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Notations

Traditional name

Struve function L

Traditional notation

L@

Mathematica StandardForm notation

StruvelL[v, z]

Primary definition
03.10.02.0001.01

Z\vil © 1 712k
La=(3) 2 e 2) e v+ ) z

Specific values

Specialized values

For fixed v

03.10.03.0001.01
L,(0)==0/; Re(v) > -1

03.10.03.0002.01
L,(0)=&/;Re(v) < -1

03.10.03.0003.01
L(0) = /; Re() = -1

For fixed z

Explicit rational v
03.10.03.0008.01

; (z(Z* + 1052 + 945) cosh(2) — 15(2* + 28 Z + 63) sinh(2))

Lig(z) ==
2 Z11/2
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03.10.03.0009.01

; ((Z + 452 + 105) sinh(2) - 5z(2 2 + 21) cosh(2))

L 9(2) ==
2 b
03.10.03.0010.01
; (z(Z2 + 15) cosh(2) - 3(2 2 + 5) sinh(2))
I_ 7(2) ==
-3 7712
03.10.03.0011.01
; (2 +3) sinh(2) - 3zcosh(2))
L 5(2) ==
2 2
03.10.03.0012.01
; (zcosh(2) - sinh(2))
I_ 3(2) ==
2 22

03.10.03.0005.01

[ 2
L 1=,/ — snh®
~2 nz

03.10.03.0004.01

[2
Li@=,/ — (cosh(2 -1
2 nZ

03.10.03.0013.01
Z-2sinh(z) z+ 2cosh(z) - 2

Lé(z) == —
2 Var 772
03.10.03.0014.01
—-Z'+47 - 24sinh(2) 2+ 8(Z + 3) cosh(2) - 24
I_ 5 (Z ==
2 av2n 22
03.10.03.0015.01
-A+62-727 + 48(Z + 15)sinh(2) z- 144 (2 + 5) cosh(2) + 720
L 7 (Z) ==
2 24N 2r 7
03.10.03.0016.01
1
Le(@=————(-2+82°- 1447 + 28807 - 1920(2Z + 21) sinh(2) z+ 384 (Z' + 45 Z + 105) cosh(2) — 40320)
2 192V2rn 22
03.10.03.0017.01
1
Lu@=——"——(-2°+102-2402 + 72007 -

2 1920V 271 742
2016007 + 3840 (Z' + 105 7 + 945) sinh(2) z— 57600 (' + 28 7 + 63) cosh(2) + 3628800)

Symbolic rational v
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03.10.03.0006.01
1 1 o [2 1 1y laer] (2k-v-2);
L,(2=- ezmi0%3) [ 2 sinh(—m(v+ —)—z) Z +
vz n 2 2 pary (2k)!(—2k—v—§)!(2z)2k

1 1 {—%(ZV+S)J (2k—V+ %)y (22)—2k—1 1
COSh(_M(V+_)_Z /i-v——€N
2 2 0 @k+D!(-2k-v-3) 2

03.10.03.0007.01

1
y—=
2

1-v Zv—l 22 -k
e EE S )

V—E. 0

1 1,1 [2 1 1 |3 @r-n) (2k+ v| - %)'
— eEM(HE) — Sinh(—in(v-r —)—Z) Z +
vz n 2 2 pary (2k)!(|v|—2k— %)!(22)2“

1 1 [4&(2|vlf3)J (2k+ vl + %)| 2 Z)—2k—1 1
COSh(EM(H_)_Z fv-sez

pany (2k+l)!(|v|—2k— g)'

Values at fixed points

03.10.03.0018.01

2
L0 = -
n

General characteristics

Domain and analyticity

L,(2) isan analytical function of v and z which is defined over C2.
03.10.04.0001.01
vx2—L,(2:: (CRC)—C
Symmetries and periodicities

Parity

03.10.04.0002.01
L(-2=-(-2"7"L,(2

Mirror symmetry

03.10.04.0003.02
Ly =L,(2/; 2¢ (-0, 0)

Periodicity

No periodicity
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Poles and essential singularities
With respect to z

For fixed v, the function L, (2) has an essential singularity at z== co. At the same time, the point z== c isabranch
point for generic v.

03.10.04.0004.01
Sing (L,(2)) == {{S0.c0}}

With respect to v
For fixed z, the function L, (2) has only one singular point at v = . It isan essential singular point.
03.10.04.0005.01
Sing (L(2) == {{c0, co}}
Branch points
With respect to z
For fixed noninteger v, the function L,(2) has two branch points: z== 0, z== c. At the same time, the point z== o is
an essential singularity.
For integer v, the function L, (z) does not have branch points.

03.10.04.0006.01
BPALy(2)==1{0, &} ;v ¢ Z

03.10.04.0007.01
BP(L,(D)={};veZ

03.10.04.0008.01
R2(L, (2,0 ==log/;v&Q

03.10.04.0009.01

‘RZ(LB(Z), O)::q/; peZAq-1eN" Agced(p, g =1
q

03.10.04.0010.01
RAL,(2), ) =log/;v¢Q

03.10.04.0011.01
R{Lo@, o) =apeZNa-1eN Aged(p, 9 =1
q
With respect tov
For fixed z, the function L, (2) does not have branch points.
03.10.04.0012.01
B8P, (L, (2) = {}
Branch cuts

With respect to z
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When v is an integer, L, (2) is an entire function of z. For fixed noninteger v, it has one infinitely long branch cut.
For fixed noninteger v, the function L,(2) is asingle-valued function on the z-plane cut along the interval (—co, 0),
whereit is continuous from above.

03.10.04.0013.01
BCALY(2) ={{(=0,0), —i}} /;ve& Z

03.10.04.0014.01
BCALv(2)=1{}/;vez

03.10.04.0015.01

lim L,(X+i€)==L,(X)/:x<0
e—>+0

03.10.04.0016.01
lim L,(x—i€)==—e ™ L,(-X)/; x<0
e—>+0
With respect to v
For fixed z, the function L, (2) is an entire function of v and does not have branch cuts.

03.10.04.0017.01
BC,(L,(2) = {}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

03.10.06.0017.01
agz-z) agz-z)
Lv(m(g]v{ 2 sz )
%

1 21—1/ 26
— || ———= - Li-1(@)
2 23 \/7 F(v + %)

03.10.06.0018.01
af-2)
2

.
Lv(z)x(g]Vl *
2

vLy(20)

Ly(z0) + [Lv—l(zo) - ] (z-29)+

+Ly(20) (VV+v+7)

(2—20)2+...]/; (z- 7))

21—v v

\/;I"(v+ %)

v Ly(2) 1 5 5 3
(z—20)+£ Z ~Lya(@) | + Lu(@) (VP +v+Z) |2~ 20 + Oz~ 2)°)

LV(ZO) + [I—vl(ZO) -
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03.10.06.0019.01

03.10.06.0020.01
a'Q(Z-Zo)j rg(HO]J
v

1 Vl 27 2r
L,(2) == [_] Z
%

3
+1, —(-k+v+3), v+ —; —
2 2 4

(z-2)"

(=j+p-D!

p=0 (m_p)'

(p- P!

