
RiemannSiegelTheta

Notations

Traditional name

Riemann–Siegel function J

Traditional notation

JHzL
Mathematica StandardForm notation

RiemannSiegelTheta@zD

Primary definition
10.03.02.0001.01

JHzL � -
logHΠL

2
 z -

ä

2
logG

1

4
+

ä z

2
- logG

1

4
-

ä z

2

Specific values

Specialized values

10.03.03.0001.01

JHxL � Im logG
ä x

2
+

1

4
-

1

2
logHΠL x �; x Î R

10.03.03.0002.01

J
ä

2
+ 2 ä n � -ä ¥ �; n Î N

10.03.03.0003.01

J -
ä

2
- 2 ä n � ä ¥ �; n Î N

10.03.03.0004.01

J
3 ä

2
+ 2 ä n �

1

2
-Hn + 1L Iä logI2 Π2M + ΠM + ä logHn!L + ä â

k=1

n+1

logH2 k - 1L �; n Î N

10.03.03.0005.01

J -
3 ä

2
- 2 ä n �

1

2
Hn + 1L Iä logI2 Π2M + ΠM - ä logHn!L - ä â

k=1

n+1

logH2 k - 1L �; n Î N



10.03.03.0016.01

J
ä Hq - 4 pL

2 q
- 2 ä n �

ä

2 q
-q logH2L + 2 p logH2 ΠL + n q H-ä Π + logH2L + 2 logHΠ qLL -

q log cos
p Π

q
G

2 p

q
- q â

k=1

n

logHH2 p + 2 k q - qL Hp + k q - qLL �; n Î N ì p Î N+ ì q Î N+ ì p < q

10.03.03.0017.01

J 2 ä n +
ä Hq - 4 pL

2 q
�

ä

2 q
-q logH2L + 2 p logH2 ΠL + n q Hä Π - logH2L - 2 logHΠ qLL -

q log cos
p Π

q
G

2 p

q
+ q â

k=1

n

logHq k - pL + q â
k=1

n

logH-2 p + 2 k q - qL �; n Î N ì p Î N+ ì q Î N+ ì p < q

10.03.03.0018.01

J
ä H4 p - qL

2 q
- 2 ä n �

1

2 q
 ä q logH2L - 2 p logH2 ΠL + n q H-ä Π + logH2L + 2 logHΠ qLL + q log cos

p Π

q
G

2 p

q
- q â

k=1

n

logHq k - pL -

q â
k=1

n

logH-2 p + 2 k q - qL �; n Î N ì p Î N+ ì q Î N+ ì p < q

10.03.03.0019.01

J 2 ä n +
ä H4 p - qL

2 q
�

ä

2 q
q logH2L - 2 p logH2 ΠL + n q Hä Π - logH2L - 2 logHΠ qLL +

q log cos
p Π

q
G

2 p

q
+ q â

k=1

n

logHH2 p + 2 k q - qL Hp + k q - qLL �; n Î N ì p Î N+ ì q Î N+ ì p < q

Values at fixed points

10.03.03.0006.01

JH0L � 0

10.03.03.0007.01

J
ä

2
� -ä ¥

10.03.03.0008.01

J
3 ä

2
� -

1

2
Iä logI2 Π2M + ΠM

10.03.03.0009.01

J -
ä

2
� ä ¥

10.03.03.0010.01

J -
3 ä

2
�

1

2
Iä logI2 Π2M + ΠM

Values at infinities

http://functions.wolfram.com 2



10.03.03.0011.01

JH¥L � ¥

10.03.03.0012.01

JH-¥L � -¥

10.03.03.0013.01

JHä ¥L � ¥�

10.03.03.0014.01

JH-ä ¥L � ¥�

10.03.03.0015.01

JH¥� L � ¥�

General characteristics

Domain and analyticity

JHzL is an analytical function of z which is defined over the whole complex z-plane. 

10.03.04.0001.01

z�JHzL � C�C

Symmetries and periodicities

Parity

JHzL is an odd function.

