
Tanh

Notations

Traditional name

Hyperbolic tangent

Traditional notation

tanhHzL
Mathematica StandardForm notation

Tanh@zD

Primary definition
01.21.02.0001.01

tanhHzL �
sinhHzL
coshHzL �

ãz - ã-z

ãz + ã-z

Specific values

Specialized values

01.21.03.0001.01

tanh Π ä
1

2
+ m � ¥� �; m Î Z

01.21.03.0002.01

tanhHΠ ä mL � 0 �; m Î Z

Values at fixed points

01.21.03.0003.01

tanhH0L � 0

01.21.03.0004.01

tanh
Π ä

12
� ä I2 - 3 N

01.21.03.0005.01

tanh
Π ä

12
� Iz; z4 + 14 z2 + 1M

4

-1



01.21.03.0006.01

tanh
Π ä

10
� ä 1 -

2

5

01.21.03.0007.01

tanh
Π ä

10
� Iz; 5 z4 + 10 z2 + 1M

4

-1

01.21.03.0008.01

tanh
Π ä

9
� -

-I-1 - ä 3 N4�3
+ I-1 + ä 3 N4�3

I-1 - ä 3 N4�3
+ I-1 + ä 3 N4�3

01.21.03.0009.01

tanh
Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

4

-1

01.21.03.0010.01

tanh
Π ä

9
�

-1 + H-1L2�9
1 + H-1L2�9

01.21.03.0011.01

tanh
Π ä

8
� ä I 2 - 1N

01.21.03.0012.01

tanh
Π ä

8
� Iz; z4 + 6 z2 + 1M

2

-1

01.21.03.0013.01

tanh
Π ä

8
�

-1 + -1
4

1 + -1
4
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01.21.03.0014.01

tanh
Π ä

7
� -2 ä 22�3 75�6 1 - 3 ä 3

3

- 2 7 I-ä + 3 N 7 -
ä 7

2
-

3 21

2
3 +

2 ä 7 7 +
ä 7

2
+

3 21

2
3 + 2 21 7 +

ä 7

2
+

3 21

2
3 +

I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

+ ä 3 I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

-

14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

+ ä 3 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3 �

2 22�3 7 - 21 ä 3
3

+ 2 7 I-ä + 3 N 7 -
ä 7

2
-

3 21

2
3 + 2 ä 7 7 +

ä 7

2
+

3 21

2
3 +

2 21 7 +
ä 7

2
+

3 21

2
3 + I14 - ä 7 - 3 21 N2�3

14 + ä 7 + 3 21
3

+

ä 3 I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

+

14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

- ä 3 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

01.21.03.0015.01

tanh
Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

6

-1

01.21.03.0016.01

tanh
Π ä

7
�

-1 + H-1L2�7
1 + H-1L2�7

01.21.03.0017.01

tanh
Π ä

6
�

ä

3

01.21.03.0018.01

tanh
Π ä

5
� ä 5 - 2 5

01.21.03.0019.01

tanh
Π ä

5
� Iz; z4 + 10 z2 + 5M

4

-1
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01.21.03.0020.01

tanh
2 Π ä

9
�

- -1 - ä 3
3

+ -1 + ä 3
3

-1 - ä 3
3

+ -1 + ä 3
3

01.21.03.0021.01

tanh
2 Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

6

-1

01.21.03.0022.01

tanh
2 Π ä

9
�

-1 + H-1L4�9
1 + H-1L4�9

01.21.03.0023.01

tanh
Π ä

4
� ä

01.21.03.0024.01

tanh
2 Π ä

7
�

7

2
I1 - 3 ä 3 N3 2 ä 22�3 75�6 1 - 3 ä 3

3

+ 4 ä 7 7 -
ä 7

2
-

3 21

2
3 - 2 ä 7 7 +

ä 7

2
+

3 21

2
3 +

2 21 7 +
ä 7

2
+

3 21

2
3 - I14 - ä 7 - 3 21 N2�3

14 + ä 7 + 3 21
3

+

ä 3 I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

- 2 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3 �

2 7 - 21 ä 3 + 7 22�3 7 - 21 ä 3
3

- 2
3 I7 - 21 ä 3 N2�3

01.21.03.0025.01

tanh
2 Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

4

-1

01.21.03.0026.01

tanh
2 Π ä

7
�

-1 + H-1L4�7
1 + H-1L4�7

01.21.03.0027.01

tanh
3 Π ä

10
� ä 1 +

2

5

01.21.03.0028.01

tanh
3 Π ä

10
� Iz; 5 z4 + 10 z2 + 1M

2

-1
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01.21.03.0029.01

tanh
Π ä

3
� 3  ä

01.21.03.0030.01

tanh
3 Π ä

8
� ä I1 + 2 N

01.21.03.0031.01

tanh
3 Π ä

8
� Iz; z4 + 6 z2 + 1M

4

-1

01.21.03.0032.01

tanh
3 Π ä

8
�

-1 + H-1L3�4
1 + H-1L3�4

01.21.03.0033.01

tanh
2 Π ä

5
� ä 5 + 2 5

01.21.03.0034.01

tanh
2 Π ä

5
� Iz; z4 + 10 z2 + 5M

2

-1

01.21.03.0035.01

tanh
5 Π ä

12
� ä I2 + 3 N

01.21.03.0036.01

tanh
5 Π ä

12
� Iz; z4 + 14 z2 + 1M

2

-1

01.21.03.0037.01

tanh
3 Π ä

7
� -ä 22�3 75�6 1 - 3 ä 3

3

+ 7 Iä + 3 N 7 -
ä 7

2
-

3 21

2
3 -

1

2
ä 4 7 7 +

ä 7

2
+

3 21

2
3 +

14 - 42 ä 3
3

-2 ä 14 - ä 7 - 3 21
3

+ I-ä + 3 N 14 + ä 7 + 3 21
3 �

-22�3 7 - 21 ä 3
3

+ 7 Iä + 3 N 7 -
ä 7

2
-

3 21

2
3 + 2 ä 7 7 +

ä 7

2
+

3 21

2
3 +

I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

-
1

2
14 - ä 7 - 3 21

3 I14 + ä 7 + 3 21 N2�3
-

1

2
ä 3 14 - ä 7 - 3 21

3 I14 + ä 7 + 3 21 N2�3

http://functions.wolfram.com 5



01.21.03.0038.01

tanh
3 Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

2

-1

01.21.03.0039.01

tanh
3 Π ä

7
�

-1 + H-1L6�7
1 + H-1L6�7

01.21.03.0040.01

tanh
4 Π ä

9
� -

-1 + ä 3
3 I-ä + 3 N + -1 - ä 3

3 Iä + 3 N
-1 + ä 3

3 I-ä + 3 N - -1 - ä 3
3 Iä + 3 N

01.21.03.0041.01

tanh
4 Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

2

-1

01.21.03.0042.01

tanh
4 Π ä

9
�

-1 + H-1L8�9
1 + H-1L8�9

01.21.03.0043.01

tanh
Π ä

2
� ¥�

01.21.03.0044.01

tanh
5 Π ä

9
�

-1 + ä 3
3 I-ä + 3 N + -1 - ä 3

3 Iä + 3 N
-1 + ä 3

3 I-ä + 3 N - -1 - ä 3
3 Iä + 3 N

01.21.03.0045.01

tanh
5 Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

1

-1

01.21.03.0046.01

tanh
5 Π ä

9
�

1 + -1
9

-1 + -1
9
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01.21.03.0047.01

tanh
4 Π ä

7
� 2 22�3 75�6 1 - 3 ä 3

3

+ 2 ä 7 Iä + 3 N 7 -
ä 7

2
-

3 21

2
3 +

4 7 7 +
ä 7

2
+

3 21

2
3 - 2 ä I14 - ä 7 - 3 21 N2�3

14 + ä 7 + 3 21
3

-

ä 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

+ 3 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3 �

2 7 ä - 7 3 + ä
7

2
I1 - 3 ä 3 N 2�3

+ 3
7

2
-

21 ä 3

2

2�3
+ ä 22�3 7 - 21 ä 3

3

01.21.03.0048.01

tanh
4 Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

1

-1

01.21.03.0049.01

tanh
4 Π ä

7
�

1 + -1
7

-1 + -1
7

01.21.03.0050.01

tanh
7 Π ä

12
� -ä I2 + 3 N

01.21.03.0051.01

tanh
7 Π ä

12
� Iz; z4 + 14 z2 + 1M

1

-1

01.21.03.0052.01

tanh
3 Π ä

5
� -ä 5 + 2 5

01.21.03.0053.01

tanh
3 Π ä

5
� Iz; z4 + 10 z2 + 5M

1

-1

01.21.03.0054.01

tanh
5 Π ä

8
� -ä I1 + 2 N

01.21.03.0055.01

tanh
5 Π ä

8
� Iz; z4 + 6 z2 + 1M

3

-1

01.21.03.0056.01

tanh
5 Π ä

8
�

1 + -1
4

-1 + -1
4
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01.21.03.0057.01

tanh
2 Π ä

3
� - 3  ä

01.21.03.0058.01

tanh
7 Π ä

10
� -ä 1 +

2

5

01.21.03.0059.01

tanh
7 Π ä

10
� Iz; 5 z4 + 10 z2 + 1M

1

-1

01.21.03.0060.01

tanh
5 Π ä

7
� 2 ä 22�3 75�6 1 - 3 ä 3

3

+ 4 ä 7 7 -
ä 7

2
-

3 21

2
3 - 2 ä 7 7 +

ä 7

2
+

3 21

2
3 +

2 21 7 +
ä 7

2
+

3 21

2
3 - I14 - ä 7 - 3 21 N2�3

14 + ä 7 + 3 21
3

+

ä 3 I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

- 2 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3 �

