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Notations

Traditional name

Spherical harmonic

Traditional notation

Y, ¢)

Mathematica StandardForm notation

Spheri cal Harmoni cY[n, m, ¢, ¢]

Primary definition

05.10.02.0001.01

2n+1)(n-m)!
YIS, @)= | ————— &*"Pcos®) /ineNAmeZAlm <n
4x(n+m)!

05.10.02.0002.01

2n+1
YOk, @) = (_1)"(2[§J‘k) nt

/i kezZ
4

05.10.02.0003.01
Y3, ¢)=0/;neNAmeZAn< |m|

05.10.02.0004.01
Yi@, 9) =Y 10, ¢) i -neN" AmeZ

The following restrictions apply to al formulas of this function.

05.10.02.0005.01
neNAmeZA-ns=m=<n

Specific values

Specialized values

For fixed n, m, ¢

05.10.03.0001.01
Y@, 0)==e "¢ ™Y, ¢)
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For fixed n, m, ¢

05.10.03.0002.01
Y0, 9)=0/;m+0

05.10.03.0003.01
Yo(r, @) ==0/;m#0

05.10.03.0004.01
Y (kr, 9)=0/;m+0/AkeZ

05.10.03.0005.01

= (-2 M

Ym(—,go
"\2 2 am+m!n-m!

05.10.03.0006.01

bis ) (N+m+ 1)mod2) nm 2n+H(n+m-H!'(n-m-1)!

D7z e

b ) (n+m+1)mod2) n+m 2n+H)(M+m-!!'n-m-D1!

(-2,
" 290 2 an+m!tn-m!!
For fixed n, &, ¢

05.10.03.0007.01

0 2n+1
Yr (9, ¢) = i Pn(cos(¢))
Ve

05.10.03.0008.01

e*Vv@n+1n

YA, @) = (CoS() Pn(COS(9)) — Ppy_1(COS()))

4vVr Vn+1 \/cosz(%) \/sinz(g)

05.10.03.0009.01

D"V@n+ D! eien

. /2
Y, ) == (@)’

217 n!

05.10.03.0010.01
Y9, 9) =0

05.10.03.0011.01

V(2n+1)! eien

n .2 N2
Y9, @) == ————————— sin’(9)
2%l
05.10.03.0012.01
Yoo, 0) =0

05.10.03.0013.01
Y," ™, ¢) =0/; me N*

05.10.03.0014.01
YiM@, ) =0/;neNAmeN*

For fixedm, &, ¢
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05.10.03.0015.01

. w2 -ny2
erme cosz(%) smz(%)

Y(')"((?, @) =
2vVn VTA-m VI(m+1)
05.10.03.0016.01
V3 &M (cos(¢) - m) cosz(%)m sinz(%)fw2
Y@, @) =
2vVr VT@2-m VI(m+2)
05.10.03.0017.01
V5 eime (3 cos?(¢) — 3mcos(®) + n? — 1) cos? (%)m/z sinz(%)fml2
Y50, @) =
2vVrn VT3-m VI(m+3)
05.10.03.0018.01
i & w2 . 2( ¢ -2
V7 &M (15cos*(®) — 15mcosX() + (6 P — 9) cos(d) — m(m? - 4)) cos? (E) dn (E)
Y50, @) =

Var VTd-m) VT (4+m)

05.10.03.0019.01

Y0, @) = [3 '™ (105 cos’(¢) — 105 mcos*(¥) + 45 (P — 2) cos?(¢) — 5m(2nP — 11) cos(®) + ' — 10n¥ + 9)

cos? [g)wz gnz[g)_wz]/(zﬁ VrG-m {re+m |

05.10.03.0020.01
m
Y5 (&, ¢) ==

[ 11 ¢'™#(945 cos’(¢) — 945 meos’(¥) + 210 (2 ¥ — 5) cos* () — 105 m (P — 7) cos’(¥) + 15 (* — 137 + 15) cos(d) —

d mw2 d -m2
m(m* - 20m? + 64)) cos? | — | sin?| = /(2\/7\/F(6—m) \/1"(6+m))
2 2

05.10.03.0021.01

Y58, @) == [ 13 ¢'™¢ (10395 cos(¢) — 10395 mcos’(d) + 4725 (m? — 3) cos*(¢) — 630 (2P — 17) mcos’(d) +

105 (2 — 32 + 45) cos*(¢) — 21 (m* — 257 + 99) mcos(®) + P — 35 " + 259 ¥ — 225)

cosz(f)wz gnz[f)z]/(z Vr NT7-m VT(m+7) )
2 2
05.10.03.0022.01
Y78, @) == [\/E '™ (135135 cos’(¢) — 135135 mcos’ (@) + 31185 (2P — 7) cos’(¢) — 17325 m (1P - 10) cos*(d) +
1575 (2 — 38 + 63) cos*(¢) — 189 m(2mf* — 60 + 283) cos*(¢) + 7 (4 m° — 170 + 1516 P — 1575) cos(d) —

N (™
m(m6—56m4+784m2—2304))0052[5] sinz[g] ]/(2\/?«/r(8—m) VIm+8) |
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05.10.03.0023.01
m
Yg (&, ¢) ==

[ 17 '™ (2027025 cos’(¢) — 2027025 m cos’(¢) + 945945 (P — 4) cos () — 135135 (2 P — 23) mcos’(¢) + 51975

(mf* — 2217 + 42) cos’(¢) — 3465 (2m* — 7017 + 383) mcos* (@) + 315 (2P — 100 m* + 1043 ¥ — 1260) cos*(8) —
9(4nmP - 266’ + 4396 n? — 15159) mcos(d) + P — 84 m° + 1974 m* — 12916 + 11025)

ny2 -ny2
cosz(g) sinz[f] ]/(2\/7\/F(9—m) VIm+9))
2 2

05.10.03.0024.01
Yg]((?, @) =

[x/ 19 ¢'™¥ (34459425 cos’(¢) — 34459425 mcos’(¢) + 8108100 (2P — 9) cos’ () — 4729725 m(n? — 13) cos’(d) +

945945 (" — 25 n? + 54) cos’(¢) — 135135 m (" — 40 n? + 249) cos*(¢) +

6930 (2P — 115 + 1373 N — 1890) cos*(¢) — 495 m(2m® — 154 m* + 2933 n? — 11601) cos*(¢) +

45 (P — 98 P + 2674 m* — 20217 n? + 19845) cos(¢) — m (1P — 120 P + 4368 " — 52480 n? + 147 456))
J
2

m2 8 —-ny2
cosz( ) sinz[a] ]/(2«/7\/r(10—m) VIm+10) |

05.10.03.0025.01
m
Y]_O((?v ()0) ==

[ 21 ¢'™¢ (654729075 cos'(9) — 654729075 mcos’(¢) + 310134825 (n? — 5) cos (&) — 45945900 (2P — 29) mcos’ (¢) +

