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Notations

Traditional name

Riemann-Siegel function ¢

Traditional notation

2

Mathematica StandardForm notation

Ri emannSi egel Thet a[z]

Primary definition

10.03.02.0001.01

log(r) i 1 iz 1 iz
o e )l )
2 2 4 2

Specific values

Specialized values

10.03.03.0001.01
ix 1 1
HX) = Im(logl‘(— + —)) — —log(m) x/; xeR
2 4 2
10.03.03.0002.01
i
0(—+2u’n):: —-ico/;neN
2
10.03.03.0003.01
i
(5‘(———2i'n)==lloo/; neN
2
10.03.03.0004.01

35 1 n+l
0(? +2n‘n) = —-(n+1) (zz'log(27r2)+7r)+rilog(n!)+zz'ZIog(2k—1) /ineN

k=1

10.03.03.0005.01

0(3172')1 1) (i log(2 72 i | "Ml 2k-1)|/;neN
5 in =3 (n+1)(ilog(27%) +7) —i og(n.)—zzz og2k-1|/:ine

k=1
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10.03.03.0016.01
(i Q-4p
o ————

> 2 n) = Zi [—q log(2) + 2 plog(27) + nq(—in +log(2) + 2log(r Q) —
q q

k=1

Py (2P :
qlog(COS[?]F[?)]—qzlog((2p+2kq—q)(p+kq—q)) neNApeN"AqeN"Ap<q

10.03.03.0017.01
i(q-4p)
(9(21' n+ ———

] = i [—qlog(2) +2plog2m) +nq(inr—log(2) — 2log(r Q) —
2q 2q

pr 2p n n
qlog(COS[?) F[?)]wzlog(qk— P+ log(-2 p+2kq—q)] ineNApeN AgeN*Ap<q

k=1 k=1

10.03.03.0018.01

(4o
0(7” P q)_zm]:

2q

1 pr 2p n

2— ilqlog(2) -2 plog(27) + nq(—in+10g(2) + 2log(m Q) + qlog{cos(—) F(—)) - qZIog(qk— p) —
q q q k=1

k=1

QZIOQ(—2p+2kq—q)]]/:neN/\peN*/\qu*/\p<q

10.03.03.0019.01
. idp-q
H2in+ ——

): i [qlog(Z) —-2plog2nm) +nq(x—log(2) —2log(x Q) +
2q 2q

pr) (2p :
qlog(COS[?]F[F)]+qzlog((2p+2kq—q)(p+kq—q)) neNApeN"AgeN"Ap<q

k=1

Values at fixed points

10.03.03.0006.01
&0) =0

10.03.03.0007.01

{3

10.03.03.0008.01
3i 1
(=)= -~ (etog(2?) + )

2

10.03.03.0009.01

i
(5‘(— —) ==ioo
2

10.03.03.0010.01
3i

0(— ?) = % (ilog(27?) + 7)

Values at infinities
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10.03.03.0011.01

#(o0) == 00

10.03.03.0012.01

H—00) == —c0

10.03.03.0013.01

&(i 00) = &

10.03.03.0014.01
d(—ic0) ==&

10.03.03.0015.01

H&) = &

General characteristics

Domain and analyticity

¢#(2) isan analytical function of zwhich is defined over the whole complex z-plane.
10.03.04.0001.01
z— 32 ::C—C
Symmetries and periodicities
Parity
d(2) isan odd function.

10.03.04.0002.01
-2 =-412

Mirror symmetry

10.03.04.0003.01

1 1
02 =02 /iz¢ [—oo, ——)/\izef [—, oo)
2 2
Periodicity
No periodicity

Poles and essential singularities

The function ¢(z) does not have poles and essential singularities.

10.03.04.0004.01
Sing (8(2)) = {}

Branch points

The function ¢(2) has infinitely many branch points: z== +i (% +2 k) /; ke N and z == c. All these are logarithmic branch
points.
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10.03.04.0005.01

BPL(H2) == {{% +2ki/ ke N}, {—% _2ki/ke N}, o~o}
10.03.04.0006.01

i
RZ((?(Z), 5 + 2kz‘) =log/; keN
10.03.04.0007.01
i
Rz(o(z), -5 2ku’) =log/; keN

10.03.04.0008.01
R(3(2), &) == log

Branch cuts

The function ¢(2) is a single-valued function on the zplane cut along the intervals {-i co, —%} and {% icof. At
ize {—ioo, —%} \/u’ze {g u'oo} potentially multiple branch cuts are situated over each other (at i z there are [% + %J
respectively | 7 — 2| branch cuts overlapping).

