
ParabolicCylinderD

Notations

Traditional name

Parabolic cylinder function

Traditional notation

DΝHzL
Mathematica StandardForm notation

ParabolicCylinderD@Ν, zD

Primary definition
07.41.02.0001.01

DΝHzL � 2Ν�2 Π  ã-
z2
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2
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Specific values

Specialized values

For fixed Ν

07.41.03.0001.01

DΝH0L �
2Ν�2 Π

GJ 1-Ν

2
N

For fixed z

Explicit rational  Ν

07.41.03.0002.01

D
-
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2

HzL �
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-
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07.41.03.0003.01

D-4HzL � -
1

3
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8
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1

3

Π

8
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z2

4 z Iz2 + 3M erf
z

2

07.41.03.0004.01

D
-

7

2

HzL �
Π
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-z I2 z2 + 3M z24

I 3

4

z2

4
- z I2 z2 + 5M z24
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z2

4
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z2

4
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4

07.41.03.0005.01

D-3HzL � -
z

2
 ã-

z2

4 -
Π

8
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z2

4 erf
z

2
+

Π

8
Iz2 + 1M ã

z2

4

07.41.03.0006.01

D
-

5

2

HzL �
Π

3
Iz2 + 1M z24

 I
-

1

4

z2

4
- z Iz2M3�4

 I
-

3

4

z2

4
+ Iz2M5�4

 I 3

4

z2

4
-

1

z
 Iz2M3�4 Iz2 + 1M I 1

4

z2

4

07.41.03.0007.01

D-2HzL � -
Π

2
 z ã

z2

4 +
Π

2
 ã

z2

4 z erf
z

2
+ ã-

z2

4

07.41.03.0008.01

D
-

3

2

HzL �
Π

2
 -z z24

 I 3

4

z2

4
- z z24

I
-

1

4

z2

4
+ Iz2M3�4

 I 1

4

z2

4
+ Iz2M3�4

 I
-

3

4

z2

4

07.41.03.0009.01

D-1HzL �
Π

2
ã

z2

4 1 - erf
z

2

07.41.03.0010.01

D
-

1

2

HzL �
Π

2
z24

I
-

1

4

z2

4
-

z

z24

 I 1

4

z2

4

07.41.03.0011.01

D0HzL � ã-
z2

4

07.41.03.0012.01

D 1

2

HzL �
Π

4
 -z z24

 I 3

4

z2

4
+ z z24

 I
-

1

4

z2

4
- Iz2M3�4

 I 1

4

z2

4
+ I

-
3

4

z2

4
Iz2M3�4

07.41.03.0013.01

D1HzL � z ã-
z2

4

07.41.03.0014.01

D 3

2

HzL �
Π

4
Iz2 - 1M z24

 I
-

1

4

z2

4
+ z Iz2M3�4

 I
-

3

4

z2

4
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4
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4
-

Iz2M3�4 Iz2 - 1M
z

 I 1

4
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4

07.41.03.0015.01

D2HzL � ã-
z2

4 Iz2 - 1M
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07.41.03.0016.01

D 5

2

HzL �
1

8
Π -z I2 z2 - 3M z24

I 3

4

z2

4
+ z I2 z2 - 5M z24

 I
-

1

4

z2

4
- I2 z2 - 5M Iz2M3�4

 I 1

4

z2

4
+ I2 z2 - 3M Iz2M3�4

 I
-

3

4

z2

4

07.41.03.0017.01

D3HzL � z Iz2 - 3M ã-
z2

4

07.41.03.0018.01

D 7

2

HzL �
1

8
Π

I2 z4 - 10 z2 + 5M z24
I

-
1

4

z2

4
+ 2 z Iz2 - 4M Iz2M3�4

 I
-

3

4

z2

4
- 2 Iz2 - 4M Iz2M5�4

 I 3

4

z2

4
-

Iz2M3�4 I2 z4 - 10 z2 + 5M
z

 I 1

4

z2

4

07.41.03.0019.01

D4HzL � Iz4 - 6 z2 + 3M ã-
z2

4

07.41.03.0020.01

D 9

2

HzL �
1

16
Π -z I4 z4 - 30 z2 + 21M z24

I 3

4

z2

4
+

z I4 z4 - 34 z2 + 45M z24
 I

-
1

4

z2

4
- I4 z4 - 34 z2 + 45M Iz2M3�4

I 1

4

z2

4
+ I4 z4 - 30 z2 + 21M Iz2M3�4

 I
-

3

4

z2

4

Symbolic rational  Ν

07.41.03.0021.01

D2 nHzL � H-1Ln 2n n! ã-
z2

4 Ln
-

1

2
z2

2
�; n Î N

07.41.03.0022.01

D2 n+1HzL � H-1Ln 2n n! z ã-
z2

4 Ln

1

2
z2

2
�; n Î N

07.41.03.0023.01

D-n-1HzL �
2-

1

2
Hn+1L Π än

n!
 ã

z2

4 Hn

ä z

2
erfc

z

2
+

2
1-n

2 än

n!
 ã-

z2

4 â
k=1

n n

k
H-äLk Hn-k

ä z

2
Hk-1

z

2
�; n Î N

07.41.03.0024.01

D
2 n-

1

2

HzL � H-1Ln 2n-
5

4 ã-
z2

4 z2 - z G n +
1

4
L

n-
3

4

1

2
z2

2
+

H-2Ln z24
n!

2 Π
 â
k=0

n J- z2

8
Nk

k !
 Ln-k

k-
1

2
z2

4
â
m=0

k
k
m

K
-k+2 m+

1

4

z2

4
�;

n Î N

Brychkov Yu.A. (2005)
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07.41.03.0025.01

D
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3

2

HzL � H-1Ln 2n-
7

4 ã-
z2

4 z2 - z G n -
1

4
L
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5

4

1

2
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2
+
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â
k=0
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8
Nk

k !
 Ln-k
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2
z2

4
â
m=0

k
k
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3

4

z2

4
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1

4

z2

4
�; n Î N

Brychkov Yu.A. (2005)

07.41.03.0026.01

D
-2 n-

1

2

HzL �

H-1Ln 2-n-
5

4 ã-
z2

4 z2 - z G
1

4
- n L

-n-
3

4

1

2
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4
â
m=0

k
k
m

K
-k+2 m+

1

4

z2

4
�; n Î N

Brychkov Yu.A. (2005)

07.41.03.0027.01

D
-2 n-

3

2

HzL � H-1Ln 2-n-
7

4 ã-
z2

4 z2 - z G -n -
1

4
L

-n-
5

4

1

2
z2

2
+

2n-
1

2 n! Iz2M3�4
Π J 3

2
N
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 â
k=0

n J- z2

8
Nk

k !
 Ln-k
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2 -
z2

4
â
m=0

k
k
m

K
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3

4

z2

4
- K

-k+2 m+
1

4

z2

4
�; n Î N

Brychkov Yu.A. (2005)

Values at fixed points

07.41.03.0028.01

D0H0L � 1

Values at infinities

07.41.03.0029.01

DΝH¥L � 0

07.41.03.0030.01

DΝIãä Λ  ¥M � 0 Λ � 0

¥� True
�; ImHΛL � 0

07.41.03.0031.01

lim
z®¥

DΝHzL � 0

07.41.03.0032.01

lim
z®-¥

DΝHzL � ¥�

07.41.03.0033.01

lim
z®ä ¥

DΝHzL � ¥�
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07.41.03.0034.01

lim
z®-ä ¥

DΝHzL � ¥�

General characteristics

Domain and analyticity

DΝHzL is an analytical function of Ν and z, which is defined in C2. 

07.41.04.0001.01HΝ * zL �DΝHzL � HC Ä CL �C

Symmetries and periodicities

Parity

07.41.04.0002.01

DnH-zL � H-1Ln DnHzL �; n Î N

Mirror symmetry

07.41.04.0003.01

DΝ IzM � DΝHzL

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν, the function DΝHzL has an essential singularity at z � ¥� .

07.41.04.0004.01

SingzHDΝHzLL � 88¥� , ¥<<
With respect to Ν

For fixed z, the function DΝHzL has only one singular point at Ν = ¥� .  It is an essential singular point. 

07.41.04.0005.01

SingΝHDΝHzLL � 88¥� , ¥<<
Branch points

With respect to z

For fixed Ν, the function DΝHzL does not have branch points.

07.41.04.0006.01

BPΝHDΝHzLL � 8<
With respect to Ν

http://functions.wolfram.com 5



For fixed z, the function DΝHzL does not have branch points.

07.41.04.0007.01

BPzHDΝHzLL � 8<
Branch cuts

With respect to z

For fixed Ν, the function DΝHzL is an entire function of z and does not have branch cuts.