9459450 (2m* — 56 N + 135) cos’(¢) — 2837835 (" — 45 N + 314) mcos’(¢) +

315315 (m° — 65 " + 874 n? — 1350) cos’(¢) — 12870 (2m°® — 175 m* + 3773 P — 16830) m cos*(¥) +
1485 (mP — 112mP + 3479 m* — 29828 ¥ + 33075) cos*(¢) —

55 (P — 138 mP + 5754 m* — 78877 n¥ + 251865) m cos(¢) + m'® — 165 P + 8778 m° —

N (™
172810rrf‘+1057221mz—893025)c032(£] sinz(g) ]/(2%7 VIai-m vI(m+11))

05.10.03.0026.01

2n+1 VT(n-m+1) N P Dy (0
YIS, @) = ——— "’Wm‘mz[_) o [_] rk-me Dkl (_)
4r r(n+m+1) 2 2 k=0 F(k—m+ 1 k! 2

05.10.03.0027.01
Y@, @) =0/;m>0An<m

05.10.03.0028.01

(DM 2Leiem [ (2n+ 1) (n-m)! w2 2] (~1¥ 22T (n - k+ ) cos™2K(9)
Yrr1n((9, @) == sin2(¢9) cos (&) Z /;0=m=n
T n+m! p KIT(n—-m-2k+1)

For fixed n, ¢
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05.10.03.0029.01

0 Vv2n+1
Yn (0, ) = ——
2V
05.10.03.0030.01
k 2n+1
Yok, ¢) = (-1"2Lz1 /ikez
4n
For fixed n, ¢
05.10.03.0031.01
o 1
Yo (@, ) = ——
2V

05.10.03.0032.01
1 [3
Y4, @) = Ee‘“" J ™ v sn’®)
T

05.10.03.0033.01

o 1 /3
Y (¢, @) = o\ cos(&)
T

05.10.03.0034.01
1 3
YXO, @)= —— ¢ | — Y sin’(®)
2 2n
05.10.03.0035.01

115
Y5240, 0) = — | — e 2 sin’()
4\ 2n

05.10.03.0036.01

. 1 L 15 5
Y5 (9, @) = Ee ¢ ; cog(d) V sin“(¢)

05.10.03.0037.01
o 1|5
Y, (¢, ¢) ::5 — (3cos29) + 1)
T

05.10.03.0038.01
1 15

Y38, ¢)=——e'¥ | — cos®) V sin’(®)
2 2n

05.10.03.0039.01

Y2(¢9 i 20 §in?(9)
¢ ¢)=—_| — e*¥sn
2 4\ 2n
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05.10.03.0040.01

1 35 32
Y30, @) = — e3¢ | — sinf(®)
8 T

05.10.03.0041.01

" 1 [105 . _2
Y34(8, ¢) ::Z Z e “'¥ cog@) sin“(#)

05.10.03.0042.01

1 [z -
Y319, ¢) == — e ¢ | — (5cos2¢) +3) Y sin“()
16 b/

05.10.03.0043.01
o 1 7

Y5(¢, ¢) = — .| — (3cos(®) +5cos(3 )
16 V n

05.10.03.0044.01

. 1 |21 —
Y3(&,¢)::—E@W ;(5cos(26‘)+3) sin“ (%)

05.10.03.0045.01
1 [105 L
Y39, ¢) = — | — &% cos(®) Sin“(¢)
4 2n

05.10.03.0046.01

Y30, @) = = / S

05.10.03.0047.01

Y40, g T
* )——— e sin’(9)
COPT 1 2n

05.10.03.0048.01

3 [ "
Y30, ¢) == £~27 cos(d) Sn¥(0)
Vs

05.10.03.0049.01

Y320, ¢) = / €724 (7cos(9) - 1) Sn’(9)

05.10.03.0050.01

Y40, @) = / e cog(®) (7 co () - 3)  sin“(®)

05.10.03.0051.01

Y0, ) = (35 cos () — 30 cosX(¥) + 3)

16V
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05.10.03.0052.01
3 |5 =
Yi@, ¢ ="\ : €'¢ cos(9) (7 cos’(¢) — 3) V sin’(¢)
Ve

05.10.03.0053.01

3 5 .
Y28, ¢) =3 / o e2‘¢(7cosz(0)—l)sin2(0)

05.10.03.0054.01

3 |35 52
Y39, ) = T 231 cog(@) Sin’(9)
n

05.10.03.0055.01

3 35 .
Yi0, 0= — | — e*¢sin'(9)
16 2n

05.10.03.0056.01

3 77 . 5/2
Y:59, @) = - N — £751¢ sin’(9)

05.10.03.0057.01

3 |38 a
Y48, @) = T\ 20 e *¢ cos(@) sin“ (&)

05.10.03.0058.01

1 |38s
0= [ e cos2(8) - 1) Sn(®)

05.10.03.0059.01

1 | 1155
Y528, @) = N o ¢ 21¢ cog(¢) (3 cos?(¢) — 1) Sin(¢)
Ve

05.10.03.0060.01
o 1 [11
Yo, ¢) == T\ (63 cos’(¢) — 70 cos*(¢) + 15 cos())
T

05.10.03.0061.01
1 / 165
Y28, ¢) = T\ 30 ¢ (21 cos*(®) — 14 c0s2(9) + 1) V sin’(®)
/e

05.10.03.0062.01

1 | 1155
V@ 9= 2 < €?1¢ cos(9) (3 cosX(@) - 1) sin’(8)

T
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05.10.03.0063.01

T
O 3¢ (9c02(9) - 1) SP(@)

05.10.03.0064.01

3 |38 »
Y0, @)= — | — &*¢ cog(@) sin(®)
16 2r

05.10.03.0065.01
3 [77 52
Yo, @) = —— | — ¢ sin’(®)
32 b4

General characteristics

Domain and analyticity

The function Y5'(¢, ) is defined over N® Z ® C® C. For fixed n, m, the function Y'(&, ¢) is a polynomial in

(co?(3)™

fare(5)™

S nz(%) of degree n multiplied on function

05.10.04.0001.01
(Nxmxd+)— YT, ¢) :(N®ZRCRC)—C

Symmetries and periodicities

Parity
05.10.04.0002.01

Yo", @) = (-D)Me 2 MY, o)

05.10.04.0003.01
YR(=9, ) = Y7, @)

05.10.04.0004.01
Y9, —) = 2™ Y9, )

05.10.04.0005.01
YrEIT]((?i _()0) == (_1)m ng((?! 90)

05.10.04.0006.01

Y-8, =) = (=)™ Y™, ¢)

Mirror symmetry

05.10.04.0007.01
Y™ @)= D"V ) ;0 eRA@ER

Periodicity

Y'(9, @) isaperiodic function with respect to ¢ and ¢ with periods 2 7 and 2/ m respectively.
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05.10.04.0008.01
Y3+ 27k, ¢) =Y, ¢) /; keZ

05.10.04.0009.01

2rk
Yoo o+ — =Y ¢/ keZ
m

Phase shifts

05.10.04.0010.01
Y&, ¢ +m) = (=" Y7, ¢)

05.10.04.0011.01
Yo =8, ) = (=)™ YT, @)

05.10.04.0012.01
Y =&, o +m) = (=1)" YT, ¢)

Poles and essential singularities
With respect to ¢
For fixed n,m,¢, the function Y;'(¢, ¢) has only one singular point at ¢ = &. Itisan essential singular point.