1 m (_1)p7122p7m(_m)2(rmp) (V)p 1 Pl
% Z( O N [ . Z;

j

[‘?] L, 1(z0) - ,Zol

2-v Zak+v+l k1 i . m

H(p-2))!(=p-v+1); ) [7

Lv(Z0) | +

i (=DP 2P (M) 1y (V)
e e,

\/—F(v+ )k' i=1 m=0

p=0

Pl (=) 22 (—j+p-DI Q] -K+v+2) 1y 1 2

(m-p)!

j=0 j!(—2j+p—1)!(—p—v+1)j(v)j+1

03.10.06.0021.01
afg(Z*Zo)J , [HG(Z-Zo)J

s
LV(Z)oc(—] Z,
%

Expansions on branch cuts

L, (Z0) (1 +O(z~- z))

For the function itself

03.10.06.0022.01
L, (2 «

25 [Ly(x) + [L”(x) -

(z->xXAxeRAXx<O0

03.10.06.0023.01

M{MJ[ v L,
L,(2 xe 2 L,(X) + (Lvl(x) - ] (z—X) +
X

21—v X’

1
—_— X —_—
2% | \Vx l"(v+%

2

(z- )

) - Lvl(x)] + (3 + v +v) Lv(x)] (z-x?+0((z- x)3)] ixeRAX<0

L 1
(X)](z—x)+— X[ —————— = Lo |+ (@ +v2 +v) L) | (2= % +
X 22 \/71"(v+ 1)

'=2j+p=-D!M(=p-v+1D); Mj1
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03.10.06.0024.01

Xyr+l ZV,”[MJ o Mkxk v+3 3 v-k 1 3 x
L@ ==‘/7F(V+2)(-) e 2 sFall —+1, —; -, +1, = (~k+v+3), v+ = — (2= %% /;
4 — k! 2 2 2 2 2 2' 4
XeRAXx<0
03.10.06.0025.01
.| agzx
LV(Z) _ 62””[7& J
i 1 *kzk:( 1)k+m(k)( ) m (—1)|3—122p—m(—m)2(m_p)(V)p lxpz_i' (_J+p_1)'
1 _V k_ -~ . .
oK' o m mp:o (m-p)! 2 S iNE2j+p-DIp-v+D;Mjna
a b (p-)! XY
(——) L= ) _ {——) L9 |+
4 D ItP=-2Pt=p-v+;m; | 4
2V ykev+l k-1 i ) i m (_1)p—l 22p—m(_m)2(m_p) (V)p
—122(—1)Hm(m)(_v)i—mz
Vr Iy +3)kt S (m-p)!

p=0

Pl 22 (—j+p-D! 2] -K+Vv+2) 1y y B

j=0
03.10.06.0026.01

) [ arg(z—x)

L@ee ™ = LX) (1+0z-%)/;XxeRAX<0

Expansionsat z==0

For the function itself

General case
03.10.06.0001.02
2V Zv+l Z2 z4
L, (2 « 1+ +
\/71-(,,+g) 32v+3) 15Q2v+3)(2v+5)
03.10.06.0027.01
2 Zv+l Z2 z4
L, (2 « 1+ + +
\/71"(v+g) 32v+3) 15Q2v+3)(2v+5)
03.10.06.0002.01
Z\v+l ® 1 Z\2k
Li2)= (5) 3 3 (5)
k=0 F(k+ 5) F(k+ v+ E)
03.10.06.0028.01
2 2k
LV(Z ==

Fieg Ee e

z-x%/;xeRAX<0

NE2j+p-DHEp-v+ DMy

+...]/; (z-0)

o(zﬁ)]
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03.10.06.0029.01

2 Zy\v+l 3 3 7
L@=—— (—) Bl = v = —
VTl d) 2 224
03.10.06.0003.01
Zy+l 3 37
L@=(5) Rl e
2 2 2 4
03.10.06.0004.02
27 Zv+1 3
L@« ———+0(2*3) /; -v - — &N
\/7 F(v + g) 2
03.10.06.0030.01
L,(2=F.(z v/,
Z\+l (E)Zk 1 71204743 5 5 2
Fn(z, v) == (E) Z . e L.(@- s (E) 1F2[1; n+ > n+v+ E; 7 /\
k:or(k+5)r(k+v+5) Fn+5)r(n+v+§)

neN

Summed form of the truncated series expansion.

Special cases
03.10.06.0031.01

. 1 Z\ L Z z 0 /\ 3
(D) — A -v——eN*
@ F(l—v)(Z) +4(1—v)+32(1—v)(2—v)+ [iz=0 Y 2E

03.10.06.0032.01

1 zZ\ Z z 3
L,(2) « (—) 1+ + +0(2) |/, -v--eN*
ra-v)\2 41-v) 321A-v)(2-v) 2

03.10.06.0033.01

- (g)Zk—v 3
L,(2= Z—/; -v-—-€eN
o Tk=v+1k! 2

03.10.06.0034.01

Z\v & 2 3
(2] S -2 en
2/ 41—k 2

LV(Z) ==
r'l-v)

03.10.06.0035.01

(g)voFl[; 1-v; ;]/; v - 2 eN

LV(Z) ==
r1-v)

03.10.06.0036.01

Z\v z 3
LV(Z)==(E) oF1 ;1—Viz /; —V—EEN
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03.10.06.0037.01

3
L@= 1,/ -v- E eN
03.10.06.0005.02
2’z

3
L@« ——+0Z")/;—v-—€eN
Gamma[1l - v] 2

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form

03.10.06.0038.01

1-4v2  9-40v?+16v* , 1-4v2  9-40v?+16v*
L, (2) e’l1+ + +..|+e T i1 - + +... |-
V2rnz 8z 128 72 8z 128 72
ol-v -1 1-2v 3(3-8v+4y?) T
1+ + +... /;—7r<arg(z)<—/\(|z|—>oo)
\/71"(V+%) Z z 2

03.10.06.0039.01

B B B YIS |

2nz par k! 2z vl a K
21—)/ Zv—l n1 1 4 K 1 .

