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Notations

Traditional name

Sineintegral

Traditional notation

Si(2

Mathematica StandardForm notation

Si nlntegral [z]

Primary definition
06.37.02.0001.01
zsin(t)

Si(2) = —dt
o t

Specific values

Values at fixed points
06.37.03.0001.01
Si(0)==0
Values at infinities
06.37.03.0002.01

s s
(00) = E

06.37.03.0003.01
] bl
Si(—00) == — —
2
06.37.03.0004.01
Si(i o) = i 00

06.37.03.0005.01
Si(=i 00) = —i co

06.37.03.0006.01
Si(&) = ¢
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General characteristics

Domain and analyticity

Si(2) isan entire function of z which is defined in the whole complex z-plane.

06.37.04.0001.01
z—Si(2)::C—C
Symmetries and periodicities
Parity
Si(2) isan odd function.

06.37.04.0002.01
Si(-2) = -Si(2)

Mirror symmetry

06.37.04.0003.01
Si(2) == S(2)

Periodicity

No periodicity

Poles and essential singularities

The function Si(2) has only one singular point at z = co. It isan essentia singular point.

06.37.04.0004.01
Sing (Si(2)) = {{<, co}}

Branch points

The function Si(z) does not have branch points.

06.37.04.0005.01
BP,(Si(2) = {}

Branch cuts

The function Si(2) does not have branch cuts.

06.37.04.0006.01
BCASi(2) = {}

Series representations

Generalized power series

Expansions at generic point z== z



http: //functions.wolfram.com

For the function itself

06.37.06.0010.01

sin(z) 2o COS(Zp) — SiN(2o)
(z-zg)+ ————«(

Si(2) o Si(zp) + Z2-2%+... [, (2~ 29)

06.37.06.0011.01

2y cos(2p) — SiN(2p) 5 3
(z-279)+ T (z-2) +O((Z—Zo) )

i i Sin(zy)
Si(2) < Si(Z) +
Z

06.37.06.0012.01

oo k-1 (= 1)k %‘k y
Si(2) = Si(%) - 7sin(—+ )z— k
@ = Si(z) ;2; ot ) )
= ]_
06.37.06.0013.01
S oozk-zzé"‘ﬁ113lk3-k28 )
Z) == - 1, —, - — ——|(z-
@ ﬂk:O R PY > 4(20)
06.37.06.0014.01
Si(2) o« Si(z) (1 + Oz~ 29))
Expansionsat z==0
For the function itself
06.37.06.0001.02
S 1 d z 0
)xzZ|l-—+——...|/;(z->
@ 18 600 / )

06.37.06.0015.01

Si 1 .z o
@z _E+%_ (2)

06.37.06.0016.01

0 (_1)k Z2k+1
S == B ——————
@ §(2k+1)(2k+1)!

Andrea Piccolroaz

06.37.06.0002.02

0 (_1)k ZZk

S@=zy ——
ko (1+ 2K)2 (2K)!

06.37.06.0003.01
< 133 2
@=2z1F[ = -, =i ——
Y222 4
06.37.06.0004.02
Si(2) « z(1+0(2))
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06.37.06.0017.01
Si(2 =F(2 /,

[[ N (D<K _ (-1n2™3 3
Fi@=2) ————
o 2k + 12 (2k)! @2n+322n+2)!

Summed form of the truncated series expansion.

Asymptotic series expansions

06.37.06.0005.01

a\VZ  cod2) 1 4\ sin®2
Si(2) « - 3F0( 1; )—

2z 2 2

F 113" 4 ;
22 30(1 1511_;)/1(|Z|_>00)

06.37.06.0006.01

7NV Z  cox2) 1 sin(2) 1
Si(2) « - [1+O[—]]— (l+0(—)) /(17 = o0)
2 2 2

22 z

Residue representations
06.37.06.0007.01
22 -S
Rz 7 _
Si@=—12) res| —————T©)|(-j)
SRR E |
2
06.37.06.0008.02

=

=0 r(1-9?

Other series representations

06.37.06.0009.01

Si(2 ::n23k+%(2)2

Integral representations

On the real axis

Of thedirect function

06.37.07.0001.01

! zsin(t)
Si(2) == —dt
o t
06.37.07.0002.01
! T o Sin(t)
Si(2) = — - —dt
2 z t

Contour integral representations

5

5

Z

4]]/\neN]

=S@+————F|L,n+—n+2,n+—, N+ —; ——
2 2 2
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06.37.07.0003.01

Vrz (TOT(3-9 (2)°
L [ ] ds

Si(Z == 8ri 5 Z
L 3
r(E - s)
06.37.07.0004.01
Vi preiel(s+3)TC9) x 25 1
Si(x) == f 7(—) ds/;-= <y<0/\x>0
Ani Jy-ico (-9 2 2

Limit representations

06.37.09.0001.01

bg > 1 k x
Si(X) == — — lim Z—sin(—) /i XxeRAX>0
2 Mo k=n+1 n

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.37.13.0001.01
W@ +2W' (2 +zW(2) =0/, W2) = ¢; Si(®) + ¢, Ci(2) + C3

06.37.13.0004.01
1
W,(L, Si(2), Ci(2) = - —
2
06.37.13.0002.01
W@ +2W' (2 +zW (2 =0/, W2 = ¢, Si@ + ¢, Eii2) + c3
06.37.13.0005.01
1
W,(1, Si(2), Ei(i2) = - —
2
06.37.13.0003.01
W@ +2W' (2 +zW (2 =0/; W2 = ¢, Si(2) + C, Ei(-i2) + c3
06.37.13.0006.01

1
Wy(1, Si(2), Ei(-i2)) = ——
2

06.37.13.0007.01

29(@ 39’z
W(a)(m[ 9@ 39'@
92 g@

307@* 29'@ 9@
g (2? 92 g@

]w (2 + [@1’(2)2 + W (2 =0/,W@® = ¢ Si(g®) +c,Ci(g2) +c;

06.37.13.0008.01
g@2?
9(2)?

