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Notations

Traditional name
Spherical harmonic function
Traditional notation

Yy (8, ¢)

Mathematica StandardForm notation

Spheri cal Harmoni cY[A, u, ¢, ¢]

Primary definition

07.37.02.0001.01

22+1 yI@A-pu+1
Yy, @) = / 2 91 PLcos®) i ~AeNAueZ AL <|ul)
T

VIQA+p+1

07.37.02.0002.01
Y9, ©)==0/;neNAmMeZAn<|m

Specific values

Specialized values

For fixed A, u, ¢

07.37.03.0001.01
Y8, 0) = e 1Y (9, ¢)
For fixed A, u, ¢

07.37.03.0002.01
Y/ (©0,¢)=0/;Re(u) <OAu ¢ Z

07.37.03.0003.01
Y0, 0)==0/;neNAmeZAm=nAm=+0

07.37.03.0004.01
Yy, )= /; Re(u) <O\ p ¢ Z
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07.37.03.0005.01
Y (m, ¢)=0/;neNAmeZAm <nAm=#0

07.37.03.0006.01
Y (-7 ¢) =% /;Re(u) <O\ p ¢ Z

07.37.03.0007.01
YPkr, ¢)=0/;neNAmeZAm=nAm+0AkeZ

07.37.03.0008.01

((n+m+ 1) mod 2) nemo 2n+H(n+m-DHN'(Nn-m-D!

/e
Y;"(—,<p)==—(-1)z eime ineNAMeZAlm <n
2 2 rM+mn-m!

07.37.03.0009.01

T ((n+m+1)mod2) mmo 2n+H(n+m-DHN'(Nn-m-1!
Y,T(——,(p)::—(—l)z etme /ineNAmeZA|lm <n
2 2 am+m!!nh-m!
For fixed A, &, ¢
07.37.03.0010.01
o 21+1
Y (0, )= | —— Py(cos(®))
4rn
07.37.03.0011.01
N efAV21+1 VI
Yi(d, ¢) = (cos(d) Py (cos(d)) — P_1(cos(6)))

2

4vVr VT +2) \/cosz(%) \/gnz(ﬁ)

07.37.03.0012.01
N V2A+1 . Lo A2
Yi (9, ¢) = ¢ sin(9) B,

2
24\ T(=)VTRA+ 1) "(;
07.37.03.0013.01

D"V E2n+ 1! eien

2
Y0, ¢) = s’ /ineN

2"1yr n!

07.37.03.0014.01
Y, ¢)=0/; -neN*

)(—/\, -0 ;€N

07.37.03.0015.01
Y/{‘+1(0,¢)::06/;A¢Z/\_,\_%$N
07.37.03.0016.01
YI9, ) =0/ neN
07.37.03.0017.01

A 21+1 VI@A+D e™' | p
Y, (0, 9) = sin“(d)
n 2¥1IrA+1)
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07.37.03.0018.01

V2n+ 1! et

“n .o N2
YN, ¢) == ———————sin’(®)  /;neN
2%intvr
07.37.03.0019.01
YN0, 9) =0/, 20 ¢ N
07.37.03.0020.01
YA, 9) =0/, meN* A—m-1-21 &N
07.37.03.0021.01
Y "¢, ¢)=0/; -ne N*
07.37.03.0022.01
Y0, @) =0/; -neN" AmeN*

07.37.03.0023.01

m+21+1
Y/{Hm(ﬂﬂp):&o/;meNJ'/\)LeEZ/\—TeEN

07.37.03.0024.01

Y9, ¢)=0/;neN AmeN*
07.37.03.0025.01

Yo ™M@, ) ==0/; -ne N* AmeN*

For fixed u,d,¢

07.37.03.0026.01
1
Y@ @) =0/p+ S EN
2

07.37.03.0027.01

. S\H2 . §\~H/2
e““"cosz(%) smz(%)

Yg((}l, ¢ ==

2Vr NTA-p) VT(u+1)
07.37.03.0028.01

3 v - o3 ()

2

Yf(d, (10 ==

2Vr VT2—p) VT +2)
07.37.03.0029.01

VB e (30080) ~ 3 costd) + 2~ 1) cos? (2 sin(2)
H —
YL@, @) =

2Vr VT@—p) VT +3
07.37.03.0030.01

V7 ¢ (15008(9) - 15 u cos*(d) + (6 42 — 9) cOS(9) — i (142 - 4)) cos? (g)“/ ’ sir’(
Y30, ¢) =

¢ —H2
2

Van NT(@4-p VI@+p
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07.37.03.0031.01
Y, (9, ¢) =

§ w2 g —p/2
[3 ¢'#¥ (105 cos’(¢) — 105 p cos*(¢) + 45 (u? — 2) cos*(¢) — 5 (2 p* — 11) cos(d) + p* — 10 44 + 9) cos? [5] sjnz[i) ] /

(2vr V16— {rE+m

07.37.03.0032.01
YE(S, ) =

[ 11 '##(945 cos’(¢) — 945 1 cos’(d) + 210 (2 u® - 5) cos*(¢) — 105 pu (u? — 7) cos*(9) + 15 (u* — 13 p? + 15) cos(d) —

2

é Hi2 ¢ —u/2
ﬂ(ﬂ4—20p2+64))c032( ) sinz(g) ]/(2«/7\/r(6—m \/1"(6+/1))
07.37.03.0033.01

Y50, @) = | V13 eiH¥

(10395 cos®(¢) — 10395 1 cos’(¢) + 4725 (u? — 3) cos*(¥) — 630 (2 u? — 17) p cos*(¢) + 105 (2 p* — 32 i + 45) cosX(d) —

G2 3\ "z
21(/14—25#2+99)uc08(0)+ﬂ6—35;14+259/42—225)cosz(5] sinz[(g] /(zx/F\/m—m \/r(u+7))

07.37.03.0034.01
Y5(8, ¢) == |y 15 ¢'## (135135 cos’(¢) - 135135 y cos’() + 31185 (2 ? — 7) cos*(¢) — 17325 yt (2 — 10) cos(¢) +

1575 (2 pu* — 38 u? + 63) cos*() — 189 u (2 u* — 60 i + 283) cos*(¢) + 7 (4 u® — 170 u* + 1516 p* — 1575) cos(d) —

¢ w2 g —u/2
#(ﬂ6—56,u4+784p2—2304))0052[5] sinz[g] ]/(2«/? VI@-m Tu+8) )

07.37.03.0035.01
Y58, ¢) =

[ 17 '#¢ (2027025 cos’(¢) — 2027025 p1 cos’ (¢) + 945945 (12 — 4) cos®(¥) — 135135 (2 u® — 23) p1 cos’(¢) + 51975

(u* - 22 4 + 42) cos(9) — 3465 (2 u* — 70 1 + 383) 1 cOS*(¢) + 315 (2 4° — 100 * + 1043 i” — 1260) cos*(¢) —
9(4 u® — 266 1* + 4396 u? — 15159) p1 cOS(I) + p® — 84 48 + 1974 * — 12916 % + 11025)

cosz(g)ﬂ/z sinz(g]_#/z)/(Z\/? \/F(9—,u) \/F(ﬂ +9) )
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07.37.03.0036.01
Y5 (9, ¢) =

[ 19 ¢'#¥ (34459425 cos’(¢) — 34459425 11 cos’(¢) + 8108100 (2 — 9) cos' () — 4729725 1 (u? — 13) cos’(d) +

945945 (1u* — 25 112 + 54) cos™(¢) — 135135 p1 (u* — 40 p? + 249) cos*(9) +
6930 (2 u® — 115 u* + 1373 14® — 1890) cos*(¢) — 495 1 (2 u® — 154 * + 2933 s® — 11601) cos*(¢) +
45 (1® — 98 1® + 2674 pi* — 20217 ;i + 19845) cos() — p1 (1 — 120 4® + 4368 i* — 52480 12 + 147 456))

cosz(a)ﬂ/2 Sinz(g]_#/z)/(Z Vr \/ (10— p) \/F(/J +10) )

2
07.37.03.0037.01
Yio(@, ¢) =

[ 21 ¢'#¥ (654729075 cos'%(d) — 654729075 1 cos’(¢) + 310134825 (u? — 5) cos (1) — 45945900 (2 * — 29) p cos’(¢) +

9459450 (2 p1* — 56 2 + 135) cos’(¢) — 2837835 (u* — 45 p? + 314) pu cos* (&) +

315315 (u® — 65 " + 874 1> — 1350) cos’(¢) — 12870 (2 u® — 175 u* + 3773 > — 16830) p cos*(d) +
1485 (1B — 112 ® + 3479 u* — 29828 % + 33075) cos*(8) —

55 (18 — 138 u® + 5754 y* — 78877 p? + 251865) 1 cos(d) + p'° — 165 ® + 8778 1u® —

g 12 g —p/2
172810 u* + 1057221 1% — 893025) cosz(g] Sinz(i] ] / (2 Va Tl - |/Tw+1D )

07.37.03.0038.01

2n+1 VT—p+1) A AU G N R A
YA (3, @) == e‘“’“cosz[—] sin [—] ——din [—]/;neN
4r Th+p+1) 2 2 oo T(k—u+1)k! 2

07.37.03.0039.01
1-2n T(A-n-p) " GV e\l () (1- ), 9
cosz[ ] sjnz[ ] —sinz"[—]/;neN+
4 VTA=n+p) oo T(kK—pu+1)k!

2
07.37.03.0040.01
Y3, ¢)=0/;neNAmeN" " An<m

YEA (O, @) =

07.37.03.0041.01

53] (c1k 22k (n -k + 1) cos™25(9)
s cos ™) Z ( 2) /:

(~pm2rteftem | (2n+1) (n—m!

le'ln(& 90) ==

T n+m! ‘o KIT(n—-m-2k+1)
neNAmeNAmM=<n
For fixed A,¢
07.37.03.0042.01
o V1i+22
Yy (0, ¢) == —— /; A & N*
2Vn
07.37.03.0043.01
k 2n+1
Yo(er, ¢) == (1" 2z Likez

4
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For fixed ¢, ¢
07.37.03.0044.01
o 1
Yo (@, ) = ——
2V

07.37.03.0045.01
1 [3
Y49, @) = Ee-w | - v sin?(®)
T

07.37.03.0046.01

o 1 /3
Y20, @)=~ [~ cos(®)
2\«

07.37.03.0047.01
1 3
Yi0 @) =——e¥ [ — V sn’(®)
2 2n
07.37.03.0048.01

1 15
Y528, )= — | — e2¢sn’(9)
2 4 2

07.37.03.0049.01

. 1 15 —
Y5 (&, @) == Ee Ly 2— cos() V sin“(¢)
Ve

07.37.03.0050.01

o 1|5

Y, (¢, ¢ ==§ — (Bcos2%) +1)
T

07.37.03.0051.01

. 1 |15 —
Y509, ¢) =——¢€'¥ | — cos®) \ sin“($)
2 2n

07.37.03.0052.01

1 15
Y300, 9) =~ | — e?i¥sin’(@)
2 4 2

07.37.03.0053.01

1 ) 35 32
Y320 9) = e [ — sn'o)
v/

07.37.03.0054.01

1 |105 , L
Y329, ¢) = — | — e 2% cog() Sin“(¢)
4 2n
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07.37.03.0055.01

1 [z —
Y319, ¢) = — e ¢ | — (5cos2¢) +3) Y sin“($)
16 n

07.37.03.0056.01

o 1 7
Y5(d, @) = E ; (3cos) + 5cos(3 %))

07.37.03.0057.01

L 1 |21 —
Y3((9,tp)::—1—6@‘w ;(5cos(20)+3) sin“(¢)

07.37.03.0058.01
1 [105 .
Y29, ¢) = — | — &% cos(®) Sin“(¢)
4 2n

07.37.03.0059.01

07.37.03.0061.01

3 |3 ) 32
Y, 30, @) = . / = e3i¢ cogd) Snt9)
Vs

07.37.03.0062.01

Y28, ¢) = / e 7?1 (7cos’($) - 1) s n2()

07.37.03.0063.01
Y 4, ¢) = / e cog(®) (7 co () - 3) V sin“(®)

07.37.03.0064.01

Y0, ) = (35 cos(®) — 30 cosX(¥) + 3)

16vVn

07.37.03.0065.01
3 |5 —
Y4, ¢) =g o @) (7 cosX(@) - 3) V sin’(9)
Ve
07.37.03.0066.01

3 |5
Y20, 9) == | — &*'¢(7Tcos(¥) - 1) sin’(9)
8\ 2r
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07.37.03.0067.01

3 35 ) 312
Y0 0= - | = ¢ costo) sn’@)
Ve

07.37.03.0068.01

3 35 .
Yi0, )= — | — e*¢sin'(9)
16 2n

07.37.03.0069.01

3 77 . 5/2
Y528, @) = = N — e 2t sinz(d)/

07.37.03.0070.01

3 |38 »
Y40, @)= — | — 4% cos(®) sin*(®)
16 2n

07.37.03.0071.01

385
= 39 (900() - 1) SN°W)

Y538, ) !
J, = —_—
s DO o\ &

07.37.03.0072.01

1155

1
Y520, ¢) = S 721 cos(9) (3 cos(8) — 1) sin(9)

07.37.03.0073.01
o 1 1
Yo(d, ¢) = T\ (63 cos’(¢) — 70 cos* (&) + 15 cos(d))
T

07.37.03.0074.01
1 [165
Yo o) = o €'¢ (21.cos!(9) - 14.cosX(@) + 1) \ sSin*(®)
v

07.37.03.0075.01

1 [ 1155
V5@, )= o - €?1¢ cos(9) (3cosX(@) - 1) sin’(9)

07.37.03.0076.01

1 /385
Y3, p)=—— | — e3iv(9cosz(0)—1)sin2(0)3/2

32 b

07.37.03.0077.01

3 |38 »
Y0, 9) = — | — €**¥ cog(@) sin*(9)
16\ 2r
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07.37.03.0078.01
3 [77 52
Yo, @) = —— | — ¢ sin’(®)
32 b/d

General characteristics

Domain and analyticity

Y18, ¢) isan analytical function of A, y, ¢, ¢ which is defined over C*.

07.37.04.0001.01
Axpxdsp)—Yr (@, ¢)::C*—C

Symmetries and periodicities

Parity
07.37.04.0002.01
VI—2X TA-1-w T+ p
YA, @) = Y1 (&, )

V21i=1 Td-1+p TA-p

07.37.04.0003.01
Y™, ) = (-D)Me 2 MY, ) ;neNAMe ZA|m <n

07.37.04.0004.01
Yy (=8, 9) = Y,(8, ¢)

07.37.04.0005.01
Yy (@, —p) = e 2 Y (9, ¢)

07.37.04.0006.01
Y0, —¢) = (-D)™Y;"(d, ¢) neNAme ZAlm <n

07.37.04.0007.01
YR(=d, =) = (=DM Y, ", ¢) fneNAMe ZAIm <n

Mirror symmetry

07.37.04.0008.01
Y, 0) = (D)"Y, o) ineNAmeZ Alm=nAdeRApeR

Periodicity
Y18, ¢) isaperiodic function with respect to ¢ and ¢ with periods 2 7 and 2/ u respectively.

07.37.04.0009.01
Yy (@0 +2nk @)=Y ¢) /i keZ

07.37.04.0010.01

21k
Yf[(?,(p+—)::Yf((9v <P)/;k€Z
u

Phase shifts
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07.37.04.0011.01
Y@, o+m)=(D"Y](¢, ¢) /;meZ

07.37.04.0012.01
Y-, ) = (=D™MY™, ¢) ;neNAmMe ZAm <n

07.37.04.0013.01
Yz -9, o +m) = (-D"Y, ¢)/;neNAMe ZA|m <n

Poles and essential singularities
With respect to ¢
For fixed A,u,9, the function Y; (¢, ¢) has only one singular point at ¢ = . Itisan essential singular point.

07.37.04.0014.01
Sing (Y} (¢, ¢)) == {{&, oo})

With respect to ¢
For fixed A, ¢, u /; % ¢ Z, the function Y{'(¢, ¢) does not have poles and essentia singularities.
07.37.04.0015.01
Sing (Y0, 0) =11 5 ¢ 2

u

For integer A and integer 7, the function Y8, ¢) is polynomial and has pole of order A at cos(¢) = & (for A e N*)

or order —A — 1 at co(¢) = oo (for —A € N*).
07.37.04.0016.01
Sing(Yy (¢, @) = {0, A}} /; g ez /\ AeN*
07.37.04.0017.01
M
Sing, (@, @) =&, A= ; e Z [\ -1 ent
With respect to p

For fixed A,8,¢, the function Y4 (¢, ¢) has only one singular point at u = . Itisan essential singular point. .

07.37.04.0018.01
Sing, (Y} (¢, ) = ({0, co}}

With respect to A

For fixed u,d,¢, the function Y£'(¢, ¢) has only one singular point at A = . It isan essential singular point. .
07.37.04.0019.01
Sing, (Y) (0, ¢)) = {0, co}}
Branch points

With respect to ¢
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For fixed A, 1,9, the function Y} (¢, ¢) does not have branch points.

07.37.04.0020.01
BP(Y) 0, ) =1}

With respect to ¢

For fixed generic A, ¢, u /; % ¢ Z, the function Yf (¢, p) has the set of branch points where: cos(d) == -1,
cos(¢¥) == 1land cos(¢) == . For fixed ¢, noninteger A and integer g the function Y){’ (¢, ) has the set of branch
points where: cos(¢) == —1and cos(¢}) == co. For fixed ¢, integers A and integers % the function Y; (¢, ¢) does not
have branch points.

With respect to u

For fixed A,0,¢, the function Y4'(¢, ¢) has infinitely many branch points: u==A+n/;neN*; u=-1-n/;neN* and
u == co. All these are power-type branch points.

07.37.04.0021.01
BP(V @, @) ={{A+n/ineN} {-A-n/ineN}, &

07.37.04.0022.01
Ru(Yy (0, @), A +n)=2/;neN?

07.37.04.0023.01
Ru(Yy (0, @), ~A=n)=2/,neN*

07.37.04.0024.01
R(Y) (¢ ¢), &) = log
With respect to A

For fixed ud,, the function VY)(¢ ¢) has infinitly many branch points:

A=p-n/;ineN"; A=—u—-n/;neN*; A= —% and u == . All these are power-type branch points.

07.37.04.0025.01

1
BP(Y (6, ¢)) = {{ﬂ -n/ineN*} {~u-n/ineNt}, - > (5'0}

07.37.04.0026.01
R} (@, @), p+n)=2/;neN*

07.37.04.0027.01
RUY) (@, ¢), —p—n)=2/;neN’

07.37.04.0028.01
1
R,\[Y;‘(a, ©), ——) =2
2
07.37.04.0029.01

R(Yy (8, @), ®) = log

Branch cuts
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With respect to ¢
For fixed A,u,d, the function Y{‘ (¢, ¢) does not have branch cuts.

07.37.04.0030.01
BC,(Y, 0, 9) =1}

With respect to ¢

For fixed generic A, ¢, u /; g ¢ Z, the function Y4'(8, ¢) is a single-valued function on the ¢-plane cut along the
intervals —co < cos(d) < —1 and 1 < cos() < co.

For fixed ¢, noninteger A and integer g the function Y} (¢, ¢) is asingle-valued function on the ¢-plane cut along
theinterval —co < cog(¢) < —1.

For fixed ¢, integers A and integers g the function Y;' (¢, ) isapolynomial and does not have branch cuts.

Series representations

Generalized power series

Expansionsat sin(3) == 0
07.37.06.0001.02
. u
2041 YTA-p+D) e 9\3( 1 QA-pp+210A+D) (0
sn — - sinl — |+
4n ’F()L+y+l) 2 ra-w 2T (2 - p)

2
(=542 +2-2) 2 +BAA+D-DHu+4A-DAA+DA+2) 4[0] ]/ ( [0] ]
sin —...|/; 19N -

8T (3 ) 2

YY (9, ¢)

07.37.06.0002.01
: K
20+1 VT@A-p+1) e (g -2 ok (FDj @A+ (_E)k—j o g
%(J : —— %[]ﬂw&)
a VIQA+p+1) 2) Qi ll-p+Djlk-)! 2

07.37.06.0003.01
X H
20+1 YTQA-p+1) &% (9y2 R AN o ¢
sin 1Fo N[ =[[2Fy -2, A+1;1—py; SN —

ar VIQ+p+1)

Fo|-=:;d
2
07.37.06.0004.01

20+1  T@A-p+1) &9 oYz 8 ¢
Yf(&, @) = i sinz[—] ’ [1+O[sin2[5]]] /i [sin[g)eo)/\pe,t_l\l*

AT ra— AT+

Yy (0, ) = <1

2

YY (9, ) =

2

07.37.06.0005.01
2n+1  T(h—pu+1) &“H VPO M+ Dy (0
YA, @) == cos? - &§nY-
arn SIr(k—p+ k! 2

> )/;neN

Tn+u+1 sinz(%)’"’/2
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07.37.06.0006.01

2n+1) (Mm+n)!

Y@, ) = (1"

#\" n (=n),(N+1 &
Wmtan[g] sin2(0)”vzsin(0)‘m Msi [

4 (n—m)! o (k+m!k! 2

07.37.06.0007.01
@2n+1)(n—m! 9\2K

m 0 (MmN + Dy

) . my2
£HPM M1 g2(9) Z
7 (m+n)! 0 (k+m)! k!

07.37.06.0008.01

DM+ D (0K
YI(, @) == (1) Tem M Pem Sn[

2n+ 1) (m+n)! _Mm mH
@nebmEm! et gy 3
a(n-m! o (k=m)! k!

07.37.06.0009.01
1-2n T -n-p) & GV (n), (1—n)y ¢
YA (8, @) \/ cosz( ] 7sin2k(—)/; nenN*
A Sr(k—p+ k!

2 2

TA-n+p) sinz(%)ﬂ/z

Expansions at cos( g) =

07.37.06.0010.01

2n+1)(n—m)
YR, @) = (=™

neNAmeZA|m <n

07.37.06.0011.01

2n+ 1) (m+ny!
Y9, @) = (-1)" ( A )

k=0
neNAmeZA|Im =<n

07.37.06.0012.01

m
2

2n+H)(n-m! d d o) ’T
& e“/’ms'nm[_)cogn[_]c&z[ ]
4 (m+n)! 2 2 2

neNAmeZAjm <n

Ya'(d, ) = (=1™"

07.37.06.0013.01

2n+1) (m+ny!
YR8, @) = (=1)"

neNAmeZA|m <n

Expansions at tan(%) ==

2k
n —] ineNAmeZAlm <n

n E] ineNAmeZAlm <n

5] ineNAmeZA|lm <n

—m)! IVE(0VE (9) (~M(n+1
_— e“’”‘cscz((—) sinz[—) tanm((—)Z—( (0 D cos[
4z (m+n)! 2 2 2)& k—mytk!

(I d) 2 ¢\ 2 ¢\ I (=N (n+1) ¢
4r(n—m)! 2 2 2 (K+m)!k! 2

o ( r])k+m (n + 1)k+m

[] = (k+m)'k'

) upmcscm(ﬂ]wcm(d]cscz((’)_g ( )_g plasl ( n)k—m (n+ 1)k_m o
- " ¢ _ ” MmN Diem
4ar(n—m)! 2 2 2 o (K—m!K!
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07.37.06.0014.01

m

m 2n+1 ¢ ¢\ 2
YT(S, @) = (=1)z O piem | 2 vV (Mm+n)!(n-m! n!cosZ”[E]cscz(—] i
Vs

2

NCANER= (=D)K &
sin (_) tan2k+'m'[—)/; neNAmeZAlm=n
2)  HklKk+Im)(n-k!(n-|m-k! 2

Expansions at cot(g) ==

07.37.06.0015.01

m ) 2n+1 ¢
YIS, @) == (=1)z MWD pime | " V+m!n-m! n! sinzn(a] csc?
T

¢ _g ¢ _g -l
2 2) ¢

Expansionsat sin(¢) == 0

3

(-1
K!'(K+m)!'(n=-Kk!(n-

i}
” cot?k+Im > ineNAmeZA|m <n
[m =k)!

I
o

07.37.06.0016.01
+1 0 k+n)! 2k-1n sn?(@)
Z (_1)k+m
(=k+m! 2K k=m)!K+m)!

k=|m|

2n
Y@, @) Ya'(d, —¢) =

T

Expansionsat cos(¢) == 0

ineNAmMeZAm <n

nem2k (N+ M+ 2k — 1)1 cos?($)

2k)!

tan?X(®)

07.37.06.0017.01

i 2n+1)(n-m)! 0-; ¢ "§ =z
Y9, ) == €M | —————— s§in"(©¥) cscz[—] sinz(—] Z -z

Am)(n+m! 2 2 o mod2 (n-m-=-2k!
= (- ez
neNAmeZAlm <n
Expansions at tan(¢) ==
07.37.06.0018.01
m m h—-(n-mymod2 2k+m

_ 2n+H(n+m)!(n—m)! ¢\ 2 ¢\ 2 2 -1 2

YOI, @) = '™ cos'@escq — | sin? -
4 2 2
k=
neNAmeZA|m <n
Expansionsat cot(¢) == 0
07.37.06.0019.01

) 2n+H(+m!n-m! d ‘;

Y9, ) =e'#™ sin”(9) cscz(—]
4 2
m n—|m n+m-2k
» o\ 2 2 (-1 2 COtZk((9)
sin’| — ineNAmeZAm <n
2) | _dmmes (MM=201 (N-m-2k1! (2!

2

Expansionsat ¢ == 0

o k+mi@k-m!l (n-2Kk)! f
2
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07.37.06.0020.01

20+1 Y T@A-pu+1)

COENES o gion (g2) 12

T JTA+u+1)
1 1( 32+ 1 1 (30AA+D(u+1) 45Q-DAQA+1A+2) 7-54

+—(— + ](92 + [ + + o+

rA-p 12\ T@-w TI(-w 1440 re-w rc-pw [(=p)
1 63 N A+1)A+u(B+50) M5A-DAA+D)A+2)(u+2)

362830 | r@-p) - TG3-p) -

MEA-DAQ+DA+2(A%2+1-6) 124+ 7u(5u-21

( )+ nok=2h #® +0(¢%)|/; (0> 0)
INCED) (=)

07.37.06.0021.01

1 20+1 VT@A-pu+1)

Y0, @) o 2 gt (82) 2 (14 O(6R)) /; (9 > O A & N*

Fa-m Ar o Jra+u+1

Expansionsat ¢ ==«

07.37.06.0022.01

20+1 YyT@A-pu+1)
et

Y1 (0, ¢) o 2
oA+ u+1)
2°HT (- H-31A+1
[ ch (((9—n)2)“/2(1+”(”+ Josaar )((9—7r)2+(45)L?’(/\+2)—302L(,uz+;1+1)—
(A=) TA—p+1) 12(u+1)

1522 (242 + 20— 1) + p (53 + 2242 + 3L+ 14)) / (1440 (u + 1) (u +2) (0 - 1) +O(¢ - 1°) | -

O -n)2+

24 8n(A ) T(w) ((? 71)2)7“/2 (l+ B A+ +ud-pw
(9=
Vi

12(u-1)
(4523 (A +2)— A% (30p® =30 41— 15) = B0 (? — p + 1) + p (5 > = 22 4 + 31 pr — 14)) / (1440 (1 — 2) (u — 1))

@-m*+0(©e- n)e)]) L@->mApez

07.37.06.0023.01

20+1 YTA-p+D) W[ 24T
(4
4 /F()L+;1+1) Ir-A-prA-pu+1)

24 8n(A ) T(w)

Y3 (0, ¢) (- 71)2)”/2 (1+0(@-m?) -

(0-n2) " (1+0(@ - n)z))) L@->mAueZ

T



http: //functions.wolfram.com

16

07.37.06.0024.01

o sin(d) | 2A+1
Yy (8, )

3

©-m? A +1) , A(323+612+1-2)
log 1- @F-m+ ™

@ - +0(@0 - 71)6)] FYED+PA+ D) + 2y —

ra+D 1-2 A+2)+2y—2 la 2_ 1 604 (A +1)— 601 (W(1—2A A+2)+2y-2
[4 YA-D)+y@A+2)+ y_)+E)(_ﬂ)_%(_ @A+1)- YA-D)+yA+2)+2y-2)

(/\+l)—45(/1—1))t(7(+2)(w(2—)t)+1ﬁ(/\+3)+2y—3)(/\+1)+2)((9—7T)4+O(((9—7T)6)]/; ¢ - n)

07.37.06.0025.01

Y29, @) o .

sn(r ) 2/\+1[ [((‘}—n)z
log
T

(1+0((@ - %)) +¥(=1) + YA +1)+2y +O((¢ - 77)2)] /(0> m)

Expansions at cos(¢) == oo

07.37.06.0026.02
u
Y, (&, @)

) u/2
V22+1 \JTA—p+1) ¢ 0032(%) [ZA(cosw)—l)’L l“[/\ 1)[1 u—2 A-D)E-D)A+u-2) ]
-1+ + S

22T +pu+1) gnz(é)“/z TA-p+1) 1-cos®  (1-22)(1- cose))>
2

2
271 (z— 1)1 1 1+pu+d  C+0)A+pu+)2+u+d) (¢
—F( ) 1 + +...11/ sm[a]

>1\20¢z

-A—-—=[[1+
I(-A—p) 2 1 - cos(d) (3+22) (cos&) — 1)?

07.37.06.0027.01

/2
) V2a+1 JTA-p+1) eivn cosz(g)” 2 11+ 3) LS =Ny 2
Y\ (&, ¢) = (cos(¢) — 1) Z ( ) +
2 TA+pu+1) sinz(ﬂ)”/2 FA-p+1) o (=22)k! 11-cos(d)
2
23 o A+ 1y A+p+1) 2\ 9
M(cos(d)—l)lkz - k( ) /i sin[—] >1\20¢z
T(=X - ) S ea+2k! \1-coxo) 2

07.37.06.0028.01

/2
. V2A+1 \JTA—pu+1) e COSZ(%)# 2\ (cos(®) — N 1
Yy (8, @) == F[ ) (ZFl(ﬂ =A, =4 =24

A+ — A ))+
TrA-u+1 2 1 - cos(¢)

2
27T +p+1) sjnz(g)”/

P

2714 (cos() - 1)
(-

1
- —)(?_Fl(/\+1,)t+u+l;2/\+2;
[(—u—2A) 2

))]/;0$[R/\2)L$Z
1 - cog(&)
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07.37.06.0029.01

. w2
V2A+T AT -p+1) eier co(3)

Y, (0, ¢) o ”
27 TA+u+1) sin’(4)’
[ 2 cos\ () 1 1 2712 cog(¢) 1 1
71"(/1+ —) (1+ O( ))+ F(—)L— —) [1+O[—)) /i (jcos()| » o) A2A ¢ Z
TA-u+1 2 cos(¢) (=2 —p) 2 cos(¢)
07.37.06.0030.01
/2
e Hsin(r (L — ) SN ) V2A+ 1 [ TA—p+1) TQ+pu+1) cosz(%)#
Vi, ¢) = - (cos(®) - 17 —
A+l 2 3 . 2 g\H
o (A+ 1) A+ p+1), k
—(L//(k+1)—w(—k—/\—,u)—(//(k+)t+1)+¢(k+2/1+2))( ) +
o KI(@2A+2) 1 - cos(9)
& /2
2L gin(r (- )T+ + 1) L, 0 2 cos(d) — 1
(cos() — 1) Iog( )zFl()\+ LA+pu+1,21+2 ) +
AT(=)TRA+2) o9 \H2 2 1 - cos(®)
sn (5)
C /2
2 . co2(2)" 20 @a—kyt () 2
(cos(®) — 1) Z ( ) L2 +1eNAA-peZ
r@a+1 sinz(f)#/z o kI T(=k+ A —pu+1) \1-cos(d)
2

07.37.06.0031.01
e 22N+ 1 AT —p+1) /T +p+1) sinr(u— 1) cos™1(d)
mPT(=)T(2A+2)

YY (9, ¢)

cosz( %)u/z

. of $\H2
sin’(3)

cos(¥) 1
[log[ ]—y—lp(—A—m—l//(m1)+¢/(2A+2)](1+o(—))+
2 cos(®)

24 F(/\ + %) cos? g)#/z
— = cos'® (1 + o(
VaTA-p+1) sinz(i)"/z cos(d)

2

))/;Z/XEN/\)L—/JQEZ

07.37.06.0032.01
e~ LAY T TA-p+1) yTA+p+1D)
Y@, @) = (cos(#) - )~
VvV TRA+2)T(-1)

cosz(” "

2

7/22F1()L+1, )L+/J+1, 2A+2,
i

srf(3)

)/;2A+1eN/\y—)\eN*/\)L$N
1-cos(®)
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07.37.06.0033.01

/2
e n (22N A T TA-p+1) TA+p+1) coz(3)’ 1
Y3 (@, ¢) cos L) ——— (1 + o( ))
Vr TQA+2)T(=2) sinz(g )ﬂ/z cos(®)
2

(o) » o) A22+1eNAu—-A1eN" A1 gN

07.37.06.0034.01

. _ 12
. eiPr 11"(/1+ %)V2A+l | cosz(%) 1 (= Q) (=) 2 k
Yy (&, ¢) = (cos(¢) — 1) ’ o -
ﬂ\/F(ﬂ—/x+1) \/F()L+p+1) sinz(%)# o K!'(=22) \1-cos&
w2
(~DM"H2MI T+ o+ 1) L, oos(3)
(cos() — 1) (zFl()L +1LA+u+121+2; )) /i
[(=)TQRA+2) - 2f9\HI2 1 - cos(d)
sn’(3)
20+1eNAd-—pueZ N-2<u<i+1
07.37.06.0035.01
on 2 ir(ns Y V2ar T cos?(2)" 1
Y{(8, @) cos'(¢) - (1+ o( )] /;
”\/r(/\—,u+1) \/F()L+u+ 1) sinz(%)y/ cos(9)
(Icos(®)| > ) A2A+1eNAA-—pueZ A-A<pu=<A+1
07.37.06.0036.01
¢ H2
20+1 YTA-p+1)  (c1Mi cos’(3
YA, @) = £ier F(( ) TTCn (cos(®) - )~ L)MZ
T -—M - : b
VIQA+u+1) K snz(z)
N A+ D@r et D | cos -1 k+1 k-2 K+A+1 k+21+2 (
0 —_ —_ . —_ —
i k!'Cx+k+1)! [ g[ 2 )*’lﬂ( th-w mopler it Dyl " )] 1-cos(¥)
w2
2/1 F(/\ + % . COSZ(%) 21 (Iu — /\)k (_A)k 2 k (_1)2/\ 21—;1 S‘n(ﬂ A) F(l _ /J)
T (cos®) - 1) Z ( ) +
Va TA-u+1) Sinz(g)/‘/z =0 K!'(=21) \1-cos¢®) al@l-2-wTA-u+2)
2
cos?( 2 o
(cos(®) — 1yt —3F2(1, Ll -d—p+1 A= p+2; )/; 2 0+1eNAA-—peZ AA+u<0
. o 9 \M2 1 - cos(®)

sin(3)

k

| +
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07.37.06.0037.01

20+1 YyIT@A-pu+1) —1)21 cos(¢
Yy (@, @) e v D [Iog[ S(()]—w(—A—u)—w(A+1)+W(2A+2)—ar
n \/m [(-u-)TE)TRA+2) 2
(:032(%)“/2 1 2! F()L + %) cos?(2)"* 1
cos (9 ———— ( + ( )) + cos'(¢) (1 + O( )) +
Sinz(%)u/Z cos(#) \/7 TA-p+1) Sinz(g)#/z cos(¢)
9\H/2
(=)' 24 sin(r ) T(1 - ) cos?(3) 1
cog“ 1) —( o( )) /;
Al(-A—pu+)TA—pu+2) . o g\HI2 cos(®)
sin (5)
(lcos()| > o) A2A+1eNAA-—pueZ ANA+u<0
Integral representations
On the real axis
Of thedirect function
07.37.07.0001.01
1 27 )
YM(&, @) = 7\/(2n+1)(n—m)! (n+m)! (cos(¢) + i cos(t — @) sin@)" ™ dt ;neNAmeZA-n<m=n
47%23mn) 0

07.37.07.0002.01

) 2n+1 (n+m)! csc™@» 1 el
Y9, @) = (-1 &' M f Pa() (t —cos()™ " dt/;neNAmeNAmM=n
4 (n—-m)! (M-21)! Jeosw)

07.37.07.0003.01
Mmoo 1 pr
72 erm? \/(2n+ D+m!(n-m! —'f (cos(®) + i sin(®) cos(t)" cosxmt)dt s neNAme ZA|m <n

2n n! Jo

Y&, @) =

07.37.07.0004.01
L;m

1 27
\/(2n+1)(n+m)!(n—m)!

Y™, @) == -
n (@ 72 T Jo

(cos(®) +isin@ cost — )" ™ dt;neNAMeZAlm <n
4

07.37.07.0005.01

-nm (n+m! sn@®m g )
Y9, @) == &M | @2n+1) f(cos(0)+z?sin(¢9)cos(t))” Msnt)Mdt/;neNAmMeNAmM=N
2732 n-m! @2m-1! Jo

07.37.07.0006.01

2n+1 1

f et 3 tsind)t"dt/;neNAmeZ Alm <nAcosd) >0

YIS, ) = (-D)Me'™ \/
47 (n+m!(h-m! Jo

Involving the direct function

07.37.07.0007.01

> 2n+1 t 2

YR, )| = 2 fome(gsm(‘”) Lna®dt/ineNAMeZAIM=nAdeRApeRAO<sSN®) <1
T
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Multiple integral representations

07.37.07.0008.01

2n+1 (n+m!

Y&, @) = &t ™

47 (n—-m)!

m

m CoS(¢) t3 it
csc(d) f f f Pt dtydt, ... dtn/;neNAMeNAmM=nN
1 1 1

Integral representations of negative integer order

07.37.07.0009.01

(_ 1)n+m rn+1 0

2n+1)(n—-m!

Yr[|n(01 ¢) =

|

(n—m! Ax(n+m!

— 4 —

0
0

|

ay

-m1
manmr

zm /

r=vxX+y+7 /\x::rcos(ga)sin(é‘)/\yzzrsin(cp)sin(ﬂ)/\z:rcos(&)/\neN/\meN/\msn

07.37.07.0010.01

2n+1)(n+my!
ErrDOr M ime gr)

4x(n—m)!

2n+1)(n-m)!

4 (n+m)!

07.37.07.0012.01

eime

on+l \/?

z=coSsH AneNAmeZA|lm=n

2n+1 ¢

2

YIS, @) == cosm[

n-m!n+m!

07.37.07.0013.01

(_ 1)m ei me
o+l \/;

z==coSH AneNAmeZAlm=n

" 2n+1
Yn (01 (P) =

(M=m!n+m!

07.37.07.0014.01

2'M¢ sin?(6)2

d
cos"‘( —) cosz[
2 2

m gh-m
2

(Z

a7

m am—m(zz

_1)

7m/;z::cos(é‘)/\neN/\meZ/\|m|sn

_1)
/iz==cos ) AneNAmeZAlm <n

azm-m

o o

¢

a7

|

¢

-3 O ((z+ D™ z- )
/.

-3 O ((z+ D™ (z- 1)

J |

20+1 VrA-m+1) , m - 0"P\(2)
YO, ¢) = 274 e Sin™(9) /;Z==cog¢) AmeN
4 VTQ+m+1) oz"
07.37.07.0015.01
en+hH(+m! ™ 1 (A -1)
Y&, @) == ' - " — liz=cosSH AneNAmeZAlm<n
Ar(n—m)! 2"n! sinz(&) oz
07.37.07.0016.01
@n+DM-m! &m g M(Z - 1)
YR, @) = (-1 n¥) ——————/,z=co)AneNAmeZAm=n
Ar(n+m)! 2"n! ozmm

0z
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07.37.07.0017.01

6.0 2n+1 &ime sz(a)wz tm(0] t2[0)g 2 &]§ "(z+ 1)"”“(2—1)”*”‘)/
™9, @) = cos”| —| cot™ —[cot{=] sin-— ;
¢ Ar(n+m!n-m! 20 2 2 [ oz

z=coSH AneNAmeZAlm=<n

07.37.07.0018.01

2n+1 eime N oYz (9 -3 9\ 0"(z+ ™™ (z- D™ ™)
Y9, @) == (=)™ COSZ[E] cotz(a] sin (—) tanm[—] /;

Arn+m!(n-m! 2" 07"
z=coSH AneNAmeZA|lm=n

07.37.07.0019.01

@n+H(n-m! d"Pn(2)
YO, @) = (-)" | ———— ™ sin"(9) liz=cos) AneNAmeNAm=n
Ax(n+m)! az"

Generating functions

07.37.11.0001.01

1 (-pm Z n+m! I, 0)/ NAGERAM <1
n ’ ,me (S W| <
(m12—2008(0)w+1)rm1/2 Cem-nisne” & 2n+1 (n-m!
07.37.11.0002.01
1 =™ ks 1 47 (n+m)!

= YMB, 0 ;meNAFeRAW > 1
(W - 2cosyw+ 1)™Y2  @m-Disn®)" Swrm | 2n+1 (01-m)!

07.37.11.0003.01

2 -m
[(1+\/1—2wcos((‘})+wz) —vvz)
oo \/ ax

Ya'(@, 0) /;

- 3w

msin"(@) i

2n+1H(n+m!(n—-m)!

\/1—2wcos(&)+w2
meNAdeRAW<1

Differential equations
Ordinary linear differential equations and wronskians
For thedirect function itself

With respect to ¢

07.37.13.0001.01
1 0 00
, —|sin(®)
sin(¢) a¢

2
sn’(®)

With respect to ¢
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07.37.13.0002.01
IV, @)
i————+uY, ¢ ) =0
d¢
Partial differential equations

07.37.13.0003.01

, [avf(&, 9 aYL©, @] VIA-p+1) TA+u+2)
ip ——

+ i COt(0)
Vra+p+1 Jra-uw

e

dy

07.37.13.0004.01
1 9 6Yf(0,so)] 1 Y9
+

- — [Si n(¢)
sin(@) a¢ ad

+AA+DY) (¢ ¢)=0
snf@ ~ 0¢

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.37.16.0001.01
VI-22 JTA-1-p \TA+p
V2r-1 T2+ T -p)

07.37.16.0002.01

Yo", @) =(D"YN, @) smeZAneZANdeRApeR

YA (6, @) =

Yy (& )

07.37.16.0003.01
YaM@, @) = (=DM e 2¢MYMN, o) fneNAMe ZAm <n

07.37.16.0004.01
Yy (=8, 9) =Y, (8, ¢)

07.37.16.0005.01
Y1 (@, —¢) = e 21X (0, 9)

07.37.16.0006.01
YIS, —0) = (=D™Y;"(, ¢) ineNAmMeZAm <n

07.37.16.0007.01
Y(=d, —¢) = (=)™ Y™, ¢) ;neNAme ZAlm <n

Products, sums, and powers of the direct function

Productsinvolving the direct function

Clebsch-Gordan series for product of two spherical harmonics

Y/{Hl((?, (,0)
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07.37.16.0008.01
Y@, ¢) Y0, @) =

\/ @2n+1)2ny+1) il

An k=max (In;—n,|,Im+myl) 'V 2k+1
meNAmeNAMeZAmeZ Alml<nm Almp| <ny

Clebsch-Gordan double series for product of three spherical harmonics

07.37.16.0009.01
Y3, @) YER(S, ) Yno (0, @) =

ki
J@n+1)@n+1)@2ng+1) n+n, 1+ 1 S
2, —Y @9
kg =max (N —Nal.IMy +My ) ky=max (|ky —ng],|my +my-+mg|) 2k +1

4
(NN 00 | nynyky 0)(ky N3 00 | ky Ng Ky O) Ny ny my My | Ny Ny Ky My + M)
(ky ngmy +my mg | Ky Nz Ky my + My + Mg) /;njGN/\mjEZ/\|mj|5nj/\je{112:3}

Clebsch-Gordan multiple series for product of several spherical harmonics

07.37.16.0010.01

p 1 p ny+n, Ky +ng3 kp,2+np 1
m
nYan(ﬂ, @) = - A 2n+1 Z —_—
- p-1 2
j=1 (4n) 2 =1 ky=max (Iny ~nal IM21) ky=max ([ky —ng|, M3} kpg=mex ([k_p—np|Mp|) 4/ 2Kp_1 + 1

p-1
YQ:Z(&, 90)1_[<kj-1 Ni+1 00 | K Njs1 K 0) (K= Njst Mj My | Kjzg N Kj Mysa) /;
j=1

i
peZ/\p>1/\nkeN/\m(eZ/\|m(|snk/\kozznl/\MO::O/\Mj ::Zrn(
k=1

Identities

Recurrence identities

Consecutive neighbors
07.37.17.0001.01

@A+3)V2A+1 TA-pu+1) {TA+u+2)
Y0, ) = COS() Y1 (0 ) +

A+p+DV2A+3 TA+u+1) TA-p+2)

-A-2V2A+1 TA-p+1) TA+p+3

Yyio(d, @)

A+u+D)V20+5 [ TA+u+1) TA-pu+3)

Yo ™2 (8, ¢) (N 00 | nynp KO (ny np mmy my | g mp Ky + ) /;
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07.37.17.0002.01

@A-DV2A+1 TA-pu+1) {TA+w

Y (9, @) = cos() Y (8, @) —

A= V211 JTQA+p+1) TA-p
A+p-DV2A+1 TA-p+1) TA+p-1)
A-wV21-3 TA+pu+1) {TA-pu-1)

07.37.17.0003.01

2+DTA-—pu+1) yTQA+u+2) )
YY (9, ¢) = \/ \/ e™'¥ cot(®) Y;‘*lw, ©) +

(1(u+ D=2 A+ 1)y TA+p+ 1) yTA-p

Yy L@, @)

Jra-p+D yra+u+3

N9, )

W+ D-AQA+D)TA+p+D) TA-p-1)
07.37.17.0004.01

21-WNTA-pu+D) \T@A+p
Y0, ¢) = v v €% cot(d) YN0, ¢) +

FA+p+1) yTQA-pu+2)

(=D (-2 -2 Q+ D)y TA-p+1) TA+p-1D)

Y9, )

VIA+u+1) TA-pu+3)

Functional identities

Relations between contiguous functions

07.37.17.0005.01

A+ T +p) N TA-p+ 1)
Y} (¢, @) = sec(®) [ Y@, @) +

Vor+1 Va2a-1 {Ta-w yra+u+1)

A=+ D TA-p+D) Y TA+pu+2)

V2a+1 V21+3 T +p+1) yTA-p+2)

07.37.17.0006.01
. tan(¢)
Vi @)= ———
2u

Yﬁlw' ‘P)

VIA-p+1) TA+u+2)

EOYITO, ) +
VIA-p+2) TA+u+1) VIA+u+1) {TA-w

[(A(A+1>—y<ﬂ—1>)\/m+m Jra-p+1)

Additional relations between contiguous functions

Below relations are correct only under some restrictions on the parameters

Y0, ¢)
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07.37.17.0007.01

u , A=—pu+DH@A-p+2) 4 A+p=1A+p) el
Y,\((stO == csc(d) e'? Y)L+1(01 ) - S — ,1 1( ®)
2A+1)(2A+3) 2A-1)(2A+1)

07.37.17.0008.01

A-p-DQA-p) A+p+DHQA+pu+2) e
)
21-1) (21 +1)

Y4, & et YIS, @) — &,
,\( ®) == csc(d) e \/ ,\,1( ¥ 21+1)@21+3) ,\+1( ®)

07.37.17.0009.01

Y (9, ¢) = "¢ csc(9)

IA+D A+ pu—1
cos(&)Y” L9, 9) \/( rDArpe-D Y0, @)
CA-DA+np)

07.37.17.0010.01

) RA+DA-pu+2) B A+ B
Y9, ¢) = €' csod) \/ Y0, ¢) — cos(d) YN0, ¢)
A+ A-pu+1 A-pu+1
07.37.17.0011.01
, CA+DA-p-1 . u+l
Y9, ) = ¥ cse(d) \/ YN0, ¢) - cosd) Y0, ¢)
CA-1)A-p) A-p

07.37.17.0012.01

Y} (¢, ¢) = e7'¥ cso(d) | cos(d)

A—u RCA+DA+u+2)
o9 - | ———————— Y09
A+pu+1 A+ A+u+D)

Relations of special kind

07.37.17.0013.01
Y1 (0, 0) = e 1Y (9, )

07.37.17.0014.01

2np
Yi (9, 0) = Y{‘[ﬂ. —] lipez
M

Complex characteristics

Conjugate value

07.37.19.0001.01
YT, ©) = (D)"Y, @) ineZAmeZAdeRApeR

Differentiation

Low-order differentiation

With respect to A
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07.37.20.0001.01
Yy (0, 9) 2+ (2A+1) (27 ot ) + YA — U+ — A+ p+1)

Yy (8, @) -
oA 221+1) A

d H2

20+1 VTQA-p+1) WCOSZ(E) i
e

A Jrasue sinz(%)”/2 k=0 KIT(k—p+1)

07.37.20.0002.01
(W0 @) 2+@A+D) WA —p+1) — g+ p+ 1)
o 221+ 1)

ul2
or+1 Nra-—u+y  cosf(3)
eiPH

(kA + Dy Wk= )~k +A1+1) (6
sin E A

Yy (9, )+

K (=)' A+~ 1(7Lj+j+kr)

4 . ui2
T JTQ+p+1 S|n2(2)
07.37.20.0003.01

YW@ @) 2+ @A+D) WA —p+1) — g+ p+ 1)
o 221+ 1)

Yy (9, ) —

w2

2041 f2a+1 NI -p+D) cos’3) e 1A A+ 2L L - A+ Ly of0) - of )
_ -1 2¥0%2l 2 2_mpa+2, 1-A;

2r@-m d \/F(/\+/.1+1) sin (E)”/

07.37.20.0004.01
Y (0, )

oA?

ipu

(W(k =17 = 2(r cotd n) + Yk + A + 1)) y(k— Q) +

9 \M/2
2041 JTA-p+1) cos(3) [w (~D L+ Dy
An NVITQA+p+1) sm( )#/2 ico KIT(k=p+ 1)

g
Yk+ A+ 1% + 21 cotd ) ¢k + A+ 1) + ¥ P (k=) + yP(k+1 + 1)) sinzk((a] -

24CA+ D WA-p+ D) —pA+pu+1) & DA+ Dy @k—) —g(k+A+1) ZK((?]]
sn +

21+1 g KITk—pu+1)

T (@A + D2 YA -+ 1?—2@A+ D (@A + DY+ p+ D - YA -+ 1)+
+

CA+ D2 YA +p+ % +2(@A+ D7 (W PA - p+ D) -y P QA+ p+1) - 2) - 4@+ D YA +p+ 1) +
TCOtA ) (RA+1) WA —pu+1)— A+ p+ 1) +2)
21+1

-2 Y@, @)

S(k)
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07.37.20.0005.01

AT /2A+1 Jra-pu+1) co(; )”/2
— =e¢
o2 m sm( )p/z

k=0
242A+) WA —-pu+) —yYyA+u+1)
21+1

AL kK (-1 ()L+1)r1()u+1+xr)
2k_ Ajil S(

o KITKk—p+1) ,4+1) (2]j1

1
(@A + D YA - p+ D - 2@A+ D @A+ VYA +p+ D) = DPYA — p+ )+ QA+ D7 Y+ p+ 17 +
421 +1)°

2@+ D*(PA -+ D —yP A+ p+ D) - 2) - 421+ DY@ +p+ D) YL, )

With respect to u

07.37.20.0006.01
aYy (0, <p) 1 B )
p (zw+|og[cosz[ ]) Iog( (2]]—¢(A—y+l)—¢(l+p+1)]YA((9, ©) +
m

20+1 Yy I@- ,u+1) (E) Z(—A)k(/\+l)kw(k—/¢+l) -2k[§]
an -
1"(2\+u+1) sanz(g)“’z o KITk—p+1 2

07.37.20.0007.01
Yy (@, @)

/2
cos?( 2
s BT, s 0
/2-2 y &= 55 24— [
u-DTI2-p I“(/\+,u+l) sinz(%)u 2 2

[Iog(sm[ )] Iog(cosz[ ]] 2i0—2y(1—p) + YA — ,1+1)+¢/(A+ﬂ+1))v“(& ©)

(s k
2PN A+ D) P (r-Dr 2 +iPQA+ 1’ +iA+ DA Rr-1)-1)S7 +
[Zkyr(k T [] Z;( y A+ (-1 A+ +iA+DARr-1-1) s
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Y0

Au?

07.37.20.0008.01

' 9) _ /2/\+1 VI@Q-pu+1)
—— =i QRe+iYyQA-—pu+ D +iyA+pu+1) 2
n

VIQ+p+1)

COSZ(%)MZ i(—l)k(/\+ Dyy(k—pu+1) SinZK[(?) iou 20+1 YyIT@A-pu+1) Cosz(g)ﬂ/z
—|+e
sinz(%)”/z ko KIT(k—p+1) 2 4 Nieyren Sinz(g)#/z

@ (=) (A + D) 5 ¢ oY VL
Zi[w(k—u+l) +(Iog(cosz[—]]—log[sm [—]))w(k—,u+1)—w(l)(k—,u+1))sm [—]+
LTk = 1+ 1) 2 2 2

o) ot e

d
YA -+ D%+ g+ pu+ 1) - Z[Zﬂ'cp + Iog(cosz( ]] - Iog[sinz[i)]) YA+ pu+1)+

With respect to ¢

07.37.20.0009.01

A, @) VIA-p+D) TA+u+2)

¢

= poot(d) YL@, ) + Y0, ¢)
Jrasp+1 yra-uw

07.37.20.0010.01

Yy (¥, ¢) 2041 VITA-p+1)

a¢

&' ¥+ csc(9) (A cos(8) Py (cos(d)) — (A + ) Py_; (Cos()))

a7 s p+

07.37.20.0011.01

YL, @)
== p (p cot?(®) — csc(9)) Yy (&, @) +
992
Jra-p+1 Jra+u+2) Jra-p+1 JTa+u+3)

Qu+1) e cot() Y, ) +

e Y0, g)

N

Y0,

FA+u+1) TA-w VIA+u+1) TA-pu-1

07.37.20.0012.01

¢ 1 [22+1 VITQA-u+1)

P2

= € #H escX(8) (2(A + p) cos) Py_ (cos(®)) + (242 - 21 - 222 sin(@)) P} (cos(9)))

2 an VIQ+u+1)

With respect to ¢

07.37.20.0013.01

Yy (¥, ¢)

dy

=iuYy (4, ¢)
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07.37.20.0014.01
PYL (W, @) y
— ="\, 9

d¢?

Symbolic differentiation

With respect to ¢

07.37.20.0015.02

MG

T =GEW"Y\ 0 @ /ineN
[

Fractional integro-differentiation

With respect to ¢

07.37.20.0016.01
rNGe o
- == a(”‘pﬂ)a Q(_ai 0, l‘Pﬂ) Y,\ (0! ()0)

@

dy

Integration

Indefinite integration

Involving only one direct function with respect to ¢

07.37.21.0001.01

i
[Wo.pae=-=vo.0
)i
Involving one direct function and elementary functionswith respect to ¢

Involving power function

07.37.21.0002.01

[ W0 pdo=-¢ Cinor e @ -inn V0.0
Involving functions of the direct function and elementary functionswith respect to ¢

Involving elementary functions of the direct function and elementary functions

Involving products of the direct function and trigonometric functions
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07.37.21.0003.01

2_,2
f [(A—K)(K+A+1)—# d Y9, 9) Y0, 9) SN d o = (v — i) cos(d) YL (S, ¢) Y (8, ¢) +
sin’(9)
_ VIk-v+1) VIk+v+2 FA-pu+1) yTQA+p+2)
e sing) peore D VT )Y{’w.w)YI*lw,w—\/ y Y0, 0 Y0, )
VI +v+1) VIk—v) VIA+u+1) TA-p

Definite integration

Involving the direct function

07.37.21.0004.01
e2£m<p

fsjn(d)Yr’,“((?,go)sz:: imeNAneNAm=n
0

T

07.37.21.0005.01
eZs'mL;

fnsin(ﬂ)Y,E"(ﬂ, ) YNNG, o) dd == ki keNAmMeNANeN
0

07.37.21.0006.01

T N 2n+1
fcsc(&)Yrﬂn(&, O Yn (S, o) dd = Smm, ineN* AmeNAM eNAmsnAmy <n
0

4rm

07.37.21.0007.01

7 ma 2n+1 (n+m! p!eime
f sin" () cosP(@®) YIS, o) dd = (=)™ /ipeNAM=0
0 Ar  (n-m! (p+n+m+D!(p-n+m!!

07.37.21.0008.01

b mi — g
f (N —p) (g + Ny + 1) — > Yri(cos™(2), ¢) Yiz(cos™(2), ¢)dz =
a 1

(b Yi(cos™(b), ¢) Yiz(cos™(b), ¢) (ng —np) + Y::{l(cos‘l(b), @) Yo (cos™(b), ¢) (N + My)) -
(aYm(cos™(@), ¢) Ynz(cos (@), ¢) (g —np) + Y:l'z_l(cos‘l(a), @) Ymi(cos (@), ¢) (np + M) /;
nneNAnReNAMmeZAmeZ ANacRAbeRA M| <n Almpl <n,

Multipleintegration

07.37.21.0009.01

T 2T
ff sSin@® Y, @) dedd=V4n Snodmo/iNeENAMeZA|lm <n
0 Jo

07.37.21.0010.01

T 2T
f f SN YR, @) YR2(d, ¢) Yo (8, —¢) dp dd ==
0 Jo

(N 00 | Ny Ny g 0) Ny ny My My | Ny Ny Nz Mg)

(2n1+1)(2n2+1)
472+ 1)



http: //functions.wolfram.com 31

07.37.21.0011.01

271
ff sn(&)le(é} ©) Yy ((9 <,0)Yn3 (¢ odedd=

(2n1+1)(2n2+1)

Ny, 00 | Ny Ny Nz 0y (Ny N, M | nynyn Y/
Ar@2mt 1) 1 M 1N N3 1M My | NpNp Nz My

meNARLeNARBeNAMmeZAmeZ AmgeZ NImyl<m Almpl <ny Almgl <ng

07.37.21.0012.01

2n+1)2n+1)(2ng+1) (nl n, ng )( m N ng )/_

T 2T
i m m s =
[ sno e, o Yo o ¥ e, o deds - 50 0)(mmm

meNARLeNARBeNAMmeZAmeZ AmgeZ Nimyl<m Almpl <nmy Almgl <ng

Orthonormality relations:
07.37.21.0013.01

2
ff sSin(@) Yot (3, @) Yo, @) dgdd = Gn n, Omym, M EZ A EZ A €eZ N\, € Z

07.37.21.0014.01

27
[ [ 800 Y3200, V200, =) dip 10 = (1% b i €N ATy €2 Al <

07.37.21.0015.01

T 2T
f f SN YU, @) Y20, ¢) dpdd = (~1™ Gy my Gnyy /i €N AT € Z Almy| <1y
0 Jo

Summation

Finite summation

Involving the direct function

07.37.23.0001.01
n

2n+
D, YR01, ¢1) YR (02, ¢2) =

m=-n

1
Pn(cos(¢1) cos(d) + COS(¢1 — ) SiN(y) SiN(2)) s neNAK eR ApceRAke (1, 2}

07.37.23.0002.01

4 >, 2n+1
Z|Yrr1n((9,¢)| ==4—/;n€N/\(9€[R/\¢pe[R
b

m=-n

07.37.23.0003.01
n

> mYP@, o) =0/neNAgeR

m=-n

07.37.23.0004.01

n nn+1)(2n+1
Z ”‘2|Y§1(t9,<p)|2==wénz(&/;new\&eﬂi/\sﬂeﬂi
e 8n
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07.37.23.0005.01

n —_ nn+1
> V(2= m?) ((n+ 12— m?) YP,0, 9) Y0, <p)::(87;)\/(2n—1)(2n+3) (3cos’ () -1)sneNAJeRApeR

m=-n

07.37.23.0006.01

n im 2n+1 (cos®) +isin(®) cos(e))"
Z Ya'(d, ¢) == ineNAdeRApeR
SV (n—m)!(n+m)! 4n n!

m=

07.37.23.0007.01

m™p (_1)| wP-l+m
Ylm((9, 50) ==
om (p=l+m!V2l+1 VI-m!{d+m!
2m-1! o cos(d) — W
(=P _emo by (sin@ e'?) " (1-2wcos(d) +w2)p/2 cg”l/z[ i ]/; meNApeN
2Vr @m+p)! \/1—2wcos(0)+vv2

Involving Clebsch-Gor dan functions
Theinverse Clebsch-Gordan series:

07.37.23.0008.01

(N kM —K | ngnp LMY YK (8, ©) YM K@, @) = Cn+D@2n+1) <
1 M2 1 2 n 0y @) Yn, , Q) = PRI

min(M+ny,ny)

N n,00 | Ny LOYyYM(, ) /;

k=max(M—n,,—n,)

neNAMRLeNALeZAMeZAInp—nl<L=n+mA-L=<M=L

Infinite summation

07.37.23.0009.01
© Y, ) whm (~sin@) )" 9 (¢
Z = oFl[; m+ 1; wcosz(g)] OFl(; m+ 1; —wsin [5]} /;

mmn!Ven+shm-m!m+n! 2™z m?
meNAneNAdeRApeRAW<1

07.37.23.0010.01
(n—-m+p)!

Z Yoo, @) W =
mmV 2N+ (+m!(n—m!
p! (~sin@ e'¢)" p+1 p wsin@
oF ,—+1;m+1;—[7) imeNApeNAdeRApeRAW <1
217 m! (1-weos@)®*? 2 1-weos@®)
07.37.23.0011.01
n+m-p!n-m+p-1!

D Y@, oW =
mmn! vV 2n+ ) (n-m!n+m!
2m-p)! (p- 1! m 1-w—+v 1-2wcos(®) +w?
—( mip-b (—sin(&)e“’) oF1p, 2m-p+ 1, m+1; \/ il
2™z mt? 2

1+w—\/1—2wcos(¢9)+w2
2

2F1[p,2m—p+l;m+l; ]/;meN/\peN/\psZm/\&eR/\¢e[R/\|W|<l
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07.37.23.0012.01

> (n—m! 2m m -m 1 (—sin(&) @itﬂ)m
Dl s @ YRe, W = —y
nmm\ @n+D(n+m! 2™\ 7 m (1-2wcos(d) +w?)

ZW (CoS(&) — W) 2w Sn(8)
exp[——)oFl ym+1; —
1-2wceosd) + W 4(1—2wcos(6‘)+v\/2)2

imeNAdeRApeRAW<1

07.37.23.0013.01

o @n+Dn+m! Vw (-wsin@) ¢¢)"
Z i Jn12W) YR'(¢, ) = e rmeNAdeRAgeR
o (n-m! V2 r

07.37.23.0014.01

o 2n+1H)(n+m! Yw ) m
Z M 30 10(W) YIS, @) == (-wsin(@) e'¢) cosweos®) ;meNAJeR ApeR
=, (n—m! V2 r

07.37.23.0015.01

0 2n+1)(n+m)! vw Cm
Z j-m-1 @n+bn+m: Jni12(W) YIS, ) = (-wsin(@) e'¢) sinwcos@®)) s meNAdeRApeR
) (n—m! V2 r

An=2

07.37.23.0016.01

=5}

D™ 3 12W) YO, @1) YT, ¢2) =

n=m 4

meNAKeRAp eRAke{, 2}

w
In(W SIN(3y) Sin(d)) " WOXIW ) pIMre) .
2

Multiple infinite summation

07.37.23.0017.01

)

D0 Y01, @) Y2, 2) = 6y - ¢2) S(COS(9y) - COSW) /; h eR A g eR AK e (1, 2)

n=0M=-n

Representations through more general functions

Through hypergeometric functions

Involving oF1

07.37.26.0001.01

i) w2
2141 VTA-p+d (3] (¥
Y0, @) = eoH Bl -4 A+ L - sind] -
4 . 2f 9 \M2 2
JIQ+p+D) sin (z)

Involving »,F,
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07.37.26.0002.01

1 20+1 YyT@A-p+1)

, cosz( g)y/Z

. )
V@) = €' " zFl(—A. A+ 11— s'nz(g]] /&N
A-my = TA+u+1) sin()°
07.37.26.0003.01
20+1 {TQA-u+1) eor T(-p) GV2 ¢
Yi(9, ) = " cos® (5) 2F1[—)L, A+1p+1; cosz[g)) -
4n JIQ+u+1) r(-A—y)r(A-y+1)sin2(%)”
M
sin(r ) T(w) 9\ 2 ¢
70032(—] A=+ 1, -1 -y 1— p; cos —]) ineZ
. 2f 9\HI2 2 2

07.37.26.0004.01

Y1 (6, ¢) =

0#/2
o+l JTa-p+1 1 0(3)
pEra

4

VIQA+p+1)

2712 (cog() — 1)1
(=m-2)

07.37.26.0005.01

V7 gn

2( 6 \M/2
(3)

1 2
F(—)L——)(zFl(/\+1,)L+u+1;2/\+2; 7])]/;(‘&5[!{/\2&&52
2 1-cos(®)

[27L (cos(®) - 1 1
i

A+ —) (zFl(,u —A, = =2 7)) +
TA-pu+1) 2 1 - cos(&)

m

_1)7 SONMD img

2n+1)(n+|m!

Im|

Y&, @) =
|m] ! 2im+1 x(n—|m)!
neNAmeZAIm =<n

07.37.26.0006.01

m ¢
sn(®) 2 2F1[|m| —n,n+m+Lm+ L sinz(a]] /;

Yo, ¢) (D" (=12 T 2y efme
n ,(p =

2n+1

2m+

am+m!nh-m!

¢ Im d
szn—2|m|[£)s-nz(&) 2 ZFl(—n, Im —n; -2n; cscz(g)] neN"AmezZAlm <n

07.37.26.0007.01

(=) (~1)z D gime

" @n+(n+mh! ) ‘; ¢
Y, ¢) = Sin“(3) 2 oF4[Iml = n, n+|m+ 1; [m + 1; cos?| = || /;
[m ! 2imi+1 r(n—|mp! 2
neNAmeZA|jm<n
07.37.26.0008.01
(—1)? M+ (5 )1 pime 2n+1 im

Y&, @) ==

2|m|+1 n!

neN*AmeZAlm=<n

a(+m!n-m!

) m ¢
COSzn_Zlm[E] sz(&) 2 2|:1[_n, Im—n; -2n, secz[a)) /s
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07.37.26.0009.01

(=12 @M pime 204 1) (n+ |m))! ) m ¢
Y0, ¢) = mémm{ﬁéﬁwvzﬁ“m—m—mmux—m#PDA
2m+1 m|1 m(n—Imp! 2 2

neNAmeZAIm <n
07.37.26.0010.01

1

i (DM MM ime L ene e m)! L, 6) o (¢

YRS, @) == sin —[sin“(® ? 2Fq|Im —n, —n; |m/ +1; —cot”| = | /;
2m+L my 1 m(n—|mj! 2 2

neNAmeZA|m <n

Through Meijer G

Classical cases

07.37.26.0011.01

82 ¢ w2
snxAd) [22+1 yT@Q-pu+1) ~ CO (5) o oo )] A+1, -2
7 e — Gzz|~sin 5 0 ,u
T ToJT@A+u+1 sinz(%)p ’

07.37.26.0012.01

Y, ¢) = -

]/;MZ

v+1, -

YE©, ) = —— ¢ lim sin(r v) Gy 0 i

T 4 1/1"(n+'u+ 1) Sinz(g)y/z v-n
2

— (:oszgﬂ/2
1\/2n+1 VIT(n—u+1) Jivn (z) [_sz(f)

4
]/;neZ

Through other functions

Involving L egendr e functions

07.37.26.0013.01

20+1 VT@A-p+1

Y, (8, ¢) = €1 P)(cos(®))

ar o Jrasu+1

07.37.26.0014.01

20+1 VT@A-pu+1)

YY (9, ¢) = M (—cos() — 1)‘§ (cos(@) + 1" P/ (cos(9))

Ar o Jra+u+1

Involving some hyper geometric-type functions

07.37.26.0015.01

o
20+1 rA+1) A GV2 GV2 9\ 2 8
YY(9, ) = eHe cosz[—) COtZ(EJ sinz[—] tan”[a) P(A “ (co(d))

A Jra-psn Jrae s 2

07.37.26.0016.01

2201 ging [0 +1 r(%—y)\/m OV 9\ ¢\ i
ng[ ] gnzf_) taW[—]CfHACOQ0D
N i

Y10, ¢) =

2 2
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Representations through equivalent functions

With related functions

Involving Wigner-D functions
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Zeros

When Y{'(9, ¢) is not identically zero, it possesses a finite number of zerosin theinterval 0 < ¢ < x, all of which
are nondegenerate.

For integers m and n with n = |m|, the function Y;'(¢, ¢) has n—|m| zerosin the interval 0 < ¢ < . If m# 0, there
areasotwo more zerosat ¢ = 0, . All of these zeros are symmetric about ¢ = /2.

Theorems

Eigenfunction to the angular part of the Laplace operator in spherical coordinates

The function Yy'(¢, go) is an eigenfunction to the angular part L2of the Laplace operator in spherical coordinates

2
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sin(®) ) with eigenvalue n (n + 1).

Eigenfunction of the z component of the quantum mechanical angular momentum
operator

The function Y;'(¢, ¢) is an eigenfunction to the z-component of the quantum mechanical angular momentum

operator L, = —i 8 /3¢ with eigenvalue m.

Eigenfunctions of the curl operator in spherical coordinates
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The function u(r,d, @) =Ar xVuy(r, &, @) + Vx( xVuy(r, ¢, ) with y(r, &, ¢) =g(r) Ya'(¥, ¢) and

V2 i ( Iip0) | Yooagn)
AVnn+d) var var
Vxu(r, d, ¢) = Au(r, ¢, ¢).

o(r) = ) are eigenfunctions of the curl operator in spherical coordinates

Multiple expansion theorem

Any function (¢, ¢) that is square integrable over 0 < ¢ <, 0 < ¢ < 27 can be expanded in a series of spherical
harmonics Yp'(¢, ¢), with series coefficients a,, called the multipole moments:

[ n 27 T
(@0=> aum¥0, ¢/ aun= fo fo Sin@) YT (0, 9) £(0, @) dd d.

n=0m=-n

History

A.M. Legendre (1785); P.S. Laplace (1785) gave the name “ spherical harmonic”’; K.F. Gauss (1828).
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