The function ¢(2) is continuous from the |&ft on the interval {—i co, — %} and from the right on the interval {% i oo}.

10.03.04.0009.01

e = ({5} 1) ({51} -1)

10.03.04.0010.01

1
lim d(x—€)==d(X) /; iXx> —
e—>+0 2

10.03.04.0011.01

1
+3X) /[ iX> —
2

. 1 ix
lim d(X+€) =nm|— - —
e>+0 4 2

10.03.04.0012.01

1
lim d(x—€)=d(X) /;ix< ——
e—>+0 2

10.03.04.0013.01

/i !
TIX< ——
2

) ix 1
lim d(x—¢) = d(x)—n{— +—
e->+0 2 4

Series representations

Generalized power series

Expansions on branch cuts

In the lower half-plane
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10.03.06.0021.01

5 5 ag(-i(z-2)) ||1-2iz 12| izg 1 1 iz
(2) (Zo)—ﬂ{ o H 2 J_Z( Og(ﬂ)—lﬂ[7+Z)—¢[Z—7))(Z—ZO)+

i (im 1 1 iz 1, iz
S 7 il B il a4 r eR Nizes o .
16[w (2 +4) v (4 2]](2 o+ iz NimeR Nin> - N\ —¢

10.03.06.0022.01

ag(-i(z-2))||1-2iz 1 iZg 1 1 iz
0(2)oc0(20)—ﬂ{ > H J (2Iog(ﬂ)—w[—+—]—w[———))(Z—ZoH

m 4 | a4 2 4) 4 2
i izp 1 1 iz 1, iz
SR 971 It BSPE) Bl 22+ 0(z—27) [ iz eR N\ i 1 2
16[w (2 +4) v (4 2]](2 2 +0(z-27) fiiz e /\“0>2/\—2 ¢

10.03.06.0023.01

1-2iz || arg(-i(z—29))
R i i
4 2n

oo (—i)k 27k
k!

1 1 1 j
(26kllog(n> —w“'”[z - %]H—l)kwk'l)[z " ?)J @2 fineR Nin>> /\ ? ¢z

i
2ia

10.03.06.0024.01

1 iZy
H2) oc&(zo)—ﬂh(l—b‘zo)“

ag(—i(z-2z)) 1
gl—ZOJ+O(z—zo)/;izoe[R/\izo>E/\7$Z

2n
In the upper half-plane

10.03.06.0025.01
arg(i (z—-29))

Ve
‘ w[l ﬂ‘Zo) f) iz 1
16 4 2 2 4

10.03.06.0026.01
agi(z-2z)) || 1+2iz 12| iz 1 1 iz
| 2 J4[ °9<’”‘*”[7+z]“”[Z‘?])‘Z‘ZO)‘

i (1 i%n Dlizg 1

—_— —_——— —_ _+_

16 v [4 2) v 2 4
10.03.06.0027.01

2izg+1 ||argi(z—2)) | i & k2K 1 iz 1 iz
_ L _ken| T ke T N
0(2)—0(20)+7r{ 2 H - J+2 § " (26k_1log(n) Y (4+ > ]+( Dty [4 > ])(z )" /;

HD o« HZg) + {

1+2i%) 1( iz 1y (1 iz
4 J—Z[ Og(ﬂ)—w(?*'z]—l//[z—?])(Z—Zo)—

(Z—ZO)2+.../;(zezo)/\izoe[R/\izo<—%/\i7zoeEZ

K2) o HZo) + 7

1 17
(Z—ZO)Z+O((Z—ZO)3)/;iZQER/\E'ZO<—£/\7QEZ

k=1
1 iZy
izpeR Nizg<-- N\ —¢e¢z
2 2 2/\2
10.03.06.0028.01
1 ag(i (- 7)) 1, iz
0(z)o<0(zo)+nh(1+2zizo)J = +O(Z—Zo)/;u'zoe[R/\u'Zo<—£/\7ezZ
Vs