07.41.04.0008.01

BCzHDΝHzLL � 8<
With respect to Ν

For fixed z, the function DΝHzL is an entire function of Ν and does not have branch cuts.

07.41.04.0009.01

BCΝHDΝHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

07.41.06.0001.01

DΝHzL � DΝHz0L - DΝ+1Hz0L -
1

2
z0 DΝHz0L Hz - z0L +

1

8
I4 HDΝ+2Hz0L - z0 DΝ+1Hz0LL + Iz0

2 + 2M DΝHz0L M Hz - z0L2 + ¼ �; Hz ® z0L
07.41.06.0002.01

DΝHzL � DΝHz0L - DΝ+1Hz0L -
1

2
z0 DΝHz0L Hz - z0L +

1

8
I4 HDΝ+2Hz0L - z0 DΝ+1Hz0LL + Iz0

2 + 2M DΝHz0L M Hz - z0L2 + OIHz - z0L3M
07.41.06.0003.01

DΝHzL � â
k=0

¥ 1

k !
 -

ä

2

k â
j=0

k
k
j

H-2 äL j Hk- j

ä z0

2
D j+ΝHz0L Hz - z0Lk

07.41.06.0004.01

DΝHzL � â
k=0

¥ 1

k !
 -

1

2

k â
j=0

k
k
j

2 j H-ΝL j Hk- jK z0

2
O DΝ- jHz0L Hz - z0Lk

07.41.06.0005.01

DΝHzL µ DΝHz0L H1 + OHz - z0LL
Expansions at z � 0

07.41.06.0006.01

DΝHzL µ
2Ν�2 Π

GJ 1-Ν

2
N -

2
Ν+1

2 Π z

GI- Ν

2
M -

2
Ν

2
-2 Π H2 Ν + 1L z2

GJ 1-Ν

2
N +

2
Ν-3

2 Π H2 Ν + 1L z3

3 GI- Ν

2
M + ¼ �; Hz ® 0L
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07.41.06.0007.01

DΝHzL µ
2Ν�2 Π

GJ 1-Ν

2
N -

2
Ν+1

2 Π z

GI- Ν

2
M -

2
Ν

2
-2 Π H2 Ν + 1L z2

GJ 1-Ν

2
N +

2
Ν-3

2 Π H2 Ν + 1L z3

3 GI- Ν

2
M + OIz4M

07.41.06.0008.01

DΝHzL � 2Ν�2 Π
1

GJ 1-Ν

2
N  â

k=0

¥ â
j=0

k H-1Lk- j 2 j-2 k I- Ν

2
M

j

j ! Hk - jL ! J 1

2
N

j

 z2 k -
2 z

GI- Ν

2
M  â

k=0

¥ â
j=0

k H-1Lk- j 2 j-2 k J 1-Ν

2
N

j

j ! Hk - jL ! J 3

2
N

j

 z2 k

07.41.06.0009.01

DΝHzL � 2Ν�2 Π
1

GJ 1-Ν

2
N  â

k=0

¥ H-1Lk 2-2 k z2 k

k !
 â
k=0

¥ I- Ν

2
M
k

2-k z2 k

J 1

2
N
k

k !
-

2 z

GI- Ν

2
M  â

k=0

¥ H-1Lk 2-2 k z2 k

k !
 â
k=0

¥ J 1-Ν

2
N
k

2-k z2 k

J 3

2
N
k

k !

07.41.06.0010.01

DΝHzL � 2Ν�2 Π ã-
z2

4

1

GJ 1-Ν

2
N  1F1 -

Ν

2
;

1

2
;

z2

2
-

2 z

GI- Ν

2
M  1F1

1 - Ν

2
;

3

2
;

z2

2

07.41.06.0011.01

DΝHzL µ
2Ν�2 Π

GJ 1-Ν

2
N  H1 + OHzLL

Asymptotic series expansions

07.41.06.0012.01

DΝHzL µ -
sinHΠ ΝL

2 Π
Iz2M-

Ν

2
-1

Π

2
ã-

z2

4 -z2 I-z4MΝ�2
 -z2 csc

Π Ν

2
+ z sec

Π Ν

2
1 -

HΝ - 1L Ν

2 z2
+

HΝ - 3L HΝ - 2L HΝ - 1L Ν

8 z4
+ ¼ +

ã
z2

4 z2 - z GHΝ + 1L 1 +
HΝ + 1L HΝ + 2L

2 z2
+

HΝ + 1L HΝ + 3L HΝ + 4L HΝ + 2L
8 z4

+ ¼ �; H z¤ ® ¥L
07.41.06.0013.01

DΝHzL µ

zΝ ã-
z2

4 J1 - HΝ-1L Ν

2 z2
+ HΝ-3L HΝ-2L HΝ-1L Ν

8 z4
+ OJ 1

z6
NN - Π

2
< argHzL £ Π

2

zΝ ã-
z2

4 J1 - HΝ-1L Ν

2 z2
+ HΝ-3L HΝ-2L HΝ-1L Ν

8 z4
+ OJ 1

z6
NN -

ã
z2

4
-ä Π Ν

2 Π z-Ν-1

GH-ΝL  J1 + HΝ+1L HΝ+2L
2 z2

+ HΝ+1L HΝ+3L HΝ+4L HΝ+2L
8 z4

+ OJ 1

z6
NN argHzL £ - Π

2

zΝ ã-
z2

4 J1 - HΝ-1L Ν

2 z2
+ HΝ-3L HΝ-2L HΝ-1L Ν

8 z4
+ OJ 1

z6
NN -

ã
z2

4
+ä Π Ν

2 Π z-Ν-1

GH-ΝL  J1 + HΝ+1L HΝ+2L
2 z2

+ HΝ+1L HΝ+3L HΝ+4L HΝ+2L
8 z4

+ OJ 1

z6
NN True

�;H z¤ ® ¥L
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07.41.06.0014.01

DΝHzL µ -
sinHΠ ΝL

2 Π
 Iz2M-

Ν

2
-1

Π

2
ã-

z2

4 -z2 I-z4MΝ�2
 -z2 csc

Π Ν

2
+ z sec

Π Ν

2
â
k=0

n H-1Lk I- Ν

2
M
k

J 1-Ν

2
N
k

2k z-2 k

k !
+ OIz-2 n-2M +

ã
z2

4 z2 - z GHΝ + 1L â
k=0

n J Ν+1

2
N
k

J Ν+2

2
N
k

2k z-2 k

k !
+ OIz-2 n-2M �; H z¤ ® ¥L

07.41.06.0015.01

DΝHzL µ

zΝ ã-
z2

4 Úk=0
n

H-1Lk J-
Ν

2
N
k

J 1-Ν

2
N
k

2k z-2 k

k!
+ OIz-2 n-2M - Π

2
< argHzL £ Π

2

zΝ ã-
z2

4 Úk=0
n

H-1Lk J-
Ν

2
N
k

J 1-Ν

2
N
k

2k z-2 k

k!
+ OIz-2 n-2M -

ã
z2

4
-ä Π Ν

2 Π z-Ν-1

GH-ΝL  Úk=0
n

J Ν+1

2
N
k

J Ν+2

2
N
k

2k z-2 k

k!
+ OIz-2 n-2M argHzL £ - Π

2

zΝ ã-
z2

4 Úk=0
n

H-1Lk J-
Ν

2
N
k

J 1-Ν

2
N
k

2k z-2 k

k!
+ OIz-2 n-2M -

ã
z2

4
+ä Π Ν

2 Π z-Ν-1

GH-ΝL  Úk=0
n

J Ν+1

2
N
k

J Ν+2

2
N
k

2k z-2 k

k!
+ OIz-2 n-2M True

�;

H z¤ ® ¥L
07.41.06.0016.01

DΝHzL µ -
Iz2M-

Ν

2
-1

sinHΠ ΝL
2 Π

Π

2
ã-

z2

4 -z2 I-z4MΝ�2
 -z2 csc

Π Ν

2
+ z sec

Π Ν

2
2F0 -

Ν

2
,

1 - Ν

2
; ; -

2

z2
+

ã
z2

4 z2 - z GHΝ + 1L 2F0

Ν + 1

2
,

Ν + 2

2
; ;