2 22�3 7 - 21 ä 3
3

+ 4 ä 7 7 -
ä 7

2
-

3 21

2
3 + 2 ä 7 7 +

ä 7

2
+

3 21

2
3 -

2 21 7 +
ä 7

2
+

3 21

2
3 + I14 - ä 7 - 3 21 N2�3

14 + ä 7 + 3 21
3

-

ä 3 I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

- 2 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

01.21.03.0061.01

tanh
5 Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

3

-1

01.21.03.0062.01

tanh
5 Π ä

7
�

1 + H-1L3�7
-1 + H-1L3�7

01.21.03.0063.01

tanh
3 Π ä

4
� -ä
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01.21.03.0064.01

tanh
7 Π ä

9
�

-1 - ä 3
3

- -1 + ä 3
3

-1 - ä 3
3

+ -1 + ä 3
3

01.21.03.0065.01

tanh
7 Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

5

-1

01.21.03.0066.01

tanh
7 Π ä

9
�

1 + H-1L5�9
-1 + H-1L5�9

01.21.03.0067.01

tanh
4 Π ä

5
� -ä 5 - 2 5

01.21.03.0068.01

tanh
4 Π ä

5
� Iz; z4 + 10 z2 + 5M

3

-1

01.21.03.0069.01

tanh
5 Π ä

6
� -

ä

3

01.21.03.0070.01

tanh
6 Π ä

7
�

-
7

2
I1 - 3 ä 3 N3 -4 ä 7 +

2 7 Iä + 3 N
7 -

ä 7

2
-

3 21

2

3

+ I2 + 2 ä 3 N 7 -
ä 7

2
-

3 21

2
3 -

2 7 I-ä + 3 N
7 +

ä 7

2
+

3 21

2

3

+

2 ä Iä + 3 N 7 +
ä 7

2
+

3 21

2
3 �

2 7 - 7 ä 3 +
7

2
I1 - 3 ä 3 N 2�3

+ ä 3
7

2
-

21 ä 3

2

2�3
+ 22�3 7 - 21 ä 3

3

01.21.03.0071.01

tanh
6 Π ä

7
� Iz; z6 + 21 z4 + 35 z2 + 7M

5

-1

01.21.03.0072.01

tanh
6 Π ä

7
�

1 + H-1L5�7
-1 + H-1L5�7
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01.21.03.0073.01

tanh
7 Π ä

8
� ä I1 - 2 N

01.21.03.0074.01

tanh
7 Π ä

8
� Iz; z4 + 6 z2 + 1M

1

-1

01.21.03.0075.01

tanh
7 Π ä

8
�

1 + H-1L3�4
-1 + H-1L3�4

01.21.03.0076.01

tanh
8 Π ä

9
�

-I-1 - ä 3 N4�3
+ I-1 + ä 3 N4�3

I-1 - ä 3 N4�3
+ I-1 + ä 3 N4�3

01.21.03.0077.01

tanh
8 Π ä

9
� Iz; z6 + 33 z4 + 27 z2 + 3M

3

-1

01.21.03.0078.01

tanh
8 Π ä

9
�

1 + H-1L7�9
-1 + H-1L7�9

01.21.03.0079.01

tanh
9 Π ä

10
� -ä 1 -

2

5

01.21.03.0080.01

tanh
9 Π ä

10
� Iz; 5 z4 + 10 z2 + 1M

3

-1

01.21.03.0081.01

tanh
11 Π ä

12
� -ä I2 - 3 N

01.21.03.0082.01

tanh
11 Π ä

12
� Iz; z4 + 14 z2 + 1M

3

-1

01.21.03.0083.01

tanhHΠ äL � 0
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01.21.03.0084.01

tanh
Π ä

17
� ä �

. . 2 34 I17 - 17 N + 6 17 - 8 2 I17 + 17 N - 34 - 2 17 + 34 + 17 + 34 - 2 17 + 15 �
16 - 2 . 2 . 2 - 34 I17 - 17 N + 6 17 + 8 2 I17 + 17 N + 34 - 2 17 + 34 +

17 - 34 - 2 17 + 15

01.21.03.0085.01

tanh
Π ä

30
� ä 7 - 2 5 - 2 15 - 6 5

tanhI n ä Π
m

M can be expressed using only square roots if n Î Z and m is a product of a power of 2 and distinct Fermat

primes {3, 5, 17, 257, …}. 

Values at infinities

01.21.03.0086.01

tanhH¥L � 1

01.21.03.0087.01

tanhH-¥L � -1

01.21.03.0088.01

tanhH¥� L � È

General characteristics

Domain and analyticity

tanhHzL is an analytical function of z which is defined over the whole complex z-plane with the exception of count-

ably many points z = Π ä � 2 + k Π ä �; k Î Z.

01.21.04.0001.01

z� tanhHzL � C�C

Symmetries and periodicities

Parity

tanhHzL is an odd function.

01.21.04.0002.01

tanhH-zL � -tanhHzL
Mirror symmetry

http://functions.wolfram.com 11



01.21.04.0003.01

tanhHz�L � tanhHzL
Periodicity

 tanhHzL is a periodic function with period Π ä.

01.21.04.0009.01

tanhHz + Π äL � tanhHzL
01.21.04.0004.01

tanhHz + Π ä mL � tanhHzL �; m Î Z

Poles and essential singularities

The function tanhHzL has an infinite set of singular points:

a) z � Π ä � 2 + Π k ä �; k Î Z are the simple poles with residues 1;

b) z � ¥�  is an essential singular point.

01.21.04.0005.01

SingzHtanhHzLL � ::: Π ä

2
+ Π k ä, 1> �; k Î Z>, 8¥� , ¥<>

01.21.04.0006.01

reszHtanhHzLL 
Π ä

2
+ Π k ä � 1 �; k Î Z

Branch points

The function tanhHzL does not have branch points.

01.21.04.0007.01

BPzHtanhHzLL � 8<
Branch cuts

The function tanhHzL does not have branch cuts.

01.21.04.0008.01

BCzHtanhHzLL � 8<
Series representations

Generalized power series

Expansions at z � z0

For the function itself

01.21.06.0019.01

tanhHzL µ tanhHz0L + sech2Hz0L Hz - z0L -
1

2
sinhH2 z0L sech4Hz0L Hz - z0L2 + ¼ �; Hz ® z0L
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01.21.06.0020.01

tanhHzL µ tanhHz0L + sech2Hz0L Hz - z0L -
1

2
sinhH2 z0L sech4Hz0L Hz - z0L2 + OIHz - z0L3M

01.21.06.0021.01

tanhHzL � â
k=0

¥ 1

k !
 tanhHz0L ∆k + sech2Hz0L ∆k-1 -

äk k â
m=0

k-1 â
j=0

m-1 H-1Lm

m + 1

k - 1
m

 cosh-2 m-2Hz0L 2k-2 m 2 m

j
Hm - jLk-1 sinh

ä Π k

2
+ 2 H j - mL z0 Hz - z0Lk

01.21.06.0022.01

tanhHzL µ tanhHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

01.21.06.0001.02

tanhHzL µ z -
z3

3
+

2 z5

15
- ¼ �; Hz ® 0L

01.21.06.0023.01

tanhHzL µ z -
z3

3
+

2 z5

15
- OIz7M

01.21.06.0002.01

tanhHzL � â
k=1

¥ 22 k I22 k - 1M B2 k  z2 k-1H2 kL !
�;  z¤ <

Π

2

01.21.06.0003.02

tanhHzL µ z + OIz3M
Expansions at z � Π ä

2

For the function itself

01.21.06.0004.02

tanhHzL µ
1

z - Π ä

2

+
1

3
 z -

Π ä

2
-

1

45
 z -

Π ä

2

3

+
2

945
 z -

Π ä

2

5

- ¼ �; z ®
Π ä

2

01.21.06.0024.01

tanhHzL µ
1

z - Π ä

2

+
1

3
 z -

Π ä

2
-

1

45
 z -

Π ä

2

3

+
2

945
 z -

Π ä

2

5

- O z -
Π ä

2

7

01.21.06.0005.01

tanhHzL �
1

z - Π ä

2

+ â
k=1

¥ 22 k B2 kH2 kL !
 z -

Π ä

2

2 k-1 �; z -
Π ä

2
< Π

http://functions.wolfram.com 13



01.21.06.0006.02

tanhHzL µ
1

z - Π ä

2

+
1

3
 z -

Π ä

2
+ O z -

Π ä

2

3

q-series

01.21.06.0007.01

tanhHzL � -1 - 2 â
k=1

¥ H-1Lk q2 k �; q � ãz

Dirichlet series

01.21.06.0008.01

tanhHzL � 1 - 2 â
k=0

¥ H-1Lk ã-2 z Hk+1L �; ReHzL > 0

01.21.06.0009.01

tanhHzL � 2 â
k=0

¥ H-1Lk ã2 z Hk+1L - 1 �; ReHzL < 0

Asymptotic series expansions

01.21.06.0010.01

tanhHzL µ 1 - 2 ã-2 z
1F0I1; ; -ã-2 zM �; ReHzL > 0 ß H z¤ ® ¥L

01.21.06.0011.01

tanhHzL µ 1 - 2 ã-2 z I1 + OIã-2 zMM �; ReHzL > 0 ß H z¤ ® ¥L
01.21.06.0012.01

tanhHzL µ -1 + 2 ã2 z
1F0I1; ; -ã2 zM �; ReHzL < 0 ß H z¤ ® ¥L

01.21.06.0013.01

tanhHzL µ -1 + 2 ã2 z I1 + OIã2 zMM �; ReHzL < 0 ß H z¤ ® ¥L
01.21.06.0014.01

tanhHzL µ tanhHzL �; ReHzL � 0 ß H z¤ ® ¥L
01.21.06.0015.01

tanhHzL µ 1 �; Iz ® ãä Φ ¥M í -
Π

2
< Φ <

Π

2

01.21.06.0016.01

tanhHzL µ -1 �; Iz ® ãä Φ ¥M í -Π < Φ < -
Π

2
ë Π

2
< Φ £ Π

01.21.06.0025.01

tanhHzL µ

-1 -Π < argHzL < - Π

2
ë Π

2
< argHzL £ Π

1 - Π

2
< argHzL < Π

2

tanhHzL True

�; H z¤ ® ¥L
Other series representations
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01.21.06.0017.01