10.03.04.0002.01

JH-zL � -JHzL
Mirror symmetry

10.03.04.0003.01

JHz�L � JHzL �; ä z Ï -¥, -
1

2
í ä z Ï

1

2
, ¥

Periodicity

No periodicity

Poles and essential singularities

The function JHzL does not have poles and essential singularities.

10.03.04.0004.01

SingzHJHzLL � 8<
Branch points

The function JHzL has infinitely many branch points: z � ± ä I 1
2

+ 2 kM �; k Î N and z � ¥� . All these are logarithmic branch

points.

http://functions.wolfram.com 3



10.03.04.0005.01

BPzHJHzLL � :: ä

2
+ 2 k ä �; k Î N>, :-

ä

2
- 2 k ä �; k Î N>, ¥� >

10.03.04.0006.01

Rz JHzL, ä

2
+ 2 k ä � log �; k Î N

10.03.04.0007.01

Rz JHzL, -
ä

2
- 2 k ä � log �; k Î N

10.03.04.0008.01

RzHJHzL, ¥� L � log

Branch cuts

The  function  JHzL  is  a  single-valued  function  on  the  z-plane  cut  along  the  intervals  9-ä ¥, - ä
2

=  and  9 ä
2
, ä ¥=.  At

ä z Î 9-ä ¥, - ä
2

= ë ä z Î 9 ä
2
, ä ¥= potentially multiple branch cuts are situated over each other (at ä z there are e ä z

2
+ 1

4
u,

respectively e 1
4

- ä z
2

u branch cuts overlapping).

The function JHzL is continuous from the left on the interval 9-ä ¥, - ä
2

= and from the right on the interval 9 ä
2
, ä ¥=.

10.03.04.0009.01

BCzHJHzLL � :::-ä ¥, -
ä

2
>, 1>, :: ä

2
, ä ¥>, -1>>

10.03.04.0010.01

lim
Ε®+0

JHx - ΕL � JHxL �; ä x >
1

2

10.03.04.0011.01

lim
Ε®+0

JHx + ΕL � Π
1

4
-

ä x

2
+ JHxL �; ä x >

1

2

10.03.04.0012.01

lim
Ε®+0

JHx - ΕL � JHxL �; ä x < -
1

2

10.03.04.0013.01

lim
Ε®+0

JHx - ΕL � JHxL - Π
ä x

2
+

1

4
�; ä x < -

1

2

Series representations

Generalized power series

Expansions on branch cuts

In the lower half-plane
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10.03.06.0021.01