Nee Z(_) [__V) (_) +O[ ) fi-m<ag@ < = /\ (2 - )
\/FF(V+ %) k=0 2/k\2 k\ 2 2n+2 2

03.10.06.0040.01

(ZF( 11 1) iy F( 11 1)) 2t
e Vb=, — =V, — |+ T iFlvy =, — =V - — || - ——
S WPEP 22 2000

L, (2 «
V2nz

T
- <ag(2 < E /\ (12 = o0)

03.10.06.0041.01

(e2(1+ oe)) +e_z_”"u'(l+ o@))) - % (1+ O[;]] i —m<ag@) < g INCEDD

L, (2 «

V2nz

03.10.06.0006.02

I 1 2 1 1
L,(2) « (1+ O(—)) - [1+ O[—]] /i R&(2) = 0A (|2 - )
V2rz 4 v F(v + %) Z

In hyperbolic form ||| In hyperbolic form
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03.10.06.0042.01

2 _2v+3
L@« |- 2% (-2) 4
/e
16v*—40v2+9 2568 — 537615 + 31584 v* — 516642 + 11025 ]
o+

2v+1
sin(\/ -7 _err )n)[1+ +
128 72 983047

4

421 COS(\/;— 2v+ 1)71)
gy -2 4

[1 16v* - 136v% +225 2567 — 104966 + 137824 v* — 656784 v + 893025 ]]
+ + . -

+
3847 49152072

ol-v -1 2v-1 3(4v*-8v+3) n
[ - +...]/;—7r<arg(z)<£/\(lzl—>0°)

1 +
\/71"(1/+%) z z

03.10.06.0043.01

N ) i N (%(1—ZV))k(%(S—Zv))k(%(2v+1))k(%(2v+3))k 1K 1
L@ — sinh(z+—(2v+1)] Z [—] O[ )
xVz 4 k=0 (%)kk! z 22
1-4y2 i 0 (33-2v), (36-2v) (F@r+3) (F@r+5), 1\ 1
cosh(z+—(2v+1)] [_) +o( ] _
82 4 £ (2) k 2 2n+2
2)k
vzt (o1 (1 4\ 1
N D 6 | o o B B | RPN R
HF(V-F%) koo 27kr2 A2 Zme 2
03.10.06.0044.01
«/?e‘”f“*“[ ri 1-2v 3-2y 2v+1 2v+3 1 1
L@oec — sinh(z+—(2v+1)) 4F1( , , , D= —)+
e 4 4 4 4 4 '2'p
1-4y2

3-2y 5-2y 3+2v 5+2v 3 l)]

mi
COSh(Z+ — (2V + 1)] 4F1[ f f » T
4 4 4 4 22

8z
v -1 1 1 4 T
——Fo| = Lo v = | a<ag@ < = \ (12> )
Vr F(v + %) 2 2 zZ 2
03.10.06.0045.01

ﬁe_%(1+zv)[ mi 1 1-4y2 i 1
L,(2 o« ——— sinh(z+ —2v+ 1)) [1+O[—]]+ cosh(z+ —2v+ 1)) [1+ O(—]] -
T VzZ 4 2 8z 4 2

21—1/ Zv—l

—[1 O[l)]/ @< N\id- e
+ — ,—rn<ag2 < — Zl > o0
\/71"(1/+%) 2 2

Containing Bessel functions
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03.10.06.0046.01

z
L@-—h@x-

FERCIRY

03.10.06.0047.01

z 21zt (Q 4\ 1 ™
L@ - —h@ - ( ] (—— ) [ ) +O(—] [ 1ag@l # — [\ (14 = e0)
)[kz A R T 2\

\/; \/;F(V+

21-v -1 2v-1 3(4v*-8v+3)
1-
z z

Pis
+ + ] /i larg(2)| + > /\(IZI - 00)

03.10.06.0048.01

z
L(@-— (2o~

Jz  Vrrped)

03.10.06.0049.01

4
Fol = — -, 1;;—;)/; larg(2)| # g/\(|2|—’°°)

2lv -1 (1 1
0
) 2 2

z 21—vzy—l
L@- —h@x-—— [1+ 0[ ]]/ larg(@) # = /\(|z| > o)
Jz eyl iz

Expansions containing z - —oo

In exponential form ||| In exponentia form

03.10.06.0050.01

i 1-4v2 16v*-40v2+9 ) 1-4v2 16v*-40v2+9
L,(2 «— A1+ + +.o | —ie TV |1- + +...|| -

Nevres 8z 128 2 8z 1287
21-v -1 2v-1 3(4v*-8v+3)
1- n +..|/,0<ag@=rA(Z > )
\/7F(v+%) z z

03.10.06.0051.01
1

P e L T B B Pk SN

NV_2rz = k! Al
BRG] o)

k=0

o

;0<ag@ =< A2 - o)

03.10.06.0052.01

i 11 1 ) 11 1
PP Y s (T

oy 2' 2 22 2'2 2z
et 11 4

————3Fo| o vl /;0<ag@ =n /(2 - o)

Vrr(v+;) 22 2

03.10.06.0053.01

i 1 . 1 2lv -1 1
L,(2) « - (ez (1+ O(—)) —ie" (1+ O(—))) - [1+ O[—]) i0<ag@=rA(Z - )
N : D ez

-2nz



http: //functions.wolfram.com 12

In hyperbolic form ||| In hyperbolic form

03.10.06.0054.01

2 oy . i
L(@o [ —— e4 smh(z——(1+2v))
nz 4

[1 16v* - 40v2+9 25618 — 537615 + 31584v* — 51664 v2 + 11025 ] 1-4y2
+ +.. 0+

im
cosh(z— — @A+ 2v))
4

+
128 7 98304 7 8z
[1 16v* —1361v2 +225 25618 — 10496 v + 137824 v* — 656 784 v2 + 893025 ] ]
+ + + ... -
3847 49152072
2Ly -1 [ 2v-1 3(4v*-8v+3) ]
- + +...1/;Im2=0A(2Z - o)
Va v+ ) 2 z
03.10.06.0055.01
L,(2) «
1 1 1
\/7 . ( ) n( (1—2V))k(z(3—ZV))k(Z(2V+1))k(z(21/+3))k(1]k [ 1 ]
—-— e4 smhz——(2v+1) Z —| +0 +
nz 4 o (1) K1 2 Z22Nn+2
2 )k
142 N ( (3—2v))k(%(5—2v))k(%(2v+3))k(%(2v+5))k 1 1
cosh(z——(2v+1)] Z [—) +O( ] -
8z s (g) K! 2 22
k

2l-v -1 [ n 1 1 4 K 1
(o 1) Z(‘) [‘—V) (—] +0[—) /;1M(2) = 0A (|2 - o0)
ﬁf(v-r%) o2ki2 k2 2n+2

03.10.06.0007.02

2 Lireven (L 2v+1 1 1 1 1 11
L(2D o [ —— e* smh(z— in]4F1[—(1—2v), -B-2v), - 2v+1, -2v+3); —; —] +
nz 4 4 4 4 4 2 2

1-4y2
8z

2v+1

1 1 1 1 31
cosh(z— in)4Fl(—(3—2v), -5-2v), —2v+3), —(2v+5); —; —)]—
4 4 4 4 2 2

21 v 7 1 1 1 4
7)3%[—. 1, ——v ;] /;1M(2) = 0A (|2 - o)

\/7F(v+% 2

03.10.06.0008.02

2 1o 2v+1 1 1-4y2 2v+1 1
L(2)oc [ —— ea sinh(z— riﬂ) 1+0 — ||+ cosh(z— in) 1+0 —
nz 4 2 8z 4 2

21—v Zv—l 1
_ [1+ O[—)] /;1m(2) =0A(|Z - o)
Vo F(v + %) z

The general formulas

03.10.06.0009.01

LV(Z) . (g)wlﬂﬁ[ . 1 g {;: &, oo}] /; (|Z| - )
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03.10.06.0010.01

v+ 1; ) 1;
LV(Z) o (g) ' [ﬂ(PU\Ner)[ 3 3. {;1 601 OO}) +ﬂ2”g)[ g v+ 3. {;’ O‘b' OO}]] /’ (|Z| - OO)
2’ !

