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Notations

Traditional name

Polygamma function

Traditional notation

(2

Mathematica StandardForm notation

Pol yGamma v, z]

Primary definition

06.15.02.0001.01

ki 4

M(2) = -FCon(z, -1 2" - Pt (1 2,2 ——)

Y@ = -1 At Zl i
Above formula presents (not unique) continuation of the classical definition of ¥ (2) from positive integer values

of v toitsarbitrary complex values. Below four formulas are the particular cases of the above general
definition.

’E)Il—\

06.15.02.0003.01

vlog(2) —y (z+v) —viy(-v) ©
) — —v—1 §
v @ ra-v i ’

-F (1 2:2-v; ——)zl Lim(veZAy=0)

The classical definition of ™ (2) for positive integer n is the following:

06.15.02.0002.02

yV(@) = (1" n!
k%; (k+2)

/ineN*
n+1

06.15.02.0004.01

@)= ZZ TN E )

06.15.02.0005.01

© 1 1
O)(z) == (__ )_
Ve kzll kK kiz-1)
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06.15.02.0006.01

> (1 1
o

k=1

Below formula accumul ates above definitions for different values of parameter v in one expression.
06.15.02.0007.01
—%—)’+22ﬁ11@ v=0
l//(v)(Z) — (—1)V+l v! Yoo @

Y@ VIgDVY(—Y) __, 1 | 1y 1 g . .z

veN*

06.15.02.0008.01
Y2

W@ =
0z

Above formula reflects the main functional property of classical polygamma function. In classical interpretation it
isvaidonly forv==0, 1, 2, 3, ... But it isvery convenient to use it as basic definition of polygamma function for

Y2
0z

respect to z (which provides the Riemann-Liouville-Hadamard fractional left-sided integro-differentiation with
beginning at the point 0). Such approach was realized in Mathematica.

any arbitrary complex values v, where symbol

denotes the vth fractional integro-derivative of y(z) with

Specific values

Specialized values

For fixed v

06.15.03.0001.01
Y(0) =& /; Re(v) > -1

06.15.03.0002.01
Y (0)=0/; Re(v) < -1

06.15.03.0009.01
yOD) =)™ nin+1) sneNt

06.15.03.0010.01

1 [r(n-1 n-1\[& Lk . . Ein-1
w‘*m(l):(n 1)'[ - +w<n)+2( . )[Z(—DJ(j)w(k—1+1){(1—k, 2 -yk+D)|- ( § )4’(—!0 /
- k=0 0

j=1 k=

neN*

06.15.03.0011.01
Yy =0

06.15.03.0012.01

1
Y21 = Elog(zm
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06.15.03.0013.01

1
Y3 (D) = log(A) + 2 log(2 )

06.15.03.0014.01
4C)

T

1 3
YA = ” 2(6log(A) + log(2 7)) +

06.15.03.0015.01

72010g(A) + 90log(2 1) + 2242

2

-7200'(-3)-11
Yo =

4320

06.15.03.0016.01
18072 £(3) — 270£(5) + n* (360 l0g(A) + 36log(2 ) — 720" (—3) — 11)

Yo =
8640 7*
06.15.03.0017.01
5040 og(A) + 420l0g(2m) + oe® _ 5040 £(~5) — 16800£"(~3) - —r _ 211
v = - i
604800
06.15.03.0018.01
YR =
———— (18907 £(3) — 94507 £(5) + 14175 (7) + 4 7° (630 10g(A) + 4510g(2 1) — 18904’ (-5) — 3150 £'(—3) — 31))
181440078

06.15.03.0019.01

log(A) log2m)  {(3) Q) 1 1 J(=7 16427 (©)
Yo = + + + -5 - —— (-3 - - -
5040 80640 1576072 2567°% 720 720 5040 1524096000 7687%
06.15.03.0020.01
1
Y101 = ———— (75600 7° £(3) — 793800 7* £(5) + 396900072 £(7) — 5953500 £(9) +

304819200078
#® (75600 l0g(A) + 420010g(2 ) — 302400 (~7) — 1058400 '(~5) — 705600’ (- 3) — 4457))

06.15.03.0021.01
1
¢<”>(E) =(E=D™n (2™ - 1)+ 1) sneNt
06.15.03.0022.01
Y0 = oo

06.15.03.0023.01

1 3
w‘””(z) + (1/(2“*1)(2) =@"-4")@n-1!1z@n neNt

06.15.03.0024.01
YM(-n) =& /; Re(v) > —1AneN

06.15.03.0025.01
Y(-n=; /;Re(y) =-1AneN
For fixed z

06.15.03.0004.01

VO =y
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06.15.03.0005.01
Y@= (D" n1¢(n+1,2/;neN  ARe(2 >0
06.15.03.0026.01

ar(z2)
n oz

I'(»
MW(@z=——/neN
v 97"

06.15.03.0006.02
"2

y"V(2) =

/ineN

06.15.03.0007.01

d™tlogl(2)
Y@= ————/;neN
azml

06.15.03.0003.01
(@ = logl'(2)

06.15.03.0027.01
1
Y= 3 log2m) + ¢*9(0, 2) /; Re(2) > 0
06.15.03.0028.01

Y@ = logT'(z+ 1)) - log(2)

06.15.03.0029.01
1 1
v V@ =190, 2 + 3 log(27) + (26(IM(2)) — 1) i 7 Re(|z)) + 3 (1+ (-1)l-Re@IIREDN) j 7 9~ 1m(2)) 6(—Re(2)) /; Re(2) > 0

06.15.03.0030.01

1
Y@= 5(—22 +log2m z+z-20(-1)+2{M9(-1, 2) /; —% <arg < g

06.15.03.0031.01

1
v (2 = I (12log(A) + 6z(-z+log27) + 1) - 12zlog(2) — 1) + {HO(-1, z+ 1)

06.15.03.0032.01

1 3,3
v = ” [—623 +3R2logR2m) +3) 2 -4 -+ z+ ) +12739(-2, 2

s

06.15.03.0033.01

1
v = — (-n*z(-8log(A) +z(2z- 2log(2m) — 3) + 4z109(2) + 1) + {(3) + 47° {10(-2, z+ 1))
8r

06.15.03.0034.01

18£(3)z

T

1
Y@= " [—24|og(z) Z+(72log(A) + z(-11z+ 12log27) + 22) - 11) 2 + — 247 (-3)+24,M9(=3,z+ 1)

06.15.03.0035.01

¥ =

y (—3607* log(2) 2 + 7 (540 2¢(3) + 7 (5(28810g(A) + 3z(~10z+ 1210g(2 1) + 25) — 50) 72 — 1440 (-3) + 3)) z—
8640

2704(5) + 3607 {*0(-4, z+ 1))
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06.15.03.0036.01

YO =

(n* ((—274(z- 3) 2+ 3601l0g(2 ) z+ 3600 10g(A) — 685) 7 + 27) 7 —
86400 *

180(47*log(2) 22 — 1072 {(3) 22 + 15{(5) z+ 4n* (104 (-3) Z + {(=5))) + 720 7* {9(=5, z+ 1))
06.15.03.0037.01
1
W@ = ————— (n°2(72 (9(24010g(A) + z(-14Z+ 2010g(2 ) + 49) — 49) Z + 37) - 10) + 14175 {(7) -
18144007
6307° z(47* log(2) 22 — 157% {(3) 2 + 45{(5) z+ 87* (104 (-3) 2 + 3{'(-5))) + 2520 7° (19 (-6, z+ 1))
06.15.03.0038.01
1
Y2 =-———(°((97 (363(z- 4) z— 560l0g(2 1) z— 7840l0g(A) + 1694) — 2233) Z + 260) Z +
50803200 7°
1260 (87°log(2) 2’ — 427 £(3) 2 + 2107% {(5) 22 - 315{(7) 2+ 87° (35 (-3) 2 + 21 L' (-5) Z + {'(-T))) -
100807° £19(-7, z+ 1))

