jr(3
0 jro-i(3)
07.41.20.0017.01
2
0"(@4 D,(2 B
pa =E=D"(-v)hed Dyn(@/;neN
07.41.20.0018.01
2
e + D,
roa]
——— =(-D"e * Dhy(@/;neN
oz
07.41.20.0019.01
1
a"[znleu? Dv(z)]
z i l
=z"1(=v),e4? D,_ (—) ineN
97 (=v)e n .
07.41.20.0020.01
an(z“‘z-l e Dv(\/? )) (=V)p, Z—g-l pE vazn(\/;)
07"

o /ineN
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07.41.20.0021.01

v-1 z V= z
gn (ZT+” e s DV(\/?)) 271 e+ D2n+v(\/?)
- ineN
97 (-2

07.41.20.0022.01
1 M 1
a"(zV/ZeED(i)) e D, (L)
v \E ( )2n v=-2n \/?

= /ineN
07" =2)"

07.41.20.0023.01

o 19743 D—Zn(\/?)

1 z
N3 Z 2¢ 2
= /ineN
oz =2)"

07.41.20.0024.01
z

c4 D—Zn—l(‘/?)

an
S 2_”_%\/71 z‘”‘lerfc[ / )/; neN
07"

07.41.20.0025.01

A it
I"2e 2Dy = L

NI N

\/? e 2z
= /ineN
0z" on \/?
07.41.20.0026.01
1
fecion(z)
vz ot 1
: =2n2\/7erfc[ ]/;neN
0z V2z

Fractional integro-differentiation

With respect to z

07.41.20.0027.01
k= gj-2k (_Y k—-a _ayk—j oj—2k [ 1V Kea+l

"Dy 1wk (T2 @0t 2 VT e k (DRI (LY )j(2|<+1)zz2 +
=2v/21¢7r z z B

oz r(%)kzo;:o j!(k—j)!(%)jl"(Zk—a+l) I(-3) i1 js(k-j)s(g)jr(zk-mz)

07.41.20.0028.01

o ) 2 21722

2
0%|es D,(z v v-1
( ()] 22 gz ~[ v 1-a o 22] 22 Mg
2|1, - ; -

Integration

Indefinite integration

Involving onedirect function and elementary functions
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Involving exponential function

07.41.21.0001.01
2

2 7
f €7 D@ dz= —— D, 12
v+1

07.41.21.0002.01

2 2
fe‘f D,@dz=-e % D,_1(2

Involving exponential function and a power function

07.41.21.0003.01

v+l

2 22 \n 2 a v 1a 2\ 272 Vr 1 a+1l 1-v 3 a+3 7
ft"lev(Z)dz:ize - -=i- =+ - —oF , ;= ;=
ar(l‘TV) 2 222 2) @+1r(-3) 2 2 2 2 2
07.41.21.0004.01
v+l
2 2\ 2 @ v+l 1 a 2\ 27 r #t! a+1l v 3 o+3
zle e Dyhdt= L T I il I — oF> e
ar(l‘TV) 2 2 22 2) @+1r(-3) 2 2 2 2
07.41.21.0005.01
2
2 e+ Ml (—n-1) 2kt
fz” es D,2dz= - D@ /;neN
+1 =) v+ 1)
07.41.21.0006.01
2
2 e
f ze4 D(9dz= (zDy,1(2 + D,(2)
v+2
07.41.21.0007.01
2
2 e 2
f ZeiDy(2dz= ((22— )DV+1(Z)+22DV(Z))
v+3 v+1
07.41.21.0008.01
2
i Z—v—2 67
f 77 3e7D(2dz= ———  D,»(2)
v+ (v+2
07.41.21.0009.01
2
~7 n+l

2
f Ze T D(@dz=-—— (-DK(n-1, 7D, @ ineN
n+1ica

+14
07.41.21.0010.01

2 2
f ze 4+ D,(2dz=-e 4 (D,_»(2) +2zD,_1(2)
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07.41.21.0011.01

