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Notations

Traditional name

Dilogarithm

Traditional notation

Lix(2

Mathematica StandardForm notation

Pol yLog[2, Zz]

Primary definition

10.07.02.0001.01

=S}

*
Liz@ =) — /i ld<1

k=1

Specific values

Specialized values

10.07.03.0001.01

27ip 1 9 2xipk k
Liz(@ q )::—Ze a {[2, —]/;peN*/\qu*/\psq
q

2
q° k=1

10.07.03.0002.01
2nip 1% (2xikp ky #2
Liz(exp[ )) —Zexp[ Jt//(”[—]+ — /;peN* AgeN*
q 2 o 62

Values at fixed points

10.07.03.0003.01
Li»(0) =0

10.07.03.0004.01
- 7T2
Lip(~1) = ——
12
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10.07.03.0005.01
- 7T2
Li,() = —
6

10.07.03.0006.01
) (1) 72 log® (2)
12 2

(L.Euler)

10.07.03.0007.01
- 7T2
Lix(2) == Z —nilog(2)

10.07.03.0008.01
- 7T2
Lin(i) =i C— —
48

10.07.03.0009.01
. Trz
Liy(—i)=-iC— —
48

10.07.03.0010.01

Lin(1 ~ c- ™ log2
i1-i)=—-iC- —log
2 16 P

10.07.03.0011.01

) n? i
Lio(1+i)==—+iC+ —log(2)
16 4

10.07.03.0012.01
1—«/?) 1 [\/——1] 2

Li,

= — Iog2
2 2 2

10.07.03.0013.01

1+\/€] 2[1+\/§] n?
- == —log

Li
z 2 2

10.07.03.0014.01

3-v5) 2 (VE-1
Lip = — —log
2 15 2

10.07.03.0015.01

(Vs -1) =2 [(V5-1
Liy = ——log
2 10 2

10.07.03.0016.01
2

(1-1d 1 ) i 5nr
le(—] =-—log°(2+ —log2)+ — —iC
2 8 8 96

General characteristics
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Domain and analyticity

Liy(2) isan analytical function of zwhich isdefinedinC.
10.07.04.0001.01

(2+2—Lin(@:: ({2} C)—C

Symmetries and periodicities

Mirror symmetry

10.07.04.0002.01
Lix(2)=Liz(2) /; z¢ (-0, 0)

Periodicity

No periodicity

Poles and essential singularities

The function Li,(2) does not have poles and essential singularities.

10.07.04.0003.01
Sing (Li,(2) = {)

Branch points

The function Liy(2) hastwo branch points: z==1, z = co.

10.07.04.0004.01
BPALi,(2) = {1, &}

10.07.04.0005.01
R(Lix(2), 1) = log

Branch cuts

The function Li,(2) is a single-valued function on the z-plane cut along the interval {1, o}, where it is continuous from
below.

10.07.04.0006.01
BC,(Lix(2) = {{{1, oo}, i}
10.07.04.0007.01
Iim0 Lio(x—i€)==Lir(x) /; x>1
€+
10.07.04.0008.01
lim Liy(X+i€)==Li(X)+2inlog(x) /; x> 1

e—>+0

Series representations

Generalized power series
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Expansionsat z==0

For the function itself
10.07.06.0001.02

Li@xcz+ —+ —+.../;(2-0)
4 9

10.07.06.0015.01
) zZz Z o)
Lis(2) cz+ —+ — +
2 4 9

10.07.06.0002.01

=)

Lip@ =) - 1d<1

k=1

10.07.06.0016.01
Lix(2)=2z3F»(1, 1, 1,2, 2; 2

10.07.06.0003.02
Lis(2) < z(1 + O(2)

10.07.06.0017.01

Liz@ = Fu(@) /; [[Fm(z) =),

k=1

JL"

= Liy(2 - 2™ ®(z, 2, m+ 1)] /\ me N*)
Summed form of the truncated series expansion.
Expansionsat z==1

For the function itself

10.07.06.0018.01

. n’ z-1* z-1° [ z-1 (z-1? ]
Lix(2) o« —+z-1- + +...—-Log[1-Z](z-D|1- —+ +.../i@z->2
6 9 2 3
10.07.06.0004.02
n? (z-1? (@z-1° z-1 (z-17?