06.15.03.0039.01
1

V0= ——

3048192000 7°

(n®z(-228307 + 135(280log(2 ) + 761) Z' + 180(3360 log(A) — 761) 2 + 31206 7' — 7300 Z + 315) - 5953500 £(9) —
378007 z(27°log(d) 2’ — 147* {(3) 2 + 10572 {(5) 22 - 315{(7) 2+ 167° (7' (-3 L + T L' (-5 2 + {'(-7))) +
756007% 10(-8, z+ 1))

06.15.03.0040.01

IR —
18289152000 78

(n® (2 ((Z (14258 (z- 5) z— 25200l0g(2 1) z— 453600 log(A) + 106 935) — 35126) 7 + 13750) — 1785) 2 +
12600 (47°10g(2) 2 - 367° £(3) 2’ + 378 7" {(5) 22 — 189072 {(7) 2 + 2835 {(9) z+
47 (840 (-3) P +126 L' (-5) 2 +36{'(-7) 2 + {'(-9))) - 5040072 (10(-9, z+ 1))

06.15.03.0041.01

1 L-Re2I-1 |og(i + z+ 1)
Y (2) = W Y01 - n, z+ max(|-Re(2)], 0) + 1) — — |+
n-— !

o (+z+Dt"
Zn—l
(n-1)!

v n-11 _ k |-Re(2)]-1 )
_%Z_|og(z)+w<n)+§;(nkl)[Z(T)w(k—j+1)[ S ezl

j=0 i=0
{(j =k, z+ max(L-Re(2)], 0) + 1)] (-2) =k + 1) {(-k) - ('(—k)] + )V] fineN*

06.15.03.0042.01
(=y (z—=n) = nlog(2) + ny(n)) 21 1 =

n! +(n—1)lz

k=1

Yo =

22 T (A-n), w1 ozl L (2
—Z Z—(——) —(k+2"™ Iog(—+1) /;
k k k

' -
mo M i)

neN*
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06.15.03.0043.01
3

z"2

1
———|2zyY(z+1) - (2n+1) [—Iog(z) +¢{—n— —) +y)) +
ZF(%—n)( 2

2Vz & 1 (k+ Z)2 p2 pa n 1 7 \J (=san(n)-6(-n)
—Z:(k+z)’”’2 - }—— k | — snY [-= +Z—, (—) ineZ
F(—n—%) k=1 z k2 k+z k) Z2i-1k+z

Values at fixed points

lp(’” %)(z) =

06.15.03.0008.01
1
¢<l>(—) =8C+r°
4
06.15.03.0044.01
3
wl{—) =n?-8C
4
06.15.03.0045.01

5
¢<z>{g) — 43 2 -182£3)

06.15.03.0046.01
YO-m =& /neN
06.15.03.0047.01
Y0 = 0
06.15.03.0048.01
) =log((n-1!) /;neN*
06.15.03.0049.01
Y hEm=&/neN

06.15.03.0050.01
m-2

1
Ym) = ——— 391 -n, 1-m) - Dli—me D+ L+ (-DM logm—i - 1) +
(n-1)! (n-1! &
—_mn-1 m n-1 _1
cm 7/+L—n’ﬂ—Iog(m)+w(n)+Z(—l)km‘k(n )
(n-21! n e k

k m-2
[Zm(§)¢<k-j+1>[z<i —m+ 1 g —k)]—w(k+1)4(—k)—;’(—k)]]/: neZAn>1Amen’
i=0 i=0

06.15.03.0051.01

1 m-1
YVmM) = ——— 290 —n,m+ 1)+
(n-1)! (n-1)!
n-1 K k . ) )
_ Yol : [W=i+k+ DG -k m+ D) (-m)) —y(k+ 1) L{(-K) - Zetd (-k)

A S LIRASRAY /
——— —log(m) + ¢(n) + +7|/;

n k=0 mk

(neN* AmeN*)V(neZAn>1Am=-1)
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06.15.03.0052.01

w(—Zn)[E):
q
1 i2n—1 2n 2n-1 2n-2 —1)l _
—L( n-ur [B) +(—B] Iog[ P )+m+|og[sm(p )) 2y(2n) -2y + Z L(Zn. 1)+
2n-1)! 2n q q nq q j-1 J

2n-2 2 12n11 2 on—i-1 or
g(_l)]( T ) kZ ( ”P) ( ’ kJ )"”—im(«f qp)—(zm)l‘z"

n 2 _ g-1 . 2i _
Z[ mp) (2n. )(2n—j—1)!4“(2n—1')+[<—1)“*122“n12"qZ”Zw@“’[l)sn(ijﬂ(q p)]+
0 j=1 q q
2
(- 1)n+121 2n —2n(2n 1)yq72nz {m]é«(lo)(zn )+{(1 2n)q72n
q
W2n) - log2x) 2" @(2n) - log2x q) (q—p) (p]z”—l( yp [p)
on + Bon — v+ ——ni—log
2n 2n q q 2nq
2l pyk2n-1)[&(p) p , p
¢(2n)+2(— ] ( )[Z( ]( )¢:(k—]+l)[2§[]—k 1——]—([]—k,1——])_
k=0 q ) q q
w(k+1){(—k)—{’(—k)]]]]/;neN+/\peZ/\0<p<q/\qu/\q>l
06.15.03.0053.01
-1 . .
e 2n)[ p) 1 (_1)n+12_2nﬂ1_2nq_znqzlﬁ@n_l)(l]gn(zjn(q—p>]+
q) @n-1! =t g q
5 .
(—1)™L 2120 =20 (o _ 1) 72”2 s{ jm(- p))g(lo)[z l]+
q
W(2n) —log2m) q2" ¥(2n) —log27 g) q-p
'(1-2n) Q'Z”— By, + BZn[ ]_
2n 2n q
P2t yp p 2l pyko2n-1\[&(py p
— ——m—log[ )+w(2n)+ ( ] ( ) ( ]( )w( J+k+1)[2§[1—k 1——)—
O e Jven S (B :

p
§[J—k, 1—a))—w(kﬂ){(—k)—é’(—k)]ﬂ/]]/:neN+/\p€Z/\0< p<qAqeZAqg>1
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06.15.03.0054.01

w(—Zn)[m_}_ E] =
q

msmax(0] -m-? ) '09[[k— %)Z]

$(2n) - log(2 q) py 1 a
BZn( ]

+> > -

1
~-n

: [[kaxu—J)])

nFBJ—l _ . .

q 2n-1 (_1)n+1ﬂ, g-1 on

Z (i+m+E+1] Iog[i+m+E+1)+ Zsin(l]w(zn‘l>[l)+
i=0 q a rg?" i3 q q

/1_2n -2n
2n-1! ¢t AN 2n

q

[,

P2t y(mg+p) p Hopy*2n-1
(m+—) ———Iog(m+—)+¢r(2n)+ Z[m+ —] ( )
q 2nq q k=0 a k

ﬁ[—m—g)j(‘;)w—jn)

k-]
(i +m+ E + 1] +§[j -k, m+ max[O, {—m— -
j=0 q

—-p™t2@2n-11 2 27pj '
Wkt DK (K[ +y +¥Zco{ P ]gm[zn, l)_
@ra?" i1 q q

¥(2n) —log(2 )

