
SphericalHarmonicYGeneral

Notations

Traditional name

Spherical harmonic function

Traditional notation

YΛ
ΜHJ, jL

Mathematica StandardForm notation

SphericalHarmonicY@Λ, Μ, J, jD

Primary definition
07.37.02.0001.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ PΛ

ΜHcosHJLL �; Ø HΛ Î N ì Μ Î Z ì Λ <  Μ¤L
07.37.02.0002.01

Yn
mHJ, jL � 0 �; n Î N ß m Î Z ß n <  m¤

Specific values

Specialized values

For fixed Λ, Μ, J

07.37.03.0001.01

YΛ
ΜHJ, 0L � ã-ä j Μ YΛ

ΜHJ, jL
For fixed Λ, Μ, j

07.37.03.0002.01

YΛ
ΜH0, jL � 0 �; ReHΜL < 0 ì Μ Ï Z

07.37.03.0003.01

Yn
mH0, jL � 0 �; n Î N ß m Î Z ß  m¤ £ n ß m ¹ 0

07.37.03.0004.01

YΛ
ΜHΠ, jL � ¥� �; ReHΜL < 0 ì Μ Ï Z



07.37.03.0005.01

Yn
mHΠ, jL � 0 �; n Î N ß m Î Z ß  m¤ £ n ß m ¹ 0

07.37.03.0006.01

YΛ
ΜH-Π, jL � ¥� �; ReHΜL < 0 ì Μ Ï Z

07.37.03.0007.01

Yn
mHk Π, jL � 0 �; n Î N ì m Î Z ì  m¤ £ n ì m ¹ 0 ì k Î Z

07.37.03.0008.01

Yn
m

Π

2
, j �

HHn + m + 1L mod 2L
2

H-1L n+m

2 ãä m j
H2 n + 1L Hn + m - 1L !! Hn - m - 1L !!

Π Hn + mL !! Hn - mL !!
�; n Î N ß m Î Z ß  m¤ £ n

07.37.03.0009.01

Yn
m -

Π

2
, j �

HHn + m + 1L mod 2L
2

H-1L n+m

2 ãä m j
H2 n + 1L Hn + m - 1L !! Hn - m - 1L !!

Π Hn + mL !! Hn - mL !!
�; n Î N ß m Î Z ß  m¤ £ n

For fixed Λ, J, j

07.37.03.0010.01

YΛ
0HJ, jL �

2 Λ + 1

4 Π
PΛHcosHJLL

07.37.03.0011.01

YΛ
1HJ, jL �

ãä j Λ 2 Λ + 1 GHΛL
4 Π GHΛ + 2L cos2J J

2
N sin2J J

2
N

 HcosHJL PΛHcosHJLL - PΛ-1HcosHJLLL

07.37.03.0012.01

YΛ
ΛHJ, jL �

2 Λ + 1

2Λ+1 Π GH-ΛL GH2 Λ + 1L ãä Λ j sin2HJLΛ�2
 B

sin2J J

2
NH-Λ, -ΛL �; Λ Ï N

07.37.03.0013.01

Yn
nHJ, jL �

H-1Ln H2 n + 1L ! ãä j n

2n+1 Π n!
 sin2HJLn�2 �; n Î N

07.37.03.0014.01

Yn
nHJ, jL � 0 �; -n Î N+

07.37.03.0015.01

YΛ
Λ+1HJ, jL � ¥� �; Λ Ï Z í -Λ -

1

2
Ï N

07.37.03.0016.01

Yn
n+1HJ, jL � 0 �; n Î N

07.37.03.0017.01

YΛ
-ΛHJ, jL �

2 Λ + 1

Π
 

GH2 Λ + 1L ã-ä j Λ

2Λ+1 GHΛ + 1L  sin2HJLΛ�2
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07.37.03.0018.01

Yn
-nHJ, jL �

H2 n + 1L ! ã-ä j Λ

2n+1 n! Π
 sin2HJLn�2 �; n Î N

07.37.03.0019.01

YΛ
-Λ-1HJ, jL � 0 �; -2 Λ Ï N+

07.37.03.0020.01

YΛ
-Λ-mHJ, jL � 0 �; m Î N+ ì -m - 1 - 2 Λ Ï N

07.37.03.0021.01

Yn
-nHJ, jL � 0 �; -n Î N+

07.37.03.0022.01

Yn
m-nHJ, jL � 0 �; -n Î N+ ì m Î N+

07.37.03.0023.01

YΛ
Λ+mHJ, jL � ¥� �; m Î N+ í Λ Ï Z í -

m + 2 Λ + 1

2
Ï N

07.37.03.0024.01

Yn
n+mHJ, jL � 0 �; n Î N ì m Î N+

07.37.03.0025.01

Yn
n-mHJ, jL � 0 �; -n Î N+ ì m Î N+

For fixed Μ,J,j

07.37.03.0026.01

Y
-

1

2

Μ HJ, jL � 0 �; Μ +
1

2
Ï N+

07.37.03.0027.01

Y0
ΜHJ, jL �

ãä Μ j cos2J J

2
NΜ�2

sin2J J

2
N-Μ�2

2 Π GH1 - ΜL GHΜ + 1L
07.37.03.0028.01

Y1
ΜHJ, jL �

3 ãä Μ j HcosHJL - ΜL cos2J J

2
NΜ�2

sin2J J

2
N-Μ�2

2 Π GH2 - ΜL GHΜ + 2L
07.37.03.0029.01

Y2
ΜHJ, jL �

5 ãä Μ j I3 cos2HJL - 3 Μ cosHJL + Μ2 - 1M cos2 J J

2
NΜ�2

sin2J J

2
N-Μ�2

2 Π GH3 - ΜL GHΜ + 3L
07.37.03.0030.01

Y3
ΜHJ, jL �

7 ãä Μ j I15 cos3HJL - 15 Μ cos2HJL + I6 Μ2 - 9M cosHJL - Μ IΜ2 - 4MM cos2 J J

2
NΜ�2

sin2J J

2
N-Μ�2

4 Π GH4 - ΜL GH4 + ΜL
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07.37.03.0031.01

Y4
ΜHJ, jL �

3 ãä Μ j I105 cos4HJL - 105 Μ cos3HJL + 45 IΜ2 - 2M cos2HJL - 5 Μ I2 Μ2 - 11M cosHJL + Μ4 - 10 Μ2 + 9M cos2 
J

2

Μ�2
sin2

J

2

-Μ�2 �
K2 Π GH5 - ΜL GH5 + ΜL O

07.37.03.0032.01

Y5
ΜHJ, jL �

11 ãä Μ jI945 cos5HJL - 945 Μ cos4HJL + 210 I2 Μ2 - 5M cos3HJL - 105 Μ IΜ2 - 7M cos2HJL + 15 IΜ4 - 13 Μ2 + 15M cosHJL -

Μ IΜ4 - 20 Μ2 + 64MM cos2 
J

2

Μ�2
sin2

J

2

-Μ�2 � J2 Π  GH6 - ΜL GH6 + ΜL N
07.37.03.0033.01

Y6
ΜHJ, jL � 13 ãä Μ j

I10 395 cos6HJL - 10 395 Μ cos5HJL + 4725 IΜ2 - 3M cos4HJL - 630 I2 Μ2 - 17M Μ cos3HJL + 105 I2 Μ4 - 32 Μ2 + 45M cos2HJL -

21 IΜ4 - 25 Μ2 + 99M Μ cosHJL + Μ6 - 35 Μ4 + 259 Μ2 - 225M cos2
J

2

Μ�2
sin2

J

2

-
Μ

2 � J2 Π GH7 - ΜL GHΜ + 7L N
07.37.03.0034.01

Y7
ΜHJ, jL � 15 ãä Μ j I135 135 cos7HJL - 135 135 Μ cos6HJL + 31 185 I2 Μ2 - 7M cos5HJL - 17 325 Μ IΜ2 - 10M cos4HJL +

1575 I2 Μ4 - 38 Μ2 + 63M cos3HJL - 189 Μ I2 Μ4 - 60 Μ2 + 283M cos2HJL + 7 I4 Μ6 - 170 Μ4 + 1516 Μ2 - 1575M cosHJL -

Μ IΜ6 - 56 Μ4 + 784 Μ2 - 2304MM cos2
J

2

Μ�2
sin2

J

2

-Μ�2 � J2 Π GH8 - ΜL GHΜ + 8L N
07.37.03.0035.01

Y8
ΜHJ, jL �

17 ãä Μ j I2 027 025 cos8HJL - 2 027 025 Μ cos7HJL + 945 945 IΜ2 - 4M cos6HJL - 135 135 I2 Μ2 - 23M Μ cos5HJL + 51 975

IΜ4 - 22 Μ2 + 42M cos4HJL - 3465 I2 Μ4 - 70 Μ2 + 383M Μ cos3HJL + 315 I2 Μ6 - 100 Μ4 + 1043 Μ2 - 1260M cos2HJL -

9 I4 Μ6 - 266 Μ4 + 4396 Μ2 - 15 159M Μ cosHJL + Μ8 - 84 Μ6 + 1974 Μ4 - 12 916 Μ2 + 11 025M
cos2

J

2

Μ�2
sin2

J

2

-Μ�2 � J2 Π GH9 - ΜL GHΜ + 9L N
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07.37.03.0036.01

Y9
ΜHJ, jL �

19 ãä Μ j I34 459 425 cos9HJL - 34 459 425 Μ cos8HJL + 8 108 100 I2 Μ2 - 9M cos7HJL - 4 729 725 Μ IΜ2 - 13M cos6HJL +

945 945 IΜ4 - 25 Μ2 + 54M cos5HJL - 135 135 Μ IΜ4 - 40 Μ2 + 249M cos4HJL +

6930 I2 Μ6 - 115 Μ4 + 1373 Μ2 - 1890M cos3HJL - 495 Μ I2 Μ6 - 154 Μ4 + 2933 Μ2 - 11 601M cos2HJL +

45 IΜ8 - 98 Μ6 + 2674 Μ4 - 20 217 Μ2 + 19 845M cosHJL - Μ IΜ8 - 120 Μ6 + 4368 Μ4 - 52 480 Μ2 + 147 456MM
cos2

J

2

Μ�2
sin2

J

2

-Μ�2 � J2 Π GH10 - ΜL GHΜ + 10L N
07.37.03.0037.01

Y10
Μ HJ, jL �

21 ãä Μ j I654 729 075 cos10HJL - 654 729 075 Μ cos9HJL + 310 134 825 IΜ2 - 5M cos8HJL - 45 945 900 I2 Μ2 - 29M Μ cos7HJL +

9 459 450 I2 Μ4 - 56 Μ2 + 135M cos6HJL - 2 837 835 IΜ4 - 45 Μ2 + 314M Μ cos5HJL +

315 315 IΜ6 - 65 Μ4 + 874 Μ2 - 1350M cos4HJL - 12 870 I2 Μ6 - 175 Μ4 + 3773 Μ2 - 16 830M Μ cos3HJL +

1485 IΜ8 - 112 Μ6 + 3479 Μ4 - 29 828 Μ2 + 33 075M cos2HJL -

55 IΜ8 - 138 Μ6 + 5754 Μ4 - 78 877 Μ2 + 251 865M Μ cosHJL + Μ10 - 165 Μ8 + 8778 Μ6 -

172 810 Μ4 + 1 057 221 Μ2 - 893 025M cos2
J

2

Μ�2
sin2

J

2

-Μ�2 � J2 Π GH11 - ΜL GHΜ + 11L N
07.37.03.0038.01

Yn
ΜHJ, jL �

2 n + 1

4 Π
 

GHn - Μ + 1L
GHn + Μ + 1L ãä j Μ cos2 

J

2

Μ�2
sin2

J

2

-Μ�2
 â
k=0

n H-nLk Hn + 1Lk

GHk - Μ + 1L k !
 sin2 k

J

2
�; n Î N

07.37.03.0039.01

Y-n
Μ HJ, jL �

1 - 2 n

4 Π
 

GH1 - n - ΜL ãä j Μ

GH1 - n + ΜL cos2 
J

2

Μ�2
sin2

J

2

-Μ�2 â
k=0

n-1 HnLk H1 - nLk

GHk - Μ + 1L k !
 sin2 k

J

2
�; n Î N+

07.37.03.0040.01

Yn
mHJ, jL � 0 �; n Î N ì m Î N+ ì n < m

07.37.03.0041.01

Yn
mHJ, jL �

H-1Lm 2n-1 ãä j m

Π
 

H2 n + 1L Hn - mL !