2
e 4

5 (22D, - (vZ-2)D,.1(2)

2
fzz e “D,@dz=

V-
07.41.21.0012.01

2 2
fz"’z e 2 D,@dz=-2"1e 7D, 52

Definite integration

07.41.21.0013.01

00 2%\/71“(0’) a a+l a-v+1 1
f DM dt= —————, 1( ; ;
0

=) 2

)/; Re(@) > 0

) )

2" 2 2 2

07.41.21.0014.01

V-

272 Vr T(@ [a a/+1_a/—v+1.1 )/_
——2h ;

l ) ’

f -1 =3 D (1) dt =
2" 2 2 2

o ()
(Re(a) > 0ARe(4a+1) > 0) V(0 < Re(a) < —Re(v) ARe(4a+ 1) = 0)

07.41.21.0015.01

a+v
a+v

© g2 277 ' r@r(-5)
f 17 Dy(t) dt = /: 0 < Re(a) < —Re(y)
0 I'(-=v)

07.41.21.0016.01
r-3)r() -7 r-3)

22 (4 — )T (=) (=)

wa(,(t) D,(t)dt =
0

07.41.21.0017.01

ot E0)-o-2)
-fo 0 _23/2F(—v) v 2 —lﬂ(—g)

Integral transforms

Laplace transforms

07.41.22.0001.01

2751 T2a) 1 1-vy 1
Lt[t"_l D, (Vt )] @=— zFl( z) /;

F(a + 1;_1/)

Re(v)
(Re(a) > OARe(4z+1) > 0)\/(0< Re(a) < —T/\Re(4z+ 1) = o)

Mellin transforms

07.41.22.0002.01

MD,(®)] (2 =

Z%WF(Z) (z z+1 1+z-v 1
2 27 2 2

— k1| ¢ )/;Re(z)>0
(5)
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Summation

Infinite summation

07.41.23.0001.01
>, WK Dk+v(z)

5w

W(Zz—w) D (Z— W)
v

07.41.23.0002.01

o (— V)k V\Ik Dv_k(z) w(W72 2)
Z — e Dy(z-w)

k=0

07.41.23.0003.01

S WkD2k+v(Z) 1 _w?_ z 1

Z - e2@w+l Dv - /’ |W| < —

k=0 ! (2W+l)% V2w+1 2
Operations

Limit operation
07.41.25.0001.01

1/ 1\" 2 z V2 sin(2
lim —[——) e8 Dy = /ineN
et {2 NeR Vr

07.41.25.0002.01

&) 63”\/_D2”(\/—\/—] cos(2)

lim /ineN
n—oo ny
: Ve

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

07.41.26.0001.01

2
D,(2 =2"\r e‘T[

1 v 1 2) V2z 1-v 3
iR -= = -—F >

)