tanhHzL � 8 z â
k=1

¥ 1

Π2 H2 k - 1L2 + 4 z2
�; ä z

Π
-

1

2
Ï Z

01.21.06.0018.01

log
tanhHzL

z
� -â

k=1

¥ 22 k I22 k-1 - 1M B2 k z2 k

k H2 kL !
�;  z¤ <

Π

2

Integral representations

On the real axis

Of the direct function

01.21.07.0001.01

tanhHzL � à
0

z

sech2HtL â t

01.21.07.0002.01

tanhHzL � -
2 ä

Π
 à

0

¥ t
2 ä z

Π - 1

t2 - 1
 â t �; -

Π

2
< ImHzL < 0

Limit representations
01.21.09.0001.01

tanhHzL � lim
n®¥

â
k=-n

n 1

ä Π J 1

2
- kN + z

�; ä z

Π
-

1

2
Ï Z

Continued fraction representations
01.21.10.0001.01

tanhHzL �
z

1 +
z2

3 +
z2

5 +
z2

7 +
z2

9 +
z2

11 + ¼

�; ä z

Π
-

1

2
Ï Z

01.21.10.0002.01

tanhHzL �
1

z
 KkIz2, 2 k - 1M

1

¥ �; ä z

Π
-

1

2
Ï Z
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01.21.10.0003.01

tanhHzL �
1

1

z
+

1

3

z
+

1

5

z
+

1

7

z
+

1

9

z
+

1

11

z
+ ¼

�; ä z

Π
-

1

2
Ï Z

01.21.10.0004.01

tanhHzL � Kk 1,
2 k - 1

z 1

¥ �; ä z

Π
-

1

2
Ï Z

Differential equations

Ordinary nonlinear differential equations

01.21.13.0001.01

w¢HzL + wHzL2 - 1 � 0 �; wHzL � tanhHzL ì wH0L � 0

01.21.13.0002.01

w¢HzL - a wHzL2 - b wHzL - c � 0 �; wHzL � -
1

2 a
 b + b2 - 4 a c tanh

a b2 - 4 a c z + b2 - 4 a c c1

2 a

01.21.13.0003.01

w¢¢HzL + 2 wHzL w¢HzL � 0 �; wHzL � c1 tanhI c1 z + c1 c2N
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

01.21.16.0001.01

tanhH-zL � -tanhHzL
01.21.16.0002.01

tanhHa Hb zcLmL �
Hb zcLm tanhHa bm zm cL

bm zm c
�; 2 m Î Z

01.21.16.0003.01

tanh z2 �
z2 tanhHzL

z

Argument involving inverse trigonometric and hyperbolic functions

Involving sin-1
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01.21.16.0063.01

tanhIsin-1HzLM �
2

ä z + 1 - z2
2 ä

+ 1

- 1

01.21.16.0004.01

tanhIä sin-1HzLM �
ä z

1 - z2

01.21.16.0016.01

tanh
ä

2
sin-1HzL � ä 

1 - 1 - z2

z

01.21.16.0064.01

tanhIa sin-1HzLM �
2

ä z + 1 - z2
2 ä a

+ 1

- 1

Involving cos-1

01.21.16.0065.01

tanhIcos-1HzLM � 1 -
2

ãΠ ä z + 1 - z2
2 ä

+ 1

01.21.16.0005.01

tanhIä cos-1HzLM �
ä 1 - z2

z

01.21.16.0017.01

tanh
ä

2
cos-1HzL �

ä 1 - z

1 + z

01.21.16.0066.01

tanhIa cos-1HzLM � 1 -
2

ãa Π ä z + 1 - z2
2 a ä

+ 1

Involving tan-1

01.21.16.0067.01

tanhItan-1HzLM �
2Hä z + 1Lä H1 - ä zL-ä + 1

- 1

01.21.16.0068.01

tanhItan-1Hx, yLM �
2

x+ä y

x2+y2

2 ä

+ 1

- 1
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01.21.16.0006.01

tanhIä tan-1HzLM � ä z

01.21.16.0069.01

tanhIä tan-1Hx, yLM �
ä y

x

01.21.16.0018.01

tanh
ä

2
tan-1HzL �

ä

z
 1 + z2 - 1

01.21.16.0070.01

tanh
1

2
ä tan-1Hx, yL �

ä K x2 + y2 - xO
y

01.21.16.0071.01

tanhIa tan-1HzLM �
2Hä z + 1Lä a H1 - ä zL-ä a + 1

- 1

01.21.16.0072.01

tanhIa tan-1Hx, yLM �
2

x+ä y

x2+y2

2 ä a

+ 1

- 1

Involving cot-1

01.21.16.0073.01

tanhIcot-1HzLM �
2J ä+z

z
Nä J -ä+z

z
N-ä

+ 1

- 1

01.21.16.0007.01

tanhIä cot-1HzLM �
ä

z

01.21.16.0019.01

tanh
ä

2
cot-1HzL � ä

z -1 - z2

-z
- z

01.21.16.0074.01

tanhIa cot-1HzLM �
2J ä+z

z
Nä a J -ä+z

z
N-ä a

+ 1

- 1

Involving csc-1

01.21.16.0075.01

tanhIcsc-1HzLM �
2

1 - 1

z2
+ ä

z

2 ä

+ 1

- 1
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01.21.16.0008.01

tanhIä csc-1HzLM �
ä z2

z z2 - 1

01.21.16.0020.01

tanh
ä

2
csc-1HzL � ä z -

ä z2 -1 + z2

z

01.21.16.0076.01

tanhIa csc-1HzLM �
2

1 - 1

z2
+ ä

z

2 ä a

+ 1

- 1

Involving sec-1

01.21.16.0077.01

tanhIsec-1HzLM � 1 -
2

ãΠ 1 - 1

z2
+ ä

z

2 ä

+ 1

01.21.16.0009.01

tanhIä sec-1HzLM � ä 1 -
1

z2
z

01.21.16.0021.01

tanh
ä

2
sec-1HzL �

ä -1 + z -z

-1 - z z

01.21.16.0078.01

tanhIa sec-1HzLM � 1 -
2

ãa Π 1 - 1

z2
+ ä

z

2 a ä

+ 1

Involving sinh-1

01.21.16.0010.01

tanhIsinh-1HzLM �
z

1 + z2

01.21.16.0022.01

tanh
1

2
sinh-1HzL �

z2 + 1 - 1

z
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01.21.16.0079.01

tanhIä sinh-1HzLM � 1 -
2

z + z2 + 1
2 ä

+ 1

01.21.16.0080.01

tanhIa sinh-1HzLM � 1 -
2

z + z2 + 1
2 a

+ 1

Involving cosh-1

01.21.16.0011.01

tanhIcosh-1HzLM �
z - 1 z + 1

z

01.21.16.0023.01

tanh
1

2
cosh-1HzL �

z - 1

z + 1

01.21.16.0081.01

tanhIä cosh-1HzLM � 1 -
2Iz + z - 1 z + 1 N2 ä

+ 1

01.21.16.0082.01

tanhIa cosh-1HzLM � 1 -
2Iz + z - 1 z + 1 N2 a

+ 1

Involving tanh-1

01.21.16.0012.01

tanhItanh-1HzLM � z

01.21.16.0024.01

tanh
1

2
tanh-1HzL �

1 - 1 - z2

z

01.21.16.0083.01

tanhIä tanh-1HzLM � 1 +
1

- 1

2
Hz + 1Lä H1 - zL-ä - 1

2

01.21.16.0084.01

tanhIa tanh-1HzLM � 1 -
2 H1 - zLaH1 - zLa + Hz + 1La

01.21.16.0028.01

tanhIn tanh-1HzLM �
Hz + 1Ln - H1 - zLnH1 - zLn + Hz + 1Ln

�; n Î N+
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Involving coth-1

01.21.16.0013.01

tanhIcoth-1HzLM �
1

z

01.21.16.0025.01

tanh
1

2
coth-1HzL � z -

z2 z2 - 1

z

01.21.16.0085.01

tanhIä coth-1HzLM �
2J1 - 1

z
Nä J1 + 1

z
N-ä

+ 1

- 1

01.21.16.0086.01

tanhIa coth-1HzLM �
2 J1 + 1

z
Na

J1 + 1

z
Na

+ J1 - 1

z
Na

- 1

Involving csch-1

01.21.16.0014.01

tanhIcsch-1HzLM �
-z2

z -1 - z2

01.21.16.0026.01

tanh
1

2
csch-1HzL � z 1 +

1

z2
- 1

01.21.16.0087.01

tanhIä csch-1HzLM � 1 -
2

1 + 1

z2
+ 1

z

2 ä

+ 1

01.21.16.0088.01

tanhIa csch-1HzLM � 1 -
2

1 + 1

z2
+ 1

z

2 a

+ 1

Involving sech-1

01.21.16.0015.01

tanhIsech-1HzLM �
1 - z

1 + z
H1 + zL
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01.21.16.0027.01