Bon|/imezZzAneN* ApeZzANO<p<gAgqeZAq>1
20¢%"n

06.15.03.0055.01

Hm( 3) 1 (m(4"-42")+(22™1 - 8)log(2)
VL) T ans 4201y o
22t -1)" 1)y (3¢ 3 4
Z1-2n)- LW“‘”(—J —(—J ¥+ Y i+ |og(—)+¢(2n)+
24n-1 48m?2nt 4) \4 8n 3

2n-1 k _ k (3\]
Z(—g) (™", 1)2[2) ("o ek nefi-x ;)—w(m1)4(—k)—§'(—k>]]/;neN*

k=0 j=0
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06.15.03.0056.01

2 1 22"t Y 3
¢(—2n)[__)=_ (_) y+3——m+|og(£)+w(2n)+
n

3 @2n-1!\3

k

2n-1 3 k on-1 2j K . - 1 )
S (7230 (orere i s e -

k=0 j=0
9" (\/? a(=1+9M+6 |Og(3)) (_1)n—1 3%*2” 47N g1-2n 1 9" (3-9"
By, + <”FD(—) ——/(1-2n/;neN*
8n(2n-1)! 2n-1)! 3 22n-1)!
06.15.03.0057.01
¢4m[1)_ B2n100(2)
2 22"nE@2n-1!
1 % 2n-1 2n-1 k ) ) K
—|y+ — —in+log@ +y2n) + (—Dk( )? 27 —1+2Pk(.)¢e¢+k+1nxy—m—
2ZFH2n-1n( 4n 2; K 2; ( )J
22n—1 -1
Yk+ DK -'(-K|- —— A -2n/,;neN’
221 2n-1)!
06.15.03.0058.01
9 (V3 (-1+ 9" 7 -6log(3 na5-2N 40 1-2n
¢<-2n>[_1)= (\/_( +9 7 og( )) - (-1"3 4N ;1-2 (2n—1)(£)_
3 8n@2n-1)! " @n-1)! 3
1 % 2n-1 2n-1
——————|y+ ——ix+logB) +y(2n) + (-1%( )3k
32”‘1(2r1—-1)![ 6n ;g; k
ko ok _ _ 2 9" (3-97
2.3 ( | )M—J +kt 1)4[1 -k —) ~Uk+ DR =R [+ —————@-2m ineN
e j 3 22n-1)!
06.15.03.0059.01
w(—ZH)[_E) —
4
1 22m1 - 2%)log(2) — (4" — 42") -1" 1y 22mi-1
( ) ( ) Bon + D QWDLJ— (ﬂ—Zn)—4Lﬂ'y+3L—iﬂ+
2n-1)! 420+l 4872t 4 24n-1 8n

2n-1

2n-1\ & (k _ 3
Iog(4)+w<2n)+Z(—4)k( K )24"(j)w(—1+k+1)§(1—k, Z)—w<k+1)4(—k>—§'<—k)]]/;neN+
k=0 j=0
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10

06.15.03.0060.01

1 1 1y 22cin\ on-1
2m| 2| = _1)n l-6n 1-2n (2n—l)[_)_ (_) ( _ ) PN | IV 2N D) (2§ )20
v [4) (2n—1)![( ) Y 4 2, > j )@n-i-bie@n-p@imTs

j=0
47201 (r (—4" + 16" + (-4 + 4") log(4)) 274" (—y+in-2inx+nlog(167%) + 8nW(2n) +7))
n 2n n -
202 (-l 2n-1 202 2n-1)2"t 2n—j-1
41-2n ( ) 41-2n 11( ) [ ) ( )k!Li+ i) —
J;m_j_ J ]Z;( ) Z; ) 1)

2n-1

N (G 1)[Z4J(T)w(k—j+1)§(i—k, ;)—w(ku){(—k)—g’(—k)]—

16 (=2 +4M (12 n)] /ineNt

06.15.03.0061.01

2ni
2n1(T) G+1)

-2n 1-2n _
v )[ ) -3 Z (-j+2n-1)!

) 2n—1
3l-2n 2n—2(_1)l( -j+2n-1

S 2n-1 1 * _je2n-1 2ix
2n-1)! Z —-j+2n-1 +Z( 1)1( j ) Z (_5(2”)) ( J k )k!Lik+l(€3)+
' &

k=0

2n-1 on-1 3—4nﬂ.—2n

k (K - . 2 ’
g;(_l)k( ) )3k[§3J(j)w(_,+k+1)§(1—k,5]—w(k+1)§(—k)—g(—k)]+—8n(2n_1)!

256 78
n Bm)2"+24ny(2n) (312" +

(—4m‘(2n -1 B0+ By (V3 (-1+ 97— 6|og(3)) 3n)2"+3n Iog[

1
4B-9MnA-2nBn)*"+46n-1)y (Ba)>"+(-1" 282" 32"*2 nxy@n 1>[3)) /ineN*
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06.15.03.0062.01

l/’(_m(l) B log(2) . 2721 (y(4n-1) +4nlog(m) + 4ny(2n) +i (1 - 2n) 7
2} 2rn@n-1r n@2n-1)!

glan 202 () (2n—1)_212n2ilw+

@n-1! o -j+2n-1 j ~ (-j+2n-1!

21—2n 2n-2 ) _ —j+2n-1 s _
onT Z(—l)l(znj 1)[I09(2)+ > (1—2*k)(—m)*k( ”i" 1)kgg(k+1)]_
n-— !

j=0 k=1

21-2n  2n-1 . 2n-1 k ) . K

-2 270 (-1 21-(.) K+ D -k -k + D L=k - (K | -
(Zn_l)!§<)(k)j_zo (14279 (] Jw-i ks DG~k vk D a2 (K
22n—1_1

—(A-2n)/;neN*
2n-12n-1)!

06.15.03.0063.01

l/,(—Zn)[E) — 1 _3%—2nﬂ_1—2h w(zn—l)(i) (_E)n + 31—2n 4n—1 |Og ﬁ +
3 ! 3 4 3

(2n-1
3120 31—2n2n-2(—1)'( j )
e om—|2
5 w3

1, N\
341-2n 2n—1(—§(4m)) j+1)
- = 2n-1! -
5} en-o)

-j+2n-1 (-j+2n-1!

j=0 j=1

3y1-2n2n-2 o1y 2L 4 a K -j+2n-1 2in
3 i 2™ o7 K Li, -
(2) ]-ZZO( )( j ) ;0(3) ( K ) Ikl(e3)
3y\1-2n2n-1 3\ 2n-1\&(2) Kk 1

S P v )
[2) gg()z ; Jzés [ Jpeiske -k

i 22 n-1 9 "rx 22 n-1 g-n ¥

1
Yk+ 1) (- -'(-k) - =9 (-3+9N ' (1-2n) -
2 n n

9" Bpn (V3 7(-1+ 9" +10g(729)] 4\ 3yL-2n
+( ) n':r+(

- /ineN*t
8n 2) Y
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06.15.03.0064.01

¢((—2n)[§)= 1 _ D" ,’[/(Zn—l)(i)_f_[g)zn_lznzzﬁ(Zn__1)_
4 @n-D!'| 4@n2"1 4 4 -j+2n-1 J

j=0
3)2n1 2n-2 ron=1 —j+2n-1 1 -k _J- +2n-1
[— (—1)1( . ) (——(3m)) ( )k!l_im(-i)—
4 ]Z; ] k; 2 K
3 2n-12n-1 4 k on-1 k /3 j K 1
- - —| [ lw=i+kendi-k = |- wik+ 1) 2(-k) - (=K
[ L NG (e ndi-e g)-verneci-cen).