05.10.04.0013.01
Sing,(Y§'(©, ¢)) == ({0, co}}

With respect to ¢
For fixed n, ¢, m/; g ¢ Z, the function Y;'(¢, ¢) does not have poles and essential singularities.
05.10.04.0014.01
m
Sing, (Y06, @) = {} /; 5 ¢z
For integer g the function Y;'(¢, ¢) is polynomial and has pole of order n at cos(¢) = .

05.10.04.0015.01

m
Sing, (Y9, @) = ({0, n}} /; S €2

Branch points
With respect to ¢
For fixed n,m,¢, the function Y;'(¢, ¢) does not have branch points.

05.10.04.0016.01
BP(YNO, ) = {}

With respect to ¢

For fixed generic n, ¢, m/; g ¢ Z, the function Y5'(¢, ) has the set of branch points where: cos(d) = -1,
cos(¢¥) == 1and cos(¢)) == co. For fixed ¢ and integers ? the function Y;'(¢, ¢) does not have branch points.
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Branch cuts
With respect to ¢

For fixed n,m,&, the function Y;'(¢, ¢) does not have branch cuts.

05.10.04.0017.01
BC,(YN, @) =1}

With respect to ¢

For fixed generic n, ¢, m/; g ¢ Z, the function Yy'(¢, ) is a single-valued function on the ¢-plane cut along the
intervals —co < cos(d) < —1 and 1 < cos() < co.

For fixed ¢ and integers g the function Y;'(¢, ¢) is apolynomial and does not have branch cuts.

Series representations

Generalized power series

Expansions at sin(%) =
05.10.06.0001.02
\/2n+1 VI(n-m+1) ™ (0 (1 L-mm+2nn+1) (¢
Y&, @) o sin( ) - sin( ]
4n VTn+m+1) ra-m 2r@2-m
(mt-5m’—4(P+n-2)mP+@n(n+H-Hhm+4n-Hn(n+H(n+2) (0 ] B
i3] (s3]
8r(3-m)

2

2

05.10.06.0002.01
m

2n+1 VI(n-m+1) &¢m ¢ x K (_n)i(n+1)i( )4 ¢
Y@, ) \/ i oo gnz[—) ZZ : " sinZk( ]/:
4 1/I“(n+m+1) 2 k:OJ:OF(J—m+1)J!(k—J)!

05.10.06.0003.01

2n+1 VI(n-m+1) &*m (¢ -3 m ) - N
Y&, ¢) == sin [—) lFO(——; ;sin [—))ZFl[—n, n+1;1-msn [—))
4n VT(n+m+1) 2 2

05.10.06.0004.02

\/2n+1 VI(-m+1) &¢™ 9\ 2 N 9
Y8, @) oc sin [—) [1+O[sin [—)]) ; {sin(—] R O)/\—meN
47 ra-mvVT+m+ 1) 2 2 2

05.10.06.0005.01

2n+1 T(h—m+1) ¢¥m N2 0 (=) (n+1 9
Yrﬁ"(&,w):\/ n+l _VI-miDe 0032[_) O D sinZK[—)

2 _ !
4r Tn+m+1) Sinz(%) 2 o T(k—m+ 1)k! 2
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05.10.06.0006.01

2n+ 1) (m+n)!
Yo, @) = (-1 ( A )

i

4dx(n—m)!
05.10.06.0007.01

2n+1)(n—m!

YIS, @) = M2 ™1 gn?(9)

i

7 (m+n)!
05.10.06.0008.01

2n+H(m+n)! _mmn ¢
YR, o) = (=)™ ( e e m2mtsin(g) 2 )
ar(n—m!

i

: d\ __
Expansions at cos(5) ==
05.10.06.0009.01
2n+1H)(n-m! i

Y@, ¢) = (=1)™"
4 (m+n)!

LY

3
/&\
N | <

|

]

%2}

]

N
—_—
N | <

|

]

05.10.06.0010.01

2n+1)(Mm+n)! eiwmcscz{g)‘i sinz[g]_z

Yo, @) = (-1)"
Ax(n—m)! 2

i

05.10.06.0011.01

YMN(G, @) = (=)™ @2n+1(n-m! l

i

4x(Mm+n)!

05.10.06.0012.01

2n+1) (m+n)! ¢ ¢ ¢
vpo, o= -1 | S “Wm"s‘:m[_]w(_]&z(_
4r(n-m! 2 2 2

Expansions at tan( g) =0

05.10.06.0013.01

N
S
+
[EnY

N m+m! (n-m!

o .
Y, @) == (- 1)z M giem

I
N

m
- -=n

N3
3

(-1

1 ¢ " L2 M2 -m
ewmtana sn(¢®  sin®

m2 T8 (—Miem N+ Dy [19]
e

0 (k+m)! k!

" Mem M+ Dy (O
- S —
o (k=m)! k! [ ]

N & (N (n+1) ¢
(3% 13
2 (k—m!k! 2

) & (=N (n+1) ¢
otm(—)zik X cos[—)
2 (k+m)!k! 2

¢ ¢ T (=Myem (N + Dy ¢
_] ’ S.nz(_] Z L em T Them cos(—]
2 2) H kemik! 2

et

] ? 2(0)‘§ 0 (<M (1 + Dy {0)
san|— [— e <
2) = (k—m!k! 2

2k

D=+, [(9]
— sin

L4 (k+mytk! 2

2k

n
2

2k

n
2

2k

k=0

2k

k=0

m
2

2k

m

2k

o ZJo{] a5 k

Expansions at cot(g) =

I
o

tan2k+|m|[_]
K!(K+m)!'(n=K!(n—|m —-Kk)! 2
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05.10.06.0014.01

m ) 2n+1
YIS, @) == (~1)z DN pime vV (+m!n-m!

4

2 -2 n—|m| _1\k
n!sjnzn[g]cscz(g] i sjnz(g) ’ Z b cot2k+'m'[f]
2 2 2 o KK+ [m)!(n=K)! (n—|m - K)! 2

Expansionsat sin(¢®) ==
05.10.06.0015.01
1 i(—l‘“m k+m! k-1 §n”©)
=k+n! 2k! (k-m!K+m)!

k=|m|

2n+
Yo, @) Y'Y, —¢) =
n

Expansions at cos(¢) ==

05.10.06.0016.01

— -3 -3 ? n+m-2 — k
YT, g et @2n+1n-m! Sinm(ﬂ)cscz[f] Zgnz(f] 2 Z o™ kK (N+m+2k—-1! cos?K©)
(4 (n+m)! 2 2 oo (n-m-2k!"  @2k!