07.41.26.0002.01

2 1 1 1 27 2 3 7
DV(Z)=2V/2\/7€7[ 1F1[:, —;——]—(—le1(1+1; —;——]
r

)
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07.41.26.0003.01

2r v+l v 113 2 v-1+vrz (1 1 1 3
D,i2D,(2 = 2F3 == = = — |- —————F3 —(l 2v), —(2V+3) = =
1-v)2 2 242 4 16 [(-v) 2" 4
2
(%)
i2tlg 2 1-v v 353 72\ -D¥Vr 2v+1B 1 5
2F3 R e 2 oF3 —(3 2v), —(2v+5 -
r(_1)2 2 "2 4 4 2 16 6 (-v) 4
2
Involving 1F1
07.41.26.0004.01
2 1 v 12 z _(1-v 3 2
D,2=2"ne 4 ! 1—52 55 - 1F1 > EE
—y v
(%) V2 1(-3)
07.41.26.0005.01
2| 1 v+l 1 2 z _ (v 3 7
D)@ =2"nes 1F1 e Fo|=+L - -—
r(l—Tv) 2 2 2) y7r(-2 2 2 2
07.41.26.0006.01
5 L227T5/222~1—VV1353Z4
v(i2) D,(2 B e
” r(_1)22322 44 2 16
2
.- 1.8) 2
%2552  (v+1 v 113 72 (4+4)ﬂ2 35 72
2F3 ym =T T — | = 2F3 —(1 2v), —(ZV+3) = = = — =
F17v2 2 2 42 416 I'(-v) 2'4" 4" 16
(%)
1 i
(5-=)7@v+D (1 1 537 7
oFa —(3 2v), —(2v+5) B —
I(-v) 424" 16
Involving hypergeometric U
07.41.26.0007.01
P 2 v 1 2 n Vg
D, =2"Re¢ 7 Ul——, —, — |/ -—<agy? =< —
22 2 g 2
07.41.26.0008.01
25 2 (1-v 3 2 n T
D,(2=22 ze 4 U , = —|/i——<ag@ = —
2 22 2 9 2
07.41.26.0009.01
27 L sin(rv) 2
Dv(z)= e 4
V-2 cos(”z—v)+\/22 sin("z—y)
v v v 172 - (Z_ ZZ)F(V+1) 2 3 Z
2 (V7 {2 zse ) of -2, 2 2 ) - ‘ Y L
2 2 22 2 N 20 2

sl
&l

N—
+

I\)IOJ
AN
=
&%
————
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Through Meijer G

Classical casesinvolving exp

07.41.26.0010.01

Y v
2 2 Z -+1
#D,(VZ )= ——— G| - z 1]
Vareyn (2] 03
07.41.26.0011.01
2 27%71 21 zZ % +1 b4 g
e+ D)= —Gp[ = |-z <ag@ = -
Varey 2] 03 2
07.41.26.0012.01
o5 32 141, 52
2 7 z| 3 v 3 @
D)= s
e 0.2 5%
07.41.26.0013.01
1—
_z \/— v/2 2,0 z TV
eiD,(Vz)=2 S
(0} >

07.41.26.0014.01

2 b i Vi w
e TD,@=2"GY = | * |i--<agd ==
2 (01" 2 2

07.41.26.0015.01

¢iD,(-VzZ ) =276

07.41.26.0016.01
:l—_v
e(0,(VZ) +Dy(7 ) = T G?%[E

07.41.26.0017.01

07.41.26.0018.01

¢+ D,(VZ)+Dy(-VZ)) = 25" cos(”?) Gi g 071]

1-v
]
1
25,0

07.41.26.0019.01

3 (pV7)- D7) -2t arf e

Classical casesinvolving cosh
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07.41.26.0020.01

2 . 2l 2 2| 2+1 x
cosh| — |D,@=22"G2Y| = | 2 |+ 2|2 |- <ag2 ==
4 12]03) Vvaren 12]03 2
07.41.26.0021.01
-y _1 v 15
2 , 2 1_, v+l 2 70+ 732 2 >+ 1, 33 P pu
cosh| — [Dy(-9 =22 G2Y —| 2 2 o [i-=<ag®@ = -
[4) 220t e ren 242|011 s| TIPS
2 2 2’8" 8
07.41.26.0022.01
1
Z VY 44 b 1% 273D g3 1 Z %+1,% s s
cosh| — (Dv(—z)+DV(z)):ZV/Zcos(—)Glj2 — Nk — Gy — 1 Li——<ag2 = —
4 2 2|0, 5 ['(-v) 2|0 >3 2 2
07.41.26.0023.01
= -V
@ 2 5 5 272D 32 it Z %‘Fl,% 2 Gl Z 17 Ty ) T bie
cosh| — | (D,(2 =D, (-2)) = ———— G,5| — + ol — sm(—) ——<ag2 < —
a4l Y I'(-v) 23 2 1o1 ) 1o 2 2 g 2
2 4 2
07.41.26.0024.01
1-y ) v
z v z| = 272 >+1
cost( =) D,(vVZ) =21yl o | P | el | T
4 (2]103) Vare»n (2]0;
07.41.26.0025.01
1-v v+l Lot 3 v 15
z v z| 5 5| 22 32 z| ;+L 353
cosh(—)D —Vz)=22"Gh - | % ¢ 21l =
2o 0Y?) “2]0 i =) v 2|0l