Hn + mL !
sin2HJLm�2

cos-mHJL â
k=0

f n

2
v H-1Lk 2-2 k GJn - k + 1

2
N cosn-2 kHJL

k ! GHn - m - 2 k + 1L �;
n Î N ß m Î N ß m £ n

For fixed Λ,j

07.37.03.0042.01

YΛ
0H0, jL �

1 + 2 Λ

2 Π
�; -Λ Ï N+

07.37.03.0043.01

Yn
0Hk Π, jL � H-1Ln J2 f k

2
v-kN 2 n + 1

4 Π
�; k Î Z
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For fixed J, j

07.37.03.0044.01

Y0
0HJ, jL �

1

2 Π

07.37.03.0045.01

Y1
-1HJ, jL �

1

2
ã-ä j

3

2 Π
sin2HJL

07.37.03.0046.01

Y1
0HJ, jL �

1

2

3

Π
cosHJL

07.37.03.0047.01

Y1
1HJ, jL � -

1

2
ãä j

3

2 Π
sin2HJL

07.37.03.0048.01

Y2
-2HJ, jL �

1

4

15

2 Π
ã-2 ä j sin2HJL

07.37.03.0049.01

Y2
-1HJ, jL �

1

2
ã-ä j

15

2 Π
cosHJL sin2HJL

07.37.03.0050.01

Y2
0HJ, jL �

1

8

5

Π
H3 cosH2 JL + 1L

07.37.03.0051.01

Y2
1HJ, jL � -

1

2
ãä j

15

2 Π
cosHJL sin2HJL

07.37.03.0052.01

Y2
2HJ, jL �

1

4

15

2 Π
ã2 ä j sin2HJL

07.37.03.0053.01

Y3
-3HJ, jL �

1

8
ã-3 ä j

35

Π
sin2HJL3�2

07.37.03.0054.01

Y3
-2HJ, jL �

1

4

105

2 Π
ã-2 ä j cosHJL sin2HJL
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07.37.03.0055.01

Y3
-1HJ, jL �

1

16
ã-ä j

21

Π
H5 cosH2 JL + 3L sin2HJL

07.37.03.0056.01

Y3
0HJ, jL �

1

16

7

Π
H3 cosHJL + 5 cosH3 JLL

07.37.03.0057.01

Y3
1HJ, jL � -

1

16
ãä j

21

Π
H5 cosH2 JL + 3L sin2HJL

07.37.03.0058.01

Y3
2HJ, jL �

1

4

105

2 Π
ã2 ä j cosHJL sin2HJL

07.37.03.0059.01

Y3
3HJ, jL � -

1

8
ã3 ä j

35

Π
sin2HJL3�2

07.37.03.0060.01

Y4
-4HJ, jL �

3

16

35

2 Π
ã-4 ä j sin4HJL

07.37.03.0061.01

Y4
-3HJ, jL �

3

8

35

Π
ã-3 ä j cosHJL sin2HJL3�2

07.37.03.0062.01

Y4
-2HJ, jL �

3

8

5

2 Π
ã-2 ä j I7 cos2HJL - 1M sin2HJL

07.37.03.0063.01

Y4
-1HJ, jL �

3

8

5

Π
ã-ä j cosHJL I7 cos2HJL - 3M sin2HJL

07.37.03.0064.01

Y4
0HJ, jL �

3

16 Π
I35 cos4HJL - 30 cos2HJL + 3M

07.37.03.0065.01

Y4
1HJ, jL � -

3

8

5

Π
ãä j cosHJL I7 cos2HJL - 3M sin2HJL

07.37.03.0066.01

Y4
2HJ, jL �

3

8

5

2 Π
ã2 ä j I7 cos2HJL - 1M sin2HJL
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07.37.03.0067.01

Y4
3HJ, jL � -

3

8

35

Π
ã3 ä j cosHJL sin2HJL3�2

07.37.03.0068.01

Y4
4HJ, jL �

3

16

35

2 Π
ã4 ä j sin4HJL

07.37.03.0069.01

Y5
-5HJ, jL �

3

32

77

Π
ã-5 ä j sin2HJL5�2

07.37.03.0070.01

Y5
-4HJ, jL �

3

16

385

2 Π
ã-4 ä j cosHJL sin4HJL

07.37.03.0071.01

Y5
-3HJ, jL �

1

32

385

Π
ã-3 ä j I9 cos2HJL - 1M sin2HJL3�2

07.37.03.0072.01

Y5
-2HJ, jL �

1

8

1155

2 Π
ã-2 ä j cosHJL I3 cos2HJL - 1M sin2HJL

07.37.03.0073.01

Y5
0HJ, jL �

1

16

11

Π
I63 cos5HJL - 70 cos3HJL + 15 cosHJLM

07.37.03.0074.01

Y5
1HJ, jL � -

1

16

165

2 Π
ãä j I21 cos4HJL - 14 cos2HJL + 1M sin2HJL

07.37.03.0075.01

Y5
2HJ, jL �

1

8

1155

2 Π
ã2 ä j cosHJL I3 cos2HJL - 1M sin2HJL

07.37.03.0076.01

Y5
3HJ, jL � -

1

32

385

Π
ã3 ä j I9 cos2HJL - 1M sin2HJL3�2

07.37.03.0077.01

Y5
4HJ, jL �

3

16

385

2 Π
ã4 ä j cosHJL sin4HJL
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07.37.03.0078.01

Y5
5HJ, jL � -

3

32

77

Π
ã5 ä j sin2HJL5�2

General characteristics

Domain and analyticity

YΛ
ΜHJ, jL is an analytical function of Λ, Μ, J, j which is defined over C4.

07.37.04.0001.01HΛ * Μ * J * jL �YΛ
ΜHJ, jL � C4 �C

Symmetries and periodicities

Parity

07.37.04.0002.01

Y-Λ
Μ HJ, jL �

1 - 2 Λ GH1 - Λ - ΜL GHΛ + ΜL
2 Λ - 1 GH1 - Λ + ΜL  GHΛ - ΜL  YΛ-1

Μ HJ, jL
07.37.04.0003.01

Yn
-mHJ, jL � H-1Lm ã-2 ä j m Yn

mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

07.37.04.0004.01

YΛ
ΜH-J, jL � YΛ

ΜHJ, jL
07.37.04.0005.01

YΛ
ΜHJ, -jL � ã-2 ä Μ j YΛ

ΜHJ, jL
07.37.04.0006.01

Yn
mHJ, -jL � H-1Lm Yn

-mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

07.37.04.0007.01

Yn
mH-J, -jL � H-1Lm Yn

-mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

Mirror symmetry

07.37.04.0008.01

Yn
-mHJ, jL � H-1Lm Yn

mHJ, jL �; n Î N ì m Î Z ì  m¤ £ n ì J Î R ì j Î R

Periodicity

YΛ
ΜHJ, jL is a periodic function with respect to J and j with periods 2 Π and 2 Π � Μ respectively.

07.37.04.0009.01

YΛ
ΜHJ + 2 Π k, jL � YΛ

ΜHJ, jL �; k Î Z

07.37.04.0010.01

YΛ
Μ

J, j +
2 Π k

Μ
� YΛ

ΜHJ, jL �; k Î Z

Phase shifts
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07.37.04.0011.01

YΛ
mHJ, j + ΠL � H-1Lm YΛ

mHJ, jL �; m Î Z

07.37.04.0012.01

Yn
mHΠ - J, jL � H-1Ln+m Yn

mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

07.37.04.0013.01

Yn
mHΠ - J, j + ΠL � H-1Ln Yn

mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

Poles and essential singularities

With respect to j

For fixed Λ,Μ,J, the function YΛ
ΜHJ, jL has only one singular point at j = ¥� .  It is an essential singular point. 

07.37.04.0014.01

SingjIYΛ
ΜHJ, jLM � 88¥� , ¥<<

With respect to J

For fixed Λ, j, Μ �; Μ

2
Ï Z, the function YΛ

ΜHJ, jL does not have poles and essential singularities.

07.37.04.0015.01

SingJIYΛ
ΜHJ, jLM � 8< �; Μ

2
Ï Z

For integer Λ and integer 
Μ

2
, the function YΛ

ΜHJ, jL is polynomial and has pole of order Λ at cosHJL = ¥�  (for Λ Î N+)

or order -Λ - 1 at cosHJL = ¥�  (for -Λ Î N+).

07.37.04.0016.01

SingJIYΛ
ΜHJ, jLM � 88¥� , Λ<< �; Μ

2
Î Z í Λ Î N+

07.37.04.0017.01

SingJIYΛ
ΜHJ, jLM � 88¥� , -Λ - 1<< �; Μ

2
Î Z í -Λ Î N+

With respect to Μ

For fixed Λ,J,j, the function YΛ
ΜHJ, jL has only one singular point at Μ = ¥� .  It is an essential singular point. .

07.37.04.0018.01

SingΜIYΛ
ΜHJ, jLM � 88¥� , ¥<<

With respect to Λ

For fixed Μ,J,j, the function YΛ
ΜHJ, jL has only one singular point at Λ = ¥� .  It is an essential singular point. .

07.37.04.0019.01

SingΛIYΛ
ΜHJ, jLM � 88¥� , ¥<<

Branch points

With respect to j

http://functions.wolfram.com 10



For fixed Λ,Μ,J, the function YΛ
ΜHJ, jL does not have branch points.

07.37.04.0020.01

BPjIYΛ
ΜHJ, jLM � 8<

With respect to J

For  fixed  generic  Λ, j, Μ �; Μ

2
Ï Z,  the  function  YΛ

ΜHJ, jL  has  the  set  of   branch  points  where:  cosHJL � -1,

cosHJL � 1and cosHJL � ¥� . For fixed j, noninteger Λ and integer 
Μ

2
, the function YΛ

ΜHJ, jL has the set of  branch

points where: cosHJL � -1and cosHJL � ¥� . For fixed j, integers Λ and integers 
Μ

2
, the function YΛ

ΜHJ, jL does not

have branch points. 

With respect to Μ

For fixed Λ,J,j,  the function YΛ
ΜHJ, jL  has infinitely many branch points: Μ � Λ + n �; n Î N+; Μ � -Λ - n �; n Î N+  and

Μ � ¥� . All these are power-type branch points.

07.37.04.0021.01

BPΜIYΛ
ΜHJ, jLM � 99Λ + n �; n Î N+=, 9-Λ - n �; n Î N+=, ¥� =

07.37.04.0022.01

RΜIYΛ
ΜHJ, jL, Λ + nM � 2 �; n Î N+

07.37.04.0023.01

RΜIYΛ
ΜHJ, jL, -Λ - nM � 2 �; n Î N+

07.37.04.0024.01

RΜIYΛ
ΜHJ, jL, ¥� M � log

With respect to Λ

For  fixed  Μ,J,j,  the  function  YΛ
ΜHJ, jL  has  infinitely  many  branch  points:

Λ � Μ - n �; n Î N+; Λ � - Μ - n �; n Î N+; Λ � - 1
2
 and Μ � ¥� . All these are power-type branch points.

07.37.04.0025.01

BPΛIYΛ
ΜHJ, jLM � :9Μ - n �; n Î N+=, 9-Μ - n �; n Î N+=, -

1

2
, ¥� >

07.37.04.0026.01

RΛIYΛ
ΜHJ, jL, Μ + nM � 2 �; n Î N+

07.37.04.0027.01

RΛIYΛ
ΜHJ, jL, -Μ - nM � 2 �; n Î N+

07.37.04.0028.01

RΛ YΛ
ΜHJ, jL, -

1

2
� 2

07.37.04.0029.01

RΛIYΛ
ΜHJ, jL, ¥� M � log

Branch cuts
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With respect to j

For fixed Λ,Μ,J, the function YΛ
ΜHJ, jL does not have branch cuts.