Expansionsat z==0
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10.03.06.0029.01

1 (1) lo 1 1 1 1
0(Z)oc[—l//(—)— g(ﬂ)]z——;//@(—)f —1/1(4)( )25+ [ (Z=0)
2 \4 2 48 \4 3840
10.03.06.0030.01
2log(8 2 28((3) + n° 1488¢(5) + 57°
H2) o — 9Em+ L (O Z- O+ 5 2+0(Z)
4 24 480
10.03.06.0031.01
o K 1\ log(m)é j
0(2)_22 b 4//(2“)(—)— 90 % Zk/ ’z—f <2
(2k+ 1)1 22kl 4 2 2

10.03.06.0032.01
2log8n) +m+ 27y

HZ) o —
4

2(1+0(2)) /; z- 0

Expansionsat z== >

10.03.06.0002.02

i i i log(27) +y iy in? iy () i
v e ) ) e

2 \2 2 2 2) 48 2 6 2

10.03.06.0033.01

i i i log(27) +y
H2) <« — |Og(— (Z— —)) - -
2 2 2 2

10.03.06.0001.01

92 == %[ilog[ (z— —))— (10g27) +7) [z— —)] - ;ZZ

2

( i) m( ;i)z 4(3)( i
Z——|-—z-=| + —|z- -
2] 48 2 6 2

oalla)

)
)

kOJO

i
z-—|<2

2

10.03.06.0003.01

i i i log27) +y iy o0& (2 ([0 i
s S DR

2 \2 2 2 2) 8 j+2 \\2

10.03.06.0004.01
i i i log(2n) +y i i i
2 2 2 2 2 2 2

Expansionsat z=

I\)IH

10.03.06.0006.02
i

i
82 o« — lo (__[
(2) o« 5 g 5 Z+

10.03.06.0034.01

gl )
(Z)OC—E Og —5 Z+ — -

log2m) +y i\ in? AC)
-l ) - b

2

u)) Iog(27r)+7y( i) rinz( i)z () (
_ _ Z+ Z Z+
2 2 2 48 2 6

3

3

7in*
+ (z
5760

7in* i
o (e

5760

7in* (

- zZ+
5760

7in*
- [z +
5760

2
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10.03.06.0005.01
1 i i i 172 iy 2 2]
| o | R OE] M wort s 57 R LML 0

i

Z+—|<2

10.03.06.0007.01

: i iy log2 i\ P 2 (( iy (i +2 :
0(z)==—f|og(—f[z+f]]—w(z+f)_fza” ) [_f)+(ﬂ) 4( n)'( ) file+ o <2

2 2 2 2 2 8j:0 j+2 2 2 2

10.03.06.0008.01

i i iy log@m+y( i i i
19(z)oc——log(——[z+—])——(z+—)(l+0(z+—)]/;(z—>——)

2 2 2 2 2 2 2
Expansionsatz::zo/;Zoii;iiZik

10.03.06.0010.02
s s 12| izg 1 1 iz i 217201 211'20 )
2) o +—[=2log(m) + Y| — + = |+ | - - —||z-2) + — ,—+ -2 --—||(z-2)* +
e 2o 22 2))< o e 2 ol e

1 izg 1 1 iz

s =+=Z|+43 = - —=||@-2)*+ S ¢(2k ) kez

48[4[ 5 +4]+§( s ](z 2%+ 2oz \ B +-| N\ke

10.03.06.0035.01

s s 1 ” iz 1 1 iz i ) iz 1 ) 1 iz 2,
(2 o (ZO)+Z[_ Og(ﬂ)+lﬂ[7+z +¢[Z—7))(Z—%)+E(§[ v7+2]—§( 12—7]](2 )+

1 iz 1 1 iz 1y’
— 43, — +=|+¢3 = - —||@z-2)®+O(z- 2% /; ‘[2" ‘) kez
48[4[ 5 +4]+{( R ](z 70 +0((z 20))/(2—>Zo)/\2c2ﬁt +2 /\ €

10.03.06.0009.01

1 1 iz 1 iz
0(2)::0(20)+Z[—Zlog(n)+¢/(z+7 +t//[———])(2—20)+

P&, 270 (=) 1n72? iz 1712

Ll

8135 i+2 4 2 4
10.03.06.0011.01

o s L[l 1 izmy (1 iz
(2) == (Zo)+Z[— Og(ﬂ')‘l'l,[/[z‘l'7]+§[/[Z—?]](Z—Zo)+

i il 27l 1 iz 1 iz .