tanh
1

2
sech-1HzL �

1 - z

z + 1

01.21.16.0089.01

tanhIä sech-1HzLM � 1 -
2

1

z
- 1 1 + 1

z
+ 1

z

2 ä

+ 1

01.21.16.0090.01

tanhIa sech-1HzLM � 1 -
2

1

z
- 1 1 + 1

z
+ 1

z

2 a

+ 1

Addition formulas

01.21.16.0029.01

tanhHa + bL �
tanhHaL + tanhHbL

tanhHaL tanhHbL + 1

01.21.16.0030.01

tanh a +
Π ä

4
�

ä + tanhHaL
ä tanhHaL + 1

01.21.16.0031.01

tanhHa - bL �
tanhHaL - tanhHbL

1 - tanhHaL tanhHbL
01.21.16.0032.01

tanh a -
Π ä

4
�

tanhHaL - ä

1 - ä tanhHaL
01.21.16.0033.01

tanhHa + b äL �
ä sinH2 bL + sinhH2 aL
cosH2 bL + coshH2 aL

01.21.16.0034.01

tanhHa - ä bL �
sinhH2 aL - ä sinH2 bL
cosH2 bL + coshH2 aL

01.21.16.0035.01

tanhHz1 + z2 + z3L �
tanhHz2L tanhHz3L tanhHz1L + tanhHz1L + tanhHz2L + tanhHz3L

tanhHz1L tanhHz2L + tanhHz3L tanhHz2L + tanhHz1L tanhHz3L + 1

Half-angle formulas

01.21.16.0036.01

tanhK z

2
O � cothHzL - cschHzL
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01.21.16.0037.01

tanhK z

2
O �

sinhHzL
coshHzL + 1

01.21.16.0038.01

tanhK z

2
O � -

-z2

z
 

1 - coshHzL
1 + coshHzL �;  ImHzL¤ < Π

01.21.16.0039.01

tanhK z

2
O �

z2

z
 

coshHzL - 1

coshHzL + 1

Multiple arguments

Argument involving numeric multiples of variable

01.21.16.0040.01

tanhH2 zL �
2 tanhHzL

tanh2HzL + 1

01.21.16.0041.01

tanhH3 zL �
tanh3HzL + 3 tanhHzL

3 tanh2HzL + 1

Argument involving symbolic multiples of variable

01.21.16.0042.01

tanhHn zL �
Un-1HcoshHzLL sinhHzL

TnHcoshHzLL
01.21.16.0052.01

tanhHn zL �

Úk=0

f n-1

2
v n

2 k + 1
tanh2 k+1HzL

Úk=0

f n

2
v n

2 k
tanh2 kHzL �; n Î N+

Roger Germundsson

Products, sums, and powers of the direct function

Products of the direct function

01.21.16.0043.01

tanhHaL tanhHbL �
coshHa + bL - coshHa - bL
coshHa - bL + coshHa + bL

Products involving the direct function

01.21.16.0044.01

tanhHaL cothHbL �
sinhHa - bL + sinhHa + bL
sinhHa + bL - sinhHa - bL
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Sums of the direct function

01.21.16.0045.01

tanhHaL + tanhHbL � sechHaL sechHbL sinhHa + bL
01.21.16.0046.01

tanhHaL - tanhHbL � sechHaL sechHbL sinhHa - bL
Sums involving the direct function

Involving other hyperbolic functions

Involving coth 

01.21.16.0053.01

tanhHzL + cothHzL � coshH2 zL cschHzL sechHzL
01.21.16.0054.01

tanhHzL - cothHzL � -cschHzL sechHzL
01.21.16.0047.01

cothHbL + tanhHaL � coshHa + bL sechHaL cschHbL
01.21.16.0048.01

tanhHaL - cothHbL � -coshHa - bL sechHaL cschHbL
Involving trigonometric functions

Involving tan 

01.21.16.0055.01

tanhHzL + ä tanHzL � secHzL sechHzL sinh 2 ã
ä Π

4 z

01.21.16.0056.01

tanhHzL - ä tanHzL � secHzL sechHzL sinh 2 ã-
1

4
Hä ΠL z

01.21.16.0057.01

tanhHaL + ä tanHbL � secHbL sechHaL sinhHa + b äL
01.21.16.0058.01

tanhHaL - ä tanHbL � secHbL sechHaL sinhHa - b äL
Involving cot 

01.21.16.0059.01

tanhHzL + ä cotHzL � ä cosh 2 ã-
1

4
Hä ΠL z cscHzL sechHzL

01.21.16.0060.01

tanhHzL - ä cotHzL � -ä cosh 2 ã
ä Π

4 z cscHzL sechHzL
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01.21.16.0061.01

tanhHaL + ä cotHbL � ä coshHa - ä bL cscHbL sechHaL
01.21.16.0062.01

tanhHaL - ä cotHbL � -ä coshHa + b äL cscHbL sechHaL
Powers of the direct function

01.21.16.0049.01

Tanh@zD2 �
Cosh@2 zD - 1

Cosh@2 zD + 1

01.21.16.0050.01

tanh3HzL �
sinhH3 zL - 3 sinhHzL
3 coshHzL + coshH3 zL

Sums of powers involving the direct function

01.21.16.0051.01

tanh2HaL - tanh2HbL � sech2HaL sech2HbL sinhHa - bL sinhHa + bL
Identities

Functional identities

01.21.17.0001.01

tanhH2 zL Itanh2HzL + 1M � 2 tanhHzL
Complex characteristics

Real part

01.21.19.0001.01

ReHtanhHx + ä yLL �
sinhH2 xL

cosH2 yL + coshH2 xL
Imaginary part

01.21.19.0002.01

ImHtanhHx + ä yLL �
sinH2 yL

cosH2 yL + coshH2 xL
Absolute value

01.21.19.0003.01

 tanhHx + ä yL¤ �
sin2H2 yL + sinh2H2 xLHcosH2 yL + coshH2 xLL2

Argument
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01.21.19.0004.01

argHtanhHx + ä yLL � tan-1
sinhH2 xL

cosH2 yL + coshH2 xL ,
sinH2 yL

cosH2 yL + coshH2 xL
01.21.19.0005.01

argHtanhHx + ä yLL � tan-1HcschH2 xL sinH2 yLL +
Π

2
 sgn

sgnHsinH2 yLL
sgnHcosH2 yL + coshH2 xLL +

1

2
1 -

sgnHsinhH2 xLL
sgnHcosH2 yL + coshH2 xLL

Conjugate value

01.21.19.0006.01

tanhHx + ä yL �
sinhH2 xL - ä sinH2 yL
cosH2 yL + coshH2 xL

Differentiation

Low-order differentiation

01.21.20.0001.01

¶ tanhHzL
¶z

� sech2HzL
01.21.20.0002.01

¶2 tanhHzL
¶z2

� -2 sech2HzL tanhHzL
Symbolic differentiation 

01.21.20.0003.01

¶n tanhHzL
¶zn

� â
k=1

¥ 22 k-1 I22 k - 1M
k H2 k - n - 1L !

B2 k  z2 k-n-1 �;  z¤ <
Π

2
í n Î N+

01.21.20.0004.01

¶n tanhHzL
¶zn

�

tanhHzL ∆n + sech2HzL ∆n-1 - än n â
k=0

n-1 â
j=0

k-1 H-1Lk  cosh-2 k-2HzL 2n-2 k  Hk - jLn-1

k + 1
 

n - 1

k

2 k
j

sinh
ä n Π

2
+ 2 H j - kL z �; n Î N

01.21.20.0006.01

¶n tanhHzL
¶zn

� 2n H∆n + tanhHzL - 1L â
k=0

n H-1Lk k !

2k
 Sn

HkL HtanhHzL + 1Lk �; n Î N

Victor Adamchik (2005)

Fractional integro-differentiation

01.21.20.0005.01

¶Α tanhHzL
¶zΑ

� â
k=1

¥ 22 k-1 I22 k - 1M B2 k z2 k-Α-1

GH2 k - ΑL k
�;  z¤ <

Π

2

http://functions.wolfram.com 26



01.21.20.0007.01

tanhHΑLHc zL �
H-äL1-Α logH4L

GH-ΑL Hä c zL-Α-1 -

H-äL1-Α Π-Α-1 Hä c zL-Α H-ä c zLΑ 2Α+1 ΨHΑL -
2 ä c z

Π
- ΨHΑL -

ä c z

Π
+ Hä c zLΑ ΨHΑL ä c z

Π
- 2Α+1 ΨHΑL 2 ä c z

Π

Integration

Indefinite integration

Involving only one direct function

01.21.21.0014.01à tanhHb + a zL â z �
logHcoshHb + a zLL

a

01.21.21.0015.01à tanhHa zL â z �
logHcoshHa zLL

a

01.21.21.0016.01à tanhHzL â z � logHcoshHzLL
Involving one direct function and elementary functions

Involving power function

Involving power

Involving znand  linear arguments

01.21.21.0017.01à z tanhHb + a zL â z �

1

2 a2
 I-a2 z2 - 2 a b z + 2 a logI1 + ã2 Hb+a zLM z + ä Π logI1 + ã-2 a zM + 2 b logI1 + ã2 Hb+a zLM + ä Π logI1 + ã2 Hb+a zLM -

ä Π logHcoshHa zLL - 2 b logHcoshHb + a zLL - ä Π logHcoshHb + a zLL + Li2I-ã2 Hb+a zLMM
01.21.21.0018.01

à zn tanhHa zL â z �
zn+1

n + 1
- 2 ã-2 a z n! â

j=0

n H-1L j 2- j-1 H-aL- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1; 2, ¼, 2; -ã-2 a zM �; n Î N

01.21.21.0019.01

à z tanhHa zL â z �
a z Ia z + 2 logI1 + ã-2 a zMM - Li2I-ã-2 a zM

2 a2
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01.21.21.0020.01

à z2 tanhHa zL â z �
2 a2 Ia z + 3 logI1 + ã-2 a zMM z2 - 6 a Li2I-ã-2 a zM z - 3 Li3I-ã-2 a zM

6 a3

01.21.21.0021.01

à z3 tanhHa zL â z �
a4 z4 + 4 a3 logI1 + ã-2 a zM z3 - 6 a2 Li2I-ã-2 a zM z2 - 6 a Li3I-ã-2 a zM z - 3 Li4I-ã-2 a zM

4 a4

01.21.21.0022.01à z4 tanhHa zL â z �

1

a5
 

a5 z5

5
+ a4 logI1 + ã-2 a zM z4 - 2 a3 Li2I-ã-2 a zM z3 - 3 a2 Li3I-ã-2 a zM z2 - 3 a Li4I-ã-2 a zM z -