Expansionsat tan(¢) == 0

05.10.06.0017.01

m m N-(n-m)mod2 2kim

Y0, g) == g n+DHm+m!n-m! coé“(&)cscz(f] Zgnz(g)z 2 (-1) 2 tar?*(9)

o ar 2 2 i @k+mlt@k-m!t (n-2K)!
=2

Expansions at cot(¢) ==

05.10.06.0018.01

m m n-jml N+m-
YT, ) wm\/(znﬂ)(mm)!(n—m)! : 0) Ty 1% cot?(8)
n 190 =@

3\ 2
sin’(9) cscz((—] sinz(—
¥ 2 2 o (N+mM=2K!"MN-m=-2K!" (2k)!

_ (N—m) mox

k

2
Expansionsat ¢ == 0
05.10.06.0019.01

2n+1 VI(n-m+1) , _
Yrr]n(&‘ ®) OCJ om esqpm((ﬂ) 2
4r - JT(n+m+1

1 1 3n(n+1) 1 1 (30n(n+1)(m+1) 45(n-DHnh+1)(n+2) 7-5m
+—(— + )02 + [ + + o+
ra-m 122\ r@2-m TI(-m) 1440 r'2-m r3-m) T(-m)
1 63nN+1)@4+m@B+5m) 9dA5(n-DHnh+D)(N+2)(M+2)
362880 | re-m - r@E-m -
MU5(N-Hn(n+1H(N+2)(P+n-6) 124+ 7mGm-21)
+ #® +0(6%)|/; (9> 0)

T'(4—-m) I'(-m)

05.10.06.0020.01

1 2n+1 VI(n-m+1 , _
YO, ¢) o \/ ( ) ot giom (92) ™2 (14 O(¢%) /; (0> 0)A-meN
r@a-m T T+m+1)
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Expansions at cos(¢) == co

05.10.06.0021.02

. Sz ¢ e
V2n+1 VI(n-m+1) ¢'¢m CO (5)
Y,T((?, Q)
27VT(n+m+1) SinZ(%)”"z
m_

n A-nmM-nN@A+m-n)
+

2" (cos(¢) — 1)" 1
e r(n . _) 1+
rm-m+1) 2
Zflfn (Z— 1)—1—!’1 1
0 r(_n . _) 1+
['(-n—m)

05.10.06.0022.01

—1\/ml"(n+ %)ewm

YR8, @) =

1-cos(®

aVI(n-m+1) VI(n+m+1)

05.10.06.0023.01

—1\/ml"(n+ %)ewm

Y&, ¢) =

(1-2n) (1 - cos(®)?
1+m+n  @2+n((1+m+n)(2+m+n) J)
+ +...1|/; lcos(#)| = oo

1 - cos(d) (3+2n) (cos(®) — 1)?

9|12
co’( 3 Com-my 2

(cos®) - )" Z [ )

sz(%)m/ o (=2n)k! 1 - cos(®)
cos?( & me

2

aVI(h-m+1) VI(n+m+1)

05.10.06.0024.02

‘l\/ml"(n+ %) efem

Y&, @) oc

2
(cos(® - 1)" zFl(—n, m-n; =2n; ]
. 2(9\M2 1-cog(®)
sin (5)

aVIin-m+1) VvI(n+m+1)

05.10.06.0025.01

demair(ng ) VZnT T

Yr[|n(01 ¢) =

aVI(n-m+1) VI(n+m+1)

05.10.06.0026.01

etemon-1 F(n + %) Van+1

Y&, @) o

72+ Tin-m+1) VI(n+m+1)

In Cartesian coordinates

05.10.06.0027.01

cos?( 2 5
cos(®) (1 + O[—])/ (lcos()| - o)
S 2(¢ e ]
sn’(3)
COSZ( ) M (M= Ny (=N 2\
(cos(®) - 1)" ( )
sn ((_)rrﬂ = K!'(=2n) \1-cog®
2
m2
cosz(%) 1
cos'(¢) ———— (1 + O( )) /; (Jlcos($)| = o0)
Sinz(g)m/z cos(®)
2

|++ n6|—m
ZZZ P iyl (ox—iy) 2,

Y, o) = /7x2+y2+22 \/(2n+1)(m+n)1(n m!

s0jokoo 1!j1k!202)

neNAmeZA-nsm=nAXx==cos(p) Sin(® Ay ==sin(g) sin(#) A z==cog(d)

Integral representations

On the real axis
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Of thedirect function

05.10.07.0001.01
1 27
m . i n _imt
Yn'(d, ) = 7\/(2n+1)(n—m)! n+my! (cos() +icos(t — ) sin()) e ™ dt
4732 3Mn) 0

05.10.07.0002.01

Pa(t) (t—cos()™*dt/;0<m=n

2n+1 (n+m)! csc™(P) fl

YR, @) = (- '™
47 (n-m)! (m-21)!

cos(d)

05.10.07.0003.01
l-m

1 T
Y&, @) = eme \/ @n+H(+m!n-m! ~ f (cos(9) + i sin(®) cos(t))" cos(mt) d't
2 n! Jo

71.3/2

05.10.07.0004.01
im 2

1
\/(2n+ HO+mm-m! — | (cos(d)+isin(d)cost - o))" M dt
nlJo

Y&, @) =

472

05.10.07.0005.01

=pm
Yo, ¢) == e'm?
2732

(n+m! sn®"
n-m! 2m-DnH!

(2n+1) f ﬂ(cos(&) +isin(@) cost) Msint)>™dt/;0<m=<n
0

05.10.07.0006.01

) 2n+1 1 00
Y9, @) = (=)' f 27190 J(tsin() t" dt /; cos(d) > 0
47 (n+m)!(nh-m)! Jo

Involving the direct function

05.10.07.0007.01

2n+1 o ot 2
f Jm(zsin(ﬁ)) Lna®dt; 8 eR Ap eRAO<sn®) <1
0

Y@, o)f =

Multiple integral representations

05.10.07.0008.01

2n+1 (n+m)!

Ym ime m cos()) t3 ol .
n(d, p)=e csc(d) Phtp)dtydty ...dty /;0=m=<n
47 (n—-m)! 1 1 J1
m

Integral representations of negative integer order

05.10.07.0009.01

-m 1
(™Mt (2n+ 1) (n-m)! morms

o 9
Y0, @) = [— +i —] /
e Ax(n+m! ax  ay) 4z

n—-m!

r=vxX+y+7 /\x::rcos(ga)sin(é‘)/\yzzrsin(@sin(&)/\z::rcos(&)/\Osmsn
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05.10.07.0010.01

(2n+1)(n+m! L, movM(Z-1
Yo'(d, ¢) = ime gn?(9) 2
2"n! 47 (n—m)! oz+m
05.10.07.0011.01
D™ [@n+pm-mt o mgvm(@ 1)
Y0, ¢) = M sin’($)? ———— /; z=cos¥)
2"n! A (n+m)! §zmm

eime

2n+1

Z == CoS(})
05.10.07.0013.01

(_1)m ein'up
leln((?i 90) =

Z== Coq(?)

05.10.07.0014.01

\/2n+1 VT(h-m+1)

47 \T(n+m+1)

05.10.07.0015.01

Cn+H+m! &M

)

27" M sin™()

¢
osm( —) cosz[
2 2

C
ol (n—m!n+m!

m

¢

my2
] cotz[

1 P MA-1)

05.10.07.0016.01

le:llq(&v ()0) == (_1)m

4r(n—m)! 2"n!

L, m2
sn’(d)

05.10.07.0017.01

2n+1
YRS, @) =
dazm+m!(n—-m!

05.10.07.0018.01

@n+H(n-m! M
n“(®
Ar(n+m)! 2"n!
es’mgp
2ﬂ

m o am 2n+1
Yn'(d @) = (-1)

Aaz(n+m!(n-m! 2"

Z==CcoY(¢)

05.10.07.0019.01

Y@, @) = (-1
4dx(n+m)!

2n+1)(n—m)!

&M sin™(9)

azmm

2 an+m(22 _ 1)”

azn+m

¢

2

¢ ¢\"? ¢
co§”[—) cosz(—] cotz(—] i sjn‘m[
n-m!n+m! 2 2 2

m

/; Z== cos(&})

9\™2 B 9\ z b
cos? [—) cotm(—] cotz[—) sjnz[—
2 2 2 2

¢ my2 ¢ - ¢ - ¢ an (Z+1)n+m (Z— 1)n—m
cosz[a] cotz[a] i Sinz(—) i tanm[—] ( ) /

/; z==cos(d)

|

0] Sinz[(s)z N(z+ )™M (z- ™M)

a7 /i

2 2

2 (¢ 3\ 2 O ((z+ MM (z— DM
ey e,

0z

2)
/iZ==cos($) Am=0

-3 O"((z+ DMz )
97"

/; == cos(¢)

a7

[iz=cos () AO<m=n
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Generating functions

05.10.11.0001.01

1 -nm & 47 (n+m)!
2 : mZWn*m - V70,0 /;m=0Ad €RAM <1
(WZ_QCOS(&)WJrl) Cm-D!sn® " r=m 2n+1 (n—-m!
05.10.11.0002.01
1 =" 21 47 (N+m!

!
= — Y9, 0 /;m=0AdeRA W >1
(w2—2cosyw+ )" @M=D) Shwrm | 2n+1 (- m)!

05.10.11.0003.01

((1+\/1—2wcos(<9)+wz Jz—wz]_m N \/

="

= Zw”’mn!

2"sin™(9) i

4

Ya'(@, 0) /;

\/1—2wcos(0)+w2 @2n+1)(n+m!n-nm!

m=0AdeRAW<1
Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to ¢

05.10.13.0001.01

1 9 [ YR, @)
. —|sin(® 7] +[n(n+1) - Y&, ¢) =0
sin(¥) a¢ 0 sinz((?)
With respect to ¢
05.10.13.0002.01
YN, @)
i ————+mYM, ) =0
dp
Partial differential equations
05.10.13.0003.01
(YR, @) Y&, ¢)
ey [— + i cot(d) 6—) =vmh-mn+m+1) Y,ﬂ”*l(é‘, ©)
®

05.10.13.0004.01
1 0(. IV 1 YN, 9
sin(¢ +

— +n(n+1) YN, ¢)==0
sin(@) a X, drd@) 0 "

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations
05.10.16.0001.01

Yo' @) = D)"Y, 9 s, eRApER
05.10.16.0002.01

Yo "0, ) = (=" e 2 MY, @)

05.10.16.0003.01
le1n(_0! (10) == Yrrln((sl ‘,0)

05.10.16.0004.01
YO, —p) =2 ™ YIS, ¢)

05.10.16.0005.01

Yrrln(av _90) == (_1)m Yn_m(av QD)

05.10.16.0006.01
YR(=d, —¢) = (=)™ Y™, ¢)

Products, sums, and powers of the direct function

Productsinvolving the direct function

Clebsch-Gordan series for product of two spherical harmonics

05.10.16.0007.01
Y@, 9) Y0, @) =

\/ @2n +1)2ny+1) il

4n k=max (In;—n L Im+mp) V2K +1

neNAmeNAMeZ AmeZ Alml<n Almpl<n,

Clebsch-Gordan double series for product of three spherical harmonics

05.10.16.0008.01
Y3, @) Y2, ¢) Yl (8, ¢) =

Jem+n@n+@n+l) Ny,

4

(N 00 | NNy kg 0)(kyng 00 | Ky Ng ky 0) (ny ny my My | Ny np Ky My + )
(kengmy +mpmg | kyngko My +mp+mg) /iy eNAMeZ Alm|<nAjel(l 23}

Clebsch-Gordan multiple series for product of several spherical harmonics

ky=max Iy N, Imy +ma) ky=max (kg g, Jmy +m+mg) V 2Kz + 1

Y ™8, ) (e 00 | ng np KOY(ny npmy my | g np Kimy + )/
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05.10.16.0009.01
p p
m; 1
[T o=——]]yzn 1 —
. p-1 1
j=1 (4n) 2 =1 ky=max (Ing Nl M2 ky=max (kN Ms])  kp_g=max (k,_o—np|Mp]) 4/ 2 Kp-1+1
p-1

Y'L\::(&’ <P)l_[<kj-1 Ni+1 00 | Kz Njs1 K 0) (Ki—g Njst Mj Myt | Kjza i Kj Mysa) /;
j=1

i
pez/\p>1/\nkeN/\m(eZ/\|m(|snk/\kozznl/\MO::O/\Mj ::Zm(
k=1

n;+n, ky+ng Kpo+Np 1

Identities

Recurrence identities

Consecutive neighbors

05.10.17.0001.01

2n+1)(2n+3) m 2n+1H)(n-m+2)(n+m+2) m
Y&, @) == cos() Y11 (8, ) — Yo,2(dh @)
n-m+1)(n+m+1) 2n+5M+m+1)(n-m+1)

05.10.17.0002.01

2n-1)(2n+1) m 2n+1H)(n-m-1H(n+m-1) m
Y@, ¢) = | ————— cos() Y, 1 (¢, ¢) - Yno(d, @) /; Im < n
n=-myn+m) 2n=-3)(n-m)y(n+m)

05.10.17.0003.01
YrT((?! $) =

2m+)V(n-mmn+m+1) V-mmnh-m-1)(n+m+2)(n+m+1) 4
™' cot(d) Y9, o) + eI, ¢)
(Mmm+1) —nn+1) (Mmm+1) —nn+1)