W(Si(9(2)), Ci(9(2)), 1) = -
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06.37.13.0009.01
WO+ [29’(2) 3@ 39"@ W
92 h(2) g@
[ 2 ARID 6h'(2° . 39" (2° LSheg@ 29'@ 3h@ @
92h@  hz? g@* hg@ 92 ha  g@

@+

W (2) +

[6h’(z)3 4g@h@° 69°'@N@° 6h@h@ 39'@*°hN@ 2H@9'@-29@h @

- + - + - + +
h@®  g@h@? h2?g (2 h2? h@2 g'(2° h2) 9@

3@ @+W@¢°@ H@g@*+hQ

]W(Z) =0/, W@ = ¢, h(2) Si(9(2) + ¢z h(2) Ci(9(2)) + c3 h(2)

h(29'(2 h(2)
06.37.13.0010.01
_ , h2°g2°
W,(h(2) Si(9(2), h(2) Ci(9(@), h(2)) = - o
gz

06.37.13.0011.01
2wWI@) - (r+3s-3)ZW' (2 +(a®r?*Z" +3(s-Ds+r2s-1+1)zw (@ -s(@®r?Z" +s(r +9) w2 =0/;
W2 =c, ZSi(aZ) +c, ZCi(aZ) +c 2

06.37.13.0012.01
W, ZSi(aZ), ZCi(aZ), ) = —ar3Z+3s3

06.37.13.0013.01
wW3(2) - (log(r) + 3log(s) W' (2) + (a2 log?(r) r2% + 31og*(s) + 210g(r) log(s)) W' (2) -
log(s) (a2 Iogz(r) r2Z +log(s) (log(r) + Iog(s))) W2 =0/;w2 =c,sSi(ar’) +c,s°Ci@ar?) +c &

06.37.13.0014.01
W,($* Si(ar?), £Ci(ar?), &) = —ar?s*Zlog*(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.37.16.0001.01
Si(-2)=-Si(2

06.37.16.0002.01
Si(i 2) == i Shi(2)

06.37.16.0003.01
Si(—i2) = —i Shi(2)
06.37.16.0004.01

m

. O
S@b®)™ = ——=Si@b"zZ"%/ 2mez
pm Zme
06.37.16.0005.01

R
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Complex characteristics

Real part

06.37.19.0001.01

2 YRk 13 3 x
Re(Si(x+iY)) == X Folk+ = = k+ —; ——
i 2k+ D! 22

06.37.19.0002.01

o k (—1)) y2k-2] x2i+1
Re(Si(x+iY)) ==
AHr ) ZZ(2|<+1)(2|<—2j)!(2j+1)!

k=0 j=0

06.37.19.0003.01

1
Re(Si(x+iy)) == — | Si| x+ X —i + Sifx - x —f
2 \’ X2 AV

Imaginary part

06.37.19.0004.01

o k+1 11 3 X2
Im(Si(><+L"y))::Zyz—lF2 +—— Kkt ———
j:0(2k+1)!(2k+1) 2 2 2 4
06.37.19.0005.01
ok j k=2 j+1 2]
(-1} y2R2irL 2
IM(Si(X +iy) ==ZZ : :
DD ek+ D2 @k-2j+D)!

06.37.19.0006.01

X
Im(Si(x+iy) = — —i Si| x = x —f —Si[x+x —i
2y X2 X2 X2

Absolute value

06.37.19.0007.01

[Six+iy) == |S|x—x —i Si| X+ X —ﬁ
\J X2 \J X2

Argument

06.37.19.0008.01

1 Ya y? X
agSi(x+iy) =tan —|Si|x+x | -— |+Si|x-x [ -— ||, —
2 X2 X || 2y

Conjugate value
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06.37.19.0009.01

1 Y 2l x| v Y Y
SiXx+iy)=—|Si|Ix+X_ [ -— |+Si|x-Xx_ [-— ||-— | —— |S[x=-x_|—-— [-S|x+x_ | ——
2 X2 X2 2y X2 X2 X2

Signum value

06.37.19.0010.01

SON(SI(X+ i y)) == L —i X[ Si| x—x —i -S —i X+X||+ S —i X+ X|+ Si| X=X —i /
y X2 x? x? x? x?

Differentiation

Low-order differentiation

06.37.20.0001.01
0Si(2 sn

0z z

06.37.20.0002.01
8Si(z) coxz) sSin2)

0z z zZ

Symbolic differentiation

06.37.20.0006.01

a"Si(2) n-1 -k Z&nmn_ 1)1 nk
::6nSi(z)—Z sin[—+z)/;neN
e k! 2

06.37.20.0003.01

5, Si(2)+Booldn 0, (n—1 AR B L N
= 6n oolgn#0, (N-1)! Yy ———sinlz+ —||/;n
@+ GESNDY [Z+ 2) ine

!
o k!