F — — -
2'V+2' 2

Expansionsfor any zin exponential form
Using exponential function with branch cut-containing arguments

03.10.06.0056.01

i(4v"-1) 16v*-40v2+9
+.. ]t

Zv+1 1 ) 1 )
( 22)*4*(2‘43) Q_EV -2 +Z(2V+3)7” 1-

- +
Var gy _2 1282

Nt } i(42-1) 16+4-40v2+9
et -7 —Z(2V+3)7HS 14 ( ) T _

8\/; " 128 72

L,(2 «

2t 21 2v-1 3(4*-8v+3)
- + +...1/; (|2 - o)
\/7F(v+%) ra z
03.10.06.0057.01
B N o N N I S
L@ e ——2(-2) & |V Ty +0 — ||+
k! Z+1
2n k=0 2y -7
1) (1 k
v+ [5-Vv
i ,—22 _2v+37” n ( 2)k(2 )k 14 1
e 4 Z " - +0 wiliin
k=0 24 -2 z
2zt (&1 (1 4\ 1
2 (S (1) (2 o
vr i+ ) &2k dz) T e
03.10.06.0058.01
2+ _2r+3 ] 2043 11 i ] 2v43 . 11 i
L,(2) « (-2) ¢ | e ’”2F0v+5,——v;; VT ’”2F0v+£,£—v;;—
V2n 2V -2 2V -2

21—v Zv—l 1 1

4
-l —]/; (17 = o)
z

7?;0[_,
vy 22

03.10.06.0059.01

1 a3 w3 1 . 43 1 vzl 1

i T (o F o)V 1ol -2 (1eof2)s
Vzr ‘ VU 12

(12 - o0)

Using exponential function with branch cut-free arguments
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03.10.06.0060.01

_23 | awa, i\ -2 i\ -2 i(4v°-1) 16v4-40v2+9
L,(2) 2 (-2) ¢ e_243” & 1+I +e7? 1—E 1+ ( )+ Y v +.. |+
2\ 21 z z 8 /_22 128 2
MM[ [ iy -2 [ iy -2 i(4v3-1) 16v4-40v2+9 ]]
e 4 e*|1- +e7?|1+ 1- + +...{| -
z z oV 2 128 2
2t 21 2v-1 3(4”-8v+3)
- + +...1/; (|2 - o)
\/7F(v+%) z z
03.10.06.0061.01
L, (2 «
1 1 k
Bl Y i\ -2 i\ -2 n(V+z)(§‘0 ' 1
——2"(-2) e s | 1-- re?|14n X x g +O( ] i
2 V27r z z k=0 k! 2 _22 Zn+1
1 1 k
%2y, iy -7 iV—ZZ n (V+5)k(5_v)k i 1
e |1+ +e?|1- Z ' - +O( 1] -
z z =0 k! 2\/; 7
2zt (&1 (1 4\ 1
— Z(—) [——v) (—] +0[ ) /; (12 - )
Vr (s 2z hd2) T e
03.10.06.0062.01
1 A - i\ -2 i\ —2 11
L@« —— 2" (-2) ¢ P P ver|1s ! N P (N
2V2rn z s 24/ =7
3+2vm[ [ iy -2 [ iy -2 [ 11 i
e 2 1+ +e?|1- oFolv+ = ——v;; - -
z z o2
2lv -1 11 4
73%[—1 -1 —] /3 (14 — o)
Vrrped) 22 T2

03.10.06.0063.01

3+2v

1 B 3+2 i\ -7 i\ -7
L,(2) o 2+ (_22) 4 |7 Te?|1- ! +e %1+ !
2V 2rx z i
3+2v | V —22 ' V _22 1 21_V - 1
e & Te?|1- : +e?|1+ ' (1+O(—)) —72[1+O[—)]/; (12 - o)
z z 2] Na (v ) z

Expansionsfor any zin trigonometric and hyperbolic forms

Using trigonometric functions with branch cut-containing arguments
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03.10.06.0064.01

2 _2v+3
L@« |- 2% (-2) 4
/e

) 2v+Dn 16v*-40v2+9 25618 — 537615 + 31584 v* — 516642 + 11025
sm(\/— - )1+ +... ]+

+
4 128 72 983047

421 COS(\/;— 2v+ 1)71)
gy -2 4

[1 16v* - 136v% +225 2567 — 104966 + 137824 v* — 656784 v + 893025 ]]
+ + . -

+
3847 49152072

2l -1 [ 2v-1 3(4v*-8v+3)
1- +
\/71"(1/+%) z z

03.10.06.0065.01

2 _ 243
L@« - (-Z) + 2%
Ve

Sm( — _(2V+1),r] i(%(1—2v))k(§(3—2v))k(§(2v+1))k(§(2v+3))k[l]k+ ( ) ]+ "1

+ ...]/; (12 = o0)

~| +9
4 k=0 (%)kk! 2 2n+2 2
1 1 1 L
= _(2v+1)71) " (Z(S_ZV))k(Z(S_ZV))k(Z(2V+3))k(‘_1(21/+5))k[i]k O[ . ] _
CO{ 4 k;; (g)kk! > + gy
27zt (1 (1 4k 1
m[k;(i)k[?v)k(;] *O[szz)]/, (12 - o)

03.10.06.0011.01

2 _2v+3
L@ |- 2% (-2) 4
v/

2v+1 1-2y 3-2v 2v+1 2v+3 1 1 4v2 -1 2v+1
sin(\/ -Z - n)4F1 , , , D= —]+ cos(\/ -Z - n)
4 4 4 4 4 2 2 4
8V -7
2t - [1 1

4
—73Fo—,1,——1’;;—]/;(|2|—>00)
Vrrped) 2 T2 2

3-2v 5-2v 3+2v 5+2v 3 1
414,4,4,4,2,22
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03.10.06.0012.01

2 _2n3
L@« |- 2% (-2) 4
T
21—\/ Zv—l 1
— [1 + O[—)] ACEYS!
\/7 F(V + %) 2

Using hyperbolic functions with branch cut-free arguments

V7 -2 ) uof2)-

8

03.10.06.0066.01

2 _ 243
L@« |- 2% (-2) 4
T

[1 16v*—40v2+9 256v8 — 537616 + 31584 v* — 516642 + 11025 ]
+ + ...+

z 2v+1 2v+1
cos( n] sinh(z) + s n( n) cosh(2)
V= .

+
128 7 98304 7

4v2-1
8

=z

[1 16v* - 1362 +225 25678 — 104966 + 137824 v* — 656784 v + 893025
+

1 2v+1 1 2v+1
cos( n) cosh(z) + — s n( n) sinh(2)
4 z 4

+
3847 4915207

2lv -1 [ 2v-1 3(4v*-8v+3)
1-

+ +...]/; (IZ = o0)
\/71'(V+%) z z

03.10.06.0067.01
z 2v+1 (2v+1
cos( 2 n) sinh(2) + sm(

2 72v+3
L@« |- 2% (-2) + |-
g V-2

n (3a-2v) (36-2v) (F@r+D) (;@v+3)

; (e o)

2

71) cosh(2)

4v2 -1
8

1 2v+1 1 2v+1
cos( n) cosh(z) + — s n( n) Si nh(z)]
4 z 4

Jz
2]z

0 (33-2v) (36-2v) (f@v+3) (3@v+5),

k=0 (g)k k!

21—v Zv—l

W[ZG)(%)(%]O[;)] [ )

4y2 -1 COS(\/;—ZV-”-
V-7

29

1

el
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03.10.06.0068.01

z 2v+1 2v+1
cos( 2 n)sinh(z)+sin( 2 n)cosh(z)

JZ

1 11 4v2-1
—2v+3); —; — |+
4 2 2 8

1 1 1
4F1(—(1—2v), - (3-2v), —2v+1),
4 4 4

1 2v+1 1 2v+1
cos( 2 Jr) cosh(z)+—sin( 2 n)sinh(z)]

\/; z

1 1 1 1 31 ol i
4F1| —3B-2v), —(5-2v), —2v+3), —2v+5); —; — || -
4 4 4 4 2

11 4
—3Fo[l, - ==V —] /3 (12 = o0)
Vrrped) U227

ol =5

21—v Zv—l 1
_rr (1+ o[_]] £ (2 )
\/; F(v + %) zZ

03.10.06.0069.01
z 2v+1 (2v+1
cos( 2 ﬂ) sinh(2) + sm(

L,(2) « [E zV"l(—zz)}V;3
d V-2
1
1+0| —
)

1 2v+1 1 (2v+1
cos( n] cosh(2) + — s n( n) sinh(2)
4 z 4

N

Residue representations

JT) cosh(2)

03.10.06.0013.01

Ly (2
L :_mg{ﬂz_v)zv_l(zzﬁzms l)F(E_S)l"(l+§—5)r(l—§—5) r( 21+S) (_ 21_j)

03.10.06.0014.01

TV & r(%_s)(é)_zs v+1 v+l
R 0 iy P rrerrreseTR e

Other series representations

03.10.06.0015.01
4 2 112

Hol@= _Z 2k+1

i

03.10.06.0016.01
4.2 12

2
Li(2=—-(Us(2-1)+ —
1@ =~ (I )+ﬂ§4kz_1

Integral representations

On the real axis

Of thedirect function
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03.10.07.0001.01

21—v Vid 1 1 1
L@=— f (1-13) 2 sinht2 dt /; Re(v) > ——
\/71"(1/+ %) 0 2
03.10.07.0002.01
2z 3 1
L(@= —F f sin?"(t) sinh(zcos(t)) dt /; Re(v) > -5

\/71"(1/+%) 0

03.10.07.0003.01

2z oo L 1

L@ =@ - —f sint2) (® +1) 2 dt/;z> 0 /\ Re) < =
\/;F(v+ %) 0 2

Contour integral representations

03.10.07.0004.01
r(ﬂ 4 S) r(ﬂ _ )

e red a2 L [f)
e JTCSC(Z)Z 2”"£F(s+%)F(l—s)r(1+%—s)r(1—%—s) 4 e

2

03.10.07.0005.01

nvy 1
L@ = _”wc(?)z_mfz;r( Jr(3-9r+s-9ra-3-

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.10.13.0001.01

z

v+l
W@ Z+W (@ z- (2 +V)W@D) = ) (5) ;W@ == ¢, 1,(2) + ¢, K, (D) + L, (2)

03.10.13.0002.01

1
Wy(1,(2), K,(2) = - -

03.10.13.0003.01

4 Z\v+1
W@Z+W@z-(Z+ WD = ———— (_) WD) = @D+ &L @+ LAY EZ
T F(v+ %) 2
03.10.13.0004.01
2sin(rv)
Wy(1,(2), 1_,(2) == -
nZ

03.10.13.0005.01

Z2WI@) - (v-2ZW @ - (Z+VP+V)zZW@ + (V- DZ + P v+ D)W@) =0/, W2) = L,(D) €1 + C2 1,(D) + C3 K, (D)
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03.10.13.0006.01
21-v -2
WZ(LV(Z): |V(Z), KV(Z)) == — -
Vo F(v + 5)

03.10.13.0007.01
("-29@)39'@) [ vo+g@? |, 3¢'@° -29'@ ¢°@
- W@+ |-——m-d @+ + -

V\/(S) 2
929 9(2)? g (2? g2 g@

wW(2) +

[(v -Dg@°® Yr+1)g@?
+

o . )W(Z) =0/;W2 =c; L, (9(2) +¢c,1,(9(2) +c3K,(9(2)
92

03.10.13.0008.01

2792 9@’
WoL,(92), 1,(9@), Ko(@(@) = - ——————

Vo r (v + %)
03.10.13.0009.01
-2d(@ 3h@®@ 39z
W(3)(2)_[(\/ )g()+ ()+ g ())W”(Z)+
9@ h(2) 9@
v(v+1) g 2)? , 200-2N(@2d® 6N2° 39'2° 6NW@g9'(@ (-29'@ 3h@ ¢
- —J@°+ + + + + - -
9(2)? 92 h(2) h(2)2 g (2> h2g' (@ 9 h@ J@

[(v -)g@® Yr+Dg@® yo+DN@9@? 20-2N2°g@ 6hN@N(@
W (2 + + + - + +
92 92? 92?h 92 h(2)? h(2)?
37N @ +h@d®@2 . 9@2*°h@2-m¥2 (-2M@g'@-gd@h'@) 6hE@°
h2 g2 h(2) 92 h2) h2)®

6h2’g'@ 3NW@g'@°

. . w2 =0/, W2 = ¢ h(2) L,(9(2) + ¢, (2 1,(9(2) + c3h(2) K,(9(2)
h2°g'(2 h2g'@

03.10.13.0010.01

2792 ?h2’ g (2°

Wx(h(2) L,(9(2)), h(2 1,(9(2), h(2) K,(9(2)) = -
\/7 r (v + %)

03.10.13.0011.01
2wWI@) - (vr+r+3s-3)Z2W'(2 +(-(®Z" +V)r?+ 2s- D+ Dr+3(s-Ds+1)zw(2) +
(-2 +V P+ D)rP+s(@Z +V)rP -+ Dhr-s)w@ =0/,
w2 =cZL,@?) +c,Z1,(@az) +c; K, (a?)
03.10.13.0012.01

21—1/ ar3 Zl'+3$3 (azr)V
W,(ZL,(aZ), ZI,(a?), ZK,(aZ)) == -

\/7F(v+ %)

03.10.13.0013.01
W3 (@) + (=(v+ 1) log(r) — 3log(9) W' (2) + (—(a® r?% +v?) log?(r) + 2 (v + 1) log(s) log(r) + 3 Iogz(s)) W (2) +
(*(v-1r22+ V(v + D) log*(r) + (a?r?Z+v?)log(s) log?(r) — (v + 1) log?(s) log(r) — Iog3(s)) w2 =0/
W2 =c¢ &L@ard) +cs1,(ard) +cg K @ar?



http: //functions.wolfram.com

20

03.10.13.0014.01
21 ar?)’*1 Sz og’(r)

\/7F(V+%)

Wy(s*L,(ar?), sl (ar?), K, (ar?) = —

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.10.16.0001.01
L(-2=-(-2"7"L,(2

03.10.16.0002.01
L,(i2)=i(iz2)’Z"H,(2

03.10.16.0003.01
L, (-i2=-i(-i2’Z"H,(2

03.10.16.0004.01

Lv(\/?) =z"1 (22)% L.(2

03.10.16.0005.01

(C (d Zn)m)v+l
L(c(dzZY = ——— L, (cd"Z"™ /;:2meZ
(c gm zmn)V+1

Identities

Recurrence identities

Consecutive neighbors

03.10.17.0001.01

2(v+1) 27141
L,(2 = L 1@+ L@+ 5
\/; F(V + 5)
03.10.17.0002.01
2(v-1) v -1
LV(Z) == Lv—l(z) + LV—Z(Z) - 1
\/; r(V + E)

Distant neighbors

Increasing
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03.10.17.0012.01
L@=2"1Z"(+1n,

2] (DK (n=K)! 2\ =] (=DK(n—k—1)! 2\
20+ ). —| Law@+2 ) —| Lo @ |+
Ik (n=2K)! (-n—v) (v + Dy | 4 K (n-2k- D1 (1-n—vy v+ Dy | 4

k

=Dk - k! [22)
—1| /ineN
k!(j—2k)!(—j—v)k(v+l)k 4

,_
N =
phly

[N

v+ 1),

=2

I

Il
o

l"(j+v+g)k

I
o

Brychkov Yu.A. (2005)
03.10.17.0013.01

1-n n
L@=2"1(v+1D,, (2 (N+v) 3F4(1, - 1L-n-n-v,v+1 22) L (2) +

1-n n
z3F4(1, - 1- E; 1,1-n1-v-nv+1; 22) mel(z)) 7"+

[uN

2—v—1 Zv+l n—

Voo

(v+ 1) 1-j

j
,—5;1,—j,—j—v,v+1;22)/;neN

Il
o

5) 3F4(1,

F(j +V+ 3
Brychkov Yu.A. (2005)

03.10.17.0004.01

27 2Uyv+ 72 (Av+D(v+2) 20+ L,.32

L,(2) == +[ + 1] Lo+ —mm
\/7 F(v + %) zZ

03.10.17.0005.01

2732 +12v2+54v+57) 2% A +2)(2+2v2+8v+6)L,3(D (4v+D)(v+2)
L,(2) == + + +1(L,.4(2

Va v+ ) 2 2

03.10.17.0006.01

2774(32v% + 26412 + 688y + 22 (6v + 17) + 561) 2*1
L,(2) == +

\/7 F(v + 12—1)
Av+1)(v+2) 8(r+H(Z+2v+8v+6)(v+2) 4v+2) (2 +2v*+8v+6)L,,502
+ +1(L,.4(2+
2 z b

03.10.17.0007.01

20v+3) (32 +16(v? + 6v+8) 2 + 16(v* + 12v3 + 49v2 + 78y + 40)) L,.,5(2)
LV(Z) == +

vl
[ Av+1)(v+2) 8(v+4)(22+2v2+8v+6)(v+2)J
1+ + » L,.6(2) +

275241 (2 + (24v? + 160 v + 259) 22 + 5(16v* + 208 v® + 96812 + 1898 v + 1311))

\/71“(\/4— 12—3)
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03.10.17.0014.01

j+v+l
Ly(@) = Ca(%, D Lyen(@ + Co 1, D) Lyuns (@ + — . 5) Cin2)

n-1 1 z
T j=0 F(j +v+ 5) (

2(v+1) 2(n+v)
Cov, 9 =1/\C10v, 2 = \Catv. 2= Coa(v, D+ Cra(v, 2 [\ NN
z z

03.10.17.0015.01

z\v+1n-1 (V+l)j ]__j J ) ]
L,(2 =Cn(v, 2 Lnt(2) + Cnoa(v, 2 Lygyi1(2 + ) (—) P st(T, - 5; v+l -j, - 22) /i

. 5
j=0 (V+ E)J
1-n n
Ch(v,2=2"Z"(v+ 1)n2F3(T, —E; v+1,-n,-n-v; ZZJ /\ neN*
Brychkov Yu.A. (2005)

Decreasing

03.10.17.0016.01
L@=2"tz"(1-v),

H DK (n—K)! 2\ [z DK (n—k-1)! 2\
20-» )" —| La@+2 )] —| L@~
Sk -2k A v (- 4 S (n-2k- D1 (L) (v —n+ 1) | 4

; K
a-v, Ll corg-w(3) e
yne

1 ,zy-12l
E(E) l':ol"(v—j+5)(22)j KNG -2 A=y = )y
2

4

Brychkov Yu.A. (2005)

03.10.17.0017.01
1-n n
L@=2"1z7"1-v,, (zga(l, — 1- E; 1,1-n1-v,-n+v+1; 22) Loy 1(2 +

1-n n
2(n—v)3F4(1, - —5; 1,-nl-v,v-n 22) Lv_n(z))—

21-v v-1 n-1 41 72] 1- V)j 1-j i
3 4(1, —,——;1,—j,1—v,v—i;22)/;n€N
L = F(v—j+%) 2

2
Brychkov Yu.A. (2005)

03.10.17.0008.01
2V (-2 +4v2-6v+2)23 (4(y_2)(y_ 1)
+

\/7F(v+%) z

20v-DL, 52

L,(2) == + 1] L,o(2 -
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03.10.17.0009.01

4v-2)(v-1) (4v-2)(Z+2v*-8v+6))L, 32
v(2) ::[7“] L, 42 - _
Z z
2723 (2 +(1-2mZ+4 -2 (v-D(2v-3)(2v-1)
\/71'(v+ %)

03.10.17.0010.01

4v-2)(v=1) B -H-2(Z+2/-8v+6)
v(2) = + +1|L,_4(@ -
z z
2
4v-2)(2+2v2-8v+6)L, 52 ) 1 -
z \/;I"(v+ %)

(P+@-2vZ-4(4v" - 322+ 83> - 82y +24) 7 - 8(8v° - 84v° + 350v* — 735° + 81212 — 441y + 90)))

03.10.17.0011.01

4v-2)(v-1) 8(r-DHr-2)(Z+2v°-8v+6)
V(2 + +11L,6(2) -
z z
(200-3) (32 +16(v*-6v+8)Z +16(v* - 123 +49v? - 78v + 40))) L,_5(2) 1
v \/71"(1/+%)

(27 2%(P+1-2v 2P +3(4v* - 8v+3) 7' +4(32/° - 456 ° + 2540 v* — 7050 v* + 10163 v* - 7029 v + 1710) Z +

16(16v8 — 2887 + 21841° — 90721 + 22449+* — 336421° + 2953117 — 13698 + 2520)))

03.10.17.0018.01

1
L,(@=Cn(v, 2Ly n(d +Cr_1(v, DL, n1(d — —

! 1 z
T j=0 F(v+%—j) (

v—j-1
5) C\n,2)

2(v-1 2(v-n)

)
Cov,2=1/\C1(v, 2 = - J\Catv, 2= - Coa(r, D +Coo(v, 2 [\neN*

03.10.17.0019.01

y-1n-1 (1-v) — j
L@ =Cn(v, D L,n(2) +Cn1(v, 2Ly 1(2)——(—) IZFS(T e il-v, = v-1; 22] /i
v i) (E)

1-n n )

Calv,2)=2"7" (1—v)n2F3(T, —5; 1-v,-nv-nZ|/ineNt

Brychkov Yu.A. (2005)

Functional identities

Relations between contiguous functions

03.10.17.0003.01
z 2—v—l Zv+1
L@=—(L,1@-L,u@) - .
2y Vrv F(v + 5)
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Differentiation

Low-order differentiation

With respect tov

03.10.20.0001.01

z

PR S

e

k=0 F(k+ g)r(k+v+ 5

03.10.20.0014.01

_ 1)n+l 2n—1
i@ == (-1 Ke(@) + ———— G533
' n?

1t -1k (z)n—Zk—l( z 1)) 1 = 1 zZ\k-n
-y —| - Iog(—)—w(n—k+—)]+—n! (——) Lx@/;ineN
nkzo(“%) . 2 2 2)) 2 ! 2

Brychkov Yu.A. (2005)

03.10.20.0015.01
_1)n+1 2n—l
LE0(2) = (1" Kq(@ + — Gl =

1

2 Zkin-k\ 2

O NIk
NIFE )

z 1
bl 2 2

n! -1 1 Z\k-n
_ (_ _) L@/ neN
n,

Brychkov Yu.A. (2005)

03.10.20.0016.01

1., (E g
LEO 2 -D"n! G)nzzl k!((:])_k ; _ - \1/; |og(§)(§) : SFO(—n, % 1;; §]+

n+5 2\/; pard
1
1 Z n_é n-1 (E)kl//(_k+ n+1) 4 k (_1)n\/7n! 2 %_n
F e
L | z\k"kl 1 zyp 1 1
- = — |- = _oP*3 — _oPt3
r k!(n—k)( 2) ; py( 2) ((le—g(z) 2 lp_g(zz))'_k_g(z) (2|§_p(z) 2 Ié_p(Zz))lk+%(z))+
| 2cticr-crizays T (2] efos Y iogw s of )+ 3
4%(2)( i(2 - Chi(22) + o (E) (n+5)(og( )+¢,(E_n]+ Y]Jr

=D"nt 2" g Z\k
I 1(2)(Shi(22) - 2Shi(2) + (—] (——) I 1@/;ineN
nt3 2 z) Hkin-k\ 2/ *3

[

Brychkov Yu.A. (2005)
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03.10.20.0017.01

2

o R U | zyk-n n'vrz
LY@ =1_.@@Chi@2) - Chi22) +1__1(2) (Shi(22) - 2Shi@) - =n! >’ ( ) @-
_|"|_E n+z *n*E 2 k=0 k! (n— k) k3

noo1 2\ 2 (=2P (1 L _
Z (——] ((22 Ipé(z)—Ipié(Zz))Inik%(z)—(Zz Igip(z)—I%p(Zz))Ikiné(z)] /ineN

o -kl z/ = p!
Brychkov Yu.A. (2005)
03.10.20.0002.01
. 2 248 2LLv+s 22 3
LyP@=- FRod s s s o +[Iog(z>—log(2)—w(v+—))Lva)
3Vr @v+3r(v+ 3) 2, S vtgnves 4 4 2

With respect to z

03.10.20.0003.01
oL, (2

0z

4
=L1@--L2
z

03.10.20.0004.01
aL,(2 27Vz7

0z rr(y+d)

03.10.20.0005.01

iL,(z 1 277
== +L,.12+L,,1(2

iz 2| V(s

03.10.20.0006.01

Pl 1
= T2 (ZL,2@+(@z-22v) L, 1@ +v(+ D L,(2)

v
+ Lv+1(z) + ; LV(Z)

03.10.20.0007.01

PL( 1 271 (2 +8v2+14v+3) 27!
= - (LV—Z(Z) + Lv+2(z) +2L,(2) +
o2 4

«/7(4v(v+2)+3)r(v+ %)

03.10.20.0008.01

IZ’L,)
Ty 2L, 412
03.10.20.0009.01
(7 L,(2) 27
———=7"Lu@+ —
0z \/; F(V + E)

Symbolic differentiation

With respect to z
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03.10.20.0018.01
n—-k

n [EJ _ 11k
"L, (2 _ n! 22: (-1 Z( )( ) (_E)p L@ ineN
0 k+n-p 2

a7 (_5) 5 22Kk (n— 2K!

Brychkov Yu.A. (2005)

03.10.20.0019.01
"L, (2 n!

0z (_ E)”

2piv-1P1 (=1) F(r+%) (Z)_Zr
= /ineN

3 <t TG -
S (")) G e 2 ) Srfp-reved) 2

=122k (k1 (n-2K)")

Brychkov Yu.A. (2005)

03.10.20.0020.01
m (= 1) 22K M (), g (D

"L,
.

j j

1 k=j-1! (—é) ’ k=) (—é) pa—
: : L@ - - , L@ |+

o I k=2]-D!1-k=v);WMjn 0 M k=2D1A-k=»); ) v [“(y.,_%)

z
2 j

,_\

(=D)f 22K M M)y g O KL (DI 22T (k= =D 2] —n+v+2) 2

n-1 i :
ZZ('DW( )( - "‘Z m—K! j

i=1 m=0

/ineN

JTk=2]-D!'1-k=-v)jMjn

I
o

03.10.20.0010.02

"L, (2 N % v+3 3 v-n y—-n+3 3
T 222\ 2Ny 4 2)5F| L — 41, —— +1, v+ = —|hineN
a7 2 2 2 2 2 2 4
Fractional integro-differentiation
With respect to z
03.10.20.0011.01
°L,(2 N v v+3 3 v—a 3+v—-a 3 72
DT 2022 Ay 4+ 2) 5B [ 1, = + 1, o +1, V= — | v e Nt
Kb 2 2 2 2 2 2 4

03.10.20.0012.01

L@ (_1)—L%J 201—2(v+l)+4[V;—1J \/71“[1/— 5

0z
1 v+1 1 v+1
—[v—a—Z{ +2],—[v—a—2{
2 2 2

v+1

%))

-
;] a2l

v+1J 2)!511( ) )1
+ , = |v- -
2 S 2

v+1
+3],v—{ +
2

v+1
2

3

2

z

3.
>

v+3
151 (=1 272kl 2heawv+l (log(2) + (2K — v — 1) =Y (RK—a + v + 2))
/i —-veN*

Py (—2k—v—2)!r(k+g)r(k+v+§)r(2k—a+v+2)
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03.10.20.0013.01
3L, (2 oo 272k-v-1 TCS(:)(Z, 2k+v+ 1 Zkoatr+l

oz

k=0 F(k+ g)l"(k+v+ g)

Integration

Indefinite integration

Involving only one direct function

03.10.21.0001.01

27242 v 3 v 37
va(Z)dZZZ oF3|l, —+1; —, —+2, v+ —; —
\/7(1/+2)F(V+g) 2 2 2 2 4

Involving one direct function and elementary functions

Involving power function

03.10.21.0002.01

27 zotv+l a+v+1 3 a+v+3 3 7
fz“’l L,(2dz= oF5| 1, — SVt = —
\/;(a+v+1)1"(v+g) 2 2 2 2 4
03.10.21.0003.01
2lvz
f 27 L,@dz=72"L,1(2 -
\/;F(v+ %)
03.10.21.0004.01
1 . 1 331 a7z
fz" L,(@a2)dz=2""?az"? (az)Vl‘(—(n+v+2))2F3 L, -(N+v+2;v+—, —, —(N+v+4); —
2 2 2 2 2 4

03.10.21.0005.01

1oy 21-v @z
7| Ly(@) - —
’ Vr v )

le’v L,(a2)dz==

a

03.10.21.0006.01

fz”l L,(az)dz== 2Ly u@2
Y N a

Involving exponential function and a power function

03.10.21.0007.01

27T 2v+2 2

e?(Ly(2+ L@ 2+ +

2v+1 \/;r(v_'_g)

sz e *L(ndz=
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03.10.21.0008.01

@_Z

fz‘V e’L,(Ddz=

21—v
~La@+ L@ - ————
2v-1

— 1
V4 F(V + E)
03.10.21.0009.01
7 [Z‘V 2T2v+2, -2 (-2

2v+1 \/;F(V+g)

fzv ‘L, (2dz= +e*z(L,(2 - Lv+l(z))]

03.10.21.0010.01

eZ

2v—-1

fz‘V e‘L(2dz=

21—1/
27 (L@ -L(@) - —————
\/7 F(v + %)

Involving direct function and Bessel-, Airy-, Struve-type functions

Involving Bessel functions

Involving Bessel | and power
03.10.21.0011.01

1 (1 1 a?
fz" (I_,@2-L,(az)dz=2"272"1 @™ [22“1 F(E n-v+ 1)) 1F2[5 (N=v+1);1-v, 5 (N-v+3);, —

1 B 1 331 a’z
az(az)zvl“(—(n+v+2))2F3 1L, —(N+v+2;v+—, — —(N+v+4);, —

2 2 2 2 2 4
03.10.21.0012.01

1 (1 1 a2 2
fz"(lv(az)— L,(@2)dz=2""27"(@az’ ZF(E(n+v+l))lF2 E(n+v+1); v+1, §(n+v+3); T -

(1 a1 1 ) 331 . a2z
azll-(n+v+ )] , —(N+v+2);v+ —, —, —(N+v+4), —
2 s 2'2' 2 4

Definite integration

Involving the direct function

03.10.21.0013.01

f e L (bt) dt =
0 \/;l“(v+ g)

Re(a +v) > -1 A Re(a) > |Re(b)|

1 1 3 3 12
|l —(@+v+2), —(@+v+ 1), v+—, = — |/
2 2 2 2 g

27V a " p*Hi T+ v+ 1)

Integral transforms

Laplace transforms

o)
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03.10.22.0001.01

27V 72T (v + 2) v+3 v+2 3
3o L, ) V=,
2 2 2

LIL,W®] (2 =

Nl W
N | P

\/71"(v+ g)

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

03.10.26.0001.01

Zy+l 3 3 Z
L,(2 = (5) 1P| 1; > v+ E; 7

03.10.26.0010.01

Z\v z 3
Lv(z)==(5) oFali 1= | i-v=>en

Involving ,Fq
03.10.26.0002.01
2+t 3 37 3
L(@=———F|[L -, v+=;—|/i-v——¢N
2Vx v+ 3) 2 24 2

03.10.26.0011.01

(g)voFl[; 1-v; ;]/; —v- 2 en

LV(Z ==

r(d-v)

Through Meijer G

Classical casesfor thedirect function itself

03.10.26.0003.01

3% Z
L2 =~ — |2 (A) % Gy
2 ncsc( 5 )z (?) 24

03.10.26.0004.01

vy a7 %’ %
L,(2 = —ncsc(?)sz4 Z 1 1y /;Re(2 >0
2277202
03.10.26.0005.01
v 7 v+l 1
T 1 5
- TV A1 £ 22
L{Vz)= ﬂcsc( )G“ g1y 1]
22 2" 2

Classical casesinvolving Bessel |

[, Re(v) > -2
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03.10.26.0006.01

L(VZ)-L(VzZ)= EG13

z
T 4

v+l

2
+1 v v
EREIR

Generalized casesfor thedirect function itself

03.10.26.0007.01

V9%
L,(2) = —zrcsc( > )G;}1

Generalized casesinvolving Bessel |

v+1

2
v+l v v
EREA

Through other functions

03.10.26.0008.01

| L 1G z 1
,,(Z)— v(z)—— 1355

03.10.26.0009.01

L,(2) == zcsc(nr v) [ v, —
4

13 g rat
1(2)1F2 g 5,1— ;

rd-v) r(v + %)

Representations through equivalent functions

With related functions

03.10.27.0001.01

L,Gi@2=i(i2"Z"H,(2
03.10.27.0002.01

Ly(-i2)=-i(-i2’Z"H,(2
03.10.27.0003.01

z K

21 Vg 1 V73 Z2 1
L@ =1.@- Z( ) [ ) fiv--ez
Vr (v— —)! k=0 4 2
03.10.27.0004.01
1

L@=1,@/-v--€eN
@ @/ -v 5 €

Inequalities

03.10.29.0001.01
L,¥=0/;x=0AveR

Theorems

The Coulomb potential

I_,(21F5| v+ E;v+l,v+—' —

B

TR +1)

1 327
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The Coulomb potential, including the order quantum electrodynamical correction, is given by
1 1 r’Yr r’) r r

Vi) o« —[1+a 783+ —|—-2(4+ — —Kl(—]—
r 727 A2 ) Ac 22) A \Ac

4 2r2 r r2 r2 r r r r
2| —+ —-6 Ko— +1— |3+ — K]_—Lo— —Ko—l_]_—
A A2 Ac A2 A% Ac Ac Ac Ac

Here, @ isthe fine structure constant and is A¢ is the Compton wavelength.

History
—J. W. Nicholson (1911)

]
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