3

2
Li5I-ã-2 a zM

Involving exponential function

Involving exp

Involving ab z

01.21.21.0023.01à ab z tanhHc zL â z �
1

b logHaL H2 c + b logHaLL  

ab z b ã2 c z
2F1

b logHaL
2 c

+ 1, 1;
b logHaL

2 c
+ 2; -ã2 c z logHaL - 2F1

b logHaL
2 c

, 1;
b logHaL

2 c
+ 1; -ã2 c z H2 c + b logHaLL

01.21.21.0024.01à ãb z tanhHa zL â z �
1

b H2 a + bL  b ãH2 a+bL z
2F1

b

2 a
+ 1, 1;

b

2 a
+ 2; -ã2 a z - H2 a + bL ãb z

2F1

b

2 a
, 1;

b

2 a
+ 1; -ã2 a z

01.21.21.0025.01

à ã-a z tanhHa zL â z �
ã-a z - 2 tan-1Hã-a zL

a

01.21.21.0026.01

à ãa z tanhHa zL â z �
ãa z - 2 tan-1Hãa zL

a

Involving exponential function and a power function

Involving  exp and power

Involving zn ãb z
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01.21.21.0027.01à zn ãb z tanhHc zL â z �

n! ãHb+2 cL z â
j=0

n H-1L j Hb + 2 cL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c

2 c
, ¼,

b + 2 c

2 c
, 1;

b + 2 c

2 c
+ 1, ¼,

b + 2 c

2 c
+ 1; -ã2 c z -

ãb z â
j=0

n H-1L j b- j-1 zn- jHn - jL !
 j+2F j+1

b

2 c
, ¼,

b

2 c
, 1;

b

2 c
+ 1, ¼,

b

2 c
+ 1; -ã2 c z �; n Î N

Arguments involving inverse trigonometric functions

Involving sin-1

01.21.21.0028.01à tanhIsin-1HzLM â z �
1

10
ã-ä sin-1HzL -5 ä 2F1 -

ä

2
, 1; 1 -

ä

2
; -ã2 sin-1HzL + 5 ä ã2 ä sin-1HzL

2F1

ä

2
, 1; 1 +

ä

2
; -ã2 sin-1HzL +

H2 + äL ã2 sin-1HzL
2F1 1 -

ä

2
, 1; 2 -

ä

2
; -ã2 sin-1HzL + H2 - äL ãH2+2 ä L sin-1HzL

2F1 1 +
ä

2
, 1; 2 +

ä

2
; -ã2 sin-1HzL

01.21.21.0029.01à tanhIa sin-1HzLM â z �
1

2 I4 a2 + 1M  

ã-ä sin-1HzL H2 a - äL H1 - 2 ä aL 2F1 -
ä

2 a
, 1; 1 -

ä

2 a
; -ã2 a sin-1HzL - ã2 ä sin-1HzL

2F1

ä

2 a
, 1; 1 +

ä

2 a
; -ã2 a sin-1HzL +

ã2 Ha+äL sin-1HzL
2F1 1 +

ä

2 a
, 1; 2 +

ä

2 a
; -ã2 a sin-1HzL + H2 a + äL ã2 a sin-1HzL

2F1 1 -
ä

2 a
, 1; 2 -

ä

2 a
; -ã2 a sin-1HzL

Involving cos-1

01.21.21.0030.01à tanhIcos-1HzLM â z �
1

10
ã-ä cos-1HzL -5 2F1 -

ä

2
, 1; 1 -

ä

2
; -ã2 cos-1HzL - 5 ã2 ä cos-1HzL

2F1

ä

2
, 1; 1 +

ä

2
; -ã2 cos-1HzL +

H1 - 2 ä L ã2 cos-1HzL
2F1 1 -

ä

2
, 1; 2 -

ä

2
; -ã2 cos-1HzL + H1 + 2 ä L ãH2+2 ä L cos-1HzL

2F1 1 +
ä

2
, 1; 2 +

ä

2
; -ã2 cos-1HzL

01.21.21.0031.01à tanhIa cos-1HzLM â z �
1

2 I4 a2 + 1M  ã-ä cos-1HzL
H1 + 2 ä aL H2 a + äL ä ã2 ä cos-1HzL

2F1

ä

2 a
, 1; 1 +

ä

2 a
; -ã2 a cos-1HzL + 2F1 -

ä

2 a
, 1; 1 -

ä

2 a
; -ã2 a cos-1HzL + ã2 Ha+äL cos-1HzL

2F1 1 +
ä

2 a
, 1; 2 +

ä

2 a
; -ã2 a cos-1HzL + H1 - 2 ä aL ã2 a cos-1HzL

2F1 1 -
ä

2 a
, 1; 2 -

ä

2 a
; -ã2 a cos-1HzL

Arguments involving inverse hyperbolic functions
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Involving sinh-1

01.21.21.0032.01à tanhIsinh-1HzLM â z � z2 + 1

01.21.21.0033.01à tanhIa sinh-1HzLM â z �
1

8 a2 - 2
 ã-2 sinh-1HzL H2 a - 1L ãH2 a+3L sinh-1HzL

2F1 1 +
1

2 a
, 1; 2 +

1

2 a
; -ã2 a sinh-1HzL -

H2 a + 1L ãsinh-1HzL ã2 sinh-1HzL
2F1

1

2 a
, 1; 1 +

1

2 a
; -ã2 a sinh-1HzL - 2F1 -

1

2 a
, 1; 1 -

1

2 a
; -ã2 a sinh-1HzL +

H2 a + 1L ã2 a sinh-1HzL+sinh-1HzL
2F1 1 -

1

2 a
, 1; 2 -

1

2 a
; -ã2 a sinh-1HzL

Involving cosh-1

01.21.21.0034.01

à tanhIcosh-1HzLM â z � tan-1
1

z - 1 z + 1
+ z - 1 z + 1

01.21.21.0035.01à tanhIa cosh-1HzLM â z � -
1

8 a2 - 2
 ã-2 cosh-1HzL

H2 a - 1L H2 a + 1L ãcosh-1HzL ã2 cosh-1HzL
2F1

1

2 a
, 1; 1 +

1

2 a
; -ã2 a cosh-1HzL + 2F1 -

1

2 a
, 1; 1 -

1

2 a
; -ã2 a cosh-1HzL -

ãH2 a+3L cosh-1HzL
2F1 1 +

1

2 a
, 1; 2 +

1

2 a
; -ã2 a cosh-1HzL +

H2 a + 1L ã2 a cosh-1HzL+cosh-1HzL
2F1 1 -

1

2 a
, 1; 2 -

1

2 a
; -ã2 a cosh-1HzL

Involving tanh-1

01.21.21.0036.01

à tanhItanh-1HzLM â z �
z2

2

Involving coth-1

01.21.21.0037.01à tanhIcoth-1HzLM â z � logHzL
Involving csch-1
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01.21.21.0038.01

à tanhIcsch-1HzLM â z �

1 + 1

z2
z sinh-1HzL

z2 + 1

Involving sech-1

01.21.21.0039.01

à tanhIsech-1HzLM â z �
1

2

1

z + 1
z + 1 1 - z2 z + tan-1

z

1 - z2

Involving trigonometric functions

Involving sin

Involving sinHb zL
01.21.21.0040.01à sinHb zL tanhHc zL â z �

1

2 Ib3 + 4 c2 bM  ã-ä b z

-Hb + 2 ä c L b ã2 Hc+ä b L z
2F1 1 +

ä b

2 c
, 1; 2 +

ä b

2 c
; -ã2 c z - Hb - 2 ä cL ã2 ä b z

2F1

ä b

2 c
, 1; 1 +

ä b

2 c
; -ã2 c z +

2F1 -
ä b

2 c
, 1; 1 -

ä b

2 c
; -ã2 c z - b Hb - 2 ä cL ã2 c z

2F1 1 -
ä b

2 c
, 1; 2 -

ä b

2 c
; -ã2 c z

Involving power of sin

Involving sinmHb zL
01.21.21.0041.01

à sinmHb zL tanhHc zL â z �
2-m logHcoshHc zLL H1 - m mod 2L

c
 

m
m

2

+ ä-m 2-m â
k=0

f m-1

2
v H-1Lk m

k

ä ãä b Hm-2 kL z
2F1J ä b Hm-2 kL

2 c
, 1; 2 c+b ä Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL +
ãH2 c+b ä Hm-2 kLL z

2F1J 2 c+b ä Hm-2 kL
2 c

, 1; 4 c+b ä Hm-2 kL
2 c

; -ã2 c zN
2 c + b ä Hm - 2 kL +

H-1Lm ãH2 c-ä b Hm-2 kLL z
2F1J 2 c-ä b Hm-2 kL

2 c
, 1; 4 c-ä b Hm-2 kL

2 c
; -ã2 c zN

2 c - ä b Hm - 2 kL -

ä H-1Lm ã-ä b Hm-2 kL z
2F1J- ä b Hm-2 kL

2 c
, 1; 2 c-ä b Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL �; m Î N+
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Involving cos

Involving cosHb zL
01.21.21.0042.01à cosHb zL tanhHc zL â z �

1

2 Ib3 + 4 c2 bM  ä ã-ä b z b Hb - 2 ä cL ã2 c z
2F1 1 -

ä b

2 c
, 1; 2 -

ä b

2 c
; -ã2 c z -

Hb + 2 ä c L Hb - 2 ä cL 2F1 -
ä b

2 c
, 1; 1 -

ä b

2 c
; -ã2 c z - ã2 ä b z

2F1

ä b

2 c
, 1; 1 +

ä b

2 c
; -ã2 c z +

b ã2 Hc+ä b L z
2F1 1 +

ä b

2 c
, 1; 2 +

ä b

2 c
; -ã2 c z

Involving power of cos

Involving cosmHb zL
01.21.21.0043.01à cosmHb zL tanhHc zL â z �

2-m logHcoshHc zLL H1 - m mod 2L
c

 
m
m

2

+ 2-m

â
k=0

f m-1

2
v

m

k

ä ãä b Hm-2 kL z
2F1J ä b Hm-2 kL

2 c
, 1; 2 c+b ä Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL +
ãH2 c+b ä Hm-2 kLL z

2F1J 2 c+b ä Hm-2 kL
2 c

, 1; 4 c+b ä Hm-2 kL
2 c

; -ã2 c zN
2 c + b ä Hm - 2 kL +

ãH2 c-ä b Hm-2 kLL z
2F1J 2 c-ä b Hm-2 kL

2 c
, 1; 4 c-ä b Hm-2 kL

2 c
; -ã2 c zN

2 c - ä b Hm - 2 kL -

ä ã-ä b Hm-2 kL z
2F1J- ä b Hm-2 kL

2 c
, 1; 2 c-ä b Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL �; m Î N+

Involving trigonometric and a power functions

Involving sin and power

Involving zn sinHa + b zL tanhH c zL
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01.21.21.0044.01à zn sinHa + b zL tanhHc zL â z �
1

2
ä ã-ä a n!