05.10.17.0004.01

" 2(1-m) . 1 (m=1)(M-2)-n(n+1) i om2
Yo', @) = e'? cot(d) YA (4, @) + e YIS, @) [,

Vvin+mnh-m+1) Vvin+mmn+m-1)(n-m+2)(n—m+ 1)

O<m=<n

Functional identities

Relations between contiguous functions

05.10.17.0005.01

M+mVYT(n+m VI(h-m+1) N
le:ln(&! ()0) == %(0) Yn_]_(&r ‘P) +
Vv2n+1 v2n-1 VI(n-m) VT(n+m+1)

N-m+HVI(h-m+1) VI(n+m+2)

Yiia(@, ¢)

V2n+1 V2n+3 VI(h+m+1) VI(n-m+2)

05.10.17.0006.01
tan(®) [(n(n +1)—m@m-1)

Y™, @) = — YL, o+ Vin-mn+m+1) e Y™, @) |/, —n+l<m=nAm=0

2m (Vin+mn-m+1)
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Additional relations between contiguous functions
Below relations are correct only under some restrictions on the parameters

05.10.17.0007.01

YO, )

n-m+1(n-m+2) 1 n+m-1L(n+m)
Y1 G @) = |

YM(&, @) = csc(d) e ¥
G ¢) =0)e \/ 2n+1)(2n+3) 2n-1)(2n+1)

05.10.17.0008.01

n-m-1L(n-m el n+m+1(n+m+2) el
————— Y 1 - Yii1 (0 @)

YM(8, @) == cso(d) et
0. g) =) € \/(2n—1)(2n+1) 2n+1)(2n+3)

05.10.17.0009.01

n-m+1 2n+1H)(n+m-1)

Y0, ¢) = €'¢ cso(d) @2n-1)(n+m)

cos(®) Y19, @) —\/ Y™ o, )|/ -n+1<m=nAm=0

05.10.17.0010.01

) 2n+1H)(n—-m+2) 1 n+m
Y9, ) = €' ¥ csc(d) YO, @) — cos(d) Y™, @)
2n+3)(n—-m+1) n-m+1

05.10.17.0011.01

, 2n+1)(n-m-1) N n+m+1
Y&, @) = ¢ cso(d) YT, ¢) — cos(®) Y™l¢, 0| /;-n=m=n-1
2n-1)(n-m n-m

05.10.17.0012.01

) n-m 2n+1)(n+m+2)
Y™, @) = e cso(d) | cos ) | ————— Y™, @) — \/ Y™@, @)
n+m+1 2n+3)(n+m+1)

Relations of special kind

05.10.17.0013.01
Y@, 0)==e " *™ YN, ¢)

05.10.17.0014.01

2np
YR, 0)==YrT(t9, —)/: pezZ
m

Complex characteristics

Conjugate value

05.10.19.0001.01
Yo'(@, @) = (DY "¢, 9) s, eRApeR

Differentiation
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Low-order differentiation

With respect to ¢

05.10.20.0001.01
Y&, @)

¢

=mcot(®) Y@, @)+ V(n—m(n+m+1) e Y™, @)

05.10.20.0002.01
YN, @) \/2n+l VIT(h-m+1)

a9 47 \Tin+m+1)

05.10.20.0003.01
YN, @)

'™ cse(d) (n cos(d) PRi(cos(d)) — (n+ m) Py (cos(8)))

gy = m(mcot(d) — cscA()) YIS, ) +

Yi-mm+n+1) @m+1)e ¥ cot(@® Y3, o)+ VIn-m(-m-1)(m+n+2)(m+n+1) e2¢Y™2, @)

05.10.20.0004.01
PYNG, 9 1 \/ 2n+1 VI(n-m+1)

d¢? 2 Ar \Tih+m+1)

£'¢™escA(d) (2(n+ m) cos(@) Py, (cos(®)) + (2P = 2n—2nP s nz(d)) PR(cos(8)))

With respect to ¢

05.10.20.0005.01
YN, @)
———=imY;'(¢, ¢)
dy
05.10.20.0006.01
32Y™&, @)
B A" AV, TP

8¢?

Symbolic differentiation

With respect to ¢

05.10.20.0007.02

PYR(, @)
——=mP Y], ) /; peN
0P

Fractional integro-differentiation

With respect to ¢

05.10.20.0008.01
YR, @)
———— =9 " (emM* Q~a, 0,iem) Y, ¢)

(o3

dy

Integration

Indefinite integration
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Involving only one direct function with respect to ¢

05.10.21.0001.01

i
f Y70, 91 de =~ — Y0, 9

Involving one direct function and elementary functionswith respect to ¢

Involving power function

05.10.21.0002.01

f YN, @) d o= —¢" (-img)* e (@, —i M) Y70, ¢)
Involving functions of the direct function and elementary functionswith respect to ¢

Involving elementary functions of the direct function and elementary functions

Involving products of the direct function and trigonometric functions

05.10.21.0003.01

m? — 12
f [(n —KK+n+1)— ]sin(é‘) Yo, ¢) Y@, ©) dd == (I - m) cos(®) Y8, ¢) Yi(d, @) +
sn(®)
o VIkk=1+1) VI(k+1+2) 1 VIT(h-m+1) VT(n+m+2) . |
e—ﬁtp SII’I((?) Yrr1n((9! SO) Yk ((9! 90) - Y[I]TH (01 ()D) Yk(oi ()D)
VIKk+1+1) VTk=1 VIT(n+m+1) VI(nh-m)

Definite integration

Involving the direct function

05.10.21.0004.01
eZimga

f sin(@) YN, ¢)? dd = /;0=m=n
0

T

05.10.21.0005.01
€2ﬁmgo

fSin((‘})Y.T(& @) YRS, @) dd = Onk /1 keNAM=0
0

05.10.21.0006.01
+1

T - 2n
fcsc(&)YrE”(O, O Yn (S, o) dd = Smm, sN>0AM eNAO<m=nAm <n
0

4rm

05.10.21.0007.01

3. mil 2n+1 (n+m)! p!eime
f sin () cosP(®) YIS, o) d§ = (-1)" ipeNAm=0
0 47 (n-m)! (p+n+m+DLHN (p—n+m!!
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05.10.21.0008.01

Y (cos(2), ¢) Yiz(cos H(2), ¢) dz=

b
N —ny)(ng+n,+1)—
[lon-menen-"20

(b Y (cos™(b), ¢) Yi(cos™(b), ¢) (ng —np) + Y:f_l(cos‘l(b), @) Yo (cos™(b), ¢) (N + My)) -
(aYmi(cos (@), ¢) Ynz(cos™ (@), ¢) (ng —np) + Yr:rl%l(cos‘l(a), @) Yon(cos™ (@), ¢) (N +My)) /;

neNARLeNAMmeZAmeZ ANacRAbeRA M| <n Almpl <n,

Multipleintegration

05.10.21.0009.01
T 2T
f f sin(®) Y5, ) dodd == 0n00mo
0 JO
05.10.21.0010.01

T 2T
[ [ 0o ¥, 0 Yz, o ko, o dpao =
0 Jo

(2n1+l)(2n2+1)