0"Si(2)

06.37.20.0004.02
0"Si(2)

(1
=22 A, -, 1 -, 1-—, ——; ——|/;neN
oz 2 4

Fractional integro-differentiation

06.37.20.0005.01
0"Si(2)
0z

_(1 3 a 3-a Z
T = SN T P
2 2 2 2 4
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Integration

Indefinite integration

Involving only one direct function

06.37.21.0001.01
] cosb+az +((b+azSi(b+az
fS(b+ azdz=

a

06.37.21.0002.01

cos(az)
fSi(az)dz:: +2zSi(a2)
a

06.37.21.0003.01

fSi(z)dz:: cos(2) +2Si(2)
Involving one direct function and elementary functions

Involving power function
Involving power

Linear argument
06.37.21.0004.01
1
fz“‘l S(az)dz= 2— (Z (-il(a, —iaz)(miaz) ™ +i(@a2™I(a,iaz) +2Si(az))
[07
06.37.21.0005.01

S .
fz“"l Si(dz=—Si(2 + ZL ("2 T, i - (-i) " Z T(a, -1 2)
a a

06.37.21.0006.01
a®Si(az) 2 +acosaz z-sin@z)

fzSi(az)d’z::
2a?

06.37.21.0007.01

Si(a2) 1
f dz== 5(323F3(1, 1,1,2 2,2 -iaz+
z

azaF3(1,1,1;2,2,2,iaz—ilog(2 (IO, —iaz)—-T(0, iaz) +log(-iaz) —log(i az) + 2i Si(az))

06.37.21.0008.01

fSi(aZ)d -azCi(az) +sin(az + Si(az2)
Z==—

z

06.37.21.0009.01
fSi(b +az) 4 azCi(az) sin(b) + azcosgb)Si(az)—(b+az) Si(b+az

bz
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Power arguments
06.37.21.0010.01

e A [P .
*Si(az)dz= > il|—, —-iaZ |(miaZ) v +iGaZ) " I[|—,iaZ |+2Si(aZ)
r

a r

Involving exponential function

Involving exp

06.37.21.0011.01

. 26°2Si(az) — i (Ei((b-ia)2) — Ei((b+ai) 2)
febZS(az)dz::

2b
06.37.21.0012.01
, Ei(2iaz -logaz) - 2ie'3%Si(a2)
fe”aZSi(az) dz=
2a
06.37.21.0013.01

Ei(-2iaz -log@az +2¢73%jSi(az)

fe‘éaZSi(az)clz:
2a

Involving exponential function and a power function

Involving exp and power

06.37.21.0014.01

(-b2)*

k!

1 n
fz“ e’?Si(az)dz= 3 nt (=b)™™? [12 Ei(b-ia)2) - iEi(b+ai)z) - ZebZSi(az)Z +

k=0

D1 b "Ml p_jafX D1 b \"mlga-p)<X
(b+ai)z - - _ bz _
a7y [ ] Y [b )

mmib+ai) (=3 k! mimib-ial i3 k!

06.37.21.0015.01
fz" '3’ Si(az)dz=

/ineN

1 n 1 ((-iaz*
— | (=ia)™"[n! Ei(2iaz)—|og(z)—22— — 427%Irk -2iaz||-2il(n+1, —ia2) Si(az)
2a i K! 2k

06.37.21.0016.01
fz“ e3?Si(az)dz=
Ga™

2a

n 1 (@Gaz
2il(n+1,ia2 Si(az) +n! Ei(—Ziaz)—Iog(z)—ZZF . +27%11k 2ia|||/ineN
k=1 K
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06.37.21.0017.01

1
fanSi(az)aZz:: —— (~iEi((b+ai) 2 a?+2be’*cosaz a+
21?2 (2 + b?)

(a2 +b?)iEi(b-ia)2) - ib?Ei((b+ai)2) - 2b? e"?sin(az) + 2(a® + b?) €"? (b z— 1) Si(a2))
06.37.21.0018.01
1

(a2 +12)°

1
fzz P?Si(andz= - [u (Ei((b+ai)2) — Ei((b—ia)2) -
b

(beP?(b((bz- 1) a?+b? (bz-3))sin(@z) —a((bz-2)a® + b? (b z— 4)) cosaz))) + €% (b* Z - 2bz+ 2) Si(a2)

06.37.21.0019.01
1

(@ +12)°

(be*?(b((b? Z2-bz+3)a* +2b% (0*Z - 3bz+3)a’ + b* (bB? Z - 5bz+11))sin@z) - a((b? 2 -3bz+6)a* +

b*

1
fz3 ?Si(andz= [Si (Bi((b-ia)2 - Ei((b+ai)2) -

20? (b2 -5bz+8)a? +b* (b Z - 7Tbz+ 18)) cos(a)) + e°* (b* 2 - 3b? 2 + 6bz- 6) Si(a2)

Involving trigonometric functions

Involving sin

06.37.21.0020.01
1
fsin(bz) Si(az)dz= E (i(Bi(-i(a-b)z)—Ei(i(a-b)2 + Ei(-i(a+b)2z —Ei(i(a+b) 2 + 4icos(b 2 Si(az))
06.37.21.0021.01

Si(2az - 2cos@az Si(az
2a

fsin(az)Si(az)dz::