2

z2
�; H z¤ ® ¥L

07.41.06.0017.01

DΝHzL µ

zΝ ã-
z2

4 2F0J 1

2
- Ν

2
, - Ν

2
; ; - 2

z2
N - Π

2
< argHzL £ Π

2

zΝ ã-
z2

4 2F0J 1

2
- Ν

2
, - Ν

2
; ; - 2

z2
N -

ã
z2

4
-ä Π Ν

2 Π z-Ν-1

GH-ΝL  2F0J Ν

2
+ 1

2
, Ν

2
+ 1; ; 2

z2
N argHzL £ - Π

2

zΝ ã-
z2

4 2F0J 1

2
- Ν

2
, - Ν

2
; ; - 2

z2
N -

ã
z2

4
+ä Π Ν

2 Π z-Ν-1

GH-ΝL  2F0J Ν

2
+ 1

2
, Ν

2
+ 1; ; 2

z2
N True

�; H z¤ ® ¥L

07.41.06.0018.01

DΝHzL µ
1

GH-ΝL  
Π

2
ã

z2

4 Iz2M-
Ν

2
-1

z2 - z  1 + O
1

z2
-

sinHΠ ΝL
2

 ã-
z2

4 -z2 Iz2M-
Ν

2
-1 I-z4MΝ�2

-z2 csc
Π Ν

2
+ z sec

Π Ν

2
1 + O

1

z2
�; H z¤ ® ¥L
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07.41.06.0019.01

DΝHzL µ

zΝ ã-
z2

4 J1 + OJ 1

z2
NN - Π

2
< argHzL £ Π

2

zΝ ã-
z2

4 J1 + OJ 1

z2
NN -

ã
z2

4
-ä Π Ν

2 Π z-Ν-1

GH-ΝL  J1 + OJ 1

z2
NN argHzL £ - Π

2

zΝ ã-
z2

4 J1 + OJ 1

z2
NN -

ã
z2

4
+ä Π Ν

2 Π z-Ν-1

GH-ΝL  J1 + OJ 1

z2
NN True

�; H z¤ ® ¥L

Integral representations

On the real axis

Of the direct function

07.41.07.0001.01

DΝHzL �
2

Ν+7

2

GI- Ν

2
M  à 1

4

¥H4 t - 1L-
Ν

2
-1 H4 t + 1L Ν-1

2 ã-z2 t  â t �; ReHΝL < 0 í ReIz2M > 0

07.41.07.0002.01

DΝHzL �
2

Ν

2
+1

GH-ΝL zΝ
 à 1

4

¥ H4 t - 1L-Ν-1 I 4 t + 1 + 2 NΝ+1

4 t + 1
 ã-z2 t  â t �; ReHΝL < 0 í ReIz2M > 0

07.41.07.0003.01

DΝHzL �
2Ν�2 z2-Ν

GH1 - ΝL  à 1

4

¥ I 4 t + 1 + 2 NΝ
ã-z2 t

H4 t - 1LΝ
 â t �; ReHΝL < 1 í ReIz2M > 0

07.41.07.0004.01

DΝHzL �
2

Ν

2
+1 z

GJ 1-Ν

2
N à 1

4

¥ H4 t + 1LΝ�2 ã-z2 t

H4 t - 1L Ν+1

2

 â t �; ReHΝL < 1 í ReIz2M > 0

07.41.07.0005.01

DΝHzL �
ã-

z2

4

GI- Ν

2
M à

0

¥

t-
Ν

2
-1 H2 t + 1L Ν-1

2 ã-z2 t  â t �; ReHΝL < 0 í ReIz2M > 0

07.41.07.0006.01

DΝHzL �
2-Ν-1 ã-

z2

4

GH-ΝL zΝ
 à

0

¥ t-Ν-1 I 2 t + 1 + 1NΝ+1
ã-z2 t

2 t + 1
 â t �; ReHΝL < 0 í ReIz2M > 0

07.41.07.0007.01

DΝHzL �
z2-Ν ã-

z2

4

2Ν GH1 - ΝL  à
0

¥ I 2 t + 1 + 1NΝ
ã-z2 t

tΝ
 â t �; ReHΝL < 1 í ReIz2M > 0

07.41.07.0008.01

DΝHzL �
ã-

z2

4

GH-ΝL  à
0

¥

t-Ν-1 ã-
t2

2
-t z â t �; ReHΝL < 0 ß ReHzL > 0

http://functions.wolfram.com 9



07.41.07.0009.01

DΝHzL � -
ã-

z2

4

GH-ΝL z
 à

0

¥

t-Ν-2 It2 + HΝ + 1LM ã-
t2

2
-t z â t �; ReHΝL < -1 ß ReHzL > 0

07.41.07.0010.01

DΝHzL �
2

Π
 ã

z2

4 à
0

¥

tΝ ã-
t2

2 cos z t -
Π Ν

2
 â t �; ReHΝL > -1

07.41.07.0011.01

DΝHzL �
2-

Ν

2
-1 zΝ

GH-ΝL  ã-
z2

4 à
0

¥

t-
Ν

2
-1 ã

-
t

z2
- 2 t

 â t �; ReHΝL < 0 í ReIz2M > 0

07.41.07.0012.01

DΝHzL �
2-

Ν

2
-1 z

GH-ΝL  ã-
z2

4 à
0

¥

ã-z t G -
Ν

2
- G -

Ν

2
,

t2

2
 â t �; ReHΝL < 1 ß ReHzL > 0

07.41.07.0013.01

DnHzL �
1

2 Π
 ã

3 ä n Π

2
-

z2

4 à
-¥

¥

ã-
1

2
Ht-ä zL2

tn â t �; ReHΝL > -1

Of the products of direct functions

07.41.07.0014.01

DΝHzL D-Ν-1HzL � 2 à
0

¥

ã-z t cos z t -
Ν Π

2
J

Ν+
1

2

It2M â t �; ReHΝL > -1 ß ReHzL > 0

07.41.07.0015.01

DΝ ã
Π ä

4 z DΝ ã-
1

4
HΠ äL z �

Π

GH-ΝL  à
0

¥

ã-z t J
-Ν-

1

2

t2

2
 â t �; ReHΝL < 0 ß ReHzL ³ 0

07.41.07.0016.01

DΝ ã
Π ä

4 z DΝ ã-
1

4
HΠ äL z �

8

Π

GH-ΝL  à
0

¥

ã-z t cos z t -
Ν Π

2
K

Ν+
1

2

It2M â t �; -1 < ReHΝL < 0

Contour integral representations

07.41.07.0017.01

DΝHzL �
ã-

z2

4

2
Ν+2

2 GH-ΝL 2 Π ä

 à
-ä ¥

ä ¥

GH-sL G
s - Ν

2
I 2 zNs

 â s �; argHzL <
3 Π

4
í Ø HΝ Î Z ß Ν > 0L

Whittaker,Watson,16, Example12

07.41.07.0018.01

DΝHzL � -
GHΝ + 1L ã-

z2

4

2 Π ä
 à

L
H-tL-Ν-1 ã-

t2

2
-z t  â t

(Hankel's contour integral.) The path of integration L starts at ¥ + ä 0 on the real axis, goes to Ε + ä 0, circles the

origin in the counterclockwise direction with radius Ε to the point Ε - ä 0, and returns to the point ¥ - ä 0.

http://functions.wolfram.com 10



Whittaker,Watson,16.6

07.41.07.0019.01

DΝHzL �
2

Ν+1

2 GI Ν

2
+ 1M

2 Π ä
 à

L
Ht + 1L-

Ν

2
-1 H1 - tL Ν-1

2 ã
z2 t

4  â t �; arg HzL <
Π

4
í argHt + 1L £ Π

(Hankel's type contour integral.) The path of integration L starts at -¥ - ä 0 on the real axis, goes to -1 - Ε - ä 0,

circles the origin in the counterclockwise direction with radius Ε to the point -1 - Ε + ä 0, and returns to the point

-¥ + ä 0.

Whittaker,Watson,16,Example 11

Integral representations of negative integer order

Rodrigues-type formula.