(m(4n— 42"+ (2271 - 8)log(2)) By (274" 32"1) (nlog(16 %) + 8n(w(2n) +7) - 3y)
+

420+l n
s 2n-2 3u'7rj on-1 . . 22n-1_ 1 u‘2‘4”‘132“(2n—1)71
(2im)t2n Z(—] ( . )(-J+2n-1)zg(2n-1)- J(1-2n)- /ineNt
=y 2 J 24n-1 n

General characteristics

Domain and analyticity

¥ (2) isan analytical function of v and zwhich is defined in C2.
06.15.04.0001.01
v+2—yM(@ 1 (CRC)—C
Symmetries and periodicities

Mirror symmetry

06.15.04.0002.02
Y@ =y (D /; 2¢ (-0, 0)

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed noninteger v or fixed negative integer v, the function () does not have poles.

06.15.04.0018.01
Sing (V@) =1} /; v &N

For fixed nonnegative integer v, the function y’(z) has an infinite set of singular points:
a) z==-m/; v==0A meN, are the simple poles with residues — 1,

b) z=-m/; v>0A meN, are the poles of order v + 1 with residues 0;

C) z== o isthe point of convergence of poles, which isan essential singular point.
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06.15.04.0003.01
Sing (W) = {{{-m, v+ 1} /; me N}, {&, co}} /; v €N*

06.15.04.0004.01
res(y” (@) (-m = -6, ;veNAmeN

With respect to v

For fixed z, the function y"(2) does not have poles.

06.15.04.0005.01
Sing (¢ (2) = {}

Branch points

With respect to z

For fixed noninteger v or fixed negative integer v, the function ¥’(2) has infinitely many branch points: z==—-n/;ne N

and z == . All these are power-logarithmic type branch points.
For nonnegative integer v, the function () does not have branch points.

06.15.04.0006.01
BP(Y"(2) = {{-n/;neN}, &}

06.15.04.0007.01
BP(Y@)=1{}/;veN

06.15.04.0019.01
RAv" (@), -n)=log/; ~veNANeN

06.15.04.0010.01
RAW" (@), ) =log /; = v eN

With respect to v
For fixed z, the function zp‘”(z) does not have branch points.

06.15.04.0012.01
BP, (v () = {}

Branch cuts

With respect to z

For fixed noninteger v or fixed negative integer v, the function ¥(2) is a single-valued function on the z-plane cut

along the interval (—co, 0), where z//(")(z) is continuous from above. Thisinterval includes an infinite set of branch

cut lines of combined power-logarithmic type along (—co, —n) /; neN.

For nonnegative integer v, the function () does not have branch cuts.

06.15.04.0013.01
BCAY"(2) = {{(=0, 0), —i}} /; v &N



http: //functions.wolfram.com 14

06.15.04.0014.01
BCAY™ (@) =1{}/;veN

06.15.04.0015.01
lim yVx—ie)=yVX) /; x<OAX¢ Z
e-»+0

06.15.04.0016.01
) i =
lim v (x—ie) = 2™ [y (x) + k+x"/ix<OAx¢ZAveN
e->+0 I'(-v) P

With respect to v
For fixed z, the function "’ (z) does not have branch cuts.

06.15.04.0017.01
BC,(V"(2) = {}

Series representations

Generalized power series
Expansions at generic point z== 7,
06.15.06.0014.01
Y@ o Y (20) + 9 (20) (2~ 20) + % Y 2(2) 2-20) + ... [, (2~ 2)
06.15.06.0015.01

1
Y@ o« Yy (20) + ¥ (20) (- 20) + 5 W (2) (2- 20)? + O((2- 20)%)

06.15.06.0016.01

e}

1
V@ =) R 20) (2 20"

k=0 ™*

06.15.06.0017.01
> 1
) _ — oy k+n) _ k
v (Z)_Zk! Y (20) (2- 20)
k=0
06.15.06.0018.01
W@ o« y(29) (1 + Oz~ 7))

Expansions on branch cuts

General case

06.15.06.0019.01
argz-%)

w(v)(z) o e*ZMV{TJ [W(V)(X) + (1 N arg(z-X)

T

1 1
J) (z-x) (W*D(x) +s YOA(X) (- X) + p YOIX) (2- %)% + ) -

_ 2xi =X
rrg(z X)J - D+ @50 AxeRAX<O
2r I'(-v) k=0
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06.15.06.0020.01
arg(z—X)

_agzxn
Wi 5] [W(x) + (1 *

1 1
J) z-% (w”l)(x) t YR (2 x) + . YOI (z- %%+ O((z—- x)s)) -

T

ag(z-x) | 2xi N
{ X )J il Z(|<+x)V1 /i XxeRAX<0
27 Ire-n &

06.15.06.0021.01

. arg(z-x)
o= [W(m (5

arg(z— x) © y*&I () (z— x5 Jagz-x| 2xi X N
J )Z —{ J Z(k+x)V /i XxeRAX<0
k! 2n I(-v) 2

k=1

06.15.06.0022.01

L=x]

. agz-x) — 2
l/l(v)(Z) o e*ZMrV{TJ [w(v)(x) _ \‘arg(z X)J mi Z (k+ X) —y-1

1+0(z-X)/;xeRAXx<0
2 I'(-v) i3

Expansionsat z==0

For the function itself

General case

06.15.06.0023.01

yzv e 12((3) z 212 2
Y@ o« - FCo(z -1 2" - 1-

+ + +...]/;(z—>0)/\Re(v)>0
ra-v) 6r2-v 72 @2-v) 5@2-v@3B-v)

06.15.06.0024.01

zv 2 A 12¢(3) z 2m2 7
l/l(v)(Z) o — C(vp(z 1) - 1 Y /s (1_ é/( ) T

+ + +O(z3)] /; Re(») >0
ra-v) 6r2-v 72 2-v) 5@2-v)@-v)

06.15.06.0005.01

yzZ" © 1 z
0)(z) == -7 z-Dz" o A 2 : _E (1’ 22y __)
’ ~ Id=v 1 K o k

06.15.06.0001.01
7V & DG+nrdot
+

Y@ = - FCop(z, -1 2" - /; Re(v) > 0ARE(2) > 0

F1-v) (S22 k+D)*2r(j-v+2)

06.15.06.0025.01
W= +y-log@)z*t & oD

Y@ = +
I(-v) Hrk-v+1)
06.15.06.0006.01
7 D (+D(+2 B
Y@ = - FCoy(z -2 - LRI CU O+ /; Re(v) > 0ARe2) > 0

rl-v) I'(j-v+2)

j=0

06.15.06.0002.02
Y@ o« - FCop(z, ~D 2 (1+0@) /v &N

Special cases
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06.15.06.0026.01
-H™tn! 1
Y (2) — Y@ +y™H(Q) z+ 5 YA Z+... ;2> 0 AneNt
Zn+