ãH2 c-ä bL z â
j=0

n H-1L j H2 c - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b

2 c
, ¼,

2 c - ä b

2 c
, 1;

2 c - ä b

2 c
+ 1, ¼,

2 c - ä b

2 c
+ 1; -ã2 c z -

ã-ä b z â
j=0

n H-1L j H-ä bL- j-1 zn- jHn - jL !
 j+2F j+1 -

ä b

2 c
, ¼, -

ä b

2 c
, 1; 1 -

ä b

2 c
, ¼, 1 -

ä b

2 c
; -ã2 c z -

1

2
ä ãä a n!

ãH2 c+ä b L z â
j=0

n H-1L j H2 c + ä b L- j-1 zn- jHn - jL !
 j+2F j+1

2 c + ä b

2 c
, ¼,

2 c + ä b

2 c
, 1;

2 c + ä b

2 c
+ 1, ¼,

2 c + ä b

2 c
+ 1; -ã2 c z -

ãä b z â
j=0

n H-1L j Hä bL- j-1 zn- jHn - jL !
 j+2F j+1

ä b

2 c
, ¼,

ä b

2 c
, 1;

ä b

2 c
+ 1, ¼,

ä b

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0045.01

à zn sinHb zL tanhHc zL â z �
1

2
ä n! -ã-ä b z â

j=0

n H-1L j H-ä bL- j-1 zn- jHn - jL !
j+2F j+1 -

ä b

2 c
, ¼, -

ä b

2 c
, 1; 1 -

ä b

2 c
, ¼, 1 -

ä b

2 c
; -ã2 c z +

ãä b z â
j=0

n H-1L j Hä bL- j-1 zn- jHn - jL !
j+2F j+1

ä b

2 c
, ¼,

ä b

2 c
, 1;

ä b

2 c
+ 1, ¼,

ä b

2 c
+ 1; -ã2 c z + ãH2 c-ä bL z

â
j=0

n H-1L j H2 c - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b

2 c
, ¼,

2 c - ä b

2 c
, 1;

2 c - ä b

2 c
+ 1, ¼,

2 c - ä b

2 c
+ 1; -ã2 c z - ãH2 c+ä b L z

â
j=0

n H-1L j H2 c + ä b L- j-1 zn- jHn - jL !
 j+2F j+1

ä b + 2 c

2 c
, ¼,

ä b + 2 c

2 c
, 1;

ä b + 2 c

2 c
+ 1, ¼,

ä b + 2 c

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of sin and power

Involving zn sinmHb zL tanhHc zL
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01.21.21.0046.01à zn sinmHb zL tanhHc zL â z �

2-m
m
m

2

n! H1 - m mod 2L 2 ã2 c z â
j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1; 2, ¼, 2; -ã2 c zM -

zn+1Hn + 1L !
+

2-m n! ä-m â
k=0

f m-1

2
v H-1Lk m

k
-ãä b Hm-2 kL z â

j=0

n H-1L j Hä b Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b Hm - 2 kL
2 c

, ¼,
ä b Hm - 2 kL

2 c
, 1;

ä b Hm - 2 kL
2 c

+ 1, ¼,
ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

H-1Lm ãH2 c-ä b Hm-2 kLL z â
j=0

n H-1L j H2 c - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b Hm - 2 kL
2 c

, ¼,

2 c - ä b Hm - 2 kL
2 c

, 1;
2 c - ä b Hm - 2 kL

2 c
+ 1, ¼,

2 c - ä b Hm - 2 kL
2 c

+ 1; -ã2 c z -

ã-ä b Hm-2 kL z â
j=0

n H-1L j H-ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1 -

ä b Hm - 2 kL
2 c

, ¼, -
ä b Hm - 2 kL

2 c
,

1; 1 -
ä b Hm - 2 kL

2 c
, ¼, 1 -

ä b Hm - 2 kL
2 c

; -ã2 c z +

ãH2 c+b ä Hm-2 kLL z â
j=0

n H-1L j H2 c + b ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + ä b Hm - 2 kL
2 c

, ¼,
2 c + ä b Hm - 2 kL

2 c
,

1;
2 c + ä b Hm - 2 kL

2 c
+ 1, ¼,

2 c + ä b Hm - 2 kL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+

Involving  cosh and power

Involving zn  cosHa + b zL tanhH c zL
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01.21.21.0047.01à zn cosHa + b zL tanhHc zL â z �

1

2
 ã-ä a n! ãH2 c-ä bL z â

j=0

n H-1L j H2 c - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b

2 c
, ¼,

2 c - ä b

2 c
, 1;

2 c - ä b

2 c
+ 1, ¼,

2 c - ä b

2 c
+ 1; -ã2 c z -

ã-ä b z â
j=0

n H-1L j H-ä bL- j-1 zn- jHn - jL !
 j+2F j+1 -

ä b

2 c
, ¼, -

ä b

2 c
, 1; 1 -

ä b

2 c
, ¼, 1 -

ä b

2 c
; -ã2 c z +

1

2
 ãä a n!

ãH2 c+ä b L z â
j=0

n H-1L j H2 c + ä b L- j-1 zn- jHn - jL !
 j+2F j+1

2 c + ä b

2 c
, ¼,

2 c + ä b

2 c
, 1;

2 c + ä b

2 c
+ 1, ¼,

2 c + ä b

2 c
+ 1; -ã2 c z -

ãä b z â
j=0

n H-1L j Hä bL- j-1 zn- jHn - jL !
 j+2F j+1

ä b

2 c
, ¼,

ä b

2 c
, 1;

ä b

2 c
+ 1, ¼,

ä b

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0048.01

à zn cosHb zL tanhHc zL â z �
1

2
n! -ã-ä b z â

j=0

n H-1L j H-ä bL- j-1 zn- jHn - jL !
j+2F j+1 -

ä b

2 c
, ¼, -

ä b

2 c
, 1; 1 -

ä b

2 c
, ¼, 1 -

ä b

2 c
; -ã2 c z -

ãä b z â
j=0

n H-1L j Hä bL- j-1 zn- jHn - jL !
j+2F j+1

ä b

2 c
, ¼,

ä b

2 c
, 1;

ä b

2 c
+ 1, ¼,

ä b

2 c
+ 1; -ã2 c z + ãH2 c-ä bL z

â
j=0

n H-1L j H2 c - ä bL- j-1 zn- jHn - jL !
j+2F j+1

2 c - ä b

2 c
, ¼,

2 c - ä b

2 c
, 1;

2 c - ä b

2 c
+ 1, ¼,

2 c - ä b

2 c
+ 1; -ã2 c z + ãH2 c+ä b L z

â
j=0

n H-1L j H2 c + ä b L- j-1 zn- jHn - jL !
j+2F j+1

ä b + 2 c

2 c
, ¼,

ä b + 2 c

2 c
, 1;

ä b + 2 c

2 c
+ 1, ¼,

ä b + 2 c

2 c
+ 1; -ã2 c z �; n Î N

Involving  powers of cos and power

Involving zn  cosmHb zL tanhHc zL
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01.21.21.0049.01à zn cosmHb zL tanhHc zL â z �

2-m
m
m

2

n! H1 - m mod 2L 2 ã2 c z â
j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
j+2F j+1I1, ¼, 1; 2, ¼, 2; -ã2 c zM -

zn+1Hn + 1L !
+

2-m n! â
k=0

f m-1

2
v

m

k
-ã-ä b Hm-2 kL z â

j=0

n H-1L j H-ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1 -
ä b Hm - 2 kL

2 c
, ¼, -

ä b Hm - 2 kL
2 c

, 1; 1 -
ä b Hm - 2 kL

2 c
, ¼, 1 -

ä b Hm - 2 kL
2 c

; -ã2 c z -

ãä b Hm-2 kL z â
j=0

n H-1L j Hä b Hm - 2 kLL- j-1 zn- jHn - jL !
j+2F j+1

ä b Hm - 2 kL
2 c

, ¼,
ä b Hm - 2 kL

2 c
, 1;

ä b Hm - 2 kL
2 c

+ 1,

¼,
ä b Hm - 2 kL

2 c
+ 1; -ã2 c z + ãH2 c-ä b Hm-2 kLL z â

j=0

n H-1L j H2 c - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b Hm - 2 kL
2 c

, ¼,
2 c - ä b Hm - 2 kL

2 c
, 1;

2 c - ä b Hm - 2 kL
2 c

+ 1, ¼,
2 c - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+b ä Hm-2 kLL z â
j=0

n H-1L j H2 c + b ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + ä b Hm - 2 kL
2 c

, ¼,
2 c + ä b Hm - 2 kL

2 c
,

1;
2 c + ä b Hm - 2 kL

2 c
+ 1, ¼,

2 c + ä b Hm - 2 kL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+

Involving trigonometric and exponential  functions

Involving sin and exp

Involving ãp z sinHb zL
01.21.21.0050.01

à ãp z sinHb zL tanhHc zL â z �
1

2

ãH-ä b+pL z
2F1J -ä b+p

2 c
, 1;

2 c-ä b +p

2 c
; -ã2 c zN

b + ä p
+

ãHä b+pL z
2F1J ä b+p

2 c
, 1;

2 c+ä b +p

2 c
; -ã2 c zN

b - ä p
-

ãH2 c-ä b +pL z
2F1J 2 c-ä b +p

2 c
, 1;

4 c-ä b +p

2 c
; -ã2 c zN

b + ä H2 c + pL +
ãH2 c+ä b +pL z

2F1J 2 c+ä b +p

2 c
, 1;