07.41.07.0020.01

DnHzL � H-1Ln ã
z2

4

¶n ã-
z2

2

¶zn
�; n Î N

Limit representations
07.41.09.0001.01

DΝHzL � ã-
z2

4 GHΝ + 1L lim
Λ®¥

Λ-
Ν

2 LΝ
ΛKΛ - Λ zO

07.41.09.0002.01

DΝHzL � 2-
Ν

2 ã-
z2

4 GHΝ + 1L lim
Λ®¥

Λ-
Ν

2 CΝ
Λ

z

2 Λ
�;  z¤ < 2

07.41.09.0003.01

DΝHzL � 2Ν�2 ã-
z2

4 GHΝ + 1L lim
a®¥

a-
Ν

2 PΝ
Ha,aL z

2 a

Generating functions
07.41.11.0001.01

DnHzL � 2-
n

2 n! @tn D ã-t2+ 2 z t-
z2

4 �; n Î N

Differential equations

Ordinary linear differential equations and wronskians

07.41.13.0001.01

w¢¢HzL + Ν +
1

2
-

z2

4
wHzL � 0 �; wHzL � c1 DΝ HzL + c2 D-Ν-1Hä zL

http://functions.wolfram.com 11



07.41.13.0002.01

WzHDΝHzL, D-Ν-1Hä zLL � -ä ã-
1

2
ä Π Ν

07.41.13.0003.01

w¢¢HzL -
g¢¢HzL
g¢HzL  w¢HzL +

1

4
I-gHzL2 + 4 Ν + 2M g¢HzL2 wHzL � 0 �; wHzL � c1 DΝHgHzLL + c2 D-Ν-1Hä gHzLL

07.41.13.0004.01

WzHDΝHgHzLL, D-Ν-1Hä g HzLLL � -ä ã-
1

2
ä Π Ν g¢HzL

07.41.13.0005.01

w¢¢HzL -
2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL w¢HzL +

1

4
I-gHzL2 + 4 Ν + 2M g¢HzL2 +

2 h¢HzL2

hHzL2
+

h¢HzL g¢¢HzL
hHzL g¢HzL -

h¢¢HzL
hHzL wHzL � 0 �;

wHzL � c1 hHzL DΝHgHzLL + c2 hHzL D-Ν-1Hä gHzLL
07.41.13.0006.01

WzHhHzL DΝHgHzLL, hHzL D-Ν-1Hä g HzLLL � -ä ã-
1

2
ä Π Ν hHzL2 g¢HzL

07.41.13.0007.01

w¢¢HzL -
r + 2 s - 1

z
 w¢HzL +

1

4
a2 r2 I-a2 z2 r + 4 Ν + 2M z2 r-2 +

s Hr + sL
z2

wHzL � 0 �; wHzL � c1 zs DΝ Ia zrM + c2 zs D-Ν-1 Hä a zrL
07.41.13.0008.01

WzHzs DΝHa zrL, zs D-Ν-1Hä a zrLL � -ä a ã-
1

2
ä Π Ν r zr+2 s-1

07.41.13.0009.01

w¢¢HzL - HlogHrL + 2 logHsLL w¢HzL +
1

4
a2 I-a2 r2 z + 4 Ν + 2M log2HrL r2 z + log2HsL + logHrL logHsL wHzL � 0 �;

wHzL � c1 sz DΝHa rzL + c2 sz D-Ν-1Hä a rzL
07.41.13.0010.01

WzHsz DΝHa rzL, sz D-Ν-1Hä a rzLL � -ä a ã-
1

2
ä Π Ν rz s2 z logHrL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.41.16.0001.01

DΝ z2 � DΝHzL �; -
Π

2
< argHzL £

Π

2

07.41.16.0002.01

DΝ z2 � DΝHzL + 2
Ν

2
-

1

2 ã-
z2

4 z2 - z G
Ν + 1

2
sin

Π Ν

2
 L Ν-1

2

1

2
z2

2

07.41.16.0003.01

DΝ z2 � DΝHzL +

2
Ν-1

2 z2 - z Ν GI Ν

2
M sinI Π Ν

2
M

Π
 ã-

z2

4  1F1

1 - Ν

2
;

3

2
;

z2

2

http://functions.wolfram.com 12



07.41.16.0004.01

D2 n z2 � D2 nHzL �; n Î N

07.41.16.0005.01

DΝH-zL � DΝHzL - 2
Ν+1

2 z ã-
z2

4 G
Ν + 1

2
sin

Π Ν

2
L Ν-1

2

1

2
z2

2

07.41.16.0006.01

DΝH-zL � DΝHzL -
2

Ν+1

2 Ν GI Ν

2
M sinI Π Ν

2
M

Π
 z ã-

z2

4  1F1

1 - Ν

2
;

3

2
;

z2

2

07.41.16.0007.01

DnH-zL � H-1Ln DnHzL �; n Î N

Addition formulas

07.41.16.0008.01

DΝHz1 - z2L � ã
1

4
z2 Hz2-2 z1L â

k=0

¥ z2
k

k !
 Dk+ΝHz1L

07.41.16.0009.01

DΝHz1 - z2L � ã
1

4
z2 H2 z1-z2L â

k=0

¥ H-ΝLk z2
k

k !
 DΝ-kHz1L

07.41.16.0010.01

DΝHcosHΑL z1 + sinHΑL z2L � cosΝHΑL ã
1

4
Hz1 sinHΑL-z2 cosHΑLL2 â

k=0

¥ H-tanHΑLLk H-ΝLk

k !
 DΝ-kHz1L DkHz2L

Identities

Recurrence identities

Consecutive neighbors

07.41.17.0001.01

DΝHzL �
1

Ν + 1
 Hz DΝ+1HzL - DΝ+2HzLL

07.41.17.0002.01

DΝHzL � HΝ - 1L DΝ-2HzL - z DΝ-1HzL
07.41.17.0003.01

DΝHzL �
1

z
 HΝ DΝ-1HzL + DΝ+1HzLL

Distant neighbors

http://functions.wolfram.com 13



07.41.17.0004.01

DΝHzL � CnHΝ, zL Dn+ΝHzL -
Cn-1HΝ, zL

n + Ν
Dn+Ν+1HzL �;

C0HΝ, zL � 1 í C1HΝ, zL �
z

Ν + 1
í CnHΝ, zL �

z

n + Ν
 Cn-1HΝ, zL -

1

n + Ν - 1
 Cn-2HΝ, zL í n Î N+

07.41.17.0005.01

DΝHzL � DΝ-nHzL CnHΝ, zL + Hn - ΝL DΝ-n-1HzL Cn-1HΝ, zL �;
C0HΝ, zL � 1 ì C1HΝ, zL � z ì CnHΝ, zL � z Cn-1HΝ, zL - HΝ - n + 1L Cn-2HΝ, zL ì n Î N+

Functional identities

Relations between contiguous functions

07.41.17.0006.01

DΝHzL �
GHΝ + 1L

2 Π
ã-

Π ä Ν

2 D-Ν-1H-ä zL + ã
Ν Π ä

2 D-Ν-1Hä zL
Relations of special kind

07.41.17.0007.01

DΝHzL �
ä 2 Π ã

Π ä Ν

2

GH-ΝL  D-Ν-1H-ä zL + ãΝ Π ä DΝH-zL
07.41.17.0008.01

DΝHzL � ã-Ν Π ä DΝH-zL -
ä 2 Π ã-

Π ä Ν

2

GH-ΝL  D-Ν-1Hä zL
07.41.17.0009.01

DΝI -z N �
2Ν+

1

2 GI Ν

2
+ 1M

GJ 1-Ν

2
N  D-Ν-1I z N -

2
Ν+1

2 Π I z cotI Ν Π

2
M + -z N

GI- Ν

2
M ãz�4  1F1

Ν

2
+ 1;

3

2
;

z

2

07.41.17.0010.01

DΝI -z N �
2Ν+

1

2 -z GJ Ν+1

2
N

z GI- Ν

2
M  D-Ν-1I z N +

2Ν�2 Π -z2 - z tanI Ν Π

2
M

-z2 GJ 1-Ν

2
N ãz�4

 1F1

Ν + 1

2
;

1

2
;

z

2

Differentiation

Low-order differentiation

With respect to Ν

http://functions.wolfram.com 14



07.41.20.0001.01

¶DΝHzL
¶Ν

�

1

2
logH2L DΝHzL + 2-

Ν

2 ã-
z2

4

1

4 GH-ΝL  G -
Ν

2
Ψ

1 - Ν

2
1F1 -

Ν

2
;

1

2
;

z2

2
- 2 z G

1 - Ν

2
Ψ -

Ν

2
1F1

1 - Ν

2
;

3

2
;

z2

2
-

z2

12 GH-ΝL  3 G -
Ν

2
F2 ´ 0 ´ 1

1 ´ 1 ´ 2
1 - Ν

2
; 1; 1, - Ν

2
;

2, 3

2
;; 1 - Ν

2
;

 
z2

2
,

z2

2
- 2 z G

1 - Ν

2
F2 ´ 0 ´ 1

1 ´ 1 ´ 2

3-Ν

2
; 1; 1, 1-Ν

2
;

2, 5

2
;; 3-Ν

2
;

 
z2

2
,

z2

2

07.41.20.0002.01

¶DΝHzL
¶Ν

�
2

Ν-1

2 Π HlogH2L - 2 ΨH-ΝLL z

GI- Ν

2
M  ã-

z2

4  1F1

1 - Ν

2
;

3

2
;

z2

2
-

2
Ν

2
-1 Π HlogH2L - 2 ΨH-ΝLL

GJ 1-Ν

2
N  ã-

z2

4  1F1 -
Ν

2
;