06.15.06.0027.01
- 1n 1
Y2 o — Y@ +y™MID) z+ 5 Y™ Z+0Z) ;neNt
Zn+

06.15.06.0003.02
(_1)n—1 n! o0 w(k+r‘|)(1) Zk

vV (2) = e +kZ; % /i1d<1AneN

06.15.06.0004.02
-1n™1n
Y2 o — ~D™IntZin+ 1) (1+0@) /; ne Nt
Zn+

Expansionsat z==—m

For the function itself

General case

06.15.06.0028.01

(1092 —Y(-v) -zt Tr+1) © 1 k
Y(2) = - + 7’y - 2F1[1, Viv+2 1+ -) +Tv+ D) (=" (m+2™" 1z +
I'(-v) ra-v o K z
m-1 ) v
rv+1)z" Z 2" k+2 " P +Tv+ D)z Z -2 k+2" - iveZ AmeN
k=1 Kem1 rd-v)
Special cases

06.15.06.0029.01
—-1)™1n!
Y@« ———— +T (n+ HHFP + (D) + (T(n+ 2 HY? + ™D (D) (z+ m) +
(Z+ m)n+1

1
E(r(n+3) HM + ¢ ™2(1) z+ m?+ ... /; 2> -m AmeNAneN*

06.15.06.0030.01
(-1 1in!

Y@ o ———— +T(N+ DHID + (@) + (T(n+ 2 HE + ¢ ™D(D)) (z+m) +
(z+m™?

1
3 (T + 3 HE + y™A(1)) (z+ m)? + O((z+ m?) ; me N AneN*

06.15.06.0031.01
-H+int
Y@ ————— + (1 - (DN Q-6 ¢ D) + (D" (m+ 1) +
(Z+ m)n+1

s ((1 _ (_1)k+n) w(kﬂﬁ)(l) + (_1)k+n lﬁ(k+n)(m+ 1))

2.

" (Z+m*/;(z»>-mAmeNAneN
k=1 :
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06.15.06.0032.01

( n— 0o 1 (_1)k+n) l/’(kJrn)(l) + (_ 1)k+n l/’(k+n)(m+ 1))
Y (2) +Z z+mK/ (z> -mAmeNAneN*
Z+m™ 5 k!

06.15.06.0007.02
D™ nt 2 p*D) + T(K+n+ 1) HEE™D

YV(2) = — " M+2%/;im+zZ <1 AmeNAneN*
(m+2) k=0 '

06.15.06.0033.01

(m+2)"1 arg(m+2) 3 ag-m-2
Y@ = (D)"Y V(-2 + (—u‘n(m+z)+2inn{— +2inn{——4 +nlog(—2n'7r)+in7r)+

nin-1)! 2n T

(m+z-1"?t arg(-m-z+1)

—(y—u‘n—Zm{—— —Iog(—m—z+1)+zp(n))+

(n-1! 2n

m-1 (p+z)n—1 (p+ z— 1)n—l

> (I0g(~p—2) = Y(m) =) + —————

po1| (N—D! n-1n!

1 1 m+z arg(-m+p-1) m+z
[—Zin{———arg[lJr )— J—Iog[1+7)—log(—m+ p—1)+w(n)+y)+
2 2r -m+p-1 2n -m+p-1

2 (- 1)k+“(p+z DK - (p+2)K -kiz( 1)l gtk ’”(1)]
k=0 ! j=0 ji!

n-2 _(_1)k+n (m+ z— 1)k _ (m+ Z)k —k+n-2 (_1)] lﬂ(j+k_n)(1)

k!

i!
k=0 =0 J:

n-2

1
[Z( 2mi) ”*1(m+z)k( " )(—k+n—1)!Lin_k(1)+

(n-1!

n-1 n-1 —k+n-1 ) _ —k+n-1 .
Z(‘l)nfk( K ] D, @ry*imy Z)“"( j )(—j—k+n—1)!Li_j_k+n(e*2‘“) /s
k=0

i=0

(z—>—m)/\meN+/\((neZ/\n>1)\/(n=l/\—7r<arg(m+z)sg))

06.15.06.0008.01
(-1"1n!

YD) o ———— = (D" NN+ D +n HMD 1+ O@z+m) /; 2> -mAmeNAneN*
(Z+ m)n+1

Expansions of y”’(-m+¢€) at e == 0

For the function itself

Special cases

06.15.06.0034.01
-H™n! 1
YO (-m+e) o ———+T+Y HID +y™(2) + (D0 + 2) HE2 + y™D (D)) e + 3 (T + ) HIT + y™A(D)) e + ... /;

En+

(e->0)AmeNAneN*
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06.15.06.0035.01

(- 1n!
YO(=m+e) « ———— +T (n+ D) HED + ¢ (1) +

€n+1

1
TN+ 2 HE? + ™D (D)) e + 3 (C(n+3)HF + ™2 (1)) €+ O(€%)  meN AneN*

06.15.06.0036.01

D" Int & y* () + DK+ n+ 1) HE D
YO (mrg = —— £y % P &/l <lAmeNAneNt
€ k=0 :

06.15.06.0037.01

(- 1nt L
YO(=m+e) ¢ ——— —(=D"n!{+D+n!HMY (1+0@) /; meNAneNt

En+l

Asymptotic series expansions

For the function itself

General case

06.15.06.0038.01

" [ & k&A-k-BHc)z* 2 BeW(l-k- V)+77)Tk & Bz ¥
W@ ez |-y - +Ig()Z
— KIT(1-k-v) ~ KIT(L-k- JKIT(A-k-v)

(124 = o) Alarg@| <

06.15.06.0039.01

i K v
ll"”(Z)ocZ‘VZk'r(1 " )(z(k+1) (k+1) {'(=K) = Byya Hk)+Bk|09(Z)—Bk(d/(l—k—V)ﬂY)] /i (14 = o) A larg(2)] < 7
oo K! -k-v

06.15.06.0040.01
(2zH_, +vlog2n) —2zlog(@) 27t  (z(-109(D) + Y (=) +7) — 2(v + 1) log(A)) V-2
+ +

Y@ o -
2 F(l -V) 2 F(—V)
3 z* D2k! 2k+v)
77y — By (log® - ¥(1-2k—v) - okl
kg‘(zwr(l 2k )[ 2k (1002 =y (e et )]+
1,3 @k+v+1)z2k
-z Q2K+ (=2k=1) = Boso Hors1) /5 (17 = o) A larg(2)| < 7

2 = 2k+ 1! (k+ DT(-2k-v)

Special cases

06.15.06.0009.01

D" =11 (n+22) © 2k+n=1)!
(@) )"y ———— By /ineN  Alag@| < A (12 - «)
271 Z_; (2k)! 22k 2
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06.15.06.0041.01

SN2 D"t =1 (n+22) ( 1)ni(2k+n—l)! B
27m1 =T
larg(2)l (= D¥Kk! SY (i cot(r 2) + 1)
{ J(— m™t 2" (i cot(m 2) - 1)2 ineN A= zeZAz<0)A(1Zd - )
T

k=0 2

06.15.06.0042.01

n+ 1 1
Yoo ~z+ 3 log2m) + (2~ E)Iog(Z))_ L o@ken-Dr
(D) « D"y —————— By
az+1 =2k 2k
larg(2)| (=D*k! S¥ (i cot(r 2) +
{ J( i 1™ 2" (i cot(n 2) — 1)2 - ineZAnz-1A-(zeZAz<0)A(Z - )
T k=0 2

06.15.06.0043.01

1 1 © B (z+D"* 1 & - )J 1
<_n)Zoc—[|0 z+1——Jan+1+—1“‘1 g _ B( )z+1”"§
v (2 " o( ) o ( )+ (=1 - o £ K ( ) oy (n—l)!

k

( 1-3)- Iog(z)+w(n>+2( ) -k[Z('j‘)w(—j+k+1>m—k,z+1)<—z>i—w<k+1)§(—k)—4'(—k>]]—

j=0
(Z 1)!'1 1

/; larg(2) = —/\(|z| > o0) \nen

06.15.06.0044.01
-1

V() o - ot (2zH, -nlog(27) - 2zlog(2)) +
n!