07.37.04.0030.01

BCjIYΛ
ΜHJ, jLM � 8<

With respect to J

For fixed generic Λ, j, Μ �; Μ

2
Ï Z, the function YΛ

ΜHJ, jL is a single-valued function on the J-plane cut along the

intervals -¥ < cosHJL < -1 and 1 < cosHJL < ¥. 

For fixed j, noninteger Λ and integer 
Μ

2
, the function YΛ

ΜHJ, jL is a single-valued function on the J-plane cut along

the interval -¥ < cosHJL < -1.

For fixed j, integers Λ and integers 
Μ

2
, the function YΛ

ΜHJ, jL is a polynomial and does not have branch cuts.

Series representations

Generalized power series

Expansions at sinI J
2

M � 0

07.37.06.0001.02

YΛ
ΜHJ, jL µ

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L ãä j Μ

GHΛ + Μ + 1L sin2
J

2

-
Μ

2 1

GH1 - ΜL -
H1 - ΜL Μ + 2 Λ HΛ + 1L

2 GH2 - ΜL  sin2
J

2
+

IΜ4 - 5 Μ3 - 4 IΛ2 + Λ - 2M Μ2 + H8 Λ HΛ + 1L - 4L Μ + 4 HΛ - 1L Λ HΛ + 1L HΛ + 2LM
8 GH3 - ΜL  sin4

J

2
- ¼ �; sin

J

2
® 0

07.37.06.0002.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π

GHΛ - Μ + 1L ãä j Μ

GHΛ + Μ + 1L sin2 
J

2

-
Μ

2 â
k=0

¥ â
j=0

k H-ΛL j HΛ + 1L j I-
Μ

2
M
k- j

GH j - Μ + 1L j ! Hk - jL !
 sin2 k

J

2
�; sin

J

2
< 1

07.37.06.0003.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π

GHΛ - Μ + 1L ãä j Μ

GHΛ + Μ + 1L sin2 
J

2

-
Μ

2

 1F0 -
Μ

2
; ; sin2

J

2
2F

�
1 -Λ, Λ + 1; 1 - Μ; sin2

J

2

07.37.06.0004.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L ãä j Μ

GH1 - ΜL GHΛ + Μ + 1L sin2
J

2

-
Μ

2

1 + O sin2
J

2
�; sin

J

2
® 0 í Μ Ï N+

07.37.06.0005.01

Yn
ΜHJ, jL �

2 n + 1

4 Π
 

GHn - Μ + 1L ãä j Μ

GHn + Μ + 1L sin2J J

2
NΜ�2  cos2 

J

2

Μ�2 â
k=0

n H-nLk Hn + 1Lk

GHk - Μ + 1L k !
 sin2 k

J

2
�; n Î N
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07.37.06.0006.01

Yn
mHJ, jL � H-1Lm

H2 n + 1L Hm + nL !

4 Π Hn - mL !
ãä j m tan

J

2

m

sin2HJLm�2
sinHJL-m â

k=0

n H-nLk Hn + 1Lk

Hk + mL ! k !
sin 

J

2

2 k �; n Î N ß m Î Z ß  m¤ £ n

07.37.06.0007.01

Yn
mHJ, jL �

H2 n + 1L Hn - mL !

Π Hm + nL !
ãä j m 2-m-1 sin2HJLm�2 â

k=0

n-m H-nLk+m Hn + 1Lk+m

Hk + mL ! k !
sin 

J

2

2 k �; n Î N ß m Î Z ß  m¤ £ n

07.37.06.0008.01

Yn
mHJ, jL � H-1Lm

H2 n + 1L Hm + nL !

Π Hn - mL !
ãä j m 2m-1 sin2HJL-

m

2 â
k=0

m+n H-nLk-m Hn + 1Lk-m

Hk - mL ! k !
 sin

J

2

2 k �; n Î N ß m Î Z ß  m¤ £ n

07.37.06.0009.01

Y-n
Μ HJ, jL �

1 - 2 n

4 Π
 

GH1 - n - ΜL ãä j Μ

GH1 - n + ΜL sin2J J

2
NΜ�2  cos2 

J

2

Μ�2 â
k=0

n-1 HnLk H1 - nLk

GHk - Μ + 1L k !
 sin2 k

J

2
�; n Î N+

Expansions at cosI J
2

M � 0

07.37.06.0010.01

Yn
mHJ, jL � H-1Lm+n

H2 n + 1L Hn - mL !

4 Π Hm + nL !
ãä j m csc2

J

2

-
m

2

sin2
J

2

-
m

2

tanm
J

2
â
k=0

n H-nLk Hn + 1Lk

Hk - mL ! k !
 cos

J

2

2 k �;
n Î N ß m Î Z ß  m¤ £ n

07.37.06.0011.01

Yn
mHJ, jL � H-1Ln

H2 n + 1L Hm + nL !

4 Π Hn - mL !
ãä j m csc2

J

2

-
m

2

sin2
J

2

-
m

2

cotm
J

2
â
k=0

n H-nLk Hn + 1Lk

Hk + mL ! k !
 cos

J

2

2 k �;
n Î N ß m Î Z ß  m¤ £ n

07.37.06.0012.01

Yn
mHJ, jL � H-1Lm+n

H2 n + 1L Hn - mL !

4 Π Hm + nL !
ãä j m sinm

J

2
cosm

J

2
csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=0

n-m H-nLk+m Hn + 1Lk+m

Hk + mL ! k !
cos 

J

2

2 k �;
n Î N ß m Î Z ß  m¤ £ n

07.37.06.0013.01

Yn
mHJ, jL � H-1Ln

H2 n + 1L Hm + nL !

4 Π Hn - mL !
ãä j m cscm

J

2
secm

J

2
csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=0

m+n H-nLk-m Hn + 1Lk-m

Hk - mL ! k !
 cos

J

2

2 k �;
n Î N ß m Î Z ß  m¤ £ n

Expansions at tanI J
2

M � 0
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07.37.06.0014.01

Yn
mHJ, jL � H-1L m

2
HsgnHmL+1L ãä j m

2 n + 1

4 Π
Hm + nL ! Hn - mL ! n! cos2 n

J

2
csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=0

n- m¤ H-1Lk

k ! Hk +  m¤L ! Hn - kL ! Hn -  m¤ - kL !
tan2 k+ m¤ J

2
�; n Î N ß m Î Z ß  m¤ £ n

Expansions at cotI J
2

M � 0

07.37.06.0015.01

Yn
mHJ, jL � H-1L m

2
HsgnHmL-1L+n ãä m j

2 n + 1

4 Π
Hn + mL ! Hn - mL ! n! sin2 n

J

2
csc2 

J

2

-
m

2

sin2
J

2

-
m

2

 â
k=0

n- m¤ H-1Lk

k ! Hk +  m¤L ! Hn - kL ! Hn -  m¤ - kL !
cot2 k+ m¤ J

2
�; n Î N ß m Î Z ß  m¤ £ n

Expansions at sinHJL � 0

07.37.06.0016.01

Yn
mHJ, jL Yn

mHJ, -jL �
2 n + 1

4 Π
â
k= m¤

n H-1Lk+m 
Hk + nL !

H-k + nL !

H2 k - 1L !!

H2 kL !!

sin2 kHJL
Hk - mL ! Hk + mL !

�; n Î N ß m Î Z ß  m¤ £ n

Expansions at cosHJL � 0

07.37.06.0017.01

Yn
mHJ, jL � ãä j m

H2 n + 1L Hn - mL !

H4 ΠL Hn + mL !
sinmHJL csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=

Hn-mL mod 2

2

n-m

2 H-1L n+m-2 k

2

Hn + m + 2 k - 1L !!

Hn - m - 2 kL !!

cos2 kHJL
H2 kL !

�;
n Î N ß m Î Z ß  m¤ £ n

Expansions at tanHJL � 0

07.37.06.0018.01

Yn
mHJ, jL � ãä j m

H2 n + 1L Hn + mL ! Hn - mL !

4 Π
cosnHJL csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=

 m¤
2

n-Hn-mL mod 2

2 H-1L 2 k+m

2

H2 k + mL !! H2 k - mL !!

tan2 kHJL
Hn - 2 kL !

�;
n Î N ß m Î Z ß  m¤ £ n

Expansions at cotHJL � 0

07.37.06.0019.01

Yn
mHJ, jL � ãä j m

H2 n + 1L Hn + mL ! Hn - mL !

4 Π
sinnHJL csc2

J

2

-
m

2

sin2
J

2

-
m

2 â
k=

Hn-mL mod 2

2

n- m¤
2 H-1L n+m-2 k

2

Hn + m - 2 kL !! Hn - m - 2 kL !!

cot2 kHJL
H2 kL !

�; n Î N ß m Î Z ß  m¤ £ n

Expansions at J � 0
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07.37.06.0020.01

YΛ
ΜHJ, jL µ

2 Λ + 1

4 Π

GHΛ - Μ + 1L
GHΛ + Μ + 1L 2Μ ãä j Μ IJ2M-Μ�2

1

GH1 - ΜL +
1

12
-

3 Λ HΛ + 1L
GH2 - ΜL +

1

GH-ΜL  J2 +
1

1440
 

30 Λ HΛ + 1L HΜ + 1L
GH2 - ΜL +

45 HΛ - 1L Λ HΛ + 1L HΛ + 2L
GH3 - ΜL +

7 - 5 Μ

GH-ΜL  J4 +

1

362 880
 -

63 Λ HΛ + 1L H4 + Μ H3 + 5 ΜLL
GH2 - ΜL -

945 HΛ - 1L Λ HΛ + 1L HΛ + 2L HΜ + 2L
GH3 - ΜL -

945 HΛ - 1L Λ HΛ + 1L HΛ + 2L IΛ2 + Λ - 6M
GH4 - ΜL +

124 + 7 Μ H5 Μ - 21L
GH-ΜL  J6 + OIJ8M �; HJ ® 0L

07.37.06.0021.01

YΛ
ΜHJ, jL µ

1

GH1 - ΜL  
2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  2Μ ãä j Μ IJ2M-Μ�2 I1 + OIJ2MM �; HJ ® 0L ì Μ Ï N+

Expansions at J � Π

07.37.06.0022.01

YΛ
ΜHJ, jL µ

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä Μ j

2-Μ GH-ΜL
GH-Λ - ΜL GHΛ - Μ + 1L  IHJ - ΠL2MΜ�2

 1 +
Μ HΜ + 1L - 3 Λ HΛ + 1L

12 HΜ + 1L  HJ - ΠL2 + I45 Λ3 HΛ + 2L - 30 Λ IΜ2 + Μ + 1M -

15 Λ2 I2 Μ2 + 2 Μ - 1M + Μ I5 Μ3 + 22 Μ2 + 31 Μ + 14MM � H1440 HΜ + 1L HΜ + 2LL HJ - ΠL4 + OIHJ - ΠL6M -

2Μ sinHΛ ΠL GHΜL
Π

 IHJ - ΠL2M-Μ�2
 1 +

3 Λ HΛ + 1L + Μ H1 - ΜL
12 HΜ - 1L  HJ - ΠL2 +

I45 Λ3 HΛ + 2L - Λ2 I30 Μ2 - 30 Μ - 15M - 30 Λ IΜ2 - Μ + 1M + Μ I5 Μ3 - 22 Μ2 + 31 Μ - 14MM � H1440 HΜ - 2L HΜ - 1LL 

HJ - ΠL4 + OIHJ - ΠL6M �; HJ ® ΠL ì Μ Ï Z

07.37.06.0023.01

YΛ
ΜHJ, jL µ

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä Μ j

2-Μ GH-ΜL
GH-Λ - ΜL GHΛ - Μ + 1L  IHJ - ΠL2MΜ�2

 I1 + OIHJ - ΠL2MM -

2Μ sinHΛ ΠL GHΜL
Π

 IHJ - ΠL2M-Μ�2 I1 + OIHJ - ΠL2MM �; HJ ® ΠL ì Μ Ï Z
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07.37.06.0024.01