+
4 9

Lip(2) o E+z—1— +0((z- 1% - Log[1-Z] (z- 1) [1— -t +O((z—l)3)]

10.07.06.0005.02

71.2 oo (1—Z)k
Li@=—->"
6

(L.Euler, 1768)

) 1_Zk
+Iog(1—z)Z!/; lz-1 <1
K2 o K

10.07.06.0006.01
n2
Lis(2) == —Liy(1 -2 —log(1 - 2)log(2) + E

(L.Euler, 1768)
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10.07.06.0019.01

2

Li»(2) = log(2) (1 - log(—log(2))) + . Z

j=2

{2

) log'(2)

!
10.07.06.0020.01

2
T
Lix(2) = E +(z-1)3F2(1,1,1,2,2,1-2-logl-2(z- 1) ,F1(1,1;2,1-2

10.07.06.0007.02
2
T
Lis(2) o E +0(z-1)-logl-2((z-1)(1+0(z- 1))

10.07.06.0021.01
m (l—Z)k ﬂz m (1—Z)k

K +€_Z

2
1 K

Li>(2 =F.(2 /; [[Fm(z =log(1-2

k=1

2
d1l-z2,m+1)(L-2™+ % —log(1-2) (B1_,(m+1, 0) + log(2)) — Liy(1- z)] /\ me N+]

Summed form of the truncated series expansion.

Expansionsat z== oo

For the function itself

10.07.06.0008.02
_ 1, % 1 1
Liz(2 « —=log"(-2) - — — — [1+ —+ ...)/; (124 - o)
2 6 z 4z

10.07.06.0022.01

) 1, x 1 1 1
Lix(2 « ——log"(-2) — — — — [1+ —+ O[—]]
2 6 z 4z 2

10.07.06.0009.01

1 P |
Lix@=-=log? (-9 - — - » — /;|Z>1
2 6 k; K2 &

10.07.06.0010.01
. 1, (1
Lix(9=~-=log (-2 - — - L'n(_) z€ (0, 1)
2 6 z

10.07.06.0011.02
Li 1| 2 il 0 !
(2 =-=log (-2 - — + (—)
2 2 6 z

10.07.06.0023.01
L Fo(@ /i || F 1|2 i i 1IZ( il 12 1"1L1/\
1209 = Fe (2 /; Z)=—-— -Z)———- ) —=-——10 —z——+<I)(—, , N+ )z” - i(—) neN*
2( 2 n( 2Og() 6 L 2 9" (-2 5 . 25

Summed form of the truncated series expansion.
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For the function itself OTHER TITLE?

10.07.06.0012.01

( 1)k —-kz 71.2
Liy(— ez)oc———z -5 /1 d =)

Residue representations

10.07.06.0013.01
) r 53 pa S
Lin(2) = Zr [( "2
ra-s?

j=1

I'(s+ 1))(—])/; lZ<1

10.07.06.0014.02
© [F(s+ 1(-2°°

Lix(2 = Zmﬁs

j=1

F(—S))(j) L12>1

Integral representations

On the real axis

Of thedirect function

10.07.07.0001.01

S
Lix(2) == zf dt
0 e'-z
10.07.07.0002.01

> log(t)
Liy(2) = zf dt
1 t(t-2

10.07.07.0003.01
) 1log(1-t2)
Liz@ = —f ———at/i<1
0

10.07.07.0004.01
ooe[/z 00 (—t)k
Li (z)::f — —|dt/;Re(2) <0
RN/ [kz_; kk!

10.07.07.0005.01

. zlog(1-1)
Liy(2) == —f dt
0 t

10.07.07.0006.01

2 zlog(1 - 1)
Liy(2) = — —f dt
6 1 t

Contour integral representations
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10.07.07.0007.01
1 f Fs+)Tr(-9%(-2°
L

Lix(2) = - — ds/;lag(-2)|<n
2ni I (1-9?
10.07.07.0008.01
) 1 +io (9T (-9) (-2)°
Liy(2) = —— — ds/;-1<y<OAlag(-2l<n
2ni y—ioco S

Multiple integral representations

10.07.07.0009.01

z1 1-w 1
Lix(2) == —f —[f —dt] dw
0 wWl\J1 t

Limit representations

10.07.09.0001.01
oFie 51,291

2

Liy(2) ==lim
&-0 &

Differential equations

Ordinary linear differential equations and Wronskians

For thedirect function itself

10.07.13.0002.01
Q1-22zWw'@+(1-2W @ =1/;wWw@ =c, +Clog(2) +Lix(2

10.07.13.0003.01
z1-2W¥@+(2-32W'(@-W@ =0/; W@ =C; +C,1009(2) +C3Lix2) =0

10.07.13.0004.01

Wy(1, log (2), Lix(2) ==

1-2 7

10.07.13.0005.01
1-22z2wP@ + 1-2RB-72WV@-24-52W @D +2W @) =0/, W2 =, + ¢ log(1l - 2) +c3log(2) + ¢4 Lix(2)

10.07.13.0006.01

W;(1, log (2), log(1 - 2), Liy(2) ==
(z-1*F

10.07.13.0001.01

[3 d d 2( d Li> (2
l_l[z—+1)——l_[(z—+1] W(2) =0/, W(2) =
dz dz dz z

k=1 1=1

Thereisno agebraic partia differential equation for Li, (2) (A. Ostrowski, 1920).
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10.07.13.0007.01

0. (B92-29@ 39" 9@’ 3°@° 20'®  39'@ 9@
w3 () + - ]w”(z) + + + - - W2 =0/
9@2-192 g 9@-Y9@ g@* W@-DHo2 92-1 Jg@
W(2) = ¢; + C; 109(9(2) + C3 Lix(9(2)
10.07.13.0008.01
_ g@2°
W(1, 109(9(2), Lix(9(2)) == —_—
1-92)92
10.07.13.0009.01
3 B92-29(@ 3h@ 39" 6h@* 69'@N@ 39'®@°
w®(2) + - - W (2 + + + +
9@-19®@ h(z) g@ h(2)? hd' @ g (2?
g2 h@g@+22-392)h(2) . 29'@  3¢g'@ 3h'@ 9?2 WD+
@@ -Da2h2 @@-1H9g@ 92-1 h@e g@
[ 6h@® 6g@h@° 4g@h@° 6@ N2> 6h@h@ 39'@*N@
- + - - + - +
h@® (©@-Dh@* ©2-Dg2h@’ h@°g®@ h2? h2 g'(2°
20N @-N@(g@°+29"@) 3@ @D-9d@N @) 30@ON@+N2dd2 hd@ -
+ + - w2 =
92 -2 h@ 9@ -Dh h2d'(2 h(2)
0/; W2 =c.h(2) + ¢, h(2)1og(9(2) +c3h(z)Lixg(2)
10.07.13.0010.01
, h@’g@2°
W;(h(2), h(2)1og(9(2), h(2) Lix(9(2)) = ————
(1-92)9@?
10.07.13.0011.01
r-2rs £(-asZ +r+9

r
Z2wd(2) +( —33+3)22W’(z) +(332—35+
az -1

az

W) =c, Z+c,Zlog@az) + cgZLixaz)

10.07.13.0012.01
a r3 Zr+3 s-3

W, (Z, Zloga?), ZLi, (@Z)) == ———
l-a7

10.07.13.0013.01

V\/3)(z)+[ log(r) 2lo

r
-3 Iog(s)] W’ (2) + (3 log(s) —

arz-1 ar?

W(2) = ¢, + ¢, sPlog(ar?) +cg s Lix(ar?)
10.07.13.0014.01

ar?s3zlog’(r)
W,(s%, s’log(ar?), s’ Lix(ar?)) == ———
1-ar?