1

2
;

z2

2
-

2
Ν

2
-1 Π ã-

z2

4

GJ 1-Ν

2
N  â

k=0

¥ I- Ν

2
M
k

ΨIk - Ν

2
M z2 k

k ! J 1

2
N
k

2k
+

Π 2
Ν-1

2 z ã-
z2

4

GI- Ν

2
M â

k=0

¥ J 1-Ν

2
N
k

ΨJk + 1-Ν

2
N z2 k

k ! J 3

2
N
k

2k

Brychkov Yu.A. (2006)

07.41.20.0003.01

¶DΝHzL
¶Ν

�

1

2
logH2L DΝHzL + 2-

Ν

2 ã-
z2

4

1

4 GH-ΝL  G -
Ν

2
Ψ

1 - Ν

2
1F1 -

Ν

2
;

1

2
;

z2

2
- 2 z G

1 - Ν

2
Ψ -

Ν

2
1F1

1 - Ν

2
;

3

2
;

z2

2
+

2Ν-1 Π

GJ 1-Ν

2
N Ψ -

Ν

2
1F1 -

Ν

2
;

1

2
;

z2

2
- â

k=0

¥ 2-k  I- Ν

2
M
k

ΨIk - Ν

2
M z2 k

k ! J 1

2
N
k

-

2Ν-
1

2 Π z

GI- Ν

2
M Ψ

1 - Ν

2
1F1

1 - Ν

2
;

3

2
;

z2

2
- â

k=0

¥ 2-k  J 1-Ν

2
N
k

ΨJk + 1-Ν

2
N z2 k

k ! J 3

2
N
k

07.41.20.0004.01

D2 n
H1,0LHzL �

n!
1

2 n

22 n-1

H2 nL !
 -z2 2F2 1, 1;

3

2
, 2;

z2

2
+ Π erfi

z

2
+ Ψ

1

2
- n - ý D2 nHzL - H-1Ln 2n-1 ã-

z2

4 â
k=0

n ΨJ 1

2
- kN H-2Lk z2 k

Hn - kL ! H2 kL !
+

H-1Ln 2n-
3

2

J 1

2
N
n

 ã
z2

4  â
k=0

n-1 1

k + 1
 Π z Lk

-k-
1

2 -
z2

2
-

2-k-
1

2 Π z2 k+2

k !
 L

-
1

2

k+
1

2 -
z2

2
 L-k+n-1

k+
1

2
z2

2
-

1

2
D2 nHzL logH2L �; n Î N

Brychkov Yu.A. (2006)
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07.41.20.0005.01

D0
H1,0LHzL �

1

2
ã-

z2

4 -2F2 1, 1;
3

2
, 2;

z2

2
z2 + Π erfi

z

2
- logH2L - ý

Brychkov Yu.A. (2006)

07.41.20.0006.01

D2
H1,0LHzL �

1

2
ã-

z2

4 I1 - z2M 2F2 1, 1;
3

2
, 2;

z2

2
z2 - ã

z2

2 2 Π erfc
z

2
z + Π Iz2 - 1M erfi

z

2
- Iz2 - 1M HlogH2L + ýL - 2

Brychkov Yu.A. (2006)

07.41.20.0007.01

¶DΝH0L
¶Ν

�
H-1L Ν+1

2 2
Ν

2
-1 Π Ν-1

2
! Ν-1

2
Î Z í Ν > 0

2
Ν

2
-1

Π logH2L
GJ 1-Ν

2
N +

2
Ν

2
-1

Π ΨJ 1-Ν

2
N

GJ 1-Ν

2
N True

With respect to z

07.41.20.0008.01

¶DΝHzL
¶z

�
1

2
z DΝHzL - DΝ+1HzL

07.41.20.0009.01

¶DΝHzL
¶z

� Ν DΝ-1HzL -
1

2
z DΝHzL

07.41.20.0010.01

¶DΝHzL
¶z

�
1

2
HΝ DΝ-1HzL - DΝ+1HzLL

07.41.20.0011.01

¶2 DΝHzL
¶z2

�
1

4
I4 HΝ - 1L Ν DΝ-2HzL - 4 z Ν DΝ-1HzL + Iz2 - 2M DΝHzLM

07.41.20.0012.01

¶2 DΝHzL
¶z2

�
1

4
Iz2 + 2M DΝHzL - z DΝ+1HzL + DΝ+2HzL

Symbolic differentiation 

With respect to Ν

07.41.20.0013.01

¶m DΝHzL
¶Νm

� 2
Ν

2
-m logmH2L Π ã-

z2

4 â
k=0

m m

k

2

logH2L
k â

j=0

¥ 1

H2 jL !
 

¶k
J-

Ν

2
N

j

GJ 1

2
-

Ν

2
N

¶Νk
I2 z2M j

- 2 z â
j=0

¥ 1

H2 j + 1L !
 

¶k
J 1-Ν

2
N

j

GJ-
Ν

2
N

¶Νk
I2 z2M j �;

m Î N

With respect to z
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07.41.20.0014.01

¶m DΝHzL
¶Νm

� 2
Ν

2
-m logmH2L Π ã-

z2

4 â
k=0

m m

k

2

logH2L
k â

j=0

¥ 1

H2 jL !
 

¶k
J-

Ν

2
N

j

GJ 1

2
-

Ν

2
N

¶Νk
I2 z2M j

- 2 z â
j=0

¥ 1

H2 j + 1L !
 

¶k
J 1-Ν

2
N

j

GJ-
Ν

2
N

¶Νk
I2 z2M j �;

m Î N

07.41.20.0015.01

¶m DΝHzL
¶Νm

� 2
Ν

2
-m logmH2L Π ã-

z2

4 â
k=0

m m

k

2

logH2L
k â

j=0

¥ 1

H2 jL !
 

¶k
J-

Ν

2
N

j

GJ 1

2
-

Ν

2
N

¶Νk
I2 z2M j

- 2 z â
j=0

¥ 1

H2 j + 1L !
 

¶k
J 1-Ν

2
N

j

GJ-
Ν

2
N

¶Νk
I2 z2M j �;

m Î N

07.41.20.0016.01

¶n DΝHzL
¶zn

� 2
Ν

2
-n ã-

z2

4 Π n!
z-n

GJ 1-Ν

2
N  â

k=0

n H-1Lk k ! z2 k

Hn - kL ! H2 k - nL !
 â
j=0

k H-1L j 2 j I- Ν

2
M

j

j ! Hk - jL ! J 1

2
N

j

 1F1 j -
Ν

2
; j +

1

2
;

z2

2
-

2

GI- Ν

2
M  Hn + 1L z1-n â

k=0

n-1 z2 k

H2 k - n + 1L ! Hn - kL !
 â
j=0

k H-1Lk- j 2 j k
j

J 1-Ν

2
N

j

J 3

2
N

j

 1F1 j +
1 - Ν

2
; j +

3

2
;

z2

2
+

zn+1 â
j=0

n H-1Ln- j 2 j J 1-Ν

2
N

j

j ! Hn - jL ! J 3

2
N

j

 1F1 j +
1 - Ν

2
; j +

3

2
;