JHzL µ JHz0L - Π
argH-ä Hz - z0LL

2 Π

1 - 2 ä z0

4
-

1

4
2 logHΠL - Ψ

ä z0

2
+

1

4
- Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

16
 ΨH1L ä z0

2
+

1

4
- ΨH1L 1

4
-

ä z0

2
Hz - z0L2 + ¼ �; Hz ® z0L í ä z0 Î R í ä z0 >

1

2
í ä z0

2
Ï Z

10.03.06.0022.01

JHzL µ JHz0L - Π
argH-ä Hz - z0LL

2 Π

1 - 2 ä z0

4
-

1

4
2 logHΠL - Ψ

ä z0

2
+

1

4
- Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

16
 ΨH1L ä z0

2
+

1

4
- ΨH1L 1

4
-

ä z0

2
Hz - z0L2 + OIHz - z0L3M �; ä z0 Î R í ä z0 >

1

2
í ä z0

2
Ï Z

10.03.06.0023.01

JHzL � JHz0L - Π
1 - 2 ä z0

4

argH-ä Hz - z0LL
2 Π

-

ä

2
 â
k=1

¥ H-äLk 2-k

k !
 2 ∆k-1 logHΠL - ΨHk-1L 1

4
-

ä z0

2
+ H-1Lk ΨHk-1L 1

4
+

ä z0

2
Hz - z0Lk �; ä z0 Î R í ä z0 >

1

2
í ä z0

2
Ï Z

10.03.06.0024.01

JHzL µ JHz0L - Π
1

4
H1 - 2 ä z0L argH-ä Hz - z0LL

2 Π
+ OHz - z0L �; ä z0 Î R í ä z0 >

1

2
í ä z0

2
Ï Z

In the upper half-plane

10.03.06.0025.01

JHzL µ JHz0L + Π
argHä Hz - z0LL

2 Π

1 + 2 ä z0

4
-

1

4
2 logHΠL - Ψ

ä z0

2
+

1

4
- Ψ

1

4
-

ä z0

2
Hz - z0L -

ä

16
 ΨH1L 1

4
-

ä z0

2
- Ψ

H1L
 

ä z0

2
+

1

4
Hz - z0L2 + ¼ �; Hz ® z0L í ä z0 Î R í ä z0 < -

1

2
í ä z0

2
Ï Z

10.03.06.0026.01

JHzL µ JHz0L + Π
argHä Hz - z0LL

2 Π

1 + 2 ä z0

4
-

1

4
2 logHΠL - Ψ

ä z0

2
+

1

4
- Ψ

1

4
-

ä z0

2
Hz - z0L -

ä

16
 ΨH1L 1

4
-

ä z0

2
- Ψ

H1L
 

ä z0

2
+

1

4
Hz - z0L2 + OIHz - z0L3M �; ä z0 Î R í ä z0 < -

1

2
í ä z0

2
Ï Z

10.03.06.0027.01

JHzL � JHz0L + Π
2 ä z0 + 1

4

argHä Hz - z0LL
2 Π

+
ä

2
 â
k=1

¥ äk 2-k

k !
 2 ∆k-1 logHΠL - ΨHk-1L 1

4
+

ä z0

2
+ H-1Lk ΨHk-1L 1

4
-

ä z0

2
Hz - z0Lk �;

ä z0 Î R í ä z0 < -
1

2
í ä z0

2
Ï Z

10.03.06.0028.01

JHzL µ JHz0L + Π
1

4
H1 + 2 ä z0L argHä Hz - z0LL

2 Π
+ OHz - z0L �; ä z0 Î R í ä z0 < -

1

2
í ä z0

2
Ï Z

Expansions at z � 0
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10.03.06.0029.01