An(2ng+1) Ny, 00 | Nynynz 0y Ny Np My My | Ny Ny N3 M)

05.10.21.0011.01

T r2n -
f f SN@) Y@, @) Yz (8, ¢) Yog (9, ) dpdd ==
0 Jo

2nm+1)2n+1)

(MmN 00 | ngnyng 0){ny Ny My My | Ny N Nz M) /;
472+ 1)

meNAReNAReNAMmeZAmeZ AmgeZ ANImy| <m Almpl <ny; Almgl <ng

05.10.21.0012.01

2N+ 2 +1)(2n3+1) (

T 2T
[ [ snorvpo. 0 ¥z, 0 ko, o deds = :
0 JO T

ng Ny ng
0 0 O

meNAReNAReNAMmeZAmeZ AmgeZ ANImyl <m Almpl <ny; Almgl <ng

Orthonormality relations:

05.10.21.0013.01

T 2T
[ [ sno) G o Y20, 01 de dd =Gy, b, s e ZAM e ZAMy € Z Ay € 2
0 Jo

05.10.21.0014.01

T 2T
f f Sn(d) Y (¢, ¢) Yp2(d, —p)dp dd == (=1)™ 6m, m, On,n, s eNAM € Z Ay <y
0 Jo

05.10.21.0015.01

T 2T
f f Sn(d) Yat (¢, ¢) Yn2(d, ) dp dd = (=)™ 6m, —m, On,n, L ENAM € Z Ay <y
0 Jo

Summation

I

n m
m m
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Finite summation

Involving the direct function

05.10.23.0001.01

1
Pn(Cos(d1) COS(d) + COS(py — ) SIN(y) SIN(P2)) /3 k ER A e R Ak € (1, 2}

n
> YT, 01) Y02, ¢2) ==

m=-n

05.10.23.0002.01
Z Yo, off __—/ deRApeR

05.10.23.0003.01
n

> mVe@, ) =0/ R

05.10.23.0004.01
n , n+1H@2n+1) )
DRV, o) = ——,  ST@/IcRApER
m=-n 7
05.10.23.0005.01
n ___ nh+)
IR V(M=) (+ D2 =) Y™, 9) Y10, 9) = 5 V@n-1)2n+3) (3co?(®)-1)/;0eRApeR
m=-n T

05.10.23.0006.01

n §m 2n+1 (cos(®) + i sin(®) cos(e))"
Z Y3, ) = ideRApeR
me—n vV (n—-m! (n+m)! 4n n!

05.10.23.0007.01

m+p (_1)I Wp—l+m .
Y@, @) =
m (p=l+m!V2I+1 Vi-m!d+m!
2m-1H!! Cm cos(?) —w
(=1)P _m=br (sin@ e'?) " (1-2wcos(d) + wz)p/2 cpri2 il /im=0
2V7 (2m+ p)! \/1-2wcos(0)+w2
Involving Clebsch-Gor dan functions
Theinverse Clebsch-Gordan series:
05.10.23.0008.01
Nt ) ) " @n+1)R2n+1) "
(M kKM =k | ngma LM)Yg (8, ) Yo, (0 )= | —————— (00 | i LOY V(9 9) /;
A4r(2L+1)

k=max(M-ny,—n,)

nleN/\nzeN/\LeZ/\M EZAlnl—nzlﬁLSnl'Fnz/\—LSMSL

Infinite summation
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05.10.23.0009.01
Y'(d, @) wrm (-sin@) e')"

i = OFl[; m+1; wcosz(g)] OFl(; m+1, —ws nz[g]] /;

mmn!Ven+hm-m!m+n! 2™z m?
M>=0AdeRApeRAwW<1

05.10.23.0010.01

l (n-m+ p)!
> : YT, oW =
mmV 2N+ (n+m!(n—m!

p! (~sin@) e'¢)" p+1 p wsin@) Y

oF ,—+l;m+1;—[7) im=0ApeNAJeRApeRAW <1
2m+1\/7m| (1—WCOS((9))p+1 2 2 1-wcos¢)

05.10.23.0011.01
> (n+m-p)!n-m+p-1!
D YT, oW =

n

I
3

ntven+)m-m!n+m!

@m-p!(p-!
2™y x mi?

. o 1—W—\/1—2wcos(¢9)+w2
(-sin@ e'?) oF4|p, 2m-p+1;m+1; 5

1+w—\/1—2wcos(¢9)+w2
2

2F1[p,2m—p+l;m+l; J/;sz/\peN/\psZm/\&eR/\<peR/\|w|<1

05.10.23.0012.01

(n—m)! 2 1 (-sn@ ')
— LET(2 YR'(¢, @ WM = mil/2
@n+1)(n+m)! 2™ Y7 m! (1-2wcos) +wP)

[ ZW (CoS(@) — W) 2w sin’()
exp) ——)OFl im+1; -
1-2wcos(d) +w 4(1-2wcos(®) +w?

NgE

n

I
3

. /im=0AdeRApeRAW <1
)

05.10.23.0013.01

°° @n+ D+ m! Vw (-wsin@) e'#)"
D W) YN, @) = e m=0\deRNp R
o (n—my! V2 r

05.10.23.0014.01

o 2n+1)(n+m! A ) Cm
Z M J12(W) YIS, @) == (-wsin(@) e'¢) coswcos@) ;m=0AJeR ApeR
-, (n—m! V2 r

05.10.23.0015.01

0 2n+1)(n+m)! ‘/W
Z j-m-1 * Jner2(W) YRS, ) =
e (n—-my! \/7 T

(-wsin(@® )" sinwcos@) s m=0Ad eRApeR
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05.10.23.0016.01

=5}

D™ Jn,12W) YO, @1) YRS, ¢2) =

n=m T

M=0AdeRAgeRAke(l, 2}

Jm(W Si n(01) Si n(dz)) eé W CoS(¢}1 ) CoS(dp) @E. m(e1—¢o) /’

Multiple infinite summation

Completeness relation:

05.10.23.0017.01

o0 n
DU YL 60 Y2, ¢2) = 61— ¢2) S(COS(0y) — COS() /5 h ER A e R AK & {1, 2)

n=0M=-n

Representations through more general functions

Through hypergeometric functions

Involving oF1

05.10.26.0001.01

¢\M2
2n+1 VI(n-m+1) 0032(5) ~ o9
Y9, ¢) = errm 2F1(—n, n+1;1-m;sn (—]]
4r w/I“(n+m+1) sinz(%)m& 2