z2

2
�; n Î N

07.41.20.0017.01

¶n ã
z2

4 DΝHzL
¶zn

� H-1Ln H-ΝLn ã
z2

4 DΝ-nHzL �; n Î N

07.41.20.0018.01

¶n ã-
z2

4 DΝHzL
¶zn

� H-1Ln ã-
z2

4 Dn+ΝHzL �; n Î N

07.41.20.0019.01

¶n zn-1 ã
1

4 z2 DΝJ 1

z
N

¶zn
� z-n-1 H-ΝLn ã

1

4 z2 DΝ-n

1

z
�; n Î N

07.41.20.0020.01

¶n Kzn-
Ν

2
-1 ãz�4 DΝI z NO

¶zn
�

H-ΝL2 n z-
Ν

2
-1 ãz�4 DΝ-2 nI z N

2n
�; n Î N

http://functions.wolfram.com 17



07.41.20.0021.01

¶n z
Ν-1

2
+n ã-

z

4 DΝI z N
¶zn

�
z

Ν-1

2 ã-
z

4 D2 n+ΝI z N
H-2Ln

�; n Î N

07.41.20.0022.01

¶n zΝ�2 ã
1

4 z DΝK 1

z
O

¶zn
�

H-ΝL2 n z
Ν

2
-n ã

1

4 z DΝ-2 nK 1

z
O

H-2Ln
�; n Î N

07.41.20.0023.01

¶n
ã

-
z

4 D-2 nJ z N
z

¶zn
�

z-n-
1

2 ã-
z

2

H-2Ln
�; n Î N

07.41.20.0024.01

¶n
ã

-
z

4 D-2 n-1J z N
z

¶zn
� H-1Ln 2-n-

1

2 Π z-n-1 erfc
z

2
�; n Î N

07.41.20.0025.01

¶n zn-
1

2 ã
-

1

4 z D-2 nK 1

z
O

¶zn
�

ã
-

1

2 z

2n z
�; n Î N

07.41.20.0026.01

¶n zn ã
-

1

4 z D-2 n-1K 1

z
O

¶zn
� 2-n-

1

2 Π erfc
1

2 z
�; n Î N

Fractional integro-differentiation

With respect to z

07.41.20.0027.01

¶Α DΝHzL
¶zΑ

� 2Ν�2 Π
1

GJ 1-Ν

2
N  â

k=0

¥ â
j=0

k H-1Lk- j 2 j-2 k I- Ν

2
M

j
H2 kL ! z2 k-Α

j ! Hk - jL ! J 1

2
N

j
GH2 k - Α + 1L -

2

GI- Ν

2
M  â

k=0

¥ â
j=0

k H-1Lk- j 2 j-2 k J 1-Ν

2
N

j
H2 k + 1L ! z2 k-Α+1

j ! Hk - jL ! J 3

2
N

j
GH2 k - Α + 2L

07.41.20.0028.01

¶Α ã
z2

4 DΝHzL
¶zΑ

�
2Α+

Ν

2 Π z-Α

GJ 1-Ν

2
N  2F

�
2 1, -

Ν

2
;

1 - Α

2
, 1 -

Α

2
;

z2

2
-

2
Ν-1

2
+Α Π z1-Α

GI- Ν

2
M  2F

�
2 1,

1 - Ν

2
; 1 -

Α

2
,

3 - Α

2
;

z2

2

Integration

Indefinite integration

Involving one direct function and elementary functions
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Involving exponential function

07.41.21.0001.01

à ã
z2

4 DΝHzL â z �
ã

z2

4

Ν + 1
 DΝ+1HzL

07.41.21.0002.01

à ã-
z2

4 DΝHzL â z � -ã-
z2

4 DΝ-1HzL
Involving exponential function and a power function

07.41.21.0003.01

à zΑ-1 ã
z2

4 DΝHzL â z �
2Ν�2 Π zΑ

Α GJ 1-Ν

2
N  2F2

Α

2
, -

Ν

2
;

1

2
,

Α

2
+ 1;

z2

2
-

2
Ν+1

2 Π zΑ+1

HΑ + 1L GI- Ν

2
M  2F2

Α + 1

2
,

1 - Ν

2
;

3

2
,

Α + 3

2
;

z2

2

07.41.21.0004.01

à zΑ-1 ã-
z2

4 DΝHtL â t �
2Ν�2 Π zΑ

Α GJ 1-Ν

2
N  2F2

Α

2
,

Ν + 1

2
;

1

2
,

Α

2
+ 1; -

z2

2
-

2
Ν+1

2 Π zΑ+1

HΑ + 1L GI- Ν

2
M  2F2

Α + 1

2
,

Ν

2
+ 1;

3

2
,

Α + 3

2
; -

z2

2

07.41.21.0005.01

à zn ã
z2

4 DΝHzL â z � -
ã

z2

4

n + 1
 â
k=1

n+1 H-n - 1Lk zn-k+1

HΝ + 1Lk

 Dk+ΝHzL �; n Î N

07.41.21.0006.01

à z ã
z2

4 DΝHzL â z �
ã

z2

4

Ν + 2
 Hz DΝ+1HzL + DΝHzLL

07.41.21.0007.01

à z2 ã
z2

4 DΝHzL â z �
ã

z2

4

Ν + 3
 z2 -

2

Ν + 1
DΝ+1HzL + 2 z DΝHzL

07.41.21.0008.01

à z-Ν-3 ã
z2

4 DΝHzL â z �
z-Ν-2 ã

z2

4

HΝ + 1L HΝ + 2L  DΝ+2HzL
07.41.21.0009.01

à zn ã-
z2

4 DΝHzL â z � -
ã-

z2

4

n + 1
 â
k=1

n+1 H-1Lk H-n - 1Lk zn-k+1 DΝ-kHzL �; n Î N

07.41.21.0010.01

à z ã-
z2

4 DΝHzL â z � -ã-
z2

4 HDΝ-2HzL + z DΝ-1HzLL

http://functions.wolfram.com 19



07.41.21.0011.01

à z2 ã-
z2

4 DΝHzL â z �
ã-

z2

4

Ν - 2
 I2 z DΝHzL - IΝ z2 - 2M DΝ-1HzLM

07.41.21.0012.01

à zΝ-2 ã-
z2

4 DΝHzL â z � -zΝ-1 ã-
z2

4 DΝ-2HzL
Definite integration

07.41.21.0013.01

à
0

¥

tΑ-1 DΝHtL â t �
2

Ν-Α

2 Π GHΑL
GJ Α-Ν+1

2
N  2F1

Α

2
,

Α + 1

2
;

Α - Ν + 1

2
;

1

2
�; ReHΑL > 0

07.41.21.0014.01

à
0

¥

tΑ-1 ã-a t2 DΝHtL â t �
2

Ν-Α

2 Π GHΑL
GJ Α-Ν+1

2
N  2F1

Α

2
,

Α + 1

2
;

Α - Ν + 1

2
;

1

2
- 2 a �;

HReHΑL > 0 ß ReH4 a + 1L > 0L Þ H0 < ReHΑL < -ReHΝL ß ReH4 a + 1L = 0L
07.41.21.0015.01

à
0

¥

tΑ-1 ã
t2

4 DΝHtL â t �
2-

Α+Ν

2
-1 GHΑL GI- Α+Ν

2
M

GH-ΝL �; 0 < ReHΑL < -ReHΝL
07.41.21.0016.01

à
0

¥

DΑHtL DΝHtL â t �
GI- Α

2
M GJ 1-Ν

2
N - GJ 1-Α

2
N GI- Ν

2
M

2
1

2
HΑ+Ν+3L HΑ - ΝL GH-ΑL GH-ΝL

07.41.21.0017.01

à
0

¥

DΝHtL2 â t �
Π

23�2 GH-ΝL  Ψ
1 - Ν

2
- Ψ -

Ν

2

Integral transforms

Laplace transforms

07.41.22.0001.01

LtBtΑ-1 DΝ I t NF HzL �
2-Α+

Ν

2
+1 Π GH2 ΑL

GJΑ + 1-Ν

2
N  2F1 Α, Α +

1

2
; Α +

1 - Ν

2
;

1

2
- 2 z �;

HReHΑL > 0 ß ReH4 z + 1L > 0L ë 0 < ReHΑL < -
ReHΝL

2
í ReH4 z + 1L = 0

Mellin transforms

07.41.22.0002.01

Mt@DΝHtLD HzL �
2

Ν-z

2 Π GHzL
GJ 1+z-Ν

2
N  2F1

z

2
,

z + 1

2
;

1 + z - Ν

2
;

1

2
�; Re HzL > 0
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Summation

Infinite summation

07.41.23.0001.01

â
k=0

¥ wk Dk+ΝHzL
k !

� ã
1

4
w H2 z-wL DΝHz - wL

07.41.23.0002.01

â
k=0

¥ H-ΝLk wk DΝ-kHzL
k !

� ã
1

4
w Hw-2 zL DΝHz - wL

07.41.23.0003.01

â
k=0

¥ wk D2 k+ΝHzL
k !