JHzL µ
1

2
Ψ

1

4
-

logHΠL
2

z -
1

48
ΨH2L 1

4
z3 +

1

3840
 ΨH4L 1

4
z5 + ¼ �; Hz ® 0L

10.03.06.0030.01

JHzL µ -
2 logH8 ΠL + Π + 2 ý

4
z +

28 ΖH3L + Π3

24
z3 -

1488 ΖH5L + 5 Π5

480
 z5 + OIz7M

10.03.06.0031.01

JHzL � z â
k=0

¥ H-1Lk

H2 k + 1L ! 22 k+1
 ΨH2 kL 1

4
-

log HΠL ∆k

2
z2 k �; z -

ä

2
< 2

10.03.06.0032.01

JHzL µ -
2 logH8 ΠL + Π + 2 ý

4
z I1 + OIz2MM �; Hz ® 0L

Expansions at z � ä
2

10.03.06.0002.02

JHzL µ
ä

2
log

ä

2
z -

ä

2
-

logH2 ΠL + ý

2
z -

ä

2
-

ä Π2

48
 z -

ä

2

2

+
ΖH3L

6
z -

ä

2

3

+
7 ä Π4

5760
 z -

ä

2

4

+ ¼ �; z ®
ä

2

10.03.06.0033.01

JHzL µ
ä

2
log

ä

2
z -

ä

2
-

logH2 ΠL + ý

2
z -

ä

2
-

ä Π2

48
 z -

ä

2

2

+
ΖH3L

6
z -

ä

2

3

+
7 ä Π4

5760
 z -

ä

2

4

+ O z -
ä

2

5

10.03.06.0001.01

JHzL �
1

2
ä log

ä

2
z -

ä

2
- HlogH2 ΠL + ýL z -

ä

2
-

ä

8
â
k=0

¥ â
j=0

¥ 1

j + 2
 

ä

2

j

k +
1

2

- j-2

- -
ä

2

j Hk + 1L- j-2  z -
ä

2

2+ j �;
z -

ä

2
< 2

10.03.06.0003.01

JHzL �
ä

2
log

ä

2
z -

ä

2
-

logH2 ΠL + ý

2
z -

ä

2
+

ä

8
â
j=0

¥ ΖH j + 2L
j + 2

 
ä

2

j

+ -
ä

2

j

- 4 ä j z -
ä

2

j+2 �; z -
ä

2
< 2

10.03.06.0004.01

JHzL µ
ä

2
 log

ä

2
z -

ä

2
-

logH2 ΠL + ý

2
z -

ä

2
1 + O z -

ä

2
�; z ®

ä

2

Expansions at z � - ä
2

10.03.06.0006.02

JHzL µ -
ä

2
log -

ä

2
 z +

ä

2
-

logH2 ΠL + ý

2
z +

ä

2
+

ä Π2

48
 z +

ä

2

2

+
ΖH3L

6
z +

ä

2

3

-
7 ä Π4

5760
 z +

ä

2

4

+ ¼ �; z ® -
ä

2

10.03.06.0034.01

JHzL µ -
ä

2
log -

ä

2
 z +

ä

2
-

logH2 ΠL + ý

2
z +

ä

2
+

ä Π2

48
 z +

ä

2

2

+
ΖH3L

6
z +

ä

2

3

-
7 ä Π4

5760
 z +

ä

2

4

+ O z +
ä

2

5
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10.03.06.0005.01

JHzL � -
1

2
ä log -

ä

2
z +

ä

2
+ HlogH2 ΠL + ýL z +

ä

2
+

ä

8
â
k=0

¥ â
j=0

¥ 1

j + 2
 -

ä

2

j

k +
1

2

- j-2

-
ä

2

j Hk + 1L- j-2  z +
ä

2

2+ j �;
z +

ä

2
< 2

10.03.06.0007.01

JHzL � -
ä

2
log -

ä

2
 z +

ä

2
-

logH2 ΠL + ý

2
z +

ä

2
-

ä

8
â
j=0

¥ ΖH j + 2L
j + 2

 -
ä

2

j

+
ä

2

j

- 4 H-äL j z +
ä

2

j+2 �; z +
ä

2
< 2

10.03.06.0008.01

JHzL µ -
ä

2
 log -

ä

2
 z +

ä

2
-

logH2 ΠL + ý

2
z +

ä

2
1 + O z +

ä

2
�; z ® -

ä

2

Expansions at z � z0 �; z0 ¹ ± ä
2

± 2 ä k

10.03.06.0010.02

JHzL µ JHz0L +
1

4
-2 logHΠL + Ψ

ä z0

2
+

1

4
+ Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

16
Ζ 2,

ä z0

2
+

1

4
- Ζ 2,

1

4
-

ä z0

2
Hz - z0L2 +

1

48
Ζ 3,

ä z0

2
+

1

4
+ Ζ 3,

1

4
-

ä z0

2