YΛ
0HJ, jL µ

sinHΠ ΛL
2

 
2 Λ + 1

Π3

log
HJ - ΠL2

4
 1 -

Λ HΛ + 1L
4

 HJ - ΠL2 +
Λ I3 Λ3 + 6 Λ2 + Λ - 2M

192
 HJ - ΠL4 + OIHJ - ΠL6M + ΨH-ΛL + ΨHΛ + 1L + 2 ý -

Λ HΛ + 1L
4

 HΨH1 - ΛL + ΨHΛ + 2L + 2 ý - 2L +
1

12
HJ - ΠL2 -

1

2880
 H-60 Λ HΛ + 1L - 60 Λ HΨH1 - ΛL + ΨHΛ + 2L + 2 ý - 2L

HΛ + 1L - 45 HΛ - 1L Λ HΛ + 2L HΨH2 - ΛL + ΨHΛ + 3L + 2 ý - 3L HΛ + 1L + 2L HJ - ΠL4 + OIHJ - ΠL6M �; HJ ® ΠL
07.37.06.0025.01

YΛ
0HJ, jL µ

sinHΠ ΛL
2

 
2 Λ + 1

Π3
log

HJ - ΠL2

4
 I1 + OIHJ - ΠL2MM + ΨH-ΛL + ΨHΛ + 1L + 2 ý + OIHJ - ΠL2M �; HJ ® ΠL

Expansions at cosHJL � ¥

07.37.06.0026.02

YΛ
ΜHJ, jL µ

2 Λ + 1 GHΛ - Μ + 1L ãä j Μ

2 Π GHΛ + Μ + 1L  
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2

2Λ HcosHJL - 1LΛ

GHΛ - Μ + 1L G Λ +
1

2
 1 +

Μ - Λ

1 - cosHJL +
H1 - ΛL HΜ - ΛL H1 + Μ - ΛL

H1 - 2 ΛL H1 - cosHJLL2
+ ¼ +

2-1-Λ Hz - 1L-1-Λ

GH-Λ - ΜL  G -Λ -
1

2
 1 +

1 + Μ + Λ

1 - cosHJL +
H2 + ΛL H1 + Μ + ΛL H2 + Μ + ΛL

H3 + 2 ΛL HcosHJL - 1L2
+ ¼ �; sin

J

2
> 1 í 2 Λ Ï Z

07.37.06.0027.01

YΛ
ΜHJ, jL �

2 Λ + 1 GHΛ - Μ + 1L ãä j Μ

2 Π GHΛ + Μ + 1L  
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

2Λ GJΛ + 1

2
N

GHΛ - Μ + 1L  HcosHJL - 1LΛ â
k=0

¥ H-ΛLk HΜ - ΛLk

H-2 ΛLk k !
 

2

1 - cosHJL
k

+

2-Λ-1 GJ-Λ - 1

2
N

GH-Λ - ΜL  HcosHJL - 1L-1-Λ â
k=0

¥ HΛ + 1Lk HΛ + Μ + 1Lk

H2 Λ + 2Lk k !
 

2

1 - cosHJL
k �; sin

J

2
> 1 í 2 Λ Ï Z

07.37.06.0028.01

YΛ
ΜHJ, jL �

2 Λ + 1 GHΛ - Μ + 1L ãä j Μ

2 Π GHΛ + Μ + 1L  
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

2Λ HcosHJL - 1LΛ

GHΛ - Μ + 1L  G Λ +
1

2
2F1 Μ - Λ, -Λ; -2 Λ;

2

1 - cosHJL +

2-1-Λ HcosHJL - 1L-1-Λ

GH-Μ - ΛL  G -Λ -
1

2
2F1 Λ + 1, Λ + Μ + 1; 2 Λ + 2;

2

1 - cosHJL �; J Ï R ì 2 Λ Ï Z
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07.37.06.0029.01

YΛ
ΜHJ, jL µ

2 Λ + 1 GHΛ - Μ + 1L ãä j Μ

2 Π GHΛ + Μ + 1L  
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

2Λ cosΛHJL
GHΛ - Μ + 1L G Λ +

1

2
 1 + O

1

cosHJL +
2-1-Λ cosHJL-1-Λ

GH-Λ - ΜL  G -Λ -
1

2
 1 + O

1

cosHJL �; H cosHJL¤ ® ¥L ì 2 Λ Ï Z

07.37.06.0030.01

YΛ
ΜHJ, jL �

ãä j Μ sinHΠ HΛ - ΜLL sinHΠ ΛL 2 Λ + 1  GHΛ - Μ + 1L GHΛ + Μ + 1L
2Λ+1 Π2 GJΛ + 3

2
N  HcosHJL - 1L-Λ-1

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

â
k=0

¥ HΛ + 1Lk HΛ + Μ + 1Lk

k ! H2 Λ + 2Lk

 HΨHk + 1L - ΨH-k - Λ - ΜL - ΨHk + Λ + 1L + ΨHk + 2 Λ + 2LL 
2

1 - cosHJL
k

+

2Λ+1 sinHΠ HΜ - ΛLL GHΛ + Μ + 1L
Π GH-ΛL GH2 Λ + 2L  HcosHJL - 1L-Λ-1

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 log

cosHJL - 1

2
 2F1 Λ + 1, Λ + Μ + 1; 2 Λ + 2;

2

1 - cosHJL +

2-Λ

GHΛ + 1L  HcosHJL - 1LΛ
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

2 Λ H2 Λ - kL ! H-ΛLk

k ! GH-k + Λ - Μ + 1L  
2

1 - cosHJL
k �; 2 Λ + 1 Î N ì Λ - Μ Ï Z

07.37.06.0031.01

YΛ
ΜHJ, jL µ

ãä j Μ 2Λ 2 Λ + 1 GHΛ - Μ + 1L GHΛ + Μ + 1L sinHΠ HΜ - ΛLL cos-Λ-1HJL
Π3�2 GH-ΛL GH2 Λ + 2L  

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  log

cosHJL
2

- ý - ΨH-Λ - ΜL - ΨHΛ + 1L + ΨH2 Λ + 2L  1 + O
1

cosHJL +

2Λ GJΛ + 1

2
N

Π GHΛ - Μ + 1L  cosΛHJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  1 + O

1

cosHJL �; 2 Λ Î N ì Λ - Μ Ï Z

07.37.06.0032.01

YΛ
ΜHJ, jL �

ãä j Μ H-1LΜ-Λ-1 2Λ 2 Λ + 1 GHΛ - Μ + 1L GHΛ + Μ + 1L
Π GH2 Λ + 2L GH-ΛL  HcosHJL - 1L-Λ-1

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  2F1 Λ + 1, Λ + Μ + 1; 2 Λ + 2;

2

1 - cosHJL �; 2 Λ + 1 Î N ì Μ - Λ Î N+ ì Λ Ï N
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07.37.06.0033.01

YΛ
ΜHJ, jL µ

ãä j Μ H-1LΜ-Λ-1 2Λ 2 Λ + 1 GHΛ - Μ + 1L GHΛ + Μ + 1L
Π GH2 Λ + 2L GH-ΛL  cos-Λ-1HJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 1 + O

1

cosHJL �;
H cosHJL¤ ® ¥L ì 2 Λ + 1 Î N ì Μ - Λ Î N+ ì Λ Ï N

07.37.06.0034.01

YΛ
ΜHJ, jL �

ãä j Μ 2Λ-1 GJΛ + 1

2
N 2 Λ + 1

Π GHΛ - Μ + 1L GHΛ + Μ + 1L HcosHJL - 1LΛ
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

Λ-Μ HΜ - ΛLk H-ΛLk

k ! H-2 ΛLk

 
2

1 - cosHJL
k

-

H-1LΛ-Μ 2Λ+1 GHΛ + Μ + 1L
GH-ΛL GH2 Λ + 2L  HcosHJL - 1L-Λ-1

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  2F1 Λ + 1, Λ + Μ + 1; 2 Λ + 2;

2

1 - cosHJL �;
2 Λ + 1 Î N ì Λ - Μ Î Z ì -Λ £ Μ £ Λ + 1

07.37.06.0035.01

YΛ
ΜHJ, jL µ

ãä j Μ 2Λ-1 GJΛ + 1

2
N 2 Λ + 1

Π GHΛ - Μ + 1L GHΛ + Μ + 1L  cosΛHJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  1 + O

1

cosHJL �;
H cosHJL¤ ® ¥L ì 2 Λ + 1 Î N ì Λ - Μ Î Z ì -Λ £ Μ £ Λ + 1

07.37.06.0036.01

YΛ
ΜHJ, jL �

2 Λ + 1

Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ 

H-1L2 Λ+1 2Λ

GH-Μ - ΛL GH-ΛL  HcosHJL - 1L-Λ-1
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

â
k=0

-Μ-Λ-1 HΛ + 1Lk HΛ + Μ + 1Lk

k ! H2 Λ + k + 1L !
 log

cosHJL - 1

2
+ ΨHk + 1L - ΨH-k - Λ - ΜL - ΨHk + Λ + 1L + ΨHk + 2 Λ + 2L  

2

1 - cosHJL
k

+

2Λ GJΛ + 1

2
N

Π GHΛ - Μ + 1L  HcosHJL - 1LΛ
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

2 Λ HΜ - ΛLk H-ΛLk

k ! H-2 ΛLk

 
2

1 - cosHJL
k

+
H-1L2 Λ 21-Μ sinHΠ ΛL GH1 - ΜL

Π GH1 - Λ - ΜL GHΛ - Μ + 2L  

HcosHJL - 1LΜ-1
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  3F2 1, 1, 1 - Μ; -Λ - Μ + 1, Λ - Μ + 2;

2

1 - cosHJL �; 2 Λ + 1 Î N ì Λ - Μ Î Z ì Λ + Μ < 0
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07.37.06.0037.01

YΛ
ΜHJ, jL µ

2 Λ + 1

Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ 

H-1L2 Λ+1 2Λ

GH-Μ - ΛL GH-ΛL GH2 Λ + 2L  log
cosHJL

2
- ΨH-Λ - ΜL - ΨHΛ + 1L + ΨH2 Λ + 2L - ý  

cos-Λ-1HJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  1 + O

1

cosHJL +
2Λ GJΛ + 1

2
N

Π GHΛ - Μ + 1L  cosΛHJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  1 + O

1

cosHJL +

H-1L2 Λ 21-Μ sinHΠ ΛL GH1 - ΜL
Π GH-Λ - Μ + 1L GHΛ - Μ + 2L  cosΜ-1HJL cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  1 + O

1

cosHJL �;
H cosHJL¤ ® ¥L ì 2 Λ + 1 Î N ì Λ - Μ Î Z ì Λ + Μ < 0

Integral representations

On the real axis

Of the direct function

07.37.07.0001.01

Yn
mHJ, jL �

1

4 Π3�2 ä3 m n!
 H2 n + 1L Hn - mL ! Hn + mL ! à

0

2 ΠHcosHJL + ä cosHt - jL sinHJLLn ãä m t  â t �; n Î N ß m Î Z ß -n £ m £ n

07.37.07.0002.01

Yn
mHJ, jL � H-1Lm ãä m j

2 n + 1

4 Π

Hn + mL !

Hn - mL !

cscmHJL
Hm - 1L !

à
cosHJL

1

PnHtL Ht - cosHJLLm-1 â t �; n Î N ß m Î N ß m £ n

07.37.07.0003.01

Yn
mHJ, jL �

äm

2 Π3�2 ãä m j H2 n + 1L Hn + mL ! Hn - mL !
1

n!
 à

0

ΠHcosHJL + ä sinHJL cosHtLLn cosHm tL â t �; n Î N ß m Î Z ß  m¤ £ n

07.37.07.0004.01

Yn
mHJ, jL �

äm

4 Π3�2 H2 n + 1L Hn + mL ! Hn - mL !
1

n!
 à

0

2 ΠHcosHJL + ä sinHJL cosHt - jLLn ãä m t  â t �; n Î N ß m Î Z ß  m¤ £ n

07.37.07.0005.01

Yn
mHJ, jL �

H-1Lm

2 Π3�2 ãä m j H2 n + 1L Hn + mL !