Transformations

Multiple arguments

+1) ZW(2) +
1

log(r
o ))Iog(s)V\/(z) +( o
1 a

a7 1 w2 =0/

)1 - Iog(s)) log’(9wW(z) =0/;
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10.07.16.0001.01

z(1-w) w(l-2 1-w 1-z
Liy(zw) = Lig(w)+Li2(z)—Li2( )—Liz[ )—Iog( )Iog[ )/;
1 z 1-wz 1

(lz<1AwW<DhVzw<1V(z>1Aw>1)

(L.Rogers, 1906)

10.07.16.0002.01

w(z-1) z(w-1) 1 5 1-w
Lio(zw) == Li2(2)+Li2(W)+Li2( )+Li2[ )+ —log ( )/;
1-w 1-z 2 1-z

~(rerAwer Az= 1 Aws A\ ATy

w

(zeRAWeRA(z>1AwW>1)V(z<lAw<]l)

(C.JHill, 1830)

10.07.16.0003.01

z(1-w) wl-2y\ 1
Sl )

Lio(zw) == Li»(2) + Liy(w) — Liz( (Iog(l—w) log(w) +

1-wz 1-wz +E
1-z z(l-w) 1-w w(l-2
log(1-2)log(2) — Iog( )Iog( )— Iog[ ]Iog( )— log(w2) Iog(l—wz)) /i
1-wz 1-wz 1-wz 1-wz

(12 <1A0<w<D)V (W <1A0<z<1)VZeRAWERAODO<z<IAW<D)VO<w<1Az<V(Zz>1Aw>1)

Power of arguments

10.07.16.0004.01
Lio(Z) = 2(Lin(2) + Lin(-2)

10.07.16.0005.01

m-1 2mik
Liy(Z™ == mz Liz(eT z) /;meN*
k=0

Identities

Functional identities

Involving two dilogarithms

10.07.17.0001.01
1
Liz(=1) = - Lix(1)
2
10.07.17.0002.01

2
Lio(2) = —Liy(1 -2 —log(1 - 2)log(2) + %

(L.Euler, 1768)

10.07.17.0003.01

_ (1 1, n?
Lix(2) == —le(—) -=log"(-2- —/,z¢ (0, 1)
z 2 6



http: //functions.wolfram.com

10

10.07.17.0035.01

Lix( L'(l] oz —in| | == | = _1]iog gl

i(2) == -Lio| - |- —log°(-2) —in| .| — | — —1|log(® - —

2 2z 2 g z z-1 9 6
10.07.17.0036.01

, 1,  ay-@z-17° (1
Lix(2) == _E log“(2) — 71 log(2) + ? - le( ]

10.07.17.0004.01
2

1 1
Lin(2) == —Liz(—) -3 log?(2) — Ll V -(z-1)? log(2) + %
z z-

10.07.17.0005.01

1 1 1-z\ n=?
Liy(2) = Liz(—) +—log(l-2 Iog(—] -— /iR =<0V ze (1, )
1 2 Via 6

10.07.17.0006.01
1 1, n°
Lix(2) == Liz(l—) + 5 log“(1-2) - log(-2) log(1 -2 - E

10.07.17.0007.01

) ) z 1 5
Lix(2) == —le(—l) =3 log“(1-2) /;2¢ (1, o)

(JLanden,1780)

10.07.17.0008.01
z 1| ) ? I z-1
Lin(2) = —Li (—)——o (z—1)+—+z'7ro(—)/;z>1
2 2 173 g > g 2

10.07.17.0009.01

7T2

z 1
Liy(2) = —Liz(—)— — Iogz(z— D+irnlogz-D)+ —-2rnilog( /;z>1
z-1) 2 2

Involving threedilogarithms

10.07.17.0010.01

1 1 z+1
Lio(2) =Lix(z+1) - — Liz(—) + Iog(—) log(-2) /; z¢ (0, 1)
2 Vil z

10.07.17.0011.01

V4

z 1 1
Lin(2) == Lio] —— |+ = [+Lix(Z%) - log(1 - 2)lo lo (—]Io (—
122 |2(2+1)Jr 2(+ |2( ) %1 -2logz) +log z+1 9 z+1