- vidjvrz S+ —|-di+2 = - =||@-22 ), ;t(Zk ) kez
Z (()[J+ 4+2]§(J+ , 2))(2 )12/, 2 +=] N\ke
10.03.06.0012.01

1 iy 1 1 iz
(9(2)06(9(20)+Z[—Z|Og(n)+t//(7+z]+¢[z—7])(2 2)(1+0@z-2) /; - z) \Z + (2k+ )/\kel

Expansionsat z== 5 + 2ik
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10.03.06.0013.01

j 1 1 1 j
H2) == 2(2I09F(k+ 2)—(4k+ 1)Iog(7r)) Z[w(k+ 2) 2log(n) — y] (z— 2 —2ik)+

. . . 1 j ; j+2
g[log[;(z—g—h‘k))—z ( (J+2 k+ ) (- 1)’{(J+2))(z—%—2ik) +
Stk 1o 20 e 20 e

10.03.06.0014.01

. : ) . 1
32 « f Iog(i (z— % - 2n’k)]+ 2(2Iogr(k+ E]_(4k+ 1)Iog(7r))+

—Zlog( (z———sz) k+j)(1+0(z—é—2m’k))/; (Z—) g+2ik)/\keN

Expansionsat z== —5 — 2ik
10.03.06.0015.01

0(2)::2((4k+1)|og(7r) 2Iogr(k+ ]) [( ) 2log(n) — y)(z+£+2ik)—
S 1 i j+2
> Iog(——(z+5+2¢k])——2;j+2(( 1)J{(j+2,k+§)—{(j+2))(2+5+2ik) +
ng( k——(z+E+21k))]/;(z—>—%—2ik)/\kel\!

10.03.06.0016.01
oy 1oL (22 £ 200 o £ (s gt 2var(c 2
2) ——o——z+—+i + = + D log(m) - 2logl|k+ = || =
(2) o 9-51%"3 2 ) log(m) g >
ikt

—Zlog(—g(z+£+2nk) k+])[1+0[z+£+2zk))/; (z—>—g—2n’k)/\keN

j=0

Asymptotic series expansions

10.03.06.0017.01

z (7 n\/;
0(z)oczlog( ]—T——(Iog(ﬂ)+1)+2( 1)k 272K

4k+3 2k‘l 241 (2K By 2
k=0

16K+ @k+D) S 2j+2)!@2k-2])!

lard(Z)] <7 /\ (121 - o)

10.03.06.0018.01

z V2 3 1
D) ;Iog( ]— e 5 3 (Iog(n) +1)+ I [1+ O[ ]] |larg(Z)] < n/\(lzl - )
z

Other series representations

2—2 k-1 ;.
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10.03.06.0019.01

%) 2 L log1a 2 { log(1—2 a
9(2) = —— log(m) - — + —log(1 + 2i 2) — — log(1 - 2i 2) - — lo
2™ 2 729 2™ 29

(-4
Sm( (4 - Ezz))

10.03.06.0020.01

( 1)]+|(2—2] -2k (2k)'§(2k+1)21_21+2k

2 2

k—l] 0

il
—log
4

1 i k-1
32 ——( 4z(logdm+ 1)+ (2z+i)log(l+2i2+(2z-i)log(l— 212))——2
4iokk+D

Integral representations

On the real axis

Of thedirect function

10.03.07.0001.01

lzz

&2 =-— f w(t)d’t——log(n)

10.03.07.0002.01

[

iz

5

—_— -

2

4

-k

5

iz

4

2

J

1{ etz 2674 tz iz 1 1 iz 1 3
H2) = — f —+ sm( ) d/t+nlog[sm( [ + —))]—Iilog(sin(n(— - —))) - —log(m) z/; Im(2)| < —
2 \Jo t t(1-eb) 2 2 4 4 2 2 2