4 c+ä b +p

2 c
; -ã2 c zN

ä H2 c + pL - b

01.21.21.0051.01à ãä b z sinHb zL tanhHc zL â z �
1

4 b c Hc + ä b L  

Hc + ä b L c ã2 ä b z
2F1

ä b

c
, 1; 1 +

ä b

c
; -ã2 c z + 2 b ä logHcoshHc zLL - ä b c ã2 Hc+ä b L z

2F1 1 +
ä b

c
, 1; 2 +

ä b

c
; -ã2 c z
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01.21.21.0052.01à ã-ä b z sinHb zL tanhHc zL â z �
1

4 b c Hc - ä bL  

b c ã2 Hc-ä bL z ä 2F1 1 -
ä b

c
, 1; 2 -

ä b

c
; -ã2 c z + Hc - ä bL c ã-2 ä b z

2F1 -
ä b

c
, 1; 1 -

ä b

c
; -ã2 c z - 2 ä b logHcoshHc zLL

Involving powers of sin and exp

Involving ãp z sinmHb zL
01.21.21.0053.01

à ãp z sinmHb zL tanhHc zL â z � 2-m
ãH2 c+pL z

2F1J 2 c+p

2 c
, 1;

4 c+p

2 c
; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

2 c+p

2 c
; -ã2 c zN

p

m
m

2

H1 - m mod 2L +

ä-m 2-m â
k=0

f m-1

2
v H-1Lk m

k

ãH2 c+b ä Hm-2 kL+pL z
2F1J 2 c+b ä Hm-2 kL+p

2 c
, 1;

4 c+b ä Hm-2 kL+p

2 c
; -ã2 c zN

2 c + b ä Hm - 2 kL + p
+

H-1Lm ãH2 c-ä b Hm-2 kL+pL z
2F1J 2 c-ä b Hm-2 kL+p

2 c
, 1;

4 c-ä b Hm-2 kL+p

2 c
; -ã2 c zN

2 c - ä b Hm - 2 kL + p
-

ãHb ä Hm-2 kL+pL z
2F1J b ä Hm-2 kL+p

2 c
, 1;

2 c+b ä Hm-2 kL+p

2 c
; -ã2 c zN

b ä Hm - 2 kL + p
-

H-1Lm ãHp-ä b Hm-2 kLL z
2F1J p-ä b Hm-2 kL

2 c
, 1;

2 c-ä b Hm-2 kL+p

2 c
; -ã2 c zN

p - ä b Hm - 2 kL �; m Î N+

Involving cos and exp

Involving ãp z  cosHb zL
01.21.21.0054.01

à ãp z cosHb zL tanhHc zL â z �
1

2

ãH-ä b+pL z
2F1J -ä b+p

2 c
, 1;

2 c-ä b +p

2 c
; -ã2 c zN

ä b - p
+

ãH2 c-ä b +pL z
2F1J 2 c-ä b +p

2 c
, 1;

4 c-ä b +p

2 c
; -ã2 c zN

2 c - ä b + p
+

ãH2 c+ä b +pL z
2F1J 2 c+ä b +p

2 c
, 1;

4 c+ä b +p

2 c
; -ã2 c zN

2 c + ä b + p
-

ãHä b+pL z
2F1J ä b+p

2 c
, 1;

2 c+ä b +p

2 c
; -ã2 c zN

ä b + p

01.21.21.0055.01à ãä b z cosHb zL tanhHc zL â z �
1

4 b c Hc + ä b L  

b c ã2 Hc+ä b L z
2F1 1 +

ä b

c
, 1; 2 +

ä b

c
; -ã2 c z + Hc + ä b L c ã2 ä b z ä 2F1

ä b

c
, 1; 1 +

ä b

c
; -ã2 c z + 2 b logHcoshHc zLL
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01.21.21.0056.01à ã-ä b z cosHb zL tanhHc zL â z �
1

4 b c Hc - ä bL  ã-2 ä b z

b c ã2 c z
2F1 1 -

ä b

c
, 1; 2 -

ä b

c
; -ã2 c z + Hc - ä bL 2 b ã2 ä b z logHcoshHc zLL - ä c 2F1 -

ä b

c
, 1; 1 -

ä b

c
; -ã2 c z

Involving powers of cos and exp

Involving ãp z cosmHb zL
01.21.21.0057.01

à ãp z cosmHb zL tanhHc zL â z � 2-m
ãH2 c+pL z

2F1J 2 c+p

2 c
, 1;

4 c+p

2 c
; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

2 c+p

2 c
; -ã2 c zN

p

m
m

2

H1 - m mod 2L +

2-m â
k=0

f m-1

2
v

m

k

ãH2 c+b ä Hm-2 kL+pL z
2F1J 2 c+b ä Hm-2 kL+p

2 c
, 1;

4 c+b ä Hm-2 kL+p

2 c
; -ã2 c zN

2 c + b ä Hm - 2 kL + p
+

ãH2 c-ä b Hm-2 kL+pL z
2F1J 2 c-ä b Hm-2 kL+p

2 c
, 1;

4 c-ä b Hm-2 kL+p

2 c
; -ã2 c zN

2 c - ä b Hm - 2 kL + p
-

ãHb ä Hm-2 kL+pL z
2F1J b ä Hm-2 kL+p

2 c
, 1;

2 c+b ä Hm-2 kL+p

2 c
; -ã2 c zN

b ä Hm - 2 kL + p
-

ãHp-ä b Hm-2 kLL z
2F1J p-ä b Hm-2 kL

2 c
, 1;

2 c-ä b Hm-2 kL+p

2 c
; -ã2 c zN

p - ä b Hm - 2 kL �; m Î N+

Involving trigonometric, exponential and a power functions

Involving sin, exp and power

Involving zn ãp z sinHa + b zL tanhH c zL
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01.21.21.0058.01à zn ãp z sinHa + b zL tanhHc zL â z �

1

2
ä ã-ä a n! ãH2 c-ä b +pL z â

j=0

n H-1L j H2 c - ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c

2 c
, ¼,

-ä b + p + 2 c

2 c
,

1;
-ä b + p + 2 c

2 c
+ 1, ¼,

-ä b + p + 2 c

2 c
+ 1; -ã2 c z -

ãH-ä b+pL z â
j=0

n H-1L j H-ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p

2 c
, ¼,

-ä b + p

2 c
, 1;

-ä b + p

2 c
+ 1, ¼,

-ä b + p

2 c
+ 1; -ã2 c z -

1

2
ä ãä a n! ãH2 c+ä b +pL z â

j=0

n H-1L j H2 c + ä b + pL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + p + 2 c

2 c
, ¼,

ä b + p + 2 c

2 c
, 1;

ä b + p + 2 c

2 c
+ 1, ¼,

ä b + p + 2 c

2 c
+ 1; -ã2 c z -

ãHä b+pL z â
j=0

n H-1L j Hä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p

2 c
, ¼,

ä b + p

2 c
, 1;

ä b + p

2 c
+ 1, ¼,

ä b + p

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0059.01à zn ãp z sinHb zL tanhHc zL â z �

1

2
ä n! -ãH-ä b+pL z â

j=0

n H-1L j H-ä b + pL- j-1 zn- jHn - jL !
j+2F j+1

p - ä b

2 c
, ¼,

p - ä b

2 c
, 1;

p - ä b

2 c
+ 1, ¼,

p - ä b

2 c
+ 1; -ã2 c z +

ãHä b+pL z â
j=0

n H-1L j Hä b + pL- j-1 zn- jHn - jL !
j+2F j+1

ä b + p

2 c
, ¼,

ä b + p

2 c
, 1;

ä b + p

2 c
+ 1, ¼,

ä b + p

2 c
+ 1; -ã2 c z +

ãH2 c-ä b +pL z â
j=0

n H-1L j H2 c - ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + 2 c + p

2 c
, ¼,

-ä b + 2 c + p

2 c
, 1;

-ä b + 2 c + p

2 c
+ 1, ¼,

-ä b + 2 c + p

2 c
+ 1; -ã2 c z - ãH2 c+ä b +pL z â

j=0

n H-1L j H2 c + ä b + pL- j-1 zn- jHn - jL !

j+2F j+1

ä b + 2 c + p

2 c
, ¼,

ä b + 2 c + p

2 c
, 1;

ä b + 2 c + p

2 c
+ 1, ¼,

ä b + 2 c + p

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of sin, exp and power

Involving zn ãp z sinmHb zL tanhHc zL
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01.21.21.0060.01à zn ãp z sinmHb zL tanhHc zL â z � H2 ä L-m n!

â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ãH2 c-ä b Hm-2 kL+pL z â

j=0

n H-1L j H2 c - ä b Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b Hm - 2 kL + p

2 c
, ¼,

2 c - ä b Hm - 2 kL + p

2 c
, 1;

2 c - ä b Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä b Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHp-ä b Hm-2 kLL z â
j=0

n H-1L j Hp - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - ä b Hm - 2 kL
2 c

, ¼,

p - ä b Hm - 2 kL
2 c

, 1;
p - ä b Hm - 2 kL

2 c
+ 1, ¼,

p - ä b Hm - 2 kL
2 c

+ 1; -ã2 c z -

ãHb ä Hm-2 kL+pL z â
j=0

n H-1L j Hb ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

b ä Hm - 2 kL + p

2 c
, ¼,

b ä Hm - 2 kL + p

2 c
,

1;
b ä Hm - 2 kL + p

2 c
+ 1, ¼,

b ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z + ãH2 c+b ä Hm-2 kL+pL z

â
j=0

n H-1L j H2 c + b ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b ä Hm - 2 kL + p

2 c
, ¼,

2 c + b ä Hm - 2 kL + p

2 c
,

1;
2 c + b ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + b ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z + 2-m

m
m

2

n! H1 - m mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+

Involving  cos, exp and power

Involving zn ãp z  cosHa + b zL tanhH c zL
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01.21.21.0061.01à zn ãp z cosHa + b zL tanhHc zL â z �

1

2
 ã-ä a n! ãH2 c-ä b +pL z â

j=0

n H-1L j H2 c - ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c

2 c
, ¼,

-ä b + p + 2 c

2 c
,

1;
-ä b + p + 2 c

2 c
+ 1, ¼,

-ä b + p + 2 c

2 c
+ 1; -ã2 c z -

ãH-ä b+pL z â
j=0

n H-1L j H-ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p

2 c
, ¼,

-ä b + p

2 c
, 1;