Hz - z0L3 + ¼ �; Hz ® z0L í z0

2 ¹ - 2 k +
1

2

2 í k Î Z

10.03.06.0035.01

JHzL µ JHz0L +
1

4
-2 logHΠL + Ψ

ä z0

2
+

1

4
+ Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

16
Ζ 2,

ä z0

2
+

1

4
- Ζ 2,

1

4
-

ä z0

2
Hz - z0L2 +

1

48
Ζ 3,

ä z0

2
+

1

4
+ Ζ 3,

1

4
-

ä z0

2
Hz - z0L3 + OIHz - z0L4M �; Hz ® z0L í z0

2 ¹ - 2 k +
1

2

2 í k Î Z

10.03.06.0009.01

JHzL � JHz0L +
1

4
-2 logHΠL + Ψ

1

4
+

ä z0

2
+ Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

8
 â
k=0

¥ â
j=0

¥ 2- j H-äL j

j + 2

ä z0

2
+ k +

1

4

- j-2

-
ä z0

2
- k -

1

4

- j-2 Hz - z0L j+2 �; z0
2 ¹ - 2 k +

1

2

2 í k Î Z

10.03.06.0011.01

JHzL � JHz0L +
1

4
-2 logHΠL + Ψ

1

4
+

ä z0

2
+ Ψ

1

4
-

ä z0

2
Hz - z0L +

ä

8
â
j=0

¥ ä j 2- j

j + 2
 H-1L j Ζ j + 2,

1

4
+

ä z0

2
- Ζ j + 2,

1

4
-

ä z0

2
Hz - z0L j+2 �; z0

2 ¹ - 2 k +
1

2

2 í k Î Z

10.03.06.0012.01

JHzL µ JHz0L +
1

4
-2 logHΠL + Ψ

ä z0

2
+

1

4
+ Ψ

1

4
-

ä z0

2
Hz - z0L H1 + OHz - z0LL �; Hz ® z0L í z0

2 ¹ - 2 k +
1

2

2 í k Î Z

Expansions at z � ä
2

+ 2 ä k
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10.03.06.0013.01

JHzL �
ä

4
2 logG k +

1

2
- H4 k + 1L logHΠL +

1

4
Ψ k +

1

2
- 2 logHΠL - ý  z -

ä

2
- 2 ä k +

ä

2
log

ä

2
z -

ä

2
- 2 ä k -

1

4
â
j=0

¥ 2- j ä j

j + 2
 Ζ j + 2, k +

1

2
- H-1L j ΖH j + 2L z -

ä

2
- 2 ä k

j+2

+

â
j=0

k-1

log j - k +
ä

2
 z -

ä

2
- 2 ä k �; z ®

ä

2
+ 2 ä k í k Î N

10.03.06.0014.01

JHzL µ
ä

2
log

ä

2
z -

ä

2
- 2 ä k +

ä

4
2 logG k +

1

2
- H4 k + 1L logHΠL +

ä

2
 â
j=0

k-1

log
ä

2
 z -

ä

2
- 2 ä k - k + j 1 + O z -

ä

2
- 2 ä k �; z ®

ä

2
+ 2 ä k í k Î N

Expansions at z � - ä
2

- 2 ä k

10.03.06.0015.01

JHzL �
ä

4
H4 k + 1L logHΠL - 2 logG k +

1

2
+

1

4
Ψ k +

1

2
- 2 logHΠL - ý  z +

ä

2
+ 2 ä k -

ä

2
log -

ä

2
z +

ä

2
+ 2 ä k -

1

4
â
j=0

¥ 2- j ä j

j + 2
 H-1L j  Ζ j + 2, k +

1

2
- ΖH j + 2L z +

ä

2
+ 2 ä k

j+2

+

â
j=0

k-1

log j - k -
ä

2
 z +

ä

2
+ 2 ä k �; z ® -

ä

2
- 2 ä k í k Î N

10.03.06.0016.01

JHzL µ -
ä

2
log -

ä

2
z +

ä

2
+ 2 ä k +

ä

4
H4 k + 1L logHΠL - 2 logG k +

1

2
-

ä

2
 â
j=0

k-1

log -
ä

2
 z +

ä

2
+ 2 ä k - k + j 1 + O z +

ä

2
+ 2 ä k �; z ® -

ä

2
- 2 ä k í k Î N

Asymptotic series expansions

10.03.06.0017.01

JHzL µ
z

4
log

z2

4
-

Π z2

8 z
-

z

2
HlogHΠL + 1L + â

k=0

¥ H-1Lk 2-2 k
4 k + 3

16 Hk + 1L H2 k + 1L - 2 â
j=0

k-1 24 j H2 kL ! B2 j+2

H2 j + 2L ! H2 k - 2 jL !
z-2 k-1 �;