10.03.07.0003.01

oof @7t z e+ tz
2 ::f —_— Si ( ) clt——log(n)z/ Im(2) =
o | 2t (et =1t 2

10.03.07.0004.01

0@ 4 tzy(1
0(2)__—((22+z)|og(2zz+1)+(Zz—z)log(l 2iz)-4z(logdn) +1) - e—s'n( )(
0

t 2

10.03.07.0005.01

3t
1 pofetz 2e4 tz 1
X2 == _f —_ sin(—) dt——log(m) z/; Im(2) =
2Jo t t(1-eh 2 2

10.03.07.0006.01

1
H2) == 5 (-2(log(16) + 2log(m) +2) z+ (i + 22)log2iz+ 1) + (—i + 22)log(1 - 2i 2)) —

t

o @ 4 tzy(1l 1 1
—sin(—)(———+ )dt/;lm(z)::
o t 2)\2 t -1

2

1

——— 4

t

t

e

1
)dt [; 1m(2) ==
1
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10.03.07.0007.01

1 poet t t tz 1 n s
8(2) == _f — (z—@t cosh(—) csch(—)sin(—))dH - (—Zzlog(n)+ilog(sin[— (Qiz+ 1)))—zflog(sin(— (1—2i2)))) /i
2Jo t 4 2)7 2 4 4 4

1
Im@| < —
2

10.03.07.0008.01
iz 1 .
i el t+1 2 & (t+12-1) log(m)
f —lietz- dt- z/;Im2 =0
ot log(t + 1) 2

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

10.03.13.0001.01

owz 1 iz 1 1 iz log()
= —[¢(—+ —)w(—— —))— /s W(2) = d(2)
0z 4 2 4 4 2 2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

10.03.16.0001.01
H-2)=-9%(2

10.03.16.0002.01
1
Hz+2i) = —ilog(4n) + 5 i(log2iz-3)+log(l-2i2)+ &2
10.03.16.0003.01
i
Hz-2i)=ilog(4n)— 5 (log2iz+ 1) +log(-2iz-3)) + 42
10.03.16.0004.01

E‘ n
Hz+2in)=9d(2 —inlog(4n) + 5Z:(Iog(—4k+2i/z+ 1)+logdk-2iz-3))/;neN
k=1

10.03.16.0005.01
E‘ n
Hz-2in)==09(2 + inlog(4x) - EZ(Iog(4k+ 2iz-3)+log(-4k-2iz+1)/;neN
k=1

Identities

Recurrence identities

Consecutive neighbors
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10.03.17.0001.01

1
H2) = Hz+20) +ilog(dn) — Ei(log(212—3)+ log(1-2i 2)

10.03.17.0003.01

1
H2)=z-2i)—ilog(4n) + 5 i(logRiz+1) +log(-2iz-3))

Distant neighbors

10.03.17.0002.01

1 n
H2=dz+2in)+inlog4n)— EiZ(Iog(—4k+ 2iz+1) +log(dk-2iz-3))/;neN
k=1

10.03.17.0004.01

1 n
H2)=3%z-2in)—inlogdn) + EiZ(Iog(4k+ 2iz-3)+log(-4k—-2iz+1)/;neN
k=1

Complex characteristics

Real part
10.03.19.0001.01
Re(¢(x+1iy)) =
1 < (X 4k+2y+1 2x 4k-2y+1 2x
—[tant2y+1, —2x —tan"}(1 -2y, 2x) — x(log(n) +7) + [— +tan‘1(7, ——)—tan‘l(i, —D
2[ k; k k k k k

Imaginary part

10.03.19.0002.01

e

4x2+(1—2y)2]
— |+

1 2y 16k2+ (8—-16y) k+4X2 +(1-2y)?
Im@@(x+iy)) == —|-2y(log(n) +y) + log — +log|
4 16k2+8R2y+Dk+4X2 +(2y+ 1)