3] 72k -Dk2Kk!2k-n)
b {2k+1) +By(log@ —¥(l-2k+n)—y) |+
(2K ! T(1-2k+n) 22k+l 72k 5
© (=)™ (2k-n-1)! 2
Y S Y g,z s (2(~log@ +¥(m) +7) — 2(1 - ) log(A)) +
o 2K)! 2(n-1)!
2

1 5] (k-n+1z2k
Z(2k+1)'(k+l)(n p ;) Ak DIE2K=D = Baa Haw) /1 (4~ <) An e’
k:l . - - .

06.15.06.0010.01
D™= D™ tnl =)™ (n+ 1!

1
VO (2) + + 1+0| —||/ineNt Alarg@| < A (12 = o)
z 27"t 122+2 Z

Residue representations

06.15.06.0011.01

&)

YW@= (=D™n! > resy
,—Z;‘ r@d+z-9m™

rA-srz-9™t (-1

F(S)] (-))/;neN*

Other series representations
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06.15.06.0045.01

1 © (k+2"t z
M(z) == —y@Z+Vv)+vlog) — viy(- +zl‘V§7F(1—.—;2—;——)
(2 r(1_)/)( v (@Z+v)+viogd —vy(-v)) 2 2F|1-v,—v 14 "

06.15.06.0046.01

v-1 )
(2 = il (—y @+ V) +v10g@D) - v (=) + 27 )’ ! 2lfl(l, -v;2-; i)
rl-v) o kk+2 k+z

06.15.06.0047.01

—y(z+v)+vlog(2) - —v)z1 o0 1 z
‘P(V)(Z) = ( ‘JY( V) ’ g( ) VW( V)) + Zliv 2'21(2, 1- v, 2— v, —)
Id-v) i1 (k+2)° k+z
06.15.06.0048.01
(log(2) - y(-v) -y 2t
Y@ = - +
T(-v)
o 1 z zv
rv+1) Z:((—z)v‘l k+p o —— zlfl(l, 2 v+2, —+ 1)] Z - L4 LiveZ
P Kra-v) k rl-v)
06.15.06.0049.01
(log@ - y(-v) -y 2>
Y@ = - +
I'(=v)
o 1 k v
Tv+1) Z((—z)v-l k+" gy —— zﬁl[l, Viv+ 2 — + 1)) 2 - L LveZ
k=1 zkT'(1-v) z r(1-v)
06.15.06.0050.01
(10g@ —¥(-v) -z’ T+l © 1 k
Y@ = — + z’ Z - 2F1[1, viv+2 1+ —] + T+ (=2 M+ Lz +
T(-v) ra-» &k z
m-1 00 Z—V
rv+1)z” Z -2’ k+2 P+ Tv+1) 2 Z (-2 (k+2" 1= LiveZ
k=1 k=m+1 1-v)
06.15.06.0051.01
" (log@ - y(-v) -z
Y@ = - -

I'(-v)
vz rv+HzZ-v = 1 z
- —2F1(1,2;v+2;—+1)/;v$z
rdl-v) TId-v ZK k

T+ (-2 ¢v+1, z+ )z -

06.15.06.0052.01

v -v(-log@ +y(l-v)+y)z" 1 Zv = 1
W(Z)::( Y2 —v (=109 +¥(1-v) +7) ~ Z (a2, 24D oy eN Al <1
I'l-v) [(=v)iok-v+1
06.15.06.0053.01
(y@+v)-viog@ +vy@d -+ 247 & (k+ 1!
Y@ = - + (k+2) (-5 ~veN Ald<1
ra-v F2-v) iz -k
06.15.06.0054.01
D" *n! s
V(2 « ——— —n!(=1)" Z(k+z)‘”‘1+g(n+ L m+z+1)|/;z>-mMAmeNAneNt

(m+2)™! pare
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06.15.06.0012.01
U@ =DMz @+ )T @+ )T+ L) ine N

06.15.06.0013.01

y"V(@) = (=" n!
kz=(; (k+2)

/ineN*
n+1

Integral representations

On the real axis

Of thedirect function

06.15.07.0007.01
Tv—l

1 z
N = —— t+1) (-t dt-
v - fo Y(t+1)(z-1) -

(log(2) —¥(-v)-7) /; Re(v) < 0

-v)

06.15.07.0008.01

1 23"y (t+ 1) z+1 n-1 w(k)(l) v
v = f @-p"dt-lim (log@ — Y- -y + Y| ——— ;Re() <nAneN’
I'(h-v) Jo ot" 1oV T(—p) o Tk=v+1)
06.15.07.0001.01
” - : t**log"(t 0, zlog(ty| dt - — : 'R 0
W= | E(m-v) - log' () Q(-v, 0, zlog ))) i/ Re@>

06.15.07.0002.01

of etz (t+1)
»a@- [ [ -
o \tI'1-v) t

-Z

(=log(t + 1)) Q(-v, 0, —zlog(t + 1))) dt/;Re(2 >0

06.15.07.0003.01
Z—V

o] etz - b%
Yy (2) = f - (-t e Q(-v, 0, -t2)|dt -
0 1-et\{Id-v) ra

/i Re(2) >0
— V)

06.15.07.0004.01

oo tN ,—tZ
w(n)(z) — (_1)n+lf t"e
0

n talt/;neNJ'/\Re(z)>O
_@7

Contour integral representations

06.15.07.0009.01
7V

I'(-v)

(2= - [—Iog(z) + = + y] -

771 iety AT ST
f dsf;l<y<2
Y

ra-v i I'(-v) 2ni Jy-io T(S—v)SIN(1S)
Nathaniel Grossman, SIAM JMath.Anal.,Vol.7,No.3, May 1976, pp 366-372

06.15.07.0005.01

-V

“D™nt AT TA-9T(Zz-9™ (-1
Yy (2 = . f ds/;neN*
ni L rl+z-9smt
06.15.07.0006.01
(=D)™tnt pr+ico (9 I(L-9) T(z- 9™t (-1)~S
w‘”’(Z)::%]W ds/;0<y<1lAneN*
T Jysie rd+z-9"t
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Continued fraction representations

06.15.10.0001.01

1 1/12
¥ =1 / z- 4 /; Re(2) > 0
2 1 4/15
zZ—- —+
2 81/140
zZ— —+
1 64/63
zZ—- —+
2 1 625/396
Z——+
2 1 324/143
Z-—4+ —
2 1
Z——+...
06.15.10.0002.01
1
Y P(2) = /;Re(2) >0
z E +K ( K z :
2 K 4(4K2-1)’ 1
06.15.10.0003.01
1 1 1 1
W@ =—+-+— /;Re(2)>0
22 2 27 3
3z+
18
60
7z+
150
9z+
315
11z+
588
13z+
1008
15z+
17z+...
06.15.10.0004.01
1 1 1
¢<l)(z) =+ —+ = /iRe(2>0