¡argIz2M¥ < Π í H z¤ ® ¥L
10.03.06.0018.01

JHzL µ
z

4
log

z2

4
-

Π z2

8 z
-

z

2
HlogHΠL + 1L +

3

16 z
1 + O

1

z2
�; ¡argIz2M¥ < Π í H z¤ ® ¥L

Other series representations
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10.03.06.0019.01

JHzL � -
z

2
logHΠL -

ý z

2
+

ä

2
logH1 + 2 ä zL -

ä

2
 logH1 - 2 ä zL -

ä

4
 log

Π J ä z

2
+ 1

4
N

sinJΠ J ä z

2
+ 1

4
NN +

ä

4
 log

Π J 1

4
- ä z

2
N

sinJΠ J 1

4
- ä z

2
NN -

1

2
â
k=1

¥ â
j=0

k H-1L j+k 2-2 j-2 k H2 kL ! ΖH2 k + 1L z1-2 j+2 k

H2 jL ! H1 - 2 j + 2 kL !
�;  z¤ < 2

10.03.06.0020.01

JHzL �
1

8
H-4 z HlogH4 ΠL + 1L + H2 z + äL logH1 + 2 ä zL + H2 z - äL logH1 - 2 ä zLL -

ä

4
â
k=2

¥ k - 1

k Hk + 1L Ζ k,
ä z

2
+

5

4
- Ζ k,

5

4
-

ä z

2

Integral representations

On the real axis

Of the direct function

10.03.07.0001.01

JHzL � -
ä

2
à 1

4
-

ä z

2

1

4
+

ä z

2
ΨHtL â t -

z

2
logHΠL

10.03.07.0002.01

JHzL �
1

2
à

0

¥ ã-t z

t
+

2 ãt�4
t H1 - ãtL  sin

t z

2
 â t + ä log sin Π

ä z

2
+

1

4
- ä log sin Π

1

4
-

ä z

2
-

1

2
logHΠL z �;  ImHzL¤ <

3

2

10.03.07.0003.01

JHzL � à
0

¥ ã-t z

2 t
-

ã
3 t

4

Hãt - 1L t
sin

t z

2
 â t -

1

2
logHΠL z �; ImHzL � 0

10.03.07.0004.01

JHzL �
1

8
HH2 z + äL logH2 ä z + 1L + H2 z - äL logH1 - 2 ä zL - 4 z HlogH4 ΠL + 1LL - à

0

¥ ã-
t

4

t
 sin

t z

2

1

2
-

1

t
+

1

ãt - 1
 â t �; ImHzL � 0

10.03.07.0005.01

JHzL �
1

2
à

0

¥ ã-t z

t
+

2 ã
3 t

4

t H1 - ãtL sin
t z

2
 â t -

1

2
logHΠL z �; ImHzL � 0

10.03.07.0006.01

JHzL �
1

8
H-2 HlogH16L + 2 logHΠL + 2L z + Hä + 2 zL logH2 ä z + 1L + H-ä + 2 zL logH1 - 2 ä zLL -

à
0

¥ ã-
t

4

t
sin 

t z

2

1

2
-

1

t
+

1

ãt - 1
 â t �; ImHzL � 0

http://functions.wolfram.com 9



10.03.07.0007.01

JHzL �
1

2
à

0

¥ ã-t

t
z - ãt cosh

t

4
csch

t

2
sin

t z

2
 â t +

1

4
-2 z logHΠL + ä log sin

Π

4
 H2 ä z + 1L - ä log sin

Π

4
H1 - 2 ä zL �;

 ImHzL¤ <
1

2

10.03.07.0008.01

JHzL � -
ä

2
 à

0

¥ 1

t
 ä ã-t z -

Ht + 1L-
ä z

2
-

1

4 IHt + 1Lä z - 1M
logHt + 1L  â t -

logHΠL
2

z �; ImHzL � 0

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