4x%+(2y+1)y? K

=
1

1

Differentiation

Low-order differentiation

10.03.20.0001.01

09(2) 1( (1 zTZ) (1 zTZJ 0| )
_— = — — —_ e (o]
0z 4 ¥ 4+ 2 ¥ 4 2 %)

10.03.20.0002.01
2 - . .
G P R
072 8 2 4 4 2

Symbolic differentiation

10.03.20.0003.02
%@  log(m) il iz 1
== —_— +

1 iz
6n7 6n - (n_l)[ _) - _1 " (n_l)(_ - _)) ; N
pa (On-1 +Z6n) ZM[w > =Dy 12 /ine
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10.03.20.0005.01

"2 log(rr) " (n-1)! 1 iz iz 1
= (2—n)nzl‘”+—((, ]-(— )”((n,—+—))/;nel/\n22

a7 2 on+l 2 4

Fractional integro-differentiation
10.03.20.0006.01
VD & (-1

1-a
— Z (2k)( )sz a+l _ log(m 2
o T2k —a +2) 22k+1 4 22 -a)

10.03.20.0004.01
042 & 1 1

. 2iz . 2iz
== zl“’Z( - (zFl(l, 1,2-a )+ zFl(l, L,2-a; - ))) -
0z o\ 2kI'2-a) 4k+1 4k+1 4k+1
(log(r) +7) 2
2T2-w

(F1(1, L, 2-0a; -2i2) +,F1(1, 1, 2-; 2i2)) 27" -

Integration

Indefinite integration

Involving only one direct function

10.03.21.0002.01

1 iz 1 1 iz
dDdz=-—| Z- (-2>(— ) <2>( )
f(z) 2= logm 2~y = v

10.03.21.0001.01

1 1
f(‘}(z)aiz:: —Z(Iog(n)+y)22+ Z((1+2u'z)log(1+ 2i2+(1-2izlog(l-2i2)+

iz 2iz
)+(4k—2u’z+1)|og(1— D
+1 4k+1

(72 1 2
Z —+—((4k+2iz+l)|og(1+
o\dk 4 4k

Involving one direct function and elementary functions

Involving power function

10.03.21.0003.01

n k k . +2
fz“é‘(z)dz——n'z”z Skl [( 1 (k2>( 1)+¢<—k—2>(f_f))_w/-new
(n-k! 2 4 4 2 2n+2)

10.03.21.0004.01

1( a bz
fz”&(a+ bz)aﬂz———(—+ —]Iog(;r)z””l
2\n+1 n+2

nz2"

! 1 en(l ia 1 1 ia 1 ibz)™*
re [(_1)k¢(k2)(—+l—+—(ib)z)+¢“k‘2)(——l———(ib)z))(z) sineN
4 2 2 4 2 2 2

b & M-Kk!

Definite integration
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For thedirect function itself

10.03.21.0005.01
fm(?(t)dt 1zlo () log(ﬂ)+w<*2)(iz+l)+w<*2>[l iz] (p(*z)(l i (2 ')+22)] wz{ ! '((2+')+22))/-
It=—-— n)— ——— —+ = —— - —i((2-1 - —=1 i ;
2 2% 4 2 4 4 2 4 4
1

22 (o) Nize o)

Representations through more general functions

Through other functions

10.03.26.0001.01

log(n) 1

&2 z '(gﬂ‘”(o 1+E'Z] §<1°>(0 1+ ﬂz))/ [Im(2)| !
=- - =[50, =+ — [0, =+ — || /; <=
2 4 2 4 2 2

Representations through equivalent functions

With related functions
10.03.27.0001.01

iz iz

o=~ oo~ 1o {3 + ) -t (- 7 )] =7 ez <
(Z———EOQ(N)—E og Z+E —109 Z—; [+ IRe(2)] = lm(Z)|<£

10.03.27.0002.01

Z(2
H2) == —i Iog[ ]

{iz+%)

10.03.27.0003.01

1 47 iz 1 iz 1
H2) = 4_1 (zlog(4) +i [23Iog(2n) - 2logr[j - ?) +2 Iogr[z - E)] + 4RamanujanTauThet{Z (23i + 22)))

History

—B. Riemann (1859)
—C. L. Siegel (1932)
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