-ä b + p

2 c
+ 1, ¼,

-ä b + p

2 c
+ 1; -ã2 c z +

1

2
 ãä a n! ãH2 c+ä b +pL z â

j=0

n H-1L j H2 c + ä b + pL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + p + 2 c

2 c
, ¼,

ä b + p + 2 c

2 c
, 1;

ä b + p + 2 c

2 c
+ 1, ¼,

ä b + p + 2 c

2 c
+ 1; -ã2 c z -

ãHä b+pL z â
j=0

n H-1L j Hä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p

2 c
, ¼,

ä b + p

2 c
, 1;

ä b + p

2 c
+ 1, ¼,

ä b + p

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0062.01

à zn cosHb zL tanhHc zL â z �
1

2
n! -ã-ä b z â

j=0

n H-1L j H-ä bL- j-1 zn- jHn - jL !
j+2F j+1 -

ä b

2 c
, ¼, -

ä b

2 c
, 1; 1 -

ä b

2 c
, ¼, 1 -

ä b

2 c
; -ã2 c z -

ãä b z â
j=0

n H-1L j Hä bL- j-1 zn- jHn - jL !
j+2F j+1

ä b

2 c
, ¼,

ä b

2 c
, 1;

ä b

2 c
+ 1, ¼,

ä b

2 c
+ 1; -ã2 c z + ãH2 c-ä bL z

â
j=0

n H-1L j H2 c - ä bL- j-1 zn- jHn - jL !
j+2F j+1

2 c - ä b

2 c
, ¼,

2 c - ä b

2 c
, 1;

2 c - ä b

2 c
+ 1, ¼,

2 c - ä b

2 c
+ 1; -ã2 c z + ãH2 c+ä b L z

â
j=0

n H-1L j H2 c + ä b L- j-1 zn- jHn - jL !
j+2F j+1

ä b + 2 c

2 c
, ¼,

ä b + 2 c

2 c
, 1;

ä b + 2 c

2 c
+ 1, ¼,

ä b + 2 c

2 c
+ 1; -ã2 c z �; n Î N

Involving  powers of cos, exp and power

Involving zn ãp z  cosmHb zL tanhHc zL
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01.21.21.0063.01à zn ãp z cosmHb zL tanhHc zL â z �

2-m n! â
k=0

f m-1

2
v

m

k
ãH2 c-ä b Hm-2 kL+pL z â

j=0

n H-1L j H2 c - ä b Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä b Hm - 2 kL + p

2 c
, ¼,

2 c - ä b Hm - 2 kL + p

2 c
, 1;

2 c - ä b Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä b Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHp-ä b Hm-2 kLL z â
j=0

n H-1L j Hp - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - ä b Hm - 2 kL
2 c

, ¼,
p - ä b Hm - 2 kL

2 c
,

1;
p - ä b Hm - 2 kL

2 c
+ 1, ¼,

p - ä b Hm - 2 kL
2 c

+ 1; -ã2 c z -

ãHb ä Hm-2 kL+pL z â
j=0

n H-1L j Hb ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

b ä Hm - 2 kL + p

2 c
, ¼,

b ä Hm - 2 kL + p

2 c
,

1;
b ä Hm - 2 kL + p

2 c
+ 1, ¼,

b ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z + ãH2 c+b ä Hm-2 kL+pL z

â
j=0

n H-1L j H2 c + b ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b ä Hm - 2 kL + p

2 c
, ¼,

2 c + b ä Hm - 2 kL + p

2 c
,

1;
2 c + b ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + b ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z + 2-m

m
m

2

n! H1 - m mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+

Involving hyperbolic functions

Involving sinh

Involving sinhHb zL
01.21.21.0064.01à sinhHb zL tanhHc zL â z �

1

2 Ib3 - 4 b c2M  ã-2 b z Hb - 2 cL ãb z b ã2 Hb+cL z
2F1

b

2 c
+ 1, 1;

b

2 c
+ 2; -ã2 c z - Hb + 2 cL ã2 b z

2F1

b

2 c
, 1;

b

2 c
+ 1; -ã2 c z +

2F1 -
b

2 c
, 1; 1 -

b

2 c
; -ã2 c z + b Hb + 2 cL ãHb+2 cL z

2F1 1 -
b

2 c
, 1; 2 -

b

2 c
; -ã2 c z
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01.21.21.0065.01à sinhHzL tanhHzL â z � sinhHzL - 2 tan-1KtanhK z

2
OO

01.21.21.0066.01

à sinhHzL tanhH2 zL â z � sinhHzL -
tan-1I 2 sinhHzLN

2

01.21.21.0067.01à sinhHzL tanhH3 zL â z � -
1

3
tan-1H2 sinhHzLL -

2

3
tan-1KtanhK z

2
OO + sinhHzL

01.21.21.0068.01à sinhHzL tanhH4 zL â z �
1

126
ã-9 z

-63 ã10 z
2F1

1

8
, 1;

9

8
; -ã8 z - 9 ã16 z

2F1

7

8
, 1;

15

8
; -ã8 z + 7 ã18 z

2F1

9

8
, 1;

17

8
; -ã8 z - 63 ã8 z

2F1 -
1

8
, 1;

7

8
; -ã8 z

01.21.21.0069.01à sinhH2 zL tanhHzL â z �
1

2
sinhH2 zL - z

01.21.21.0070.01à sinhH3 zL tanhHzL â z � 2 tan-1KtanhK z

2
OO - 2 sinhHzL +

1

3
sinhH3 zL

01.21.21.0071.01à sinhH4 zL tanhHzL â z � z - sinhH2 zL +
1

4
sinhH4 zL

Involving power of sinh

Involving sinhΜHb zL
01.21.21.0072.01à sinhmHb zL tanhHc zL â z �

logHcoshHc zLL H1 - m mod 2L
c

 
ä

2

m

 
m
m

2

+ 2-m

â
k=0

f m-1

2
v H-1Lk m

k
-

ãb Hm-2 kL z
2F1J b Hm-2 kL

2 c
, 1; 2 c+b Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL +
ãH2 c+b Hm-2 kLL z

2F1J 2 c+b Hm-2 kL
2 c

, 1; 4 c+b Hm-2 kL
2 c

; -ã2 c zN
2 c + b Hm - 2 kL +

H-1Lm ãH2 c-b Hm-2 kLL z
2F1J 2 c-b Hm-2 kL

2 c
, 1; 4 c-b Hm-2 kL

2 c
; -ã2 c zN

2 c - b Hm - 2 kL +

H-1Lm ã-b Hm-2 kL z
2F1J- b Hm-2 kL

2 c
, 1; 2 c-b Hm-2 kL

2 c
; -ã2 c zN

b Hm - 2 kL �; m Î N+

01.21.21.0073.01

à sinhΜHc zL tanhHc zL â z �
I1 - ã2 c zM-Μ

sinhΜHc zL
c Μ

F1 -
Μ

2
; -Μ - 1, 1;

2 - Μ

2
; ã2 c z, -ã2 c z
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01.21.21.0074.01

à sinhΜHc zL tanhHc zL â z �
sinhΜHc zL tanh2Hc zL-

Μ

2

c Μ
 2F1 -

Μ

2
, -

Μ

2
; 1 -

Μ

2
; sech2Hc zL

01.21.21.0075.01à sinh2HzL tanhHzL â z �
1

4
HcoshH2 zL - 4 logHcoshHzLLL

01.21.21.0076.01à sinh3HzL tanhHzL â z �
1

12
K24 tan-1KtanhK z

2
OO - 15 sinhHzL + sinhH3 zLO

01.21.21.0077.01à sinh10HzL tanhHzL â z �

1

15 360
 H8430 coshH2 zL - 1740 coshH4 zL + 335 coshH6 zL - 45 coshH8 zL + 3 coshH10 zL - 15 360 logHcoshHzLLL
01.21.21.0078.01à sinh2HzL tanhH2 zL â z �

1

4
HcoshH2 zL - logHcoshH2 zLLL

01.21.21.0079.01à sinh3HzL tanhH3 zL â z �
1

12
Ktan-1H2 sinhHzLL + 8 tan-1KtanhK z

2
OO - 9 sinhHzL + sinhH3 zLO

01.21.21.0080.01

à sinh
1

2 Hc zL tanhHc zL â z �
2 sech2Hc zL sinh

5

2 Hc zL
c tanh2Hc zL5�4 2F1 -

1

4
, -

1

4
;

3

4
; sech2Hc zL

01.21.21.0081.01

á tanhHc zL
sinh

1

2 Hc zL  â z � -
2 tanh2Hc zL4

c sinh
1

2 Hc zL 2F1

1

4
,

1

4
;

5

4
; sech2Hc zL

01.21.21.0082.01

á tanhHc zL
sinh3H2 c zL  â z �

sinhH2 c zL Jä ä sinhH2 c zL FI Π

4
- ä c z É 2M + tanhHc zLN

3 c sinh3H2 c zL
Involving rational functions of sinh

Involving Ha + b sinhHc zLL-n

01.21.21.0083.01

à tanhHc zL
a + b sinhHc zL  â z �

2 b tan-1ItanhI c z

2
MM + a logHcoshHc zLL - a logHa + b sinhHc zLL

c a2 + b2 c
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01.21.21.0084.01à A + B tanhHzL
a + b sinhHzL  â z � -

1I-a2 - b2M3�2  

2 A Ia2 + b2M tan-1
b - a tanhI z

2
M

-a2 - b2

+ 2 b -a2 - b2 B tan-1KtanhK z

2
OO + a -a2 - b2 B HlogHcoshHzLL - logHa + b sinhHzLLL

01.21.21.0085.01

à tanhHzL
a + b sinhH2 zL  â z �

1

2 a
 

2 b

-a2 - b2

 tan-1
b - a tanhHzL

-a2 - b2

+ 2 logHcoshHzLL - logHa + b sinhH2 zLL
01.21.21.0086.01

à HA + B sinhHzLL tanