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Notations

Traditional name

Angular spheroidal function of the first kind

Traditional notation

PS .y, 2

Mathematica StandardForm notation

Spheroi dal PS[v, u, v, Z]

Primary definition
11.08.02.0001.01
PS..(y, 2
PS, .(y, 2) isthe angular spheroidal function of the first kind with variable z and parameters v, u, y. Itisdefined
as the normdizable solution wW(z)=PS,,(y,2 of the wave differential equation
(1-A)W'@-2zWw @ + (A +y%(1- ) - 42 [ (1 - 2)) W(2) = O with parameter A equal to spheroidal eigenvalue
A=A, ,(y). The parameter v enumerates the spheroidal eigenvalues in such a manner that in the spherical limit
(y - 0), the eigenvalues are A, ,(0) == v(v + 1) and PS, ,(0, 2) = P}(2), where P} (2) is the Legendre function of the
first kind. The angular spheroidal functions are normalized according to the Meixner-Schéfke normalization
scheme, meaning |~ 11PSnl,m(7’: M PSy,m(y, mdn=2m+ny)! /(2 + 1) (g =M Sp, i, /5. PSu(y, 2 is an
neNAneNAMmMeNANn=zMAnR=m
analytical function in the variablesv, u, y and z.

Specific values

Specialized values

For fixed v, u, z

11.08.03.0001.01
PS,.(0,2=P/(2
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11.08.03.0002.01

z— M2

PS, (0,2 = Pl(2)
(1-2?

For fixed v, y, z

11.08.03.0003.01

\/7 yz y2
PS.(r,9= —————Cqa . T cosi(2)
’ Va1-2 ’

For fixed v, z

11.08.03.0004.01
PS, 00, 2 =P,(2

11.08.03.0005.01

Vr 1
PS.(02=—+— cos((v + 5) cos‘l(z))
: V2 1-2

11.08.03.0006.01

3
PS:02=——T .0
2 \/E 4/1_22 2

General characteristics

Domain and analyticity
PS, .(y, 2 isan analytical function of v, u, y, zwhich is defined in ch.
11.08.04.0001.01
(vepxy«2)—PS, ,(y,2 1 (CRCRCR®C)—C
Symmetries and periodicities
Parity
PS, .(y, 2) is an even function with respect to y.

11.08.04.0002.01
PSV,,u(_yv Z) = PS’,H(’)/; Z)

11.08.04.0003.01
PS,,»,2=PS_1,(r,2

Mirror symmetry

11.08.04.0004.01
PS,(7, 2 =PS,(7, 2

Periodicity

No periodicity
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Series representations

Generalized power series

Expansionsat y == 0

11.08.06.0001.01

(—u+v+)(—u+v+2) w+v=-1u+v)
PS (7,2 « PY(2) + [ P —————— lﬂ:_2<z)) ¥+
22v+1 (2v+3)? (1-2v)?
L (u+v=3)(u+v=2(u+v-D(u+v) 8(4u2-1) (K2 +2v-Dpu+(-1)v)
> p 4D+ " P2~
8 (4V2—8V—5)(4V2—8V+3) (1—2V) (81’3—4\/2—34\’—15)
1 [(,u—v)(y—v+1)(,u+v—1)(,u+v) (—,u+v+l)(—,u+v+2)(,u+v+l)(,u+v+2)]
+ P)(2) +
2v+1 L-2v*@2v-3) 2v+3)*@2v+5)
(pu+v+D)(—p+v+2)(—u+v+3)(-pu+v+4
P¢+4(Z)_
@v+1)@2v+32Qv+5°2Q2v+T7)
8(4p2-1) (1 -R2v+3)u+r2+3v+2)
Po@y*+.. -0
2v+3)*(8v*+28v*-2v-7)
11.08.06.0002.01

PS,.(y, 2 « Py(2) (1+0(y?))

Expansions at generic point z == z

11.08.06.0003.01
PS/,,u(’Yr Z) o« PS/,#(V! ZO) + PS/,;;'(% ZO) (Z_ ZO) -

~(2PS,/ 0, 200 %(B- 1)+ PS,u0r 20) (-2 + 77 (B~ 1 - 1,0 (B - 1))) @20 -
2(%-1)
1

6(%-1)

2PS,,(r, 20) %0 (312 +72 (B - 1)’ -2, (B- 1)) @-2°+... /i 2> %)

(PS/ 0 2) (B-1) (P B -2(2+3) B +7* - 12 - L,u0) (B - 1) - 2) -

11.08.06.0004.01
PS, (v, 2 < PS,u(y, 20) (1+ Oz - 20))

Expansionsat z==0

11.08.06.0005.01

1
PS,.(y, 2 «PS, ,(y,00+PS,,/(y,0) z— 5 (VP = 12+ 0,,(») PS,.(y, 0) Z +

1
p (2PS,,/ (7, 0) = (¥? = 12 + X, (1)) PS,,/ (7, 0) 2+ ... [; (z— 0)

11.08.06.0006.01
PS,.(y: 2 o PS, (v, 0) (1 + O(2))

Other series representations
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11.08.06.0007.01

1
M,,.(0) = 0/; Re(u) > ~5

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

11.08.13.0001.01
2

M
22]""(2) =0/iw@2=c1PS,(r,2 +¢QS, (7,2

1-Z)W'@-2zw (@ + [(1 -2)Y* + L) -

11.08.13.0002.01

1
W,(PS,,(, 2, QS (v, 2) = — (PS> 0QS,,/(, 0~ PS,/ (7, 0QS, (7, 0))

11.08.13.0003.01

7

(Yo@? +u-7) (-7 9@* + u+7)d (2
02%-1

(1-9@*)W'@ +|(0?- 1) + 0, (NG @ | WD =0/,

)
= 29 g’(Z))W(Z) +[
W2 =¢1 PS, (7, 92) +¢2QS, (v, 9(2)
11.08.13.0004.01

Wo(PS, (7, 92), QS, ,(7, 9(2))) =

/

- (PS.(7,0QS,,'(7,0-PS,,/ (v, 0 QS, (v, 0))

11.08.13.0005.01

2k 4
(1-9@*)W' @+ [(g(z)z - 1)[ @ Jg'@

+
ha d@
(Y9@? +u-7) (-7 9@? + u+7)d (2 ., 200NW@g@ (927-1)(h@h'@-2N(@?)
+4, NI+ + _
g2°-1 h(2) h(2)?

) -29(2 g’(Z)] w(2) +

(92*-1)h@ 9" @
h(2 g

]W(Z) =0/, W2 =c1h@PS,.(y,92) +ch(2 QS, (¥, 9(2)

11.08.13.0006.01
2

h2" g2

2

Wy(h(2) PS, .(y, 92), h(2) QS, ,(7, 9(2)) = (PS,.(7,0QS,, (7, 0)-PS,,/(7,0)QS, (7, 0)

1-92
11.08.13.0007.01
a(r-2s+1)Z2 +r+2s-1

(1-a*Z"\W'(2) - W2+
z
. , —azrz((azzzf—1)272—p2)22r—sz(azzzr—1)2+rs(a4z4’—l)
2?0, (22 + w2 =
2@2-1)

0/; W2 =1 ZPS,,(y,aZ) + ¢ Z2QS, (v, aZ)
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11.08.13.0008.01
ar Zr+2$1

22 (PSu(y,0QS,,' (7,0 -PS,/ (. 0QS, (7, 0))

l-a-7"

W,(Z*PS, (7, aZ), 2QS, (7, a2)) =

11.08.13.0009.01
(1-a2r?2%)w’(2) + (-a?log(r) r2% + 2a? log(s) r** — log(r) — 210g()) W (2) +

a2log?(r) A, () 122 +

— (—a2 ((a2 r?z— 1)2 2 - ,uz) log?(r) r22 - (a?r?z- 1)2 log?(s) + (a*r** - 1) log(r) Iog(s)))
a‘rez-1

W(2) =0/, W@ = ¢ §PS,,(y, ar’) +¢,5°Q§ (v, ar’)

11.08.13.0010.01

arzs?Zlog(r)

W,(S'PS, (v, ar?), §QS, (7, ar?) = (PS,.7, 0QS,/ (. 0) - PS,, (7, 0 QS, (7, 0)

_ 3.2 r22

Differentiation

Low-order differentiation

With respect to z

11.08.20.0001.01

dPS, (v, 2
——F=PS,,/,2
0z

11.08.20.0002.01
#PS, (7,2 1

07 1-7

2

u
PS .(y, 2
zZ) o ]

[22PS,,,1’()/, 2) - ((1 - 22) Y2+ A, () -

Integration

Definite integration

Involving the direct function

11.08.21.0001.01

1 2(m+n)!
fPSm,m(%t)Zd’t:—/;neN/\meZ/\|m|sn
-1 2n+1)(n-m)!

11.08.21.0002.01
1 @M+n)1) 6y, n,
f PSy m(ys O PSmy, Ddt= ——————— = i e ZAn, e ZAme Z Any =mAn, =m
-1

@2n +1)(ng —my!
Representations through equivalent functions
Theorems
History
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