10.03.13.0001.01

¶wHzL
¶z

�
1

4
Ψ

ä z

2
+

1

4
+ Ψ

1

4
-

ä z

2
-

logHΠL
2

�; wHzL � JHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

10.03.16.0001.01

JH-zL � -JHzL
10.03.16.0002.01

JHz + 2 äL � -ä logH4 ΠL +
1

2
ä HlogH2 ä z - 3L + logH1 - 2 ä zLL + JHzL

10.03.16.0003.01

JHz - 2 äL � ä logH4 ΠL -
ä

2
HlogH2 ä z + 1L + logH-2 ä z - 3LL + JHzL

10.03.16.0004.01

JHz + 2 ä nL � JHzL - ä n logH4 ΠL +
ä

2
â
k=1

n HlogH-4 k + 2 ä z + 1L + logH4 k - 2 ä z - 3LL �; n Î N

10.03.16.0005.01

JHz - 2 ä nL � JHzL + ä n logH4 ΠL -
ä

2
â
k=1

n HlogH4 k + 2 ä z - 3L + logH-4 k - 2 ä z + 1LL �; n Î N

Identities

Recurrence identities

Consecutive neighbors

http://functions.wolfram.com 10



10.03.17.0001.01

JHzL � JHz + 2 äL + ä logH4 ΠL -
1

2
ä HlogH2 ä z - 3L + logH1 - 2 ä zLL

10.03.17.0003.01

JHzL � JHz - 2 äL - ä logH4 ΠL +
1

2
ä HlogH2 ä z + 1L + logH-2 ä z - 3LL

Distant neighbors

10.03.17.0002.01

JHzL � JHz + 2 ä nL + ä n logH4 ΠL -
1

2
ä â

k=1

n HlogH-4 k + 2 ä z + 1L + logH4 k - 2 ä z - 3LL �; n Î N

10.03.17.0004.01

JHzL � JHz - 2 ä nL - ä n logH4 ΠL +
1

2
ä â

k=1

n HlogH4 k + 2 ä z - 3L + logH-4 k - 2 ä z + 1LL �; n Î N

Complex characteristics

Real part

10.03.19.0001.01

ReHJHx + ä yLL �

1

2
tan-1H2 y + 1, -2 xL - tan-1H1 - 2 y, 2 xL - x HlogHΠL + ýL + â

k=1

¥ x

k
+ tan-1

4 k + 2 y + 1

k
, -

2 x

k
- tan-1

4 k - 2 y + 1

k
,

2 x

k

Imaginary part

10.03.19.0002.01

ImHJHx + ä yLL �
1

4
-2 y HlogHΠL + ýL + log

4 x2 + H1 - 2 yL2

4 x2 + H2 y + 1L2
+ â

k=1

¥ 2 y

k
+ log

16 k2 + H8 - 16 yL k + 4 x2 + H1 - 2 yL2

16 k2 + 8 H2 y + 1L k + 4 x2 + H2 y + 1L2

Differentiation

Low-order differentiation

10.03.20.0001.01

¶JHzL
¶z

�
1

4
Ψ

1

4
+

ä z

2
+ Ψ

1

4
-

ä z

2
- 2 logHΠL

10.03.20.0002.01

¶2 JHzL
¶z2

�
ä

8
 ΨH1L ä z

2
+

1

4
- ΨH1L 1

4
-

ä z

2

Symbolic differentiation 

10.03.20.0003.02

¶n JHzL
¶zn

�
logHΠL

2
H∆n-1 + z ∆nL -

än+1

2n+1
ΨHn-1L ä z

2
+

1

4
- H-1Ln ΨHn-1L 1

4
-

ä z

2
�; n Î N

http://functions.wolfram.com 11



10.03.20.0005.01

¶n JHzL
¶zn

� -
logHΠL

2
H2 - nLn z1-n +

än+1 Hn - 1L !