Involving cos

06.37.21.0022.01
1
fcos(bz) Si(az)dz= R (—Ei(-i(a-b)y2-Ei(i(a-b)2+Ei(-i(a+hb)2+Ei(i(a+b)2) +4sin(bz) Si(a2)
06.37.21.0023.01
Ci(2az -log(az) + 2sin(az) Si(a2)
2a

fcos(az)Si(az)de::
Involving trigonometric functions and a power function

Involving sin and power
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12

06.37.21.0024.01

fz” sinbz Si(az)dz= —2 @ b)_”"zbn! (-1)"Ei(-i(a-b)2-Ei(i(a-b)2 +Ei(-i(a+b)2) -

Rin+)((-D"I'(n+1, -ib2+T(n+1,ib2)Si(az) -

1
(-1)™Ei(i(a+b)2) +
r(n+2)

b \™am-1 GatibkZ b \M m-1 (—a)+ib)k X
na) 2o i ") 2o T w0

o)z Z + @Dz Z b-a k _

m=1 m=1 m

m

b \™m-1 Ga-ib*& b \™am-1 (—Ga-ibk &
0 (5%) B (ms) T =52

n
: . a+b k=0 k!
(_l)n et (a-b)z § + (_1)n {ex(a+b)z § /; neN
m=1

m

m m=1

06.37.21.0025.01

fz” sin(@az) Si(azdz=
(-ia)™ n (-ia2X
in!'|(-1)"Ei(-2iaz-Ei(Riaz+(1-(-1)"log2 + ZZ — +27%11k —2iaz)|-
4a i k!
n 1 ((Gaz*
2(—1)"2 — +27%I1k 2ia2||-2@(n+1, —iaz)+ (-1)"T(n+1,iaz)Si@z|/;neN
o ki 2k
06.37.21.0026.01
1 (2bcos((a-b)2)
fzsin(bz) Si(az)dz= — (— —Ei(-i(a-b)2-Ei(i(a-b)2) +
407 b-a
2bcos((a+b)2)
Eimi(a+b)y2+Eii(a+b)2-2i (T2, -ib2-T(2,ib2)Si(az) - —b)
a+
06.37.21.0027.01
fzzsin(bz)Si(az)clz::
1 1
-— [z’ [Ei(—n’(a— byz)+ ——— (Zicos(bz) (a(b? - a?) zcos(a2) - (a2 — 3b?) sin(a2)) b? +
2b? (a-b)? (a+b)?

2i((b*-a?)zsin@2) b* + 2a(a® - 2b?) cos@z)) sin(b 2 b -

(é—mfﬁwm—ma—Em¢@+ma+5@m+mag+una—ma+r61bmgman
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06.37.21.0028.01

fz35in(bz)8i(az)dz==

1 1
- [7 (—6(Ei(—zi (a-b)2) +Ei(i (a—b)2) - Ei(-i (a+b) 2 - Ei(i (a+ b) 2)) (& - b2)3 +
4b* {(a-b°@+h?®

4bcosb2) ((a4 - 6b”a’ +5b*) zsin(az) b? + a(b2 (a?- b2)2 Z-2(3a*-8b*a” + 9b4)) cos(az)) +

412 (a(—3a4 +10b%a® - 7b*) zcos(a) + (—Sa“ +6b%a’ - 11b* + b? (a® - b2)2 22) sin(az))
sin(b z)) -2i(T(4, —ib2)-T(4, ib2) Si(az)]
Involving cos and power

06.37.21.0029.01

1
fz” cosb2) Si(az)dz= Z (i) (b ™ n! [(—1)” Ei(~i (a—b)2) +Ei(i (a—b)2) - Ei(—i (a+ b) 2) —

Qi+ ((-1)"Tn+1, -ib2)-T(n+1,ib2)Si(az) +

1
D) ™"EiG(a+b)2+
r(n+2)

7

L—(ia)+ib)*Z&
k! -

{ b ]mm‘l(—(ia)—ib)kzk]
/ineN
b+a

!
+ o k!

i@z Z - _ i@z Z _
k! b-a

n 1( b )"‘m(u’aﬂzb)kzk n 1[ b ]m
mimib+a) i3 m M K

)
o

n Mm-1:a_ K n
(_1)n e (a—b)zz i (b b ) (ia-ib) z + (_1)n ei(a+b)zz
mib-a !

m=1 k=0 : m=1

ER N

06.37.21.0030.01

fz” cosaz) Si(azdz==

(-ia2k
2k

1
—_n a—n—l
4

+27%r(k, -2 az)] -

n o1
n! [(—1)“ Ei(-2ia2) +Ei(2ia2) — (L + (-1)™ log(z) - 225[
k=1 ™"

i /ineN

n1(@Gaz" o .
2(—1)“2— o +27%Irk 2iaz)||-2iC+1, —iaz)— (-1)"T(n+1, ia2)Si@@z)
k=1 ™"

06.37.21.0031.01

1
fzcos(bz)Si(az)dz:: — [—iEi(—i(a— b)2)+iEi(i(a-b)2-iEi(-i(a+b)z) +
4b

2bsin(a-b)z 2bsin((a+b)2
+

iEi(i(a+b)2) + +2((2, -ib2 + T2, ibz))Si(az))
-a a+b
06.37.21.0032.01
1 1
fzz cosbz) Si(@zdz== — (7 (—Z(a(b2 —a’)zcos@z) - (a® - 3b?) sin(@) sin(b 2) b* +
2b% \(a-b)? (a+b)?

(a? - b?)* (Ei(—i (a— b)2) + Ei(i (a— b) 2 — Ei(—i (a+ b) 2) - Ei(i @+ ) 2) +

2cos(b2) ((b? - a%) zsin(az) b® + 2a(a? - 2b?) cos(@) b)) +i([(3, -ib2-T(3,ib2)Siaz
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06.37.21.0033.01

fz3 cosbz) Si(az)dz=

1 1
- [ [7 (—G(Ei(—if (a-b)2) - Ei(i(a—b)2) + Ei(-i (a+b) 2 - Ei(i (a+ b) 2)) (& - b2)3 +
4p*{ {(@a-b’@+h?®

402 icos(b2) (a(3a4 - 10b?a? + 7b*) zcos(az) - (—Sa“ +6b%a’ - 11b* + b? (a® - b2)2 22) sin(az)) +

4bu(( -6h%a +5b“)zsin(az)b2+a(b2(a2 )z2 2(3a*-8b?a +9b4))cos(az))

sin(bz))—2i(F(4, —ib2) +T(4, ib2)Si(az)

Involving hyperbolic functions

Involving sinh

06.37.21.0034.01
—2cosh(bz) Si(az)+ Si((a+bi)2) +Si((a-ib)2)

2b

fsinh(bz)Si(az)d’z:: -

Involving cosh

06.37.21.0035.01
i (-Ci((a+bi)2) + Ci((a-ib)2) - 2isinh(b2) Si(a2)

2b

fcosh(b 2)Si(@az)dz=

Involving hyperbolic functions and a power function

Involving sinh and power
06.37.21.0036.01

fz“ sinh(b2) Si(@az) dz= —2 b"1n! [(—1)“ Ei((b—ia)2) - (-) ™" Ei((b+ai)2) +

1
Ei(-bz+a(-i)2—-Eiiaz-b2 +
I'(n+

n "l G- )< 2 1 b \"™l(-b-ia)Z
( l)n (b—[a)ZZm( a] Z(l ) +(_1)ne(b+ai)zz_[ ] Z( ku' ) _
b-1i !

2 Rin+)((-D"I'(n+1, -b2)+I'(n+1, b2)Si(az) -

mel k=0 ! mamib+ai) 5
n Mm-1 n Mm-1 p_ i 3K
e(b+ai)221( ] Z(b+aﬂ) xazszi[ b ] (b-ia) z /neN
“mlb+ai) & mimib—ia) iz k!
06.37.21.0037.01
1
fzsinh(bz)Si(az)dz:: 7(—4sin(az)sinh(bz) b? + 4acos(az) cosh(b2) b +
412 (a2 + 1?)

(a?+b?) (i (Ei(b-ia)2) - Ei(b+ai)2) - Ei(-bz+a(-i) 2 + Ei(iaz—b2) + 2(I'(2, b2 - I'(2, —~b2) Si(a2))
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06.37.21.0038.01

1 1
Zsnh(b2 Si(@zdz=-—|i 4isin@z)((a® +3b?) cosh(b2) — b(a? + b?) zsinh(b 2)) b +
4b° (| (a2 +b?)°

4aicos@z) (b(a® +b?) zcosh(bz) — 2(a® + 2b?) sinh(b 2)) b+ 2 (a* + b2)2

(Bi((b-ia)z)-Ei(b+ai)2 + Ei(-bz+a(-i)2 - Ei(iaz- bz))) +2i(T@, -b2+I'(3,b2)Si(az

06.37.21.0039.01

1
fz3 sinh(b2) Chi(ag dz== - — [12 [L [2 Chi(az) (bz(b*Z + 6) cosh(b 2) - 3(b? Z + 2) sinh(b 2)) +
2b

(3(—Ei((a— b) 2) + Ei(b— &) 2) - Ei(-(a+b) 2) + Ei((a+ b) 2)) (a - b2)3 +
G

2absinh(az) ((—b2 (a? - bz)2 Z-2(3a'-8b*a*+9 b“)) cosh(b2) + b (b? — &%) (7b* - 3a%) zsinh(b z)) -
2b? cosh(az) (b (a® - b%) (a® - 5b%) zcosh(b 2) + (—3 a'+6b”a’ - 11b* - b? (a - b2)2 22) sinh(b z)))]]]
Involving cosh and power

06.37.21.0040.01

fz” cosh(b2) Si(az)dz== —2 b="1n! [(—1)n Ei((b—ia)2)— (-1)™"Ei(b+ai) 2z -

Ei(-bz+a(-i)2+Ei(iaz-b2 + QRin+1)((-D"I'(n+1, -bz)-T(n+1, b2)Si(az) -

+2)

(_1)n e(b—s‘a)z Z - Z - + (_1)n e(b+a£)z Z - Z -

m1 M k=0 mimib+ai) i3

n1( b \"™lGa-bX£X n1( b \"™lp-jafHX
+
= =

D= T P 2

m=1 k=0 b-ia) i3

n 1( b ]mm‘l(b+ai)kzk n 1( b ]mm‘l(b—ia)kzk]
/ineN
b+ai

m=1
06.37.21.0041.01

fz” cosh(az) Chi(az)dz=

1"

a"t [2 Chi(@azy T(n+1, —a2 - (-1)"I'(n+1, a2)+n! [(—l)” Ei(-2a2-Ei(2a2 +((-1)" -1 log2) -

n _ak Zk n ak Zk
22 2 [— 2kl Caykrk, —2az)] + 2(—1)“2 — (— — 2k lakrk, 2az)] /ineN
ke K2k g1 {2k
06.37.21.0042.01
1
fzcosh(bz)Si(az)dz:: ———(~4cosh(bz)sin(az) b* + 4acos@z) sinh(b2) b +
412 (&2 + 1)

(a2 +b%)i (Ei((b-ia)2) - Ei((b+ai)2) + Ei(-bz+a(-i) 2 - Eiiaz—b2) + 2i (I'(2, ~b2) + (2, b2)) Si(a2))
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06.37.21.0043.01

1 1
Zcosh(bz) Si(@zdz=-—|i —4isinaz) (b(a® + b?) zcosh(b 2) - (a® + 3b?) sinh(b 2)) b +
4b° (| (a2 + b2