Involving 2F1

05.10.26.0002.01
9\™m2
1 \/2n+1 VTn-m+D _ (3)
eiem
2F(1—m) Vs 4/r(n+m+1) Sinz(%)m/z

¢
Y&, @) == 2F1(—n, n+1,1-m; sinz[E]] /imeNt

05.10.26.0003.01

D™ [ @n+D(mM+n)! 8 9\ 3 (0 -2 (o
YRS, @) = ewmtanm(_]cscz(—] sin [—) zFl(—n,n+ 1L, m+1;sin [—]]/;mzo
2m! a(n—m! 2 2 > 5

05.10.26.0004.01
, m2
2-1y2n+1 F(n+%)ewm cosz(%) 2
Y3, @) == . (cos(®) — 1)" gFl(—n, m-n; -2n; —]

aVI(h-m+1) VI(n+m+1) SinZ(g)”V 1 - cos(d)
2

05.10.26.0005.01

()2 @M Peime 2n+hn+myt , o o9
sin“(#) 2 LF4fIm —=n, n+|m| +1; |m| + 1; sin E

YR, @) =

[yt 2imi+1 T (n—|mj!
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05.10.26.0006.01
Y@, ¢) =

(D" M (=1)z T 21 eime 2n+1

Im|

2Imi+1 1y a(n+m!n-m

05.10.26.0007.01

¢
SinZn—Zlml[_)
! 2

Im ¢
Sn’(9) ? zFl(—n, Im—n; -2n; CSCZ(E]] /in>0

(— 1) (~1)7 D gime

2n+ 1)+ m)!

Iml

Sin’(9) 2 oFy

¢
Im = n, n+ |m| + 1; |m| + 1; cos? 5

le'ln(& 90) ==
[yt 2im+1 7 (n—m!
05.10.26.0008.01
(=1)2 M o)y pime 2n+1

Y&, @) ==

2Imi+1 1y a(h+m!n-m!

05.10.26.0009.01

1)z ™D pime (204 1) (n+ |m)!
CO!

leln((?i 90) ==

2m=1 m1 T(n—Imp!

05.10.26.0010.01

SZn—ZIml[f]
2

m
Sn’(d) 2 ,F,

0032"‘2'“"[2] [—n, Im = n; =2n; secz[f)) /in>0
2 2

Im
sin’(d) 2 ,F;

d
[|m| -n, —n; |m+1; —tanz[g))

(- ()2 MM gim

2n+1H(n+|m!

Im|

YR'(d, ¢) =
neY 2L m

Through Meijer G

Classical cases

05.10.26.0011.01

a(n—Im)!

9\™m2
1 [Zn+1 VTo-msD 03]
Yo'(d, ) = —— et
m 47 JT(n+m+1) gnz(g)nﬁ
2
Through other functions
Involving L egendre functions
05.10.26.0012.01
2n+1 VI(n-m+1)
Ya'(d, ¢) = '™ PR(cos(®)
47 \Tih+m+1)

05.10.26.0013.01

2n+1 VI(n-m+1)
YR, @) =

4 VTormed)

I nvolving some hyper geometric-type functions

05.10.26.0014.01

2n+1
Y&, @) =
4

r(n+1)eme

VI(h-m+1) VT(n+m+1)

¢\"?
cosz(—] cotz(
2

¢
S n2 n-2|m| _
2

I ¢
Sin%(9) 2 2F1(|m| -n, =n; |m+1; —cotz[g]]

o 12 v+1, -v
lim sin(zv) G;7, o m

v-n

e

)/;neZ

9™ (—cos(d) — 1) 2 (cos(d) + ™2 PM(cos()

¢\ 2 ¢
) tanm(a) PG ™™ (cos(¢))

2

¢

m2
J e
2
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05.10.26.0015.01

2-2m-1,ime \[o 1 1 F(%—m)\/r(n+m+1) "2 9\ 3 3\ lom
csc? (—] sinz[—) tanm(—] C2,m (cO(d))
VIT(h-m+1) 2

Yr[In(&v ()0) ==

2 2

Representations through equivalent functions

With related functions

Involving Wigner-D functions

05.10.27.0001.01

" 2n+1 n
Yo', ¢) == e Do,_m(0, ¢, ¢)

05.10.27.0002.01

VTG, o) e (1) 2n+1 ™o
n(d @) =(-1 2 Do m(0, ¢, ¢)
v/

05.10.27.0003.01

2n+1 N
Yr!ln((?’ ‘10) = (_1)m D_m,o(‘/’i (9! O)
4n

05.10.27.0004.01
m 2n+1
Yn (‘91 90) == 4 Dm’0(901 (91 0)

Zeros

When Y/'(¢, ¢) is not identically zero, it possesses a finite number of zerosin theinterval 0 < ¢ < x, all of which
are nondegenerate.

For integers m and n with n = |m|, the function Y;'(¢, ¢) has n — |m| zerosin theinterval 0< ¢ < 7. If m# 0, there
are also two more zerosat ¢ = 0, &r. All of these zeros are symmetric about ¢ = 7/ 2.

Theorems

Eigenfunction to the angular part of the Laplace operator in spherical coordinates

The function Y;'(¢, ¢) is an eigenfunction to the angular part L2of the Laplace operator in spherical coordinates
2 1 & 1 48

== + =
sin@®? dg?  sin@®) 9

(sin(®) ;—&) with eigenvalue n (n + 1).

Eigenfunction of the z-component of the quantum mechanical angular momentum
operator

The function Y;'(¢, ¢) is an eigenfunction to the z-component of the quantum mechanical angular momentum

operator L, = —i 8 /3¢ with eigenvalue m.
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Eigenfunctions of the curl operator in spherical coordinates

The function u(r, d, @) =Ar xVy(r, &, @) + Vx( xVy(r, ¢, ) with y(r, &, ¢) =g(r) Ya'(¢, ¢) and

o(r) = V2 ( Jns1pA1) Ynuap(Ar)
AvVnn+l) var var
V xu(r, &, ¢) == Au(r, & ¢).

) are eigenfunctions of the curl operator in spherical coordinates

Multiple expansion theorem

Any function f(¢, ¢) that is square integrableover 0 < ¢ <7, 0 < ¢ < 27 can be expanded in a series of spherical
harmonics Yp'(¢, ), with series coefficients a,, called the multipole moments:

ey n 2 7T
(00= D an V0,0 fraan= [ [ S0 VPG, 0 f0, o de.

n=0m=-n

Expansion of two-point distances

The power |r; — r,|"of the distance between two points r, and r,can be expanded in the following way (assuming
Ir1] < |ro] and w isthe angle betwen r, and r,) (Sack 1964):

> (_E rey n 1 3 (r1)?
|f1—r2|n=§r2 : (i) 2F1[| — 5 —§(n+1); | + 5; (—1) ]P|(cos(w))

)
(3) k

History

A.M. Legendre (1785); P.S. Laplace (1785) gave the name “ spherical harmonic”’; K.F. Gauss (1828).
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