�
1

H2 w + 1L Ν+1

2

 ã
w z2

2 H2 w+1L DΝ

z

2 w + 1
�;  w¤ <

1

2

Operations

Limit operation

07.41.25.0001.01

lim
n®¥

1

n!
 -

1

2

n

ã
z2

8 n D2 n+1

z

2 n
�

2 sinHzL
Π

�; n Î N

07.41.25.0002.01

lim
n®¥

J- 1

2
Nn

ã
z2

8 n n  D2 n
z

2 n

n!
�

cosHzL
Π

�; n Î N

Representations through more general functions

Through hypergeometric functions

Involving pFq

07.41.26.0001.01

DΝHzL � 2Ν�2 Π  ã-
z2

4

1

GJ 1-Ν

2
N  1F1 -

Ν

2
;

1

2
;

z2

2
-

2 z

GI- Ν

2
M  1F1

1 - Ν

2
;

3

2
;

z2

2

07.41.26.0002.01

DΝHzL � 2Ν�2 Π ã
z2

4

1

GJ 1-Ν

2
N 1F1

1 + Ν

2
;

1

2
; -

z2

2
-

2 z

GI- Ν

2
M  1F1

Ν

2
+ 1;

3

2
; -

z2

2
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07.41.26.0003.01

DΝHä zL DΝHzL �
2Ν Π

GJ 1-Ν

2
N2

 2F3

Ν + 1

2
, -

Ν

2
;

1

4
,

1

2
,

3

4
;

z4

16
-

-1
4

Π z

GH-ΝL  2F3

1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L; 1

2
,

3

4
,

5

4
;

z4

16
+

ä 2Ν+1 Π z2

GI- Ν

2
M2

 2F3

1 - Ν

2
,

Ν

2
+ 1;

3

4
,

5

4
,

3

2
;

z4

16
+

H-1L3�4 Π H2 Ν + 1L z3

6 GH-ΝL  2F3

1

4
H3 - 2 ΝL, 1

4
H2 Ν + 5L; 5

4
,

3

2
,

7

4
;

z4

16

Involving 1F
�

1

07.41.26.0004.01

DΝHzL � 2Ν�2 Π ã-
z2

4

1

GJ 1-Ν

2
N  1F

�
1 -

Ν

2
;

1

2
;

z2

2
-

z

2 GI- Ν

2
M  1F

�
1

1 - Ν

2
;

3

2
;

z2

2

07.41.26.0005.01

DΝHzL � 2Ν�2 Π ã
z2

4

1

GJ 1-Ν

2
N  1F

�
1

Ν + 1

2
;

1

2
; -

z2

2
-

z

2 GI- Ν

2
M  1F

�
1

Ν

2
+ 1;

3

2
; -

z2

2

07.41.26.0006.01

DΝHä zL DΝHzL �
ä 2Ν-

3

2 Π5�2 z2

GI- Ν

2
M2

 2F
�

3

1 - Ν

2
,

Ν

2
+ 1;

3

4
,

5

4
,

3

2
;

z4

16
+

2Ν+
1

2 Π5�2
GJ 1-Ν

2
N2

 2F
�

3

Ν + 1

2
, -

Ν

2
;

1

4
,

1

2
,

3

4
;

z4

16
-

J 1

4
+ ä

4
N Π2 z

GH-ΝL  2F
�

3

1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L; 1

2
,

3

4
,

5

4
;

z4

16
-

J 1

64
- ä

64
N Π2 z3 H2 Ν + 1L
GH-ΝL  2F

�
3

1

4
H3 - 2 ΝL, 1

4
H2 Ν + 5L; 5

4
,

3

2
,

7

4
;

z4

16

Involving hypergeometric U

07.41.26.0007.01

DΝHzL � 2Ν�2 ã-
z2

4 U -
Ν

2
,

1

2
,

z2

2
�; -

Π

2
< argHzL £

Π

2

07.41.26.0008.01

DΝHzL � 2
Ν-1

2 z ã-
z2

4 U
1 - Ν

2
,

3

2
,

z2

2
�; -

Π

2
< argHzL £

Π

2

07.41.26.0009.01

DΝHzL �
2-

Ν

2
-1 sinHΠ ΝL

-z2 cosI Π Ν

2
M + z2 sinI Π Ν

2
M  ã-

z2

4

2Ν -z2 csc
Π Ν

2
+ z sec

Π Ν

2
U -

Ν

2
,

1

2
,

z2

2
-

-z2 z - z2 GHΝ + 1L
2 Π

 ã
z2

2 U
Ν

2
+ 1,

3

2
, -

z2

2
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Through Meijer G

Classical cases involving exp

07.41.26.0010.01

ãz�4 DΝI z N �
2-

Ν

2
-1

Π GH-ΝL  G1,2
2,1

z

2

Ν

2
+ 1

0, 1

2

07.41.26.0011.01

ã
z2

4 DΝHzL �
2-

Ν

2
-1

Π GH-ΝL  G1,2
2,1

z2

2

Ν

2
+ 1

0, 1

2

�; -
Π

2
< argHzL £

Π

2

07.41.26.0012.01

ãz�4 DΝI- z N �
2

1-Ν

2 Π3�2
GH-ΝL  G3,4

2,1
z

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

07.41.26.0013.01

ã-
z

4 DΝI z N � 2Ν�2 G1,2
2,0

z

2

1-Ν

2

0, 1

2

07.41.26.0014.01

ã-
z2

4 DΝHzL � 2Ν�2 G1,2
2,0

z2

2

1-Ν

2

0, 1

2

�; -
Π

2
< argHzL £

Π

2

07.41.26.0015.01

ã-
z

4 DΝI- z N � 2Ν�2 G2,3
2,1

z

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

07.41.26.0016.01

ãz�4 JDΝI z N + DΝI- z NN �
2

1-Ν

2 Π3�2
GH-ΝL  G2,3

1,1
z

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

07.41.26.0017.01

ãz�4 JDΝI z N - DΝI- z NN �
2

1-Ν

2 Π3�2
GH-ΝL  G2,3

1,1
z

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

07.41.26.0018.01

ã-
z

4 JDΝI z N + DΝI- z NN � 2
Ν

2
+1 cos

Π Ν

2
G1,2

1,1
z

2

1-Ν

2

0, 1

2

07.41.26.0019.01

ã-
z

4 JDΝI z N - DΝI- z NN � 2
Ν

2
+1 sin

Π Ν

2
G1,2

1,1
z

2

1-Ν

2

1

2
, 0

Classical cases involving cosh
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07.41.26.0020.01