2n+1
 Ζ n,

1

4
-

ä z

2
- H-1Ln Ζ n,

ä z

2
+

1

4
�; n Î Z ß n ³ 2

Fractional integro-differentiation

10.03.20.0006.01

¶Α JHzL
¶zΑ

� â
k=0

¥ H-1Lk

GH2 k - Α + 2L 22 k+1
 ΨH2 kL 1

4
z2 k-Α+1 -

logHΠL z1-Α

2 GH2 - ΑL
10.03.20.0004.01

¶Α JHzL
¶zΑ

� z1-Α â
k=1

¥ 1

2 k GH2 - ΑL -
1

4 k + 1
 2F

�
1 1, 1; 2 - Α;

2 ä z

4 k + 1
+ 2F

�
1 1, 1; 2 - Α; -

2 ä z

4 k + 1
-

I2F
�

1H1, 1; 2 - Α; -2 ä zL + 2F
�

1H1, 1; 2 - Α; 2 ä zLM z1-Α -
HlogHΠL + ýL z1-Α

2 GH2 - ΑL
Integration

Indefinite integration

Involving only one direct function

10.03.21.0002.01

à JHzL â z � -
1

4
logHΠL z2 - ΨH-2L ä z

2
+

1

4
- ΨH-2L 1

4
-

ä z

2

10.03.21.0001.01

à JHzL â z � -
1

4
HlogHΠL + ýL z2 +

1

4
HH1 + 2 ä zL logH1 + 2 ä zL + H1 - 2 ä zL logH1 - 2 ä zLL +

â
k=1

¥ z2

4 k
+

1

4
H4 k + 2 ä z + 1L log 1 +

2 ä z

4 k + 1
+ H4 k - 2 ä z + 1L log 1 -

2 ä z

4 k + 1

Involving one direct function and elementary functions

Involving power function

10.03.21.0003.01

à zn JHzL â z � -n! zn â
k=0

n 2k Hä zL-k

Hn - kL !
 H-1Lk ΨH-k-2L ä z

2
+

1

4
+ ΨH-k-2L 1

4
-

ä z

2
-

logHΠL zn+2

2 Hn + 2L �; n Î N

10.03.21.0004.01

à zn JHa + b zL â z � -
1

2

a

n + 1
+

b z

n + 2
logHΠL zn+1 -

n! zn

b
 â
k=0

n 1

Hn - kL !
 H-1Lk  Ψ

H-k-2L
 

1

4
+

ä a

2
+

1

2
Hä bL z + ΨH-k-2L 1

4
-

ä a

2
-

1

2
Hä bL z

ä b z

2

-k �; n Î N

Definite integration
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For the direct function itself

10.03.21.0005.01

à
z

z+1

JHtL â t � -
1

2
z logHΠL -

logHΠL
4

+ ΨH-2L ä z

2
+

1

4
+ ΨH-2L 1

4
-

ä z

2
- ΨH-2L 1

4
ä HH2 - äL + 2 zL - ΨH-2L -

1

4
ä HH2 + äL + 2 zL �;

ä z Ï -¥, -
1

2
í ä z Ï

1

2
, ¥

Representations through more general functions

Through other functions

10.03.26.0001.01

JHzL � -
logHΠL

2
 z -

1

2
ä ΖH1,0L 0,

1

4
+

ä z

2
- ΖH1,0L 0,

1

4
+

ä z

2
�;  ImHzL¤ <

1

2

Representations through equivalent functions

With related functions

10.03.27.0001.01

JHzL � -
z

2
 logHΠL -

ä

2
log G

1

4
+

ä z

2
- log G

1

4
-

ä z

2
�;  ReHzL¤ £ 7 í  ImHzL¤ <

1

2

10.03.27.0002.01

JHzL � -ä log
ZHzL

ΖJä z + 1

2
N

10.03.27.0003.01

JHzL �
1

4
z logH4L + ä 23 logH2 ΠL - 2 logG

47

4
-

ä z

2
+ 2 logG

1

4
-

ä z

2
+ 4 RamanujanTauTheta

1

4
H23 ä + 2 zL

History

– B. Riemann (1859)

– C. L. Siegel (1932)
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