27z 2z2(3z+ Kk(% kk+ 1?2 (k+2), (2k+3) z)l)
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06.15.10.0005.01

¢<2>(z) —_ i _ i _ i ! /iRe(z) >0
2 2 27 - 1/3
2/3
zZ+ o5
Z+ 9/5
18/7
zt 247
" 40/9
Z+
Z+ ...
06.15.10.0006.01
2 B
27 z+Kk[W, z)l]

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.15.16.0001.01

o"cot(rr 2)
vO1-2=CD"y"@+-D)"x sineN
06.15.16.0014.01
n_(—D¥k! SY (i cot(r 2) + DK
YV1-2 = D)"Y @) - (7)™ 2" (i cot(r 2) — 1) Z ” + (D" Yins, ineN
k=0 2
06.15.16.0015.01
_pt © (=1)) Byjs2 (2727
WW(-2=2 (-7 ¢V - (0g9(-2) +109@) - 2y(-v) = 29) + 2% (2> ) — :
-v) §(1+1)F(2j—v+2)
06.15.16.0016.01
—v-1

YW(-2=2 (-2 y" () +72 (-2 cot”(n D) + (=109(=2) + Y(-v) +7)

06.15.16.0002.01

o"cot(rr 2)
V(=2 =Dy + n "+ (- ineN
06.15.16.0003.02
1 n_(—Dkk! SY (i cot(r 2) + 1)
V-2 = D"y V@D +n 2" —7id, - — i)™ (i cot(n 2) - 1) Z /ineN
2 k=0 2

06.15.16.0017.01
n-1

YV = (D)"Y @) + ( (-log(-2) +¥(n) +y) + 1 (-2"cot V(r2) /;neN*
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06.15.16.0018.01
Y2 =
_xn-1 (=2

) z—-tH"?t
(=log(=2) + ¥(n) +7) +
r(n

D"y (2 + ( Integrate[

mt

1
Integrate[(z— pn-t (cot(zr t)— _t] {t, 0, Z}, GenerateConditions — False]] /ineN*
T

06.15.16.0019.01

Y2 =
. (-2" (inz 13 ag® -1 -1 ,
D"y (2) + —+7/+2ﬂ7r{—— J+Iog( 27i) —log(-2) + y(n) - Z(zmz) ( )k!L|k+l(1)+
n-!| n n =) k
n-1 . n-1 k . (K. . 0
Z(—l) ( . )Z(—zmz)*l(j)nujﬂ(e ") neN"AO<ag@ =r\V-1<Re@=1)
k=0 j=0
06.15.16.0020.01
1 z
Y2 = D" @) + m A ICS AN Iog(——)+ (=D"log(sin(r2) - 2(-1)" y(n) -
- : Ve
2t (n— 1) i "& —j- .
_ ) (- 1)1( ) @riz” ( )k!Lik+l(e-2”Z)—2(—1)”y -
on-i-1 : J:ZO EO
2 n- _ i(n-1) (-2"
(Znn’)l*“Z(nj 1)(n—j—1)!(—2m'z)'§(n—j)—w]/;neN*/\|Re(z)|<1
j=0

06.15.16.0021.01

YN = (1 (2 + Wf“ (-log(p—z- D +¢(M) +7) (-p+2z+ D" + (- p"* (logz— p) - ¥(n) ~
B (n-1!

p=1

2 (- p+z+1>k+< KN (2 p) “f( 1)l ylitkn <1)]
+

i!
pard ! s j!

+log(-27i) —

(z-|Re® )™ [ ] {3 arg(z- LRe(Z)J)J in(z-|Re(?))
— |2ix|-- +y+
(n-1)! 2

n-1

n-1
log(LRe(@) -2 + () - Y @iz~ IRe@ (", ki Lika( +

k=1

n-1
>ev(" )Z(zm(LRe(z)J—z)) (%)t tiate 2”Z)]/neN+ARe(z)>o
k=0

j=0

, {t, 0, z}, GenerateConditions — False] +
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06.15.16.0022.01

V@ = DD+ Y

— (n-1!

12 _ ()M (ptz— DK - (p+ 2k K2 (— 1)) w<'+k'“)<1)]
+
k!

k=0 i=0 !

(z+|-Re@ )" in(-z—|-Re(2)))

' {3 ag(-z--Re(@)) .
2ig| - - ——————— |+ y+ ———————————— +log(-27i) -
(n-1! 4 2n n
n-1 n-1
log(z+-Re)]) + y(n) - 2(27”( z-|-Re@))” ( K )k!l-ik+1(l)+
k=1

n-1
Z(—l)k( )Z(ZM(ZH Re(2)))! ( ] !Lija(e 2"“)]/;new*/\Re(z)so
k=0

06.15.16.0023.01
Y@= D" -2+

LURe@I! 1
{ ((~log(p— (26(Re(2) - 1) z— 1) + (M) +7) (-P(H(Re) — 1) + (26(Re(2)) — 1) + 2"+

(n-1!

p=1

(z- (26(Re() - 1) p"* (log((20(Re(2) — 1) 2 p) — ¢(N) — )) + (26(Re2)) - 1)
n-2

!
o K!

20 j! (n-1)!

kzz (-1 W*k”’(l)) . (z- (26(Re(2)) - ) | |IRe(@)| )"

+log(-27i) -

2

[2. {3 ag((26(Re2) - 1) z- LIRe(Z)IJ)J in((20(Re(2) - 1) z- [IRe(2)|)
LT
n

n-1 n-1
log(lIRe&(2)|] - (26(Re(2)) — 1) 2) + y(n) — Z(Zﬂi (26(Re(2) - 1) 2~ LIRe(2)|]) ™ ( K ) k!Lik1 (D) +

k=1

n-1
Z(—l)k[ )Z(zm (URe(2)l] - (26(Re() - 1) 2))”! [ ) ILijq (27 GAReDD2) +~y] ineN
k=0 j=0
06.15.16.0004.01
YOz+ D)=y @+D"n'z" " ineN

06.15.16.0005.01
YV(z-)=yP@- (D" nlz-D" /;neN

06.15.16.0006.01
m-1
YO@+m =y0@ +(=)"n! Y’
k=0 (Z+K)

/ineN

n+l

L-Re@”{(—log(m Z-D+yM+y) (p+z2-D" +(p+ 2" (log(-p-2) - ¥(n) - 7) .

1
2, ((~*P IR ((26(Re(2) - 1) p+ 2+ 26(Re(2) ~ D+ (DR (2 26(Re() - 1) p))
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06.15.16.0007.01
YOz-m =y @ - (-1"nt ineN
o1 (z— k™t
06.15.16.0024.01
m +Z_1n—l n-2 +an—k—2 _1] )
Y@M =y @+ T2 oy 2=y -um )+ ) > C yikeny| i nent Ament
=l (-1 o Ko !

06.15.16.0025.01

Z*1 (log(2) — y(n) — -2 (z4 DK k2l
SNz D) = P 4 (log(2) — ¢(n) y)+ (z+1) Z( ) S e N
(n—-1)! o k3
06.15.16.0026.01
m = n-1 n-2 7— +1k n-k-2 _1] .
YE-m =y @) - e-p (log(z— p)—w(n>—y)+z( P >, - YU @ | sneNT AmeN'
= (-t o K90
06.15.16.0027.01
z- )" (log(z— 1) - y(n) - N2k nk2 1)l
¢/<-”>(z—1)=¢<-”>(z)—( ) (logz-D v -y K7 ( _) SN et
(n-1! ok
06.15.16.0028.01
1
W 2@z+1) =log2z—z+ 3 log27) + 2 (2)
Multiple arguments
Argument involving numeric multiples of variable
06.15.16.0008.01
1 1
¥ ©(22) =log(2) + 5 (w(u 5) + w(Z))
06.15.16.0009.01
1
yM@2z) =2""1 (l//(n)(Z) + ¢<”>(z+ 5)) ineN*
06.15.16.0029.01
log2 221 log(2) (22 227 = Y(3)2
V22 = 9(2) (22) . 9(2) (22) +2‘V‘lw(V)(z)+( ) Z | (2)
I(-v) r1-v) 2 Fri-v+D

06.15.16.0030.01
v 932 =log(3) + ! (¢(z)+¢(z+ 1)+¢(z+ 2))
=19 3 3

06.15.16.0031.01

1 2
y"@3z=3"1 (w(”)(z) + w(”)(z+ 5) + w(”)[z+ 5)]

Argument involving symbolic multiples of variable
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06.15.16.0010.01
1 m-1

k
v O(m2) = log(m) + — Zw[z+ —) /;meN*
m m

k=0

06.15.16.0011.01

m-1 k
yP(mz) =m"?! Zw(m(z+ —) ineNt AmeN*
m

k=0

Products, sums, and powers of the direct function

Sums of the direct function

06.15.16.0012.01
1

¢<°>(z+ E) +y 92 =2¢922 - 2log(2)
06.15.16.0013.01

1
wm%+§)+wmaﬁ=fﬂ¢@@aﬂneN*

Identities

Recurrence identities

Consecutive neighbors

06.15.17.0001.01
Y@=y z+D-(-D"nlz"t/;neN

06.15.17.0002.01
Y@=y z-D+(-D"n!z- D" /ineN
Distant neighbors

06.15.17.0003.02

m-1
Y@ =yz+m - (-1"nt ineNAmeN?
k=0 (Z+ k)n+1
06.15.17.0004.02
m
Y@ = y™z-m+(-1)"n! ineNAmeN
) (Z— k)n+1

Functional identities

Relations of special kind

06.15.17.0005.01

M5 — (_ 1\, 1 -1 _an ancot(ﬂ'z) ]
Y2 = D"y @+ n! " + (-1 T— /ineN
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06.15.17.0006.01
tﬁ(”)(—z) == (_1)n (//(n)(z) +ntz"t 4 (_1)n a1
n-1k-1 (_1)j (k— j)n—l n_1
COt(ﬂZ)5n—6n_1CSCZ(ﬂZ)—nzzi( " )

ko0 0 k+1

mn

sin72k72(7r2) 2”*2k(2jk) sin(; +2(k- j)nz)] /ineN

Differentiation

Low-order differentiation

With respect to v

06.15.20.0001.01
w2

o T Ta )(—vlogz<z)+yzlog(z)+wlog(z)—vw(—v)2—arzw(l—v)—v(y—2Iog(z))w(—v)+vx/f‘”(—v))—
4 -V

i DG+ D17 og@ - y(j - v +2) L +2)

- /i Re(v) >0ARe2 >0
s T(j-v+2)

06.15.20.0002.01
Py @

V2

Z—v—l

iy (~yz(log®@ - 20(1 - ) log(@) + YL - v =y (L - v)) - v (-l0g* (D + ¥ 10g* (@) + Y(=v)° + (y - 3log(2))
-V

W(=v)* = (y - 3109(2) Y P (-v) + ¥(-v) (10g(2) (3109(2) - 27) - 3YP(=v)) + Y2 (-v))) +
i DG+t

T (10°@ - 2y(j — v + 2 log@ + ¥(j — v+ 22 —¢D(j - v + 2)) {(j + 2) /; Re(v) > OARe(2) > 0
j=0 -

With respect to z

06.15.20.0003.01

Yz
v g
0z
06.15.20.0004.01
82yYW(z
v g
97

Symbolic differentiation

With respect to z

06.15.20.0005.02
M@
az"

=y /;meN

Fractional integro-differentiation

With respect to z
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06.15.20.0006.01
Y (2)
0z

=y "2

06.15.20.0007.01

9 W(V)(Z) Yy © 1 z
= —FCop (2 -7 - 47 N F (1, 22-a-v; - —)
o7 o rd-a-v) ;kzz ' k
Integration

Indefinite integration

Involving only one direct function

06.15.21.0001.01

f VW@ dz=y" @

Involving one direct function and elementary functions

Involving power function

06.15.21.0002.01

fz“—lw(”(z)dz——— yzr . 21 (¢(—V)+ +y-lo (z))+
C TA-v(@-v) (@-v-1T(=v) ay_1 7%
Za—v+l S 1 z
Z 3F2(l,2,a'—v+1;2—v,a'—v+2;——]
(@=v+DTQ2-v) 3 k+ 1) k+1

06.15.21.0003.01

fzn WM dz= Z(_l)i (n-j+1), 27y ™z neNAmeN
i=0

Integral transforms

Laplace transforms

06.15.22.0001.01

LIy"®] @ = D" *n! 2 > &?I(-n, k2 /; Re® > 0 AneN*
k=0

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
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06.15.26.0001.01
2
T
YO@) = 2-12%3F(1, 1,2-2 2,21 -2(z-1)4F3(1,1,1,2-22,2,2, 1) + s

06.15.26.0002.01
Y22 =2z-1%3Fx1,1,2-72 2,2 1)°-

6(z-1?4F3(1,1,1,2-22,2,2,)3F(1,1,2-2 2,2 1)+6(z-DsFs1,1,1,1,2-22,2,2,2,1)-2{3)

06.15.26.0003.01

Y@ = (D)™t 2" P (L A, 8 e B &+ L B+l A L 1) ey =A==

Through Meijer G

Classical casesfor the direct function itself

06.15.26.0004.01

0,1-z2
w(n)(z) = (—l)”+l nt Gﬁ:;iz( 1 ‘ L, 3/ nenN*

Representations through equivalent functions

With related functions

06.15.27.0001.01
YW@ = (-D™nl¢(n+1,2/;neNt ARe@ >0

06.15.27.0002.01
I-Re@] 1

YW@ = (-H™n! +{(n+1, z+(-Re(@] + ) 8(-Re@] + 1) | /; neN*

ko (k+2™t

06.15.27.0003.01
ora

n oz
Yy (2) =
06.15.27.0004.01
d"tlogl(2)
Y@= ———/ineN’
Zn+1

06.15.27.0005.01
V@ =DMt En+ D -HI) eV

History

::an+1::Z/\n€N+
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—B. Ross (1974)
—N. Grossman (1976)

—R.W. Gosper (1997) defined and studed casesv == —2, —3 of function ¥(2)
—V. S. Adamchik (1998) suggested the idea to define y(2) for complex v via Liouvill€e's fractional integration
operator

-O. |. Marichev (1998) derived representation of () for complex v through sums with hypergeometric or zeta
functions

using fractional integro differentiation
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