4aicos@z) (b(a® +b?) zsinh(b2) - 2(a® + 2b*) cosh(b 2)) b+ 2 (a* + b2)2

(Ei((b-ia)2 —Ei((b+ai)2—Ei(-bz+a(-i)2 +Ei(iaz- bz))) +2i(T@, -b2-T'3, b2)Si(@z

06.37.21.0044.01
fz3 cosh(b2) Si(az) dz==

1

40t

(6(Ei((b— ia)2) - Ei(b+ai)2) +Ei(-bz+a(-i)2) - Eiiaz-b2)(a® + b2)3 +

il-
[ (a2 +b2)°
ap?isin@z)((3a*+6b2a? + 11b* + b (a2 + b?)° 22) coshibz) ~ b (2 +b?) (a2 + 52) zsinh(b 2)) +

4bicos@az) (ab(a2 +b?)(3a% + 7b%) zcosh(b2) -

a(b? (2% + b?) 2 +2(3a" + 8b2 &% + 9b') sinh(b 2))) - 2 (F(4, ~b2) + T(4, b2) Si(az)]]

Involving logarithm

Involving log

06.37.21.0045.01

(log(b2) - 1) (cos(az) + azSi(az) — Ci(az)
flog(b 2 Shi(az)dz=

a

Involving logarithm and a power function

Involving log and power

06.37.21.0046.01
fz"‘llog(bz)Si(az)dz:
1 o @ @
2—3 (Z(&22) " (ioFale, ;e +1, 0+ 1 -ia) (@ Z) —iFole, e+l a+liazg(a®?) +a
[04
(2(a2 zz)“ (a@logbz)-1) Si(az)-i(-I(a, iaz) (elogbz) - 1) (—iaz)® +
(—ia2" - (iaz)T(@+1)log2) + (ia2) I'(e, —iaz) (alogb2) - 1)))))

06.37.21.0047.01

1
leog(bz) Si(@az)dz= — (azcosaz) (2log(b2) - 1) - (2log(b2) + 1) sin(@2) + (—a* Z + 2a* log(b 2) Z + 2) Si(a2))
4a
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06.37.21.0048.01

1
fzzlog(bz)Si(az)alz: -— (a®(1-3log(b2) Si(az) 2 + &’ cos(az) Z -
9a

3a’cos(az)log(b2) Z +asin(@z) z+ 6alog(hz) sin(@z) z+ 7 cosaz) — 6 Ci(az) + 6 cos(az) log(b 2))
06.37.21.0049.01

1

fz3 log(b2) Si(@az)dz== — (azcos(az) (-a? Z +4(a? Z - 6) log(b 2) — 14) +
16 a

(-a?Z-12(a? Z - 2)log(b2) + 38)sin(@a2) + (-a* Z + 4a’ log(b 2) ' - 24) Si(a2))

I nvolving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

06.37.21.0050.01
] ) azSi(az)2+Zcos(az)Si(az)—Si(2az)
fa(az) dz=
a

Involving products of the direct function

06.37.21.0051.01

fSi(az)Si(bz)dz::

1
ﬂ (b—a)Si((a-b)z+2bcos(az) Si(bz+2aSi(az) (cosbz +bzSi(b2)-aSi((a+b)z)—bSi((a+b)2)
a

Involving functions of the direct function and elementary functions
Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function

06.37.21.0052.01

fz” Si(@az’dz=-

[(—i a1t [2 i(Cin+1, —ia2)+(-)"I'(n+1,iaz)Si@z+
2(n+1)

(-ia2X
2k

+27%rk, —2iaz)|-

no1
n! [(—1)” Ei(-2ia2 -Ei(2iaz)+ (1 - (-1")log(2) + 22 E (
k=1 K-

n 1 (@Gazk
2(—1)”2— (a2 +27%1rk 2iaz|||- 22" Si@2)?
kil 2k
k=1 ™"

06.37.21.0053.01

/ineN

1
fzSi(az)Zdz: — (2227 Si(a2)? + 4(azcos@z) - sin@@z) Si(az) + cos(2az) - 2Ci(2az) + 2log(2))
43
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06.37.21.0054.01

fzz Si(az’dz=
1
— (4a3Si(az)2z3 +8az+2acos(2az) z-5sin2az) +8((a? Z - 2)cos@z) - 2azsin(@) Si(az) + 8Si(2az))
12a

06.37.21.0055.01

1
fz3 Si(@az’dz= — (Za“Si(az)zz4 +3a2Z+a°cos(2az)Z-4asin(2az z-
8a

8cos(2a2) +12Ci(2az) - 12log(2) + 4 (az(a? Z - 6) cos(@z) - 3(a® Z - 2) sin(az)) Si(a2))

Involving products of the direct function and a power function

06.37.21.0056.01
-n

fz” Si(az)Si(bzdz= i

[n! [(—1)n Ei(i(b-a)2-Eii(a-b)2-(-1)"Ei(-i(@a+b)2) +
4a(n+1)

EiGi 51 k —k . -k .
(u(a+b)z)+zg(a (@-b) ™Ik i(b-a)2 - (@a+hb) " I'k, —i(a+b)2))+
k=1 1

n1
CNDY o (@ (@+D ™Ik i(@a+b)2-(@-b ™ Ik i@-b z)))] -
k=1 "*

2i(2azSi(az)(-ia"+I'(n+1, —iaz+(-1)"I'(n+1,iaz)Si(bz

(@b ™" n!

[(—1)n Ei(~i (@a—b)2) - Ei(i (a—b)2) + Ei(~i (@+ b) 2) - (-1) ™" Ei(i (@a+ b) 2) +

i+ ((-H"T(n+1, -ibz)+T(n+1,ib2)Si(az)+

(n+ 1!