07.41.26.0026.01

cos(2)(0.(-V7) +D.(v7)) = 270 = o2

07.41.26.0027.01

1
z 272D 132 z| 5+1,
oot(2)(0.v7) 0.7 ) - e |
F(—v) 12 E’ 0,
Classical casesinvolving sinh
07.41.26.0028.01
2 2752 2| 3+1) 2
sinh[—]DV(z)z 7(35;;[— S E-oatery
4 V7r T(=v) 210, > 2

07.41.26.0029.01

1
—>(+1) 32 v 1
sinh[f) D,(-2) = 22" 2|t

S
T(-v) 2
07.41.26.0030.01

1
2—5 v+1) 7(‘3/2

| [zZ) M[zz
sinh| — [(Dy(-2)+ D, () = ————— G5 —
4 I'(-v) '

1-v

Z|

2 1]+
(0} >

1
273 (v+1) 71_3/2

I'(=v)

v 1

Gl! z| z+L 3
23| =

2 0t

v z
- 2V/Zsin(—) Gya| =
2 2

/1_5<arg(z)—_

T

2

2| Lt n n
2,1 27 2 :
Gy3 210 % ﬂ]/,—E<arg(z)sE
1-v
v 22 - T
22 cos(—) Gl —| % |j-=<ag? <
27 20 L)" 2

N
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07.41.26.0031.01

v 2_§(V+1)7T3/2 | Z %+1’% |z 1% m m
snhl — (D@ -Dy(-2) = —— G35 — | | 2V/Zsin(—)Glz =, |- <ag@ =
4 I'(-v) 2 > 0, 3 2 > 0 2 2
07.41.26.0032.01
Y2 v 1-y
z 272 z| 3+1) z| =
sinh(—)Dv(x/Y)z S ) )—25‘1653[— 21]
4 \/71"(_)/) 210, 2 2 0, 3
07.41.26.0033.01
_1 v 15 1-v v+l
z 2720%D p312 z| 5+L %, % z| 55
21 2 8’ 8 —-1 ~21 2 2
o) = g s | o0
'2'8'8 "2 2
07.41.26.0034.01
1
z 27200 g3 z| 2+, 3 v =
soh( ) (pv2) D2 = ekl 2| 2T oo Tty 7| 7
4 I(-v) 2| 01212 2 3
07.41.26.0035.01
1
z 2720 32 z| 2+1 2 v z| &
smh( ) (0.(vZ)- Dz )) = ———ap o | & Fl-22an( el o | [
4 I'(-v) 12| Lol 2 21 1o
2 4 2
Classical casesfor productsof D
07.41.26.0036.01
v 1-v
i i 1 z | =+1, =—
S Er Ol E——— A i
23/27Tr(—") 16 0, 13212

07.41.26.0037.01

o (1)) et

(I

v oy,
2

v
12
1 1 3
0,353

Classical casesinvolving Exp and Hermite H

5 16

07.41.26.0038.01

v-3
2 iz 22 a1 z %+ 1, 1;—V b
e4 HV_— DV(Z)ZmGZ:4_E 11 3 /,O<al‘g(2)££
\/? 0, 21217
07.41.26.0039.01
2 z 27%(”3) 40 z g+1, % b b
e +H_,_i—|D,@2= Gy, E 113 /i _Z sarg(z)sz
V2 n 0323
Generalized casesinvolving exp
07.41.26.0040.01
2 2t z 1] 3+1
i D@ = — Gi;g[_, ~12
V7 T(-v) 2 2|03
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07.41.26.0041.01

2 z 1| T
e 4 DV(Z)=2V/2G12 — 1
vz 2|0}
07.41.26.0042.01
1-v
2 222 Lz 1] 3+lEg
Dp=——— G — o)
(=) 2 0, 388
07.41.26.0043.01
1-v v+l
2 1| =5 5
S oy a2l Sl 22
e +D)(-2=2 (32'3—,2 olﬂ]
2 122