cosh
z2

4
DΝHzL � 2

Ν

2
-1 G1,2

2,0
z2

2

1-Ν

2

0, 1

2

+
2-

Ν

2
-2

Π GH-ΝL G1,2
2,1

z2

2

Ν

2
+ 1

0, 1

2

�; -
Π

2
< argHzL £

Π

2

07.41.26.0021.01

cosh
z2

4
DΝH-zL � 2

Ν

2
-1 G2,3

2,1
z2

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

+
2-

1

2
HΝ+1L Π3�2

GH-ΝL  G3,4
2,1

z2

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

�; -
Π

2
< argHzL £

Π

2

07.41.26.0022.01

cosh
z2

4
HDΝH-zL + DΝHzLL � 2Ν�2 cos

Π Ν

2
G1,2

1,1
z2

2

1-Ν

2

0, 1

2

+
2-

1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z2

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

�; -
Π

2
< argHzL £

Π

2

07.41.26.0023.01

cosh
z2

4
HDΝHzL - DΝH-zLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z2

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

+ 2Ν�2 G1,2
1,1

z2

2

1-Ν

2

1

2
, 0

sin
Π Ν

2
�; -

Π

2
< argHzL £

Π

2

07.41.26.0024.01

coshK z

4
O DΝI z N � 2

Ν

2
-1 G1,2

2,0
z

2

1-Ν

2

0, 1

2

+
2-

Ν

2
-2

Π GH-ΝL G1,2
2,1

z

2

Ν

2
+ 1

0, 1

2

07.41.26.0025.01

coshK z

4
O DΝI- z N � 2

Ν

2
-1 G2,3

2,1
z

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

+
2-

1

2
HΝ+1L Π3�2

GH-ΝL  G3,4
2,1

z

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

07.41.26.0026.01

coshK z

4
O JDΝI- z N + DΝI z NN � 2Ν�2 cos

Π Ν

2
G1,2

1,1
z

2

1-Ν

2

0, 1

2

+
2-

1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

07.41.26.0027.01

coshK z

4
O JDΝI z N - DΝI- z NN �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

+ 2Ν�2 sin
Π Ν

2
 G1,2

1,1
z

2

1-Ν

2

1

2
, 0

Classical cases involving sinh

07.41.26.0028.01

sinh
z2

4
DΝHzL �

2-
Ν

2
-2

Π GH-ΝL  G1,2
2,1

z2

2

Ν

2
+ 1

0, 1

2

- 2
Ν

2
-1 G1,2

2,0
z2

2

1-Ν

2

0, 1

2

�; -
Π

2
< argHzL £

Π

2

07.41.26.0029.01

sinh
z2

4
DΝH-zL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G3,4
2,1

z2

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

- 2
Ν

2
-1 G2,3

2,1
z2

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

�; -
Π

2
< argHzL £

Π

2

07.41.26.0030.01

sinh
z2

4
HDΝH-zL + DΝHzLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z2

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

- 2Ν�2 cos
Π Ν

2
G1,2

1,1
z2

2

1-Ν

2

0, 1

2

�; -
Π

2
< argHzL £

Π

2
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07.41.26.0031.01

sinh
z2

4
HDΝHzL - DΝH-zLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z2

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

- 2Ν�2 sin
Π Ν

2
G1,2

1,1
z2

2

1-Ν

2

1

2
, 0

�; -
Π

2
< argHzL £

Π

2

07.41.26.0032.01

sinhK z

4
O DΝI z N �

2-
Ν

2
-2

Π GH-ΝL  G1,2
2,1

z

2

Ν

2
+ 1

0, 1

2

- 2
Ν

2
-1 G1,2

2,0
z

2

1-Ν

2

0, 1

2

07.41.26.0033.01

sinhK z

4
O DΝI- z N �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G3,4
2,1

z

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

- 2
Ν

2
-1 G2,3

2,1
z

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

07.41.26.0034.01

sinhK z

4
O JDΝI- z N + DΝI z NN �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

- 2Ν�2 cos
Π Ν

2
G1,2

1,1
z

2

1-Ν

2

0, 1

2

07.41.26.0035.01

sinhK z

4
O JDΝI z N - DΝI- z NN �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

- 2Ν�2 sin
Π Ν

2
G1,2

1,1
z

2

1-Ν

2

1

2
, 0

Classical cases for products of D

07.41.26.0036.01

DΝ ã
Π ä

4 z
4

DΝ ã-
Π ä

4 z
4 �

1

23�2 Π GH-ΝL  G2,4
4,1

z

16

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

07.41.26.0037.01

D-Ν-1J z
4 N DΝJ z

4 N �
1

2 Π
 G2,4

4,0
z

16

1-Ν

2
, Ν

2
+ 1

0, 1

4
, 1

2
, 3

4

Classical cases involving  Exp and Hermite H

07.41.26.0038.01

ã
z2

4 HΝ -
ä z

2
DΝHzL �

2
Ν-3

2

Π GH-ΝL G2,4
4,1 -

z4

16

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

�; 0 < argHzL £
Π

2

07.41.26.0039.01

ã-
z2

4 H-Ν-1

z

2
DΝHzL �

2-
1

2
HΝ+3L
Π

G2,4
4,0

z4

16

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

�; -
Π

4
£ argHzL £

Π

4

Generalized cases involving exp

07.41.26.0040.01

ã
z2

4 DΝHzL �
2-

Ν

2
-1

Π GH-ΝL  G1,2
2,1

z

2
,

1

2

Ν

2
+ 1

0, 1

2
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07.41.26.0041.01

ã-
z2

4 DΝHzL � 2Ν�2 G1,2
2,0

z

2
,

1

2

1-Ν

2

0, 1

2

07.41.26.0042.01

ã
z2

4 DΝH-zL �
2

1-Ν

2 Π3�2
GH-ΝL  G3,4

2,1
z

2
,

1

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

07.41.26.0043.01

ã-
z2

4 DΝH-zL � 2Ν�2 G2,3
2,1

z

2
,

1

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

07.41.26.0044.01

ã
z2

4 HDΝHzL + DΝH-zLL �
2

1-Ν

2 Π3�2
GH-ΝL  G2,3

1,1
z

2
,

1

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

07.41.26.0045.01

ã
z2

4 HDΝHzL - DΝH-zLL �
2

1-Ν

2 Π3�2
GH-ΝL  G2,3

1,1
z

2
,

1

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

07.41.26.0046.01

ã-
z2

4 HDΝHzL + DΝH-zLL � 2
Ν

2
+1 cos

Π Ν

2
G1,2

1,1
z

2
,

1

2

1-Ν

2

0, 1

2

07.41.26.0047.01

ã-
z2

4 HDΝHzL - DΝH-zLL � 2
Ν

2
+1 sin

Π Ν

2
G1,2

1,1
z

2
,

1

2

1-Ν

2

1

2
, 0

Generalized cases involving cosh

07.41.26.0048.01

cosh
z2

4
DΝHzL � 2

Ν

2
-1 G1,2

2,0
z

2
,

1

2

1-Ν

2

0, 1

2

+
2-

Ν

2
-2

Π GH-ΝL  G1,2
2,1

z

2
,

1

2

Ν

2
+ 1

0, 1

2

07.41.26.0049.01

cosh
z2

4
DΝH-zL � 2

Ν

2
-1 G2,3

2,1
z

2
,

1

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

+
2-

1+Ν

2 Π3�2
GH-ΝL  G3,4

2,1
z

2
,

1

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

07.41.26.0050.01

cosh
z2

4
HDΝH-zL + DΝHzLL � 2Ν�2 cos

Π Ν

2
G1,2

1,1
z

2
,

1

2

1-Ν

2

0, 1

2

+
2-

1+Ν

2 Π3�2
GH-ΝL  G2,3

1,1
z

2
,

1

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

07.41.26.0051.01

cosh
z2

4
HDΝHzL - DΝH-zLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2
,

1

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

+ 2Ν�2 sin
Π Ν

2
 G1,2

1,1
z

2
,

1

2

1-Ν

2

1

2
, 0

http://functions.wolfram.com 26



Generalized cases involving sinh

07.41.26.0052.01

sinh
z2

4
DΝHzL �

2-
Ν

2
-2

Π GH-ΝL G1,2
2,1

z

2
,

1

2

Ν

2
+ 1

0, 1

2

- 2
Ν

2
-1 G1,2

2,0
z

2
,

1

2

1-Ν

2

0, 1

2

07.41.26.0053.01

sinh
z2

4
DΝH-zL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G3,4
2,1

z

2
,

1

2

Ν

2
+ 1, 1

8
, 5

8

0, 1

2
, 1

8
, 5

8

- 2
Ν

2
-1 G2,3

2,1
z

2
,

1

2

1-Ν

2
, Ν+1

2

0, 1

2
, Ν+1

2

07.41.26.0054.01

sinh
z2

4
HDΝH-zL + DΝHzLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2
,

1

2

Ν

2
+ 1, 1

4

0, 1

2
, 1

4

- 2Ν�2 cos
Π Ν

2
G1,2

1,1
z

2
,

1

2

1-Ν

2

0, 1

2

07.41.26.0055.01

sinh
z2

4
HDΝHzL - DΝH-zLL �

2-
1

2
HΝ+1L Π3�2

GH-ΝL  G2,3
1,1

z

2
,

1

2

Ν

2
+ 1, 1

4

1

2
, 0, 1

4

- 2Ν�2 sin
Π Ν

2
G1,2

1,1
z

2
,

1

2

1-Ν

2

1

2
, 0

Generalized cases for products of D

07.41.26.0056.01

DΝ 2 ã
Π ä

4 z DΝ 2 ã-
Π ä

4 z �
1

23�2 Π GH-ΝL  G2,4
4,1

z

2
,

1

4

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

07.41.26.0057.01

D-Ν-1HzL DΝHzL �
1

2 Π
 G2,4

4,0
z

2
,

1

4

1-Ν

2
, Ν

2
+ 1

0, 1

4
, 1

2
, 3

4

Generalized cases involving  Exp and Hermite H

07.41.26.0058.01

ã
z2

4 HΝ -
ä z

2
DΝHzL �

2
Ν-3

2

Π GH-ΝL G2,4
4,1

1

2
ã-

1

4
Hä ΠL z,

1

4

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

07.41.26.0059.01

ã-
z2

4 H-Ν-1

z

2
DΝHzL �

2-
1

2
HΝ+3L
Π

G2,4
4,0

z

2
,

1

4

Ν

2
+ 1, 1-Ν

2

0, 1

4
, 1

2
, 3

4

Through other functions

Involving some hypergeometric-type functions

07.41.26.0060.01

DΝHzL � 2
Ν

2 ã-
z2

4 cos
Ν Π

2
G

Ν

2
+ 1 L Ν

2

-
1

2
z2

2
+

z GJ Ν+1

2
N sinI Ν Π

2
M

2
 L Ν-1

2

1

2
z2

2
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07.41.26.0061.01

DΝHzL � lim
Λ®¥

ã-
z2

4 GHΝ + 1L Λ-
Ν

2 LΝ
ΛKΛ - Λ zO

07.41.26.0062.01

DΝHzL � GHΝ + 1L 2-
Ν

2 ã-
z2

4 lim
Λ®¥

Λ-
Ν

2 CΝ
Λ

z

2 Λ
�;  z¤ < 2

07.41.26.0063.01

DΝHzL � 2Ν�2 ã-
z2

4 GHΝ + 1L lim
a®¥

a-
Ν

2 PΝ
Ha,aL z

2 a

Representations through equivalent functions

With related functions

07.41.27.0001.01

D2 nHzL � H-1Ln 2n n! ã-
z2

4 Ln
-

1

2
z2

2
�; n Î N

07.41.27.0002.01

D2 n+1HzL � H-1Ln 2n n! z ã-
z2

4 Ln

1

2
z2

2
�; n Î N

07.41.27.0003.01

DΝHzL � 2-
Ν

2 ã-
z2

4 HΝ

z

2

Theorems

History
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