Mm-1 1 i )< Mm-1 /. TN
es(afb)zznli ( b ] T (-ia+ib) _e*i(“b)zzn:i ( b ] ™1 Ga+ib) X .
m{lb-a k! m k!

m=1 k=0 m=1 a+b) 13

, n1(( b \"™l(—ja-ib*Z , n b \"mlGa—ib&X
_1\n i(a+h)z E _ _(_1\n ,—i(a-bz E _ E .
(e [( ) k! (e m[b ) k! fineN

=mila+b) = mel -a) oo

06.37.21.0057.01

fzSi(az) Si(b2)dz=

1
" (4Si(az) (b*Si(b2) Z + beos(bz) z— sin(bz)) a® + 4bcos(@az) cosb 2 a+
8a

(a® +b%) (Ei(=i (a— b) 2 + Ei(i (a— b) 2) - Ei(=i (a+ b) 2 - Ei(i (a+ b) 2)) + 4b® (azcos(a2) - sin(@2) Si(h 2))
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06.37.21.0058.01

fzz Si(az)Silbb2) dz==

1

3

(b*Z -2)costbz) - 2bzsin(b2) Si(az) 1
- +— (e®Si(az 2 - 2asin(@2) z+(a> Z - 2) cos(a2)) Si(h 2)) +
b a

1
——— (ab(b(a® +2b*) cosb 2 sin(a2) + acos@z) (b(a® - b?) zcosb 2) — (2a* + b?) sin(b 2))) +
a°(a-byb°(a+b)

(& -b?a®-b*a®+b°) Si((a-b) 2 + (a° - b*a® + b*a® - b°) Si((a+ b) 2))

06.37.21.0059.01
1(2(bz(t? 2 -6)cosb2) - 3(b*Z - 2)sin(b2) Si(az)
fz3 Si(az)Silbb2) dz== 5 - "
b

1
~ (2(a*Si(an 2 +a(a® Z - 6) cos(az) z— 3(a® Z - 2) sin@z)) Sib 2)) -
a

(2 (3 (a*+b*) Ci(a-b)2) (a® - bz)2 -3(a*+b%)Ci(a+b) 2 (a® - bz)2 -
ab(absin@z (b(a’+2b”a® - 3b%) zcos(b2) + (-3a* + 14b* a® - 3b*) sin(b 2)) +
cos(az) (b(-3a*+2b?a? + b*) zsin(bz) @ + ((b? 22 - 6) a® - 2b* (b? 2 - 5) a* +

b* (b 2 + 10) & - 6b°) costb2))) / (a* (@~ b)* b (@+ b))
Involving direct function and Gamma-, Beta-, Erf-type functions

Involving exponential integral-type functions

Involving Ei

06.37.21.0060.01

1
fEi(bz) S(azdz= ﬁ (2bcos(az) Ei(bz)+2abzSi(az Ei(bz) -
a

bEi(b-ia)2+aiEi((b-ia)z—iaEi(b+ai)2 -bEi(b+ai) z)—2aebZSi(az))
Involving exponential integral-type functions and a power function

Involving Ei and power
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06.37.21.0061.01
(Tn+1, -b2) (b)) + Z*1 Ei(b2) Si(a2)

fz” Ei(b2 Si(az)dz= +
n+1
i (Ga™"?t n ak@+bi)*Tk (ia-b)2
—Ei((b—u‘a)z)n!+nzz +Ei(b2T(n+1,iaz)+
n+1 ) k!

n ak(@a—ib) Tk, —(b+ai)2)
(=1 —Ei((b+ari)z)n!+n!z "

k=1

1
+Ei(bT(n+1, —iaz)]] + E(_b)—n-1 n!

n o1
[—Ei(bz— iaz)+Eibz+aiz)+ Z o (0*(b-i a*Ik, (ia-b)2) - (b+ai) Tk, —(b+ai) z)))]] ineN

k=1 ™
06.37.21.0062.01

szi(bz)Si(az)clz:: -

1 ,
— (-iEi((b+ai)2a®-2(b?Ei(b Z +T(2, -b2)Si(@az a® +be @?a+
4a°b

be®@9%a+(a? - b?)iEi(b-ia)2) +b*iEi((b+ai) 2 - ib?Ei(b) T(2, —ia2) + b?iEi(b2) ['(2, i a2))
06.37.21.0063.01

fzz Ei(b2) Si(az)dz=

3

b3

2

- +

1( 1 (ib(2ie® i@z 2¢b+adz K2 —bz+a(-i)z2) b2 iaz-b2)
+
a+bi b+ai (a—ib)z (b—ia)z

]— Ei((b-ia)2) + Ei((b+ai) z)] -

+ + : - 2Ei(b-ia)2) -

(a—ib)? (a+Dbi)? a+bi a-ib

1 [1‘(2,—bz+a(—i)z)a2 ['(2,iaz-bz)a?2 20025 2ebranzg
+
2a’

ra3

, —bz
2Ei((b+ai)2)+Ei(b2I'(3, —iaz) +Ei(b2I'(3, iaz)] + [23 Ei(b2) - %)Si(az)
b

06.37.21.0064.01

fz3 Ei(b2) Si(az)dz=

4

2b3

i( 1 [F(S,u‘az—bz)bz I'(3, -bz+a(-i)2b? 3T, -bz+a(-i)2b 3I(2,iaz-bzb
- - - +

(b-ia)® (b+ai) (b+ai)? (a+bi)?