Abel's duplication formula

10.07.17.0012.01
2

1
Li(2z-27) = ~log?2-2) + % - 2Li2(2—) +2Li2 /14 <1

10.07.17.0013.01

z— z+1 2 4

Z2-1

1
)+ Elog(zz)log(l—zz)) /;Im@z>0Vz>0

z z 1 Z 1 ,(1+z
Liz(—1)+Li2(—)——Li2 =—-—log (—1 )/; 1Z<1VRe(2)<0VIm(2 =0
z
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11

10.07.17.0014.01

z z 1 Z 1 ,(1+z
Liz(_)+|_i2(_)_ ZLi, — —Zlog (—)/; l2<1VRe&? <0VIm® =0
z-1 z+1) 2 2Z-1 1-z

10.07.17.0015.01
Lip(Z) - 2(Lix(2 + Lix(-2) =0

10.07.17.0016.01

1
Lip(Z) - 2Lin(2) + 2 Liz( z 1) =log(1-2log(z) - Iog(—l) Iog(

z+1 z+ z+1
Re(z) > 0V (Re(2 ==0A Im(2) > 0)

z

]_ L og(2) log(1- 2/
2

Involving four dilogarithms

10.07.17.0017.01

1-z 1-z l+z 2
Lio(2 —Liy(-2) + Liz(—) - Liz(— —) == Iog(—) log2 + — /;Z2¢ (—00, = 1) Az ¢ (1, )
1+z 1+z 1-z 4
Involving five dilogarithms
10.07.17.0018.01
z(1-w) w(l-2
L(2 + L(w) — L(zw) — L( )— L( ) =0/
1-zw 1-zw

1
(L(z) =Liy,(2) + 5 log(l-2109(2) /; (12 < LA0O<w< D) V(w <1A0<z< DV

(z<1AN0O<w<1])VW<1IAO0<z<])V(ZzWw<1Az>0AW>0V(Zz>1Aw> 1)]

10.07.17.0019.01
) zw
L|2(7) ==
1-21-w)

L'( z ) L'( W) Li 1 1[I ( z )I (W+Z—1) | (W )I (w+z—1)
+Liy v + IZE —Liy(2 - |2(W)+§ og w og w1 +OQE og ) -

I( wz )I[ W+z—1]Il I a1 | )
Qowv-pen) VU wne ) 2@ -logd-wlww)/

(12 <1A0<w<])VW<1A0<z<1VzZ<1IAO<w<1VW<1AO<z<lVwW+z>1Aw<0OVw+2z>1Az<0
10.07.17.0020.01

e I e T R RES R

Li = Li +Li +Li +Li + = og( )/;

2(1—z)(1—w) 2w—l 2z—1 21—w 21—z 2 1-w

(IZ<1IAW<D)VW<IAz<])VW<1IAz<])VO<w< -2z

(W.Spence, 1809)
10.07.17.0021.01

. ZW . Z . W . .
LIZ((l— 2 (1_W)) == le(l _W) + LIZ(E) —Liy(2 - Liy(w) — log(1 - 2) log(1-w) /;

|z < 1AW <1VweRAW<1AZzZERAZ<])

(N.Abel, 1830)
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10.07.17.0022.01

z(l-w) w(l-2 1-w 1-z
LiZ(zw)—Liz(w)—Liz(z)+Li2( )+Li2( )::—Iog[ )Iog( )/;
1-wz 1-wz 1

(lz<1AwW<DhVzw<1V(z>1Aw>1)

(L.Rogers, 1906)

10.07.17.0023.01

Li Li Li Li [W(Z—l)] Li (z(w—l)) 1I 2(1_w)
- - - - = — |Ol :
12(zwW) 12(2) 12(W) in Tw in - 5 g - /

~(rerAwer Az= 1 Aws A\ ATy

w

(zeRAWeRA(z>1AwW>1)V(z<lAw<]l)

(C.JHill, 1830)

10.07.17.0024.01

z(l-w) w(l-2 1
J i )

Lio(zw) — Lis(2) — Lis(w) + Liz( = E

(Iog(l —w) log(w) +

1-wz 1-wz
1-z z(1-w) 1-w w(l-2

log(1 - 2)log(2) — Iog( )Iog( )— Iog( )Iog( )— log(w 2) Iog(l—wz)) /i
l1-wz 1-wz 1-wz 1-wz

(12 <1A0<w<D)V (W <1A0<z<1)VZeRAWERAODO<z<IAW<D)VO<w<1Az<V(Zz>1Aw>1)

10.07.17.0025.01

wW-—2z zZ(W-12) z 1 N
Li>(2) + Lio(w—2) + Liz( )— Liz( )+ Liz( ):: ——log”1-w)/; 14 <1Awl <1
w-1 1 2

10.07.17.0026.01
(zZ(1-w)
|2(
w(l-2
O<z<IAW<])VO<w<lA|Z<])V(WwWeRAW>0AzeRAz<]1)

1-w

1—w] I I [ ) 712_
+ log(w) 091— _E/'

) = le(W) - le(Z) + le(i) + le(
w 1

(W.Schaeffer, 1846)

10.07.17.0027.01
z(1-w)? 1-w z(1-w) z(1-w) 1-w 1,
Li, = Liz( ]+Li2(— )+Li2( )+Li2[— )+ —log“(w) /;
w(l-2)? 1-z 1-z w(l-2 w(l-2 2
wW>0AzeR)V(z>wAzw> 1)

(E.Kummer, 1840)

Involving six dilogarithms
10.07.17.0028.01
Lio(1-Xx +Lix(1-y)+Liy(1-2 = g (Lio(1-Xxy) +Lix(1-x2 +Li,(1-y2)/;
X+y+z=xyz+2AIX <1Alyl<1Alz<1
10.07.17.0029.01

1
Li>(X) + Lis(y) + Lix(2) == E (Lis(=yX+ X+Y) + Lis(-zX+ X+ 2) + Lix(-zy+ Yy +2) /;

Xy+zy+xz=XyzAIX <1IAlYI<1AlZ<1
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10.07.17.0030.01

1
Lio(x) + Lix(y) + Lix(2) = E[Liz(— E) + Liz[—g] + Liz(— ﬂ))/ i + =1 AM<1A<1 =<1
X y z))"y

Newman's formula

10.07.17.0031.01
Lip(—x?) + Lip(—Y?) + Lip(—=2) = 2(Lix(xy) + Lip(x2) + Lix(y2) /; x+ y+z=xyzAIX < LAy <1Ald < 1
Involving nine dilogarithms

10.07.17.0032.01
vw v w Y W 1 o X
Liz(—] = Liz(—) + Liz(—) + Liz[—] + Liz[—] + Lix(X) + Li(y) — Lin(v) — Lix(w) + — log [——] /i
Xy X X y y 2 y
A-vVA-W=(1-x1A-yYA0<x<1AO0<y<1AO<v<1AO<w<1

(W.Mantel, 1898)

Involving several dilogarithms
10.07.17.0033.01

Liy(2) = ZZ[LIZZK)L |_|2[ ]]+%/]£[1 Wpa)=1-z/\1=k=n

k=1 p=1

Relations of special kind
10.07.17.0034.01

z(l—w)) f[W(l—z)
- 1-zw

? 1
f(zw) = f(w) — f( ]+ f(z)/\ f@+f(l-2= E /; (2 =Lix(2 + 5 log(1-2) Iog(z)/\0< z<1

1-zw

Lix(2) + %Iog(l—z)log(z) is the unique solution of class C3((O, 1)) of the functional eguations
fzw) = fw) - F(ZZ2) - f(YE2) 1t \ @+ f1 -2 =

1-zw 1 zw

foralred 0<z<1AO<w<1.

Complex characteristics

Real part

10.07.19.0001.01

Re(Liy(X+iy)) = — % [Iog(x2 +Y) [Iog(x2 -2x+y+1)- Iog[;y2 + 1] - Iog[l— i]] -
vV -y —x X+ -y
2Li2[i]—2u2[i]]
X— -y X+ —y?
Differentiation

Low-order differentiation
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10.07.20.0001.01
JaLi, (2 log(1-2)

0z z

10.07.20.0002.01
Li (2 log(l-2) 1

+
97 Z 1-2z

Symbolic differentiation

10.07.20.0004.02

d™Lix(2) mo m-l
=zMm é# Li,_i(2) — —1/ineN
Py J; [ 2-i(2 kZ:; kz‘i]/ S

10.07.20.0003.01
OMLiy (2 & K+ 1)y
=> [ild<1AneN?
oz" k=0 (K+ m)2

10.07.20.0005.01

==Z§Tj1)<l>(z, 2-j,m/;neN*

i=0

amLiz(Z)
oz"

10.07.20.0006.01

5m|_i2(2)
=7Z"T(MB,(m, 1-m)/; meN*
oz"
10.07.20.0007.01
d"Lix(2) .
=T(M)?,Fy(m, mm+1;2/; meN*
oz"

Fractional integro-differentiation

10.07.20.0009.01
" Lix(2) P

= 3F2(1,1,1,2,2-¢;2
oz r2-w

10.07.20.0008.01
Li,@ & (k-1

::Z /i1 <1
0z g T k-—a+1k

Integration

Indefinite integration

Involving only one direct function

10.07.21.0001.01

fLiz(z)dz: Li>(@z-z+(z-1)log1-2
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10.07.21.0002.01

5] Zk+1
fLiz(z)alz:Z i1 <1
i k+ 1D k2

Involving onedirect function and elementary functions

Involving power function

10.07.21.0003.01

oo Zk+a
fz‘"lLiz(z)dz:Z— f1d<1
k=1 (k+ a') k2

10.07.21.0004.01
Za+1
1 sF3(@+1,1,1,1;,0+2,2 2;2

fz‘"l Lix(2)dz=

a+

10.07.21.0005.01

Li, (a2
fi dz==Li,1(-a2)
z

Involving rational functions

10.07.21.0006.01

Li>(2 2 . . .
f - dz==-log(z)log°(1-2) —2Lix(1-2log(l1—2) —Lix(2log(1l—2) + 2Liz(1-2)

10.07.21.0007.01
Li> (2 zLi (2 1
f d

Z= - “log’(1-2
217 1 > g°( )

Involving exponential function

10.07.21.0008.01

fLiz(@iZ) dz== —Li3(€72)

Involving rational functions and logarithm

10.07.21.0009.01
flog 2 Liy (2

4

dz==109(2) Li3(2) — Lis(2)

10.07.21.0010.01
log(1-2) Li, (2
f TR
1-z

1
5 (~10g(@ l0g®(1 - 2) - 3Lix(1 - 2 l0g’(1 - 2) - Li5(2) log”(1 ~ 2) + 6 Liz(1 ~ 2) log(1 — 2) - 6 Lis(1 - 2))

Definite integration

For thedirect function itself



http: //functions.wolfram.com

16

10.07.21.0011.01
z]

f —Liy(t)dt==Li3(2
ot

10.07.21.0012.01

1 a(r?(@+1)?-12)-6a(@+1) (@) +y) -6
f t Liy(t) dit = /; Re(a) > -2
0 6a(a+1)°
10.07.21.0013.01
1 72 1 n+l q
ft”Liz(t)cltzz - Z—/;neN
0 6(n+1) m+12i5k
10.07.21.0014.01
oo ) ) 8n
f =32 Li, (-t dt = 5 (24109(2) + 7°)
0
10.07.21.0015.01
® s 2 8x 2
f 92 Lip (-t)" dt = — (-8log(2) — 7 + 20)
0 27
10.07.21.0016.01
1 Liy (1) log?(1-2) Liy(2 2
f dt=— - - + /i z& (1, o)
0 (1-t272 2z z 6(1-2

10.07.21.0017.01

oo Lip (=t
Mdt::4n|_i2(—«/7)
LVt t+D)

10.07.21.0018.01

meiz(—ztanz(t))dt =27 Lio(-V7|
0

S—

Involving the direct function

10.07.21.0019.01

oo ] ) z 1
f —log(1+at)Liy| - — [dt = ——
ot t2 480a

1 1 1 4 1 2 1
1207 [ — @(——, 3 —]—a(SIog (—)+507rzlog (—
z a2z 2 alz a’z

10.07.21.0020.01

oo 1 572
f t’3/4log(1+t)Li2(—?)dt —2nx/7(16(3|og(2)+c:—4)+ ?ﬂ]
0

For the products of direct functions
10.07.21.0021.01
o 1 ) 1
— Lix(-1) le(— —) dt==167(3-4109(2))
0\t t
10.07.21.0022.01

S 1
f t’3/4Li2(—t)Li2(—?)d’ =256V 2 (-3log(2) - C+3)
0

1

a’z

Jof

a’z

]+ 53 7% — 360 Li4(

a’z

)
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10.07.21.0023.01
oo z 1 1 1 1
f —Liy(-at) Liz[——)dt = 360nr_ [ — (I)[__, 4, —]—
o t 2 2880a z a2z 2

s( 1 2o 1 4 1 i 1
a|3log’| — [+ 507“1log”| — [+ 1597 log] — |+ 360 Lis| — — [log

2 2 2 2

a‘z a‘z a‘z a‘z

10.07.21.0024.01

o0 ] 1
f ; Lin(-1) Liz(— {) dt=n+2¢(n+3)/;neN*
0

Representations through more general functions

Through hypergeometric functions of two variables

10.07.26.0001.01

z L L L1
Liy(2) == EFOXM( z 1)

1x0x0 3
10.07.26.0002.01
zw ;L1511
Lix(2) + Lis(W) — Lin(z+W—zW) = > F?:S:S( 3 z, W)

10.07.26.0003.01

'L L1 L
Lis?) =2 F2 35 2

10.07.26.0004.01
2

) 1/1 oo L LL L 1 1y 72 1 1
T L o KPP T PR
4\z e z z 1

Through hypergeometric functions

Involving ,Fq

10.07.26.0005.01
Li(@=23F2(1, 1, 1,2, 2,2

Through Meijer G

Classical casesfor the direct function itself

10.07.26.0006.01
1,1, 1)

Lix(2) == —Géjg(—z 100

Through other functions

10.07.26.0007.01

Liz(2) = $1(2

10.07.26.0008.01
Li,(2==20(z, 2, 1)

1

a2z

o

az

g
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Representations through equivalent functions

With related functions

10.07.27.0001.01

2rip 1 9 2xipk k
Liz(e q )::—Ze a {[2, —]/;peN*/\qu*/\psq
q

2
q° k=1

Theorems

The Fermi-Diracintegral

The Fermi-Dirac integral F,(u) = fomg—y de , describing, for instance, the number of electrons (holes) in the

e H+1
conduction band (valence band) in a semiconductor with density of states « &%, can be expressed as
F(z(ﬂ) =-al'(a) I—ia+1(_€ﬂ)-

The volume of a Lambert cube

The volume V of a Lambert cube with essential angles a1, a», a3 and apices of length 14, I, I3 in three-dimen-
sional hyperbolic spaceis given by

3
V= Lo+ 6) — La—0) - 1/4L20)+1/2 L/ 2~ 6) /; L) = 1/ 2Im(Lizexp2i 2)) /\
k=1

tan((cosh(l,) - sin’(ay) sinf(az)) / (cos?(a) cos(ay))).

Rationality of dilogarithm

Thevalue Liy(2) isirrational when zisrational (G.V.Chudnovsky,1979).

History

—G. W. Leibniz defined dilogarithm for the case v = 2
—L. Euler (1768)

—J. Landen (1760,1780) inverstigated Li,(2) and Li3(2)
—W. Spence (1809)

—N. H. Abel

—E.E. Kummer (1840)

—J. Kummer; L. L. Lindel 6f

—N. I. Lobachevski

—C. J. Hill (1828) introduced the name "dilogarithm"

Applications include electrical network problems, number theory, group theory, K-theory, geometry, quantum
electrodynamics, group cohomology, mixed Hodge structures, mixed motives, evaluation of volumes of hyperbolic
polytopes, celestial mechanics.
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