07.41.26.0044.01

2 27 (7
¢ (D)@ +D,(-2) =

07.41.26.0045.01

1-v
2 27 232 z 1] i+13%
e+ (D)@-Dy(-2)= — Gy —, =

I( ' 2 411

07.41.26.0046.01

2
e 7 (D,(2+D,(- z))_2z*1cos( )G};

07.41.26.0047.01
z

E,

2 v V%
¢ 7 (D,(2)-D,(-2) =22 sin(?) G

Generalized casesinvolving cosh

07.41.26.0048.01

7Z
cosh[z] D, =2 Gig[

N

1-y )

= 272

=0k
V7 I(=v)

o M=
oie

[EnY
—————

l\)IH

07.41.26.0049.01
1-v v+l _
_] 272 n3/2 z

2 =,
cosh[—]DV(—z)z 2t a2l e |2
4 I'(-v) 2

1 v+l

Ned

07.41.26.0050.01

2 xv z 1] 2 277 % z 1
cosh[—] (D,(-2) +D,(2) = 2 cos(—) G| — ‘Ll ——c -
4 2 V2 2|03 2

07.41.26.0051.01

1

Z 2720 132 z 1]2+132 v z 1

cos — | (0,2 -D(-2) = ——— Gl — | 2 " Fle2zan el —. -
4 r—y 2 2 : 2 )t 2
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Generalized casesinvolving sinh

07.41.26.0052.01

2 2_%_2 z i1 y z 1 v
R B B Rt P e
4 Varey \Wz2 2] 03 2 2|03
07.41.26.0053.01
1
-0+ 3 4 15 v oyl
s = |on= gl 2 LT EE| g 2 1) 55
4l T I(-v) 34 "2] gt 15 23 "2] g L v
2 ' 318 8 2 e
07.41.26.0054.01
1
2 27204 302 z 1| 2+1; n z 1| &
sinh 7 (Dyv(-2+D,(2) = T}/)Géé '3 2 . 14 2V/2cos( 5 )Gﬂ — 21
V2 0, 212 2 0, >
07.41.26.0055.01
1
220" g3 z 1| 2+1; v z 1] 2
sinh " (Dy(2) - Dy(-2) = TG&% —.3 2l l4 21//23“(?) GhL —. 12
V2 > 0, 2 2 > 0
Generalized casesfor products of D
07.41.26.0056.01
i i 1 Z 1 z +1, ﬂ
Dv(zfT Z) Dv(Z@_T Z) = 3/276‘21&[—, — 2 11 23]
2951 (=) 2 410, 222
07.41.26.0057.01
1-v v
z 1| 5 5+1
D 12D = G;‘:S[E' APEE ]
2\/7 0, 722

Generalized casesinvolving Exp and Hermite H

07.41.26.0058.01

2 7 —=(v+3) 20
e« H_,4—|D,®@= G2:4
vz Vr

Through other functions

I nvolving some hyper geometric-type functions
07.41.26.0060.01

D=2 e cos(%) r(g + 1) Lf{é] + w Lil[i)
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07.41.26.0061.01
2 _r
D,(2 = 1im e TTrv+1A 2 L‘}()L—\/)L z)
07.41.26.0062.01
z

v 22 v
D,@=T(v+1)22¢ 4 [Iim A2 Cﬁ[—]] [i1d <2
oo Vaa

07.41.26.0063.01
_Z _r
D, =2"e 7 T(v+1) lima [ [—

)

Representations through equivalent functions
With related functions
07.41.27.0001.01
2 _1
Dzn(Z) = (—1)” 2"nle & an(;] /, neN
07.41.27.0002.01
2 1
D1 =(=1D)"2"nlze & L%[E] /ineN

07.41.27.0003.01
v 2 Z
D,(@=2z2e H[—J
V2
Theorems
History
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