6082 g0+a02)  3(Ei(b-ia)2) - Ei(b+ai)2)
1 [F(3,iaz—bz)a3 I3, -bz+a(-i)na® 32 -bz+a(-i)na® 3T (2, iaz-bza®
— - + +

b-ia b+ai

+
2a’ @@+bi? @-ib?® (b+ai) (@a+biy?
6€(b—i a)za ee(mai)z a
- —-6Ei(b-ia)2 +6Ei(b+ai)z -
a+bi a-ib

iSi(az)

4, -bz)
Ei(b2)T'(4, —iaz) + Ei(bz) I'(4, iaz)] + [Ei(bz)z4 + 4]

Definite integration

For thedirect function itself



http: //functions.wolfram.com 21

06.37.21.0065.01

00 I'(a) Ta
f 1Sty d =-—= Sin(7) /i—1<Rea) <0
0

a

Involving the direct function

06.37.21.0066.01
3 1

f 1 e 2 Si) dt =71 (a + 1) 3F, i——|/:Re(2 > 0ARe(e) > -1

(1 a+l «
0

3

,—+1 =,

2 2
06.37.21.0067.01

f sin() (Si(t) _ _)dt _r
0 2 4

06.37.21.0068.01
2

00 b bl
f (sm)_ _) dt="_
0 2 2

Involving related functions

06.37.21.0069.01

fm (Si(t) - f) Ci(t) dt = log(2)
0 2

Integral transforms

Laplace transforms

06.37.22.0001.01

1 1
L[S (D = - tan‘l(—J /;Re(2 >0
z z
Mellin transforms

06.37.22.0002.01

I'(2 nz
MSD] (2 = -— sin(?) /i-1<Re(2 <0
z

Operations

Limit operation

06.37.25.0001.01
> agh)=0

agb)y=n
limSi@+bx =1 ic larg@l="2 /\ agb) =2

X—00
~ico larg@l =%\ argtb) = -%
) True

Representations through more general functions
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Through hypergeometric functions

Involving ,Fq

06.37.26.0001.01

Through Meijer G

Classical casesfor thedirect function itself

06.37.26.0002.01

06.37.26.0004.01

_ Vo (2] 1
Si(z ::761;32 1o o]/ Re@>0

>
1
0,3 0)

2!

06.37.26.0005.01

S(\/?) =—— —61;3[E

2 2 4

Classical casesfor powersof Ci and Si

06.37.26.0019.01

1
Ci(Vz )2 +S(Vz )2 -~ 57#/2 G 2

06.37.26.0006.01
2 1 z
(Si (Vz)- 2) +Ci(Vz) = — G‘z‘:i[z

2\Vn

Classical casesinvolving cos, sin, Ci

06.37.26.0007.01

z 0,

cos(\/?) Ci (\/?)+5in(\/7)8i (\/?) = —%ﬂs/z ngi[—

4100,

NP N

N
N———

06.37.26.0008.01

cos(\/?)Ci (\/7)+sjn(\/?)(8i (\/?)— g):—%eié(

z
— 1
410, O’E
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06.37.26.0009.01

sin(\/Y) Ci (\/?) —cos(\/?)Si (\/?) = —;n?’/z Gii[;

06.37.26.0010.01

1
b 1 z S
s’n(«/?)Ci(«/?)—cos(\/?)(Si(\/?)——)::—Gfé— 2
v 1
2} ayx 4]0l
Generalized casesfor thedirect function itself
06.37.26.0011.01
s \/?Gll z 1 1
Z) == —_— o=, —
2 *2'2]300
Generalized casesfor powersof Ci and Si
06.37.26.0020.01
1 z1| 031 ) 2
Ci(2°+Si(@* = — 2% G| -, - 2 +—
2 "2 20,00 %1 4
2 2
06.37.26.0012.01
\2 1 z 1 0,1
Si(z)——) +Ci(22:: — G-, -
[ 2 ovr 2 2]0007;
Generalized casesinvolving cos, sin, Ci
06.37.26.0013.01
1 z 1| o3
cos(2)Ci () +sin(2 Si (2) = —— 792 GZ3| -, - 2
2 “l2 20,021
2" 2
06.37.26.0014.01
m 1,z 1] O
cos(2) Ci (2 +sin(2 (S (2 - —) =-——0Gp3 = = 1
2 27 2 2(003
06.37.26.0015.01
1
1 z 1 =1
SN@Ci(@-cos®Si(2)=--n2Ga =, =| . 2
2 22111410
5 3 L

06.37.26.0016.01

. _ ) b3 1 21l 2 1
sin(2) Ci (2) — cos(2) (S| 2 - —) == Gia| - =
2 / 12 2

Through other functions
06.37.26.0017.01

Si(2) = 2 (IO, —i 2) - T(0, i 2) + log(i 2) — log(i 2))
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06.37.26.0018.01

Si(2) = % (E1(-i2) — E1(i 2 + log(—i 2) — log(i 2))

Representations through equivalent functions

With related functions

06.37.27.0001.01
Si(2) == —-i Shi(i 2)

06.37.27.0002.01
Si(2) = % [Z(Ei(—m’ 2 - Ei(i 2) + Iog(l#) - Iog(—f) —log(—i 2) + log(@ z))
z z

06.37.27.0003.01

1 ) ) g
Si(2) = > (li(e ) - li(e %)) - 3 sgN(Re(2) /; IRe(@)| <
14
Zeros
06.37.30.0001.01
Si(20==0/;z==0
Theorems

The Hartree and exchange energy of a metal surface within the semi-infinite jellium model

The Hartree and exchange energy of a metal surface within the semi-infinite jellium model can be expressed using

thesineintegral.

History

—L. Mascheroni (1790, 1819)

—F. W. Bessdl (1812)

— C. A. Bretschneider (1843)

—0O. Schlomilch (1846)

—F. Arndt (1847)

—J. W. L. Glaisher (1870) introduced the notations Si and Ci
—N. Nielsen (1904) used notations Si and Ci
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