Hn - mL !

sinHJLm

H2 m - 1L !!
à

0

ΠHcosHJL + ä sinHJL cosHtLLn-m sinHtL2 m â t �; n Î N ß m Î N ß m £ n

07.37.07.0006.01

Yn
mHJ, jL � H-1Lm ãä m j

2 n + 1

4 Π

1

Hn + mL ! Hn - mL !
à

0

¥

ã-t cosHJL JmHt sinHJLL tn â t �; n Î N ì m Î Z ì  m¤ £ n ì cosHJL > 0

Involving the direct function

07.37.07.0007.01

¡Yn
mHJ, jL¥2 �

2 n + 1

4 Π
à

0

¥

Jm

t

2
 sinHJL 2

J2 n+1HtL â t �; n Î N ì m Î Z ì  m¤ £ n ì J Î R ì j Î R ì 0 < sinHJL < 1
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Multiple integral representations

07.37.07.0008.01

Yn
mHJ, jL � ãä m j

2 n + 1

4 Π
 
Hn + mL !

Hn - mL !
 cscHJLm à

1

cosHJL
¼ à

1

t3à
1

t2

m

 PnHt1L â t1 â t2 ¼ â tm �; n Î N ß m Î N ß m £ n

Integral representations of negative integer order

07.37.07.0009.01

Yn
mHJ, jL �

H-1Ln+m rn+1

Hn - mL !
 

H2 n + 1L Hn - mL !

4 Π Hn + mL !
 

¶

¶ x
+ ä 

¶

¶ y

m

 
¶n-m 1

r

¶zn-m
�;

r � x2 + y2 + z2 í x � r cosHjL sinHJL í y � r sinHjL sinHJL í z � r cosHJL í n Î N í m Î N í m £ n

07.37.07.0010.01

Yn
mHJ, jL �

1

2n n!
 

H2 n + 1L Hn + mL !

4 Π Hn - mL !
ãä m j sin2HJL-

m

2  
¶n-m Iz2 - 1Mn

¶zn-m
�; z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0011.01

Yn
mHJ, jL �

H-1Lm

2n n!
 

H2 n + 1L Hn - mL !

4 Π Hn + mL !
ãä m j sin2HJL m

2
¶n+m Iz2 - 1Mn

¶zn+m
�; z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0012.01

Yn
mHJ, jL �

ãä m j

2n+1 Π
 

2 n + 1

Hn - mL ! Hn + mL !
cosm

J

2
cos2

J

2

m�2
cot2

J

2

-
m

2

sin-m
J

2
sin2

J

2

-
m

2 ¶n IHz + 1Ln-m Hz - 1Ln+mM
¶zn

�;
z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0013.01

Yn
mHJ, jL �

H-1Lm ãä m j

2n+1 Π
 

2 n + 1

Hn - mL ! Hn + mL !
cos-m

J

2
cos2

J

2

m�2
cot2

J

2

-
m

2

sinm
J

2
sin2

J

2

-
m

2 ¶n IHz + 1Ln+m Hz - 1Ln-mM
¶zn

�;
z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0014.01

YΛ
mHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - m + 1L
GHΛ + m + 1L  2-Λ ãä m j sinmHJL ¶m PΛHzL

¶zm
�; z � cosHJL ì m Î N

07.37.07.0015.01

Yn
mHJ, jL �

H2 n + 1L Hn + mL !

4 Π Hn - mL !

ãä m j

2n n!
 

1

sin2HJLm�2
¶n-m Iz2 - 1Mn

¶zn-m
�; z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0016.01

Yn
mHJ, jL � H-1Lm 

H2 n + 1L Hn - mL !

4 Π Hn + mL !

ãä m j

2n n!
 sin2HJLm�2 ¶n+m Iz2 - 1Mn

¶zn+m
�; z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n
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07.37.07.0017.01

Yn
mHJ, jL �

2 n + 1

4 Π Hn + mL ! Hn - mL !
 

ãä m j

2n
cos2 

J

2

m�2
cotm

J

2
cot2

J

2

-
m

2

sin2
J

2

-
m

2 ¶n IHz + 1Ln-m Hz - 1Ln+mM
¶zn

�;
z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0018.01

Yn
mHJ, jL � H-1Lm

2 n + 1

4 Π Hn + mL ! Hn - mL !
 
ãä m j

2n
 cos2 

J

2

m�2
cot2

J

2

-
m

2

sin2
J

2

-
m

2

tanm
J

2

¶n IHz + 1Ln+m Hz - 1Ln-mM
¶zn

�;
z � cosHJL ì n Î N ì m Î Z ì  m¤ £ n

07.37.07.0019.01

Yn
mHJ, jL � H-1Lm 

H2 n + 1L Hn - mL !

4 Π Hn + mL !
ãä m j sinmHJL ¶m PnHzL

¶zm
�; z � cosHJL ì n Î N ì m Î N ì m £ n

Generating functions
07.37.11.0001.01

1

Iw2 - 2 cosHJL w + 1Mm+1�2 �
H-1Lm

H2 m - 1L !! sinHJLm â
n=m

¥

wn-m
4 Π

2 n + 1

Hn + mL !

Hn - mL !
Yn

mHJ, 0L �; m Î N ì J Î R ì  w¤ < 1

07.37.11.0002.01

1

Iw2 - 2 cosHJL w + 1Mm+1�2 �
H-1Lm

H2 m - 1L !! sinHJLm â
n=m

¥ 1

wn+m+1

4 Π

2 n + 1

Hn + mL !

Hn - mL !
Yn

mHJ, 0L �; m Î N ì J Î R ì  w¤ > 1

07.37.11.0003.01

1 + 1 - 2 w cosHJL + w2
2

- w2

-m

1 - 2 w cosHJL + w2

�
H-1Lm

2m sinmHJL â
n=m

¥

wn-m n!
4 Π

H2 n + 1L Hn + mL ! Hn - mL !
Yn

mHJ, 0L �;
m Î N ì J Î R ì  w¤ < 1

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

With respect to J

07.37.13.0001.01

1

sinHJL  
¶

¶J
 sinHJL ¶YΛ

ΜHJ, jL
¶J

+ Λ HΛ + 1L -
Μ2

sin2HJL YΛ
ΜHJ, jL � 0

With respect to j
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07.37.13.0002.01

ä
¶YΛ

ΜHJ, jL
¶j

+ Μ YΛ
ΜHJ, jL � 0

Partial differential equations

07.37.13.0003.01

ãä j
¶YΛ

ΜHJ, jL
¶J

+ ä cotHJL ¶YΛ
ΜHJ, jL
¶j

�
GHΛ - Μ + 1L GHΛ + Μ + 2L

GHΛ + Μ + 1L GHΛ - ΜL YΛ
Μ+1HJ, jL

07.37.13.0004.01

1

sinHJL  
¶

¶J
 sinHJL ¶YΛ

ΜHJ, jL
¶J

+
1

sin2HJL  
¶2 YΛ

ΜHJ, jL
¶j2

+ Λ HΛ + 1L YΛ
ΜHJ, jL � 0

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.37.16.0001.01

Y-Λ
Μ HJ, jL �

1 - 2 Λ GH1 - Λ - ΜL GHΛ + ΜL
2 Λ - 1 GH1 - Λ + ΜL  GHΛ - ΜL  YΛ-1

Μ HJ, jL
07.37.16.0002.01

Yn
-mHJ, jL � H-1Lm Yn

mHJ, jL �; m Î Z ì n Î Z ì J Î R ì j Î R

07.37.16.0003.01

Yn
-mHJ, jL � H-1Lm ã-2 ä j m Yn

mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

07.37.16.0004.01

YΛ
ΜH-J, jL � YΛ

ΜHJ, jL
07.37.16.0005.01

YΛ
ΜHJ, -jL � ã-2 ä Μ j YΛ

ΜHJ, jL
07.37.16.0006.01

Yn
mHJ, -jL � H-1Lm Yn

-mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

07.37.16.0007.01

Yn
mH-J, -jL � H-1Lm Yn

-mHJ, jL �; n Î N ß m Î Z ß  m¤ £ n

Products, sums, and powers of the direct function

Products involving the direct function

Clebsch-Gordan series for product of two spherical harmonics
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07.37.16.0008.01

Yn1

m1 HJ, jL Yn2

m2 HJ, jL �

H2 n1 + 1L H2 n2 + 1L
4 Π

 â
k=max H n1-n2 ¤, m1+m2 ¤L

n1+n2 1

2 k + 1
 Yk

m1+m2 HJ, jL Xn1 n2 0 0 È n1 n2 k 0\ Xn1 n2 m1 m2 È n1 n2 k m1 + m2\ �;
n1 Î N ì n2 Î N ì m1 Î Z ì m2 Î Z ì  m1¤ £ n1 ì  m2¤ £ n2

Clebsch-Gordan double series for product of three spherical harmonics

07.37.16.0009.01

Yn1

m1 HJ, jL Yn2

m2 HJ, jL Yn3

m3 HJ, jL �

H2 n1 + 1L H2 n2 + 1L H2 n3 + 1L
4 Π

 â
k1=max H n1-n2 ¤, m1+m2 ¤L

n1+n2 â
k2=max I¡k1-n3 ¥,¡m1+m2+m3 ¥M

k1+n3 1

2 k2 + 1
 Yk2

m1+m2+m3 HJ, jL
Xn1 n2 0 0 È n1 n2 k1 0\ Xk1 n3 0 0 È k1 n3 k2 0\ Xn1 n2 m1 m2 È n1 n2 k1 m1 + m2\Xk1 n3 m1 + m2 m3 È k1 n3 k2 m1 + m2 + m3\ �; n j Î N ì m j Î Z ì ¡m j¥ £ n j ì j Î 81, 2, 3<

Clebsch-Gordan multiple series for product of several spherical harmonics

07.37.16.0010.01

ä
j=1

p

Yn j

m j HJ, jL �
1

H4 ΠL p-1

2

 ä
j=1

p

2 n j + 1 â
k1=max H n1-n2 ¤, M2 ¤L

n1+n2 â
k2=max I¡k1-n3 ¥,¡M3 ¥M

k1+n3

¼ â
kp-1=max I¡kp-2-np ¥,¡Mp ¥M

kp-2+np 1

2 kp-1 + 1
 

Ykp-1

Mp HJ, jL ä
j=1

p-1 Yk j-1 n j+1 0 0 É k j-1 n j+1 k j 0] Yk j-1 n j+1 M j m j+1 É k j-1 n j+1 k j M j+1] �;

p Î Z í p > 1 í nk Î N í mk Î Z í  mk¤ £ nk í k0 � n1 í M0 � 0 í M j � â
k=1

j

mk

Identities

Recurrence identities

Consecutive neighbors

07.37.17.0001.01

YΛ
ΜHJ, jL �

H2 Λ + 3L 2 Λ + 1  GHΛ - Μ + 1L GHΛ + Μ + 2L
HΛ + Μ + 1L 2 Λ + 3  GHΛ + Μ + 1L GHΛ - Μ + 2L  cosHJL YΛ+1

Μ HJ, jL +

HΜ - Λ - 2L 2 Λ + 1  GHΛ - Μ + 1L  GHΛ + Μ + 3L
HΛ + Μ + 1L 2 Λ + 5  GHΛ + Μ + 1L  GHΛ - Μ + 3L YΛ+2

Μ HJ, jL
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07.37.17.0002.01

YΛ
ΜHJ, jL �

H2 Λ - 1L 2 Λ + 1 GHΛ - Μ + 1L GHΛ + ΜL
HΛ - ΜL 2 Λ - 1 GHΛ + Μ + 1L GHΛ - ΜL  cosHJL YΛ-1

Μ HJ, jL -

HΛ + Μ - 1L 2 Λ + 1 GHΛ - Μ + 1L  GHΛ + Μ - 1L
HΛ - ΜL 2 Λ - 3  GHΛ + Μ + 1L GHΛ - Μ - 1L  YΛ-2

Μ HJ, jL
07.37.17.0003.01

YΛ
ΜHJ, jL �

2 HΜ + 1L GHΛ - Μ + 1L GHΛ + Μ + 2L
HΜ HΜ + 1L - Λ HΛ + 1LL GHΛ + Μ + 1L GHΛ - ΜL  ã-ä j cotHJL YΛ

Μ+1HJ, jL +

GHΛ - Μ + 1L GHΛ + Μ + 3L
HΜ HΜ + 1L - Λ HΛ + 1LL GHΛ + Μ + 1L GHΛ - Μ - 1L  ã-2 ä j YΛ

Μ+2HJ, jL
07.37.17.0004.01

YΛ
ΜHJ, jL �

2 H1 - ΜL GHΛ - Μ + 1L GHΛ + ΜL
GHΛ + Μ + 1L GHΛ - Μ + 2L  ãä j cotHJL YΛ

Μ-1HJ, jL +

HHΜ - 1L HΜ - 2L - Λ HΛ + 1LL GHΛ - Μ + 1L GHΛ + Μ - 1L
GHΛ + Μ + 1L GHΛ - Μ + 3L  ã2 ä j YΛ

Μ-2HJ, jL

Functional identities

Relations between contiguous functions

07.37.17.0005.01

YΛ
ΜHJ, jL � secHJL HΛ + ΜL GHΛ + ΜL GHΛ - Μ + 1L

2 Λ + 1 2 Λ - 1  GHΛ - ΜL GHΛ + Μ + 1L  YΛ-1
Μ HJ, jL +

HΛ - Μ + 1L GHΛ - Μ + 1L  GHΛ + Μ + 2L
2 Λ + 1 2 Λ + 3  GHΛ + Μ + 1L  GHΛ - Μ + 2L YΛ+1

Μ HJ, jL
07.37.17.0006.01

YΛ
ΜHJ, jL � -

tanHJL
2 Μ

HΛ HΛ + 1L - Μ HΜ - 1LL GHΛ + ΜL GHΛ - Μ + 1L
GHΛ - Μ + 2L GHΛ + Μ + 1L  ãä j YΛ

Μ-1HJ, jL +
GHΛ - Μ + 1L  GHΛ + Μ + 2L

GHΛ + Μ + 1L  GHΛ - ΜL  ã-ä j YΛ
Μ+1HJ, jL

Additional relations between contiguous functions

Below relations are correct only under some restrictions on the parameters
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07.37.17.0007.01

YΛ
ΜHJ, jL � cscHJL ãä j

HΛ - Μ + 1L HΛ - Μ + 2L
H2 Λ + 1L H2 Λ + 3L YΛ+1

Μ-1HJ, jL -
HΛ + Μ - 1L HΛ + ΜL
H2 Λ - 1L H2 Λ + 1L YΛ-1

Μ-1HJ, jL
07.37.17.0008.01

YΛ
ΜHJ, jL � cscHJL ã-ä j

HΛ - Μ - 1L HΛ - ΜL
H2 Λ - 1L H2 Λ + 1L YΛ-1

Μ+1HJ, jL -
HΛ + Μ + 1L HΛ + Μ + 2L

H2 Λ + 1L H2 Λ + 3L YΛ+1
Μ+1HJ, jL

07.37.17.0009.01

YΛ
ΜHJ, jL � ãä j cscHJL Λ - Μ + 1

Λ + Μ
cosHJL YΛ

Μ-1HJ, jL -
H2 Λ + 1L HΛ + Μ - 1L

H2 Λ - 1L HΛ + ΜL YΛ-1
Μ-1HJ, jL

07.37.17.0010.01

YΛ
ΜHJ, jL � ãä j cscHJL H2 Λ + 1L HΛ - Μ + 2L

H2 Λ + 3L HΛ - Μ + 1L YΛ+1
Μ-1HJ, jL - cosHJL Λ + Μ

Λ - Μ + 1
YΛ

Μ-1HJ, jL
07.37.17.0011.01

YΛ
ΜHJ, jL � ã-ä j cscHJL H2 Λ + 1L HΛ - Μ - 1L

H2 Λ - 1L HΛ - ΜL YΛ-1
Μ+1HJ, jL - cosHJL Λ + Μ + 1

Λ - Μ
YΛ

Μ+1HJ, jL
07.37.17.0012.01

YΛ
ΜHJ, jL � ã-ä j cscHJL cosHJL Λ - Μ

Λ + Μ + 1
YΛ

Μ+1HJ, jL -
H2 Λ + 1L HΛ + Μ + 2L
H2 Λ + 3L HΛ + Μ + 1L YΛ+1

Μ+1HJ, jL
Relations of special kind

07.37.17.0013.01

YΛ
ΜHJ, 0L � ã-ä j Μ YΛ

ΜHJ, jL
07.37.17.0014.01

YΛ
ΜHJ, 0L � YΛ

Μ
J,

2 Π p

Μ
�; p Î Z

Complex characteristics

Conjugate value

07.37.19.0001.01

Yn
mHJ, jL � H-1Lm Yn

-mHJ, jL �; n Î Z ì m Î Z ì J Î R ì j Î R

Differentiation

Low-order differentiation

With respect to Λ
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07.37.20.0001.01

¶YΛ
ΜHJ, jL
¶Λ

�
2 + H2 Λ + 1L H2 Π cotHΛ ΠL + ΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL

2 H2 Λ + 1L  YΛ
ΜHJ, jL -

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä j Μ 

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 â

k=0

¥ H-ΛLk HΛ + 1Lk HΨHk - ΛL - ΨHk + Λ + 1LL
k ! GHk - Μ + 1L  sin2 k

J

2
�; Λ Ï Z

07.37.20.0002.01

¶YΛ
ΜHJ, jL
¶Λ

�
2 + H2 Λ + 1L HΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL

2 H2 Λ + 1L  YΛ
ΜHJ, jL +

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä j Μ 

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 â

k=0

¥ 1

k ! GHk - Μ + 1L  sin2 k
J

2
â
j=1

k

Λ j Sk
H jL â

r=1

k H-1Lr HΛ + 1Lr-1 HΛ j + j + Λ rL
Λ

 Sk
HrL

07.37.20.0003.01

¶YΛ
ΜHJ, jL
¶Λ

�
2 + H2 Λ + 1L HΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL

2 H2 Λ + 1L YΛ
ΜHJ, jL -

2 Λ + 1

2 GH2 - ΜL  
2 Λ + 1

Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä Μ j 

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2-1

F2 ´ 0 ´ 2
2 ´ 1 ´ 3 1 - Λ, Λ + 2; 1; 1, -Λ, Λ + 1;

2, 2 - m;; Λ + 2, 1 - Λ;
 sin2

J

2
, sin2

J

2

07.37.20.0004.01

¶2 YΛ
ΜHJ, jL

¶Λ2
�

ãä j Μ
2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

¥ H-ΛLk HΛ + 1Lk

k ! GHk - Μ + 1L IΨHk - ΛL2 - 2 HΠ cotHΛ ΠL + ΨHk + Λ + 1LL ΨHk - ΛL +

ΨHk + Λ + 1L2 + 2 Π cotHΛ ΠL ΨHk + Λ + 1L + ΨH1LHk - ΛL + ΨH1LHk + Λ + 1LM sin2 k
J

2
-

2 + H2 Λ + 1L HΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL
2 Λ + 1

 â
k=0

¥ H-ΛLk HΛ + 1Lk HΨHk - ΛL - ΨHk + Λ + 1LL
k ! GHk - Μ + 1L sin2 k

J

2
+

1

4 H2 Λ + 1L2
 IH2 Λ + 1L2 ΨHΛ - Μ + 1L2 - 2 H2 Λ + 1L HH2 Λ + 1L ΨHΛ + Μ + 1L - 2L ΨHΛ - Μ + 1L +

H2 Λ + 1L2 ΨHΛ + Μ + 1L2 + 2 IH2 Λ + 1L2 IΨH1LHΛ - Μ + 1L - ΨH1LHΛ + Μ + 1LM - 2M - 4 H2 Λ + 1L ΨHΛ + Μ + 1LM +

Π cotHΛ ΠL HH2 Λ + 1L HΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL + 2L
2 Λ + 1

- Π2 YΛ
ΜHJ, jL
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07.37.20.0005.01

¶2 YΛ
ΜHJ, jL

¶Λ2
� ãä j Μ

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

â
k=0

¥ 1

k ! GHk - Μ + 1L  sin2 k
J

2
â
i=1

k

Λi-2 Sk
HiL â

r=1

k H-1Lr HΛ + 1Lr-2 IHr - 1L r Λ2 + i2 HΛ + 1L2 + i HΛ + 1L HΛ H2 r - 1L - 1LM Sk
HrL +

2 + H2 Λ + 1L HΨHΛ - Μ + 1L - ΨHΛ + Μ + 1LL
2 Λ + 1

â
k=0

¥ 1

k ! GHk - Μ + 1L  sin2 k
J

2
â
j=1

k

Λ j Sk
H jL â

r=1

k H-1Lr HΛ + 1Lr-1 HΛ j + j + Λ rL
Λ

 Sk
HrL +

1

4 H2 Λ + 1L2
 IIH2 Λ + 1L2 ΨHΛ - Μ + 1L2 - 2 H2 Λ + 1L HH2 Λ + 1L ΨHΛ + Μ + 1L - 2L ΨHΛ - Μ + 1L + H2 Λ + 1L2 ΨHΛ + Μ + 1L2 +

2 IH2 Λ + 1L2 IΨH1LHΛ - Μ + 1L - ΨH1LHΛ + Μ + 1LM - 2M - 4 H2 Λ + 1L ΨHΛ + Μ + 1LM YΛ
ΜHJ, jLM

With respect to Μ

07.37.20.0006.01

¶YΛ
ΜHJ, jL
¶m

�
1

2
2 ä j + log cos2

J

2
- log sin2

J

2
- ΨHΛ - Μ + 1L - ΨHΛ + Μ + 1L YΛ

ΜHJ, jL +

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

¥ H-ΛLk HΛ + 1Lk ΨHk - Μ + 1L
k ! GHk - Μ + 1L sin2 k

J

2

07.37.20.0007.01

¶YΛ
ΜHJ, jL
¶ Μ

�

Λ HΛ + 1L
HΜ - 1L GH2 - ΜL

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2-2

F2 ´ 0 ´ 1
2 ´ 1 ´ 2 1 - Λ, Λ + 2; 1; 1, 1 - Μ;

2, 2 - Μ;; 2 - Μ;
 sin2

J

2
, sin2

J

2
-

1

2
log sin2

J

2
- log cos2

J

2
- 2 ä j - 2 ΨH1 - ΜL + ΨHΛ - Μ + 1L + ΨHΛ + Μ + 1L YΛ

ΜHJ, jL
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07.37.20.0008.01

¶2 YΛ
ΜHJ, jL

¶ Μ2
� ä ãä Μ j H2 j + ä ΨHΛ - Μ + 1L + ä ΨHΛ + Μ + 1LL 2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  â

k=0

¥ H-ΛLk HΛ + 1Lk ΨHk - Μ + 1L
k ! GHk - Μ + 1L sin2 k

J

2
+ ãä j Μ 

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L  

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2

â
k=0

¥ H-ΛLk HΛ + 1Lk

k ! GHk - Μ + 1L ΨHk - Μ + 1L2 + log cos2
J

2
- log sin2 

J

2
ΨHk - Μ + 1L - ΨH1LHk - Μ + 1L sin2 k

J

2
+

1

4
-4 j2 + 4 ä log cos2

J

2
- log sin2

J

2
log cos2

J

2
- log sin2

J

2

2

j +

ΨHΛ - Μ + 1L2 + ΨHΛ + Μ + 1L2 - 2 2 ä j + log cos2
J

2
- log sin2

J

2
ΨHΛ + Μ + 1L +

2 ΨHΛ - Μ + 1L -2 ä j - log cos2
J

2
+ log sin2

J

2
+ ΨHΛ + Μ + 1L + 2 ΨH1LHΛ - Μ + 1L - 2 ΨH1LHΛ + Μ + 1L YΛ

ΜHJ, jL
With respect to J

07.37.20.0009.01

¶YΛ
ΜHJ, jL
¶J

� Μ cotHJL YΛ
ΜHJ, jL +

GHΛ - Μ + 1L GHΛ + Μ + 2L
GHΛ + Μ + 1L GHΛ - ΜL  ã-ä j YΛ

Μ+1HJ, jL
07.37.20.0010.01

¶YΛ
ΜHJ, jL
¶J

�
2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ cscHJL IΛ cosHJL PΛ

ΜHcosHJLL - HΛ + ΜL PΛ-1
Μ HcosHJLLM

07.37.20.0011.01

¶2 YΛ
ΜHJ, jL

¶J2
� Μ IΜ cot2HJL - csc2HJLM YΛ

ΜHJ, jL +

GHΛ - Μ + 1L GHΛ + Μ + 2L
GHΛ + Μ + 1L GHΛ - ΜL H2 Μ + 1L ã-ä j cotHJL YΛ

Μ+1HJ, jL +
GHΛ - Μ + 1L GHΛ + Μ + 3L
GHΛ + Μ + 1L GHΛ - Μ - 1L  ã-2 ä j YΛ

Μ+2HJ, jL
07.37.20.0012.01

¶2 YΛ
ΜHJ, jL

¶J2
�

1

2

2 Λ + 1

4 Π

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ csc2HJL I2 HΛ + ΜL cosHJL PΛ-1

Μ HcosHJLL + I2 Μ2 - 2 Λ - 2 Λ2 sin2HJLM PΛ
ΜHcosHJLLM

With respect to j

07.37.20.0013.01

¶YΛ
ΜHJ, jL
¶j

� ä Μ YΛ
ΜHJ, jL
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07.37.20.0014.01

¶2 YΛ
ΜHJ, jL

¶j2
� -Μ2 YΛ

ΜHJ, jL
Symbolic differentiation 

With respect to j

07.37.20.0015.02

¶n YΛ
ΜHJ, jL

¶jn
� Hä ΜLn YΛ

ΜHJ, jL �; n Î N

Fractional integro-differentiation

With respect to j

07.37.20.0016.01

¶Α YΛ
ΜHJ, jL

¶jΑ
� j-Α Hä j ΜLΑ QH-Α, 0, ä j ΜL YΛ

ΜHJ, jL

Integration

Indefinite integration

Involving only one direct function with respect to j

07.37.21.0001.01

à YΛ
ΜHJ, jL â j � -

ä

Μ
 YΛ

ΜHJ, jL
Involving one direct function and elementary functions with respect to j

Involving power function

07.37.21.0002.01

à jΑ-1 YΛ
ΜHJ, jL â j � -jΑ H-ä Μ jL-Α ã-ä j Μ GHΑ, -ä Μ jL YΛ

ΜHJ, jL
Involving functions of the direct function and elementary functions with respect to J

Involving elementary functions of the direct function and elementary functions

Involving products of the direct function and trigonometric functions
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07.37.21.0003.01

à HΛ - ΚL HΚ + Λ + 1L -
Μ2 - Ν2

sin2HJL YΛ
ΜHJ, jL YΚ

ΝHJ, jL sinHJL â J � HΝ - ΜL cosHJL YΛ
ΜHJ, jL YΚ

ΝHJ, jL +

ã-ä j sinHJL GHΚ - Ν + 1L GHΚ + Ν + 2L
GHΚ + Ν + 1L GHΚ - ΝL YΛ

ΜHJ, jL YΚ
Ν+1HJ, jL -

GHΛ - Μ + 1L GHΛ + Μ + 2L
GHΛ + Μ + 1L GHΛ - ΜL YΛ

Μ+1HJ, jL YΚ
ΝHJ, jL

Definite integration

Involving the direct function

07.37.21.0004.01

à
0

Π

sinHJL Yn
mHJ, jL2 â J �

ã2 ä m j

2 Π
�; m Î N ß n Î N ß m £ n

07.37.21.0005.01

à
0

Π

sinHJL Yk
mHJ, jL Yn

mHJ, jL â J �
ã2 ä m j

2 Π
∆n,k �; k Î N ì m Î N ì n Î N

07.37.21.0006.01

à
0

Π

cscHJL Yn
mHJ, jL Yn

m1 HJ, jL â J �
2 n + 1

4 Π m
 ∆m,m1

�; n Î N+ ì m Î N ì m1 Î N ì m £ n ì m1 £ n

07.37.21.0007.01

à
0

Π

2
sinm+1HJL cospHJL Yn

mHJ, jL â J � H-1Lm
2 n + 1

4 Π
 
Hn + mL !

Hn - mL !

p! ãä m j

Hp + n + m + 1L !! Hp - n + mL !!
�; p Î N ì m ³ 0

07.37.21.0008.01

à
a

b Hn1 - n2L Hn1 + n2 + 1L -
m1

2 - m2
2

1 - z2
Yn1

m1 Icos-1HzL, jM Yn2

m2 Icos-1HzL, jM â z �

Ib Yn1

m1 Icos-1HbL, jM Yn2

m2 Icos-1HbL, jM Hn1 - n2L + Yn1-1
m2 Icos-1HbL, jM Yn1

m1 Icos-1HbL, jM Hn2 + m2LM -

Ia Yn1

m1 Icos-1HaL, jM Yn2

m2 Icos-1HaL, jM Hn1 - n2L + Yn1-1
m2 Icos-1HaL, jM Yn1

m1 Icos-1HaL, jM Hn2 + m2LM �;
n1 Î N ì n2 Î N ì m1 Î Z ì m2 Î Z ì a Î R ì b Î R ì  m1¤ £ n1 ì  m2¤ £ n2

Multiple integration

07.37.21.0009.01

à
0

Πà
0

2 Π

sinHJL Yn
mHJ, jL â j â J � 4 Π  ∆n,0 ∆m,0 �; n Î N ß m Î Z ß  m¤ £ n

07.37.21.0010.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1 HJ, jL Yn2

m2 HJ, jL Yn3

m3 HJ, -jL â j â J �

H2 n1 + 1L H2 n2 + 1L
4 Π H2 n3 + 1L Xn1 n2 0 0 È n1 n2 n3 0\ Xn1 n2 m1 m2 È n1 n2 n3 m3\
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07.37.21.0011.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1 HJ, jL Yn2

m2 HJ, jL Yn3

m3 HJ, jL â j â J �

H2 n1 + 1L H2 n2 + 1L
4 Π H2 n3 + 1L Xn1 n2 0 0 È n1 n2 n3 0\ Xn1 n2 m1 m2 È n1 n2 n3 m3\ �;

n1 Î N ì n2 Î N ì n3 Î N ì m1 Î Z ì m2 Î Z ì m3 Î Z ì  m1¤ £ n1 ì  m2¤ £ n2 ì  m3¤ £ n3

07.37.21.0012.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1 HJ, jL Yn2

m2 HJ, jL Yn3

m3 HJ, jL â j â J �
H2 n1 + 1L H2 n2 + 1L H2 n3 + 1L

4 Π

n1 n2 n3

0 0 0

n1 n2 n3

m1 m2 m3
�;

n1 Î N ì n2 Î N ì n3 Î N ì m1 Î Z ì m2 Î Z ì m3 Î Z ì  m1¤ £ n1 ì  m2¤ £ n2 ì  m3¤ £ n3

Orthonormality relations:

07.37.21.0013.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1  HJ, jL Yn2

m2 HJ, jL â j â J � ∆n1 ,n2
∆m1 ,m2

�; n1 Î Z ì n2 Î Z ì m1 Î Z ì m2 Î Z

07.37.21.0014.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1 HJ, jL Yn2

m2 HJ, -jL â j â J � H-1Lm2 ∆m1 ,m2
∆n1 ,n2

�; n1 Î N ì m1 Î Z ì  m1¤ £ n1

07.37.21.0015.01

à
0

Πà
0

2 Π

sinHJL Yn1

m1 HJ, jL Yn2

m2 HJ, jL â j â J � H-1Lm2 ∆m1 ,-m2
∆n1 ,n2

�; n1 Î N ì m1 Î Z ì  m1¤ £ n1

Summation

Finite summation

Involving the direct function

07.37.23.0001.01

â
m=-n

n

Yn
mHJ1, j1L Yn

mHJ2, j2L �
2 n + 1

4 Π
PnHcosHJ1L cosHJ2L + cosHj1 - j2L sinHJ1L sinHJ2LL �; n Î N ì Jk Î R ì jk Î R ì k Î 81, 2<

07.37.23.0002.01

â
m=-n

n ¡Yn
mHJ, jL¥2 �

2 n + 1

4 Π
�; n Î N ì J Î R ì j Î R

07.37.23.0003.01

â
m=-n

n

m ¡Yn
mHJ, jL¥2 � 0 �; n Î N ì j Î R

07.37.23.0004.01

â
m=-n

n

m2 ¡Yn
mHJ, jL¥2 �

n Hn + 1L H2 n + 1L
8 Π

sin2HJL �; n Î N ì J Î R ì j Î R
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07.37.23.0005.01

â
m=-n

n In2 - m2M IHn + 1L2 - m2M Yn-1
m HJ, jL Yn+1

m HJ, jL �
n Hn + 1L

8 Π
 H2 n - 1L H2 n + 3L  I3 cos2HJL - 1M �; n Î N ì J Î R ì j Î R

07.37.23.0006.01

â
m=-n

n äm

Hn - mL ! Hn + mL !
Yn

mHJ, jL �
2 n + 1

4 Π
 
HcosHJL + ä sinHJL cosHjLLn

n!
�; n Î N ì J Î R ì j Î R

07.37.23.0007.01

â
l=m

m+p H-1Ll wp-l+m

Hp - l + mL ! 2 l + 1  Hl - mL ! Hl + mL !
Yl

mHJ, jL �

H-1Lp
H2 m - 1L !!

2 Π  H2 m + pL !
IsinHJL ãä jMm I1 - 2 w cosHJL + w2Mp�2

Cp
m+1�2 cosHJL - w

1 - 2 w cosHJL + w2

�; m Î N ì p Î N

Involving Clebsch-Gordan functions

The inverse Clebsch-Gordan series:

07.37.23.0008.01

â
k=maxHM-n2 ,-n1L

minHM+n2 ,n1L Xn1 n2 k M - k È n1 n2 L M\ Yn1

k HJ, jL Yn2

M-kHJ, jL �
H2 n1 + 1L H2 n2 + 1L

4 Π H2 L + 1L  Xn1 n2 0 0 È n1 n2 L 0\ YL
M HJ, jL �;

n1 Î N ì n2 Î N ì L Î Z ì M Î Z ì  n1 - n2¤ £ L £ n1 + n2 ì -L £ M £ L

Infinite summation

07.37.23.0009.01

â
n=m

¥ Yn
mHJ, jL wn-m

n! H2 n + 1L Hn - mL ! Hm + nL !
�

I-sinHJL ãä jMm

2m+1 Π m!2
0F1 ; m + 1; w cos2

J

2
0F1 ; m + 1; -w sin2

J

2
�;

m Î N ì n Î N ì J Î R ì j Î R ì  w¤ < 1

07.37.23.0010.01

â
n=m

¥ Hn - m + pL !

H2 n + 1L Hn + mL ! Hn - mL !
Yn

mHJ, jL wn-m �

p!

2m+1 Π m!

I-sinHJL ãä jMm

H1 - w cosHJLLp+1
2F1

p + 1

2
,

p

2
+ 1; m + 1; -

w sinHJL
1 - w cosHJL

2 �; m Î N ì p Î N ì J Î R ì j Î R ì  w¤ < 1

07.37.23.0011.01

â
n=m

¥ Hn + m - pL ! Hn - m + p - 1L !

n! H2 n + 1L Hn - mL ! Hn + mL !
Yn

mHJ, jL wn-m �

H2 m - pL ! Hp - 1L !

2m+1 Π  m!2
I-sinHJL ãä jMm

2F1 p, 2 m - p + 1; m + 1;
1 - w - 1 - 2 w cosHJL + w2

2

2F1 p, 2 m - p + 1; m + 1;
1 + w - 1 - 2 w cosHJL + w2

2
�; m Î N ì p Î N ì p £ 2 m ì J Î R ì j Î R ì  w¤ < 1
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07.37.23.0012.01

â
n=m

¥ Hn - mL !

H2 n + 1L Hn + mL !
Ln-m

2 m HzL Yn
mHJ, jL wn-m �

1

2m+1 Π m!
 

I-sinHJL ãä jMm

I1 - 2 w cosHJL + w2Mm+1�2

exp -
z w HcosHJL - wL

1 - 2 w cosHJL + w2
0F1 ; m + 1; -

z2 w2 sin2HJL
4 I1 - 2 w cosHJL + w2M2

�; m Î N ì J Î R ì j Î R ì  w¤ < 1

07.37.23.0013.01

â
n=m

¥

än-m
H2 n + 1L Hn + mL !

Hn - mL !
Jn+1�2HwL Yn

mHJ, jL �
w  I-w sinHJL ãä jMm

2  Π
ãä w cosHJL �; m Î N ì J Î R ì j Î R

07.37.23.0014.01

â
n=m,

Dn=2

¥

än-m
H2 n + 1L Hn + mL !

Hn - mL !
Jn+1�2HwL Yn

mHJ, jL �
w

2  Π
 I-w sinHJL ãä jMm

cosHw cosHJLL �; m Î N ì J Î R ì j Î R

07.37.23.0015.01

â
n=m+1,

Dn=2

¥

än-m-1
H2 n + 1L Hn + mL !

Hn - mL !
Jn+1�2HwL Yn

mHJ, jL �
w

2  Π
 I-w sinHJL ãä jMm

sinHw cosHJLL �; m Î N ì J Î R ì j Î R

07.37.23.0016.01

â
n=m

¥

än-m Jn+1�2HwL Yn
mHJ1, j1L Yn

mHJ2, j2L �
2 w

4 Π3�2  JmHw sinHJ1L sinHJ2LL ãä w cosHJ1L cosHJ2L ãä m Hj1-j2L �;
m Î N ì Jk Î R ì jk Î R ì k Î 81, 2<

Multiple infinite summation

07.37.23.0017.01

â
n=0

¥ â
m=-n

n

Yn
mHJ1, j1L Yn

mHJ2, j2L � ∆Hj1 - j2L ∆HcosHJ1L - cosHJ2LL �; Jk Î R ì jk Î R ì k Î 81, 2<

Representations through more general functions

Through hypergeometric functions

Involving 2F
�

1

07.37.26.0001.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 2F

�
1 -Λ, Λ + 1; 1 - Μ; sin2

J

2

Involving 2F1
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07.37.26.0002.01

YΛ
ΜHJ, jL �

1

2 GH1 - ΜL  
2 Λ + 1

Π

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 2F1 -Λ, Λ + 1; 1 - Μ; sin2

J

2
�; Μ Ï N+

07.37.26.0003.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L ãä j Μ

GHΛ + Μ + 1L
GH-ΜL

GH-Λ - ΜL GHΛ - Μ + 1L sin2J J

2
NΜ�2 cos2 

J

2

Μ�2
2F1 -Λ, Λ + 1; Μ + 1; cos2

J

2
-

sinHΠ ΛL GHΜL
Π sin2J J

2
NΜ�2 cos2 

J

2

-
Μ

2

2F1 Λ - Μ + 1, -Λ - Μ; 1 - Μ; cos2
J

2
�; Μ Ï Z

07.37.26.0004.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ 

1

Π
 
cos2J J

2
NΜ�2

sin2J J

2
NΜ�2  

2Λ HcosHJL - 1LΛ

GHΛ - Μ + 1L  G Λ +
1

2
2F1 Μ - Λ, -Λ; -2 Λ;

2

1 - cosHJL +

2-1-Λ HcosHJL - 1L-1-Λ

GH-m - ΛL  G -Λ -
1

2
2F1 Λ + 1, Λ + Μ + 1; 2 Λ + 2;

2

1 - cosHJL �; J Ï R ì 2 Λ Ï Z

07.37.26.0005.01

Yn
mHJ, jL �

H-1L m

2
HsgnHmL+1L ãä m j

 m¤! 2 m¤+1
 

H2 n + 1L Hn +  m¤L !

Π Hn -  m¤L !
sin2HJL  m¤

2
2F1  m¤ - n, n +  m¤ + 1;  m¤ + 1; sin2

J

2
�;

n Î N ß m Î Z ß  m¤ £ n

07.37.26.0006.01

Yn
mHJ, jL �

H-1Ln-m H-1L m

2
 HsgnHmL+1L H2 nL ! ãä m j

2 m¤+1 n!
 

2 n + 1

Π Hn + mL ! Hn - mL !

sin2 n-2  m¤ J

2
sin2HJL  m¤

2
2F1 -n,  m¤ - n; -2 n; csc2

J

2
�; n Î N+ ì m Î Z ì  m¤ £ n

07.37.26.0007.01

Yn
mHJ, jL �

H-1Ln-m H-1L m

2
HsgnHmL+1L ãä m j

 m¤! 2 m¤+1
 

H2 n + 1L Hn +  m¤L !

Π Hn -  m¤L !
sin2HJL  m¤

2
2F1  m¤ - n, n +  m¤ + 1;  m¤ + 1; cos2

J

2
�;

n Î N ß m Î Z ß  m¤ £ n

07.37.26.0008.01

Yn
mHJ, jL �

H-1L m

2
 HsgnHmL+1L H2 nL ! ãä m j

2 m¤+1 n!

2 n + 1

Π Hn + mL ! Hn - mL !
cos2 n-2  m¤ J

2
sin2HJL  m¤

2
2F1 -n,  m¤ - n; -2 n; sec2

J

2
�;

n Î N+ ì m Î Z ì  m¤ £ n
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07.37.26.0009.01

Yn
mHJ, jL �

H-1L m

2
HsgnHmL+1L ãä m j

2 m¤+1  m¤!
 

H2 n + 1L Hn +  m¤L !

Π Hn -  m¤L !
cos2 n-2  m¤ J

2
sin2HJL  m¤

2
2F1  m¤ - n, -n;  m¤ + 1; -tan2

J

2
�;

n Î N ß m Î Z ß  m¤ £ n

07.37.26.0010.01

Yn
mHJ, jL �

H-1Ln-m H-1L 1

2
m HsgnHmL+1L ãä m j

2 m¤+1  m¤!
 

H2 n + 1L Hn +  m¤L !

Π Hn -  m¤L !
sin2 n-2  m¤ J

2
sin2HJL  m¤

2
2F1  m¤ - n, -n;  m¤ + 1; -cot2

J

2
�;

n Î N ß m Î Z ß  m¤ £ n

Through Meijer G

Classical cases

07.37.26.0011.01

YΛ
ΜHJ, jL � -

sinHΠ ΛL
Π

 
2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 G2,2

1,2 -sin2
J

2

Λ + 1, -Λ
0, Μ

�; Λ Ï Z

07.37.26.0012.01

Yn
ΜHJ, jL � -

1

Π
 

2 n + 1

4 Π
 

GHn - Μ + 1L
GHn + Μ + 1L ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 lim

Ν®n
sinHΠ ΝL G2,2

1,2 -sin2
J

2

Ν + 1, -Ν

0, Μ
�; n Î Z

Through other functions

Involving Legendre functions

07.37.26.0013.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ PΛ

ΜHcosHJLL
07.37.26.0014.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π
 

GHΛ - Μ + 1L
GHΛ + Μ + 1L ãä j Μ H-cosHJL - 1L-

Μ

2 HcosHJL + 1LΜ�2
PΛ

ΜHcosHJLL
Involving some hypergeometric-type functions

07.37.26.0015.01

YΛ
ΜHJ, jL �

2 Λ + 1

4 Π

GHΛ + 1L
GHΛ - Μ + 1L GHΛ + Μ + 1L ãä Μ j cos2

J

2

Μ�2
cot2

J

2

Μ�2
sin2

J

2

-
Μ

2

tanΜ
J

2
 PΛ

H-Μ,ΜLHcosHJLL
07.37.26.0016.01

YΛ
ΜHJ, jL �

2-2 Μ-1 ãä Μ j 2 Λ + 1 GJ 1

2
- ΜN GHΛ + Μ + 1L

Π GHΛ - Μ + 1L  csc2 
J

2

Μ�2
sin2

J

2

-
Μ

2

tanΜ
J

2
 CΛ+Μ

1

2
-ΜHcosHJLL
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Representations through equivalent functions

With related functions

Involving Wigner-D functions

07.37.27.0001.01

Yn
mHJ, jL �

2 n + 1

4 Π
D0,-m

n H0, J, jL �; n Î Z ß m Î Z

07.37.27.0002.01

Yn
mHJ, jL � H-1Lm

2 n + 1

4 Π
D0,m

n H0, J, jL �; n Î Z ß m Î Z

07.37.27.0003.01

Yn
mHJ, jL � H-1Lm

2 n + 1

4 Π
D-m,0

n Hj, J, 0L �; n Î Z ß m Î Z

07.37.27.0004.01

Yn
mHJ, jL �

2 n + 1

4 Π
Dm,0

n Hj, J, 0L �; n Î Z ß m Î Z

Zeros

When Yn
mHJ, jL is not identically zero, it possesses a finite number of zeros in the interval  0 < J < Π, all of which

are nondegenerate. 

For integers m and n with n ³  m¤, the function Yn
mHJ, jL has n -  m¤ zeros in the interval  0 < J < Π. If m ¹ 0, there

are also two more zeros at  J = 0, Π. All of these zeros are symmetric about  J = Π � 2.

Theorems

Eigenfunction to the angular part of the Laplace operator in spherical coordinates 

The function Yn
mHJ, jL is an eigenfunction to the angular part L2of the Laplace operator in spherical coordinates

-L2 � 1

sinHJL2
 ¶2

¶j2
+ 1

sinHJL  ¶
¶J

 IsinHJL ¶
¶J

M with eigenvalue n Hn + 1L.
Eigenfunction of the z component of the quantum mechanical angular momentum 
operator

The function Yn
mHJ, jL  is  an eigenfunction to the z-component  of  the quantum mechanical  angular  momentum

operator L
`

z = -ä ¶ � ¶j with eigenvalue m.

Eigenfunctions of the curl operator in spherical coordinates
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The  function  uHr, J, jL � Λ r � Ñ ΨHr, J, jL + Ñ � Hr � Ñ ΨHr, J, jLL  with  ΨHr, J, jL � gHrL Yn
mHJ, jL  and

gHrL � 2  ä

Λ n Hn+1L  Kc1 
Jn+1�2HΛ rL

Λ r
+

Yn+1�2HΛ rL
Λ r

O   are  eigenfunctions  of  the  curl  operator  in  spherical  coordinates

Ñ �uHr, J, jL � Λ uHr, J, jL.
Multiple expansion theorem

Any function f HJ, jL that is square integrable over  0 £ J £ Π, 0 £ j £ 2 Π can be expanded in a series of spherical

harmonics Yn
mHJ, jL, with series coefficients  an,m called the multipole moments:

f HJ, jL � â
n=0

¥ â
m=-n

n

an,m Yn
mHJ, jL �; an,m � à

0

2 Πà
0

Π

sinHJL Yn
m HJ, jL f HJ, jL â J â j.

History

A.M. Legendre (1785); P.S. Laplace (1785) gave the name “spherical harmonic”;  K.F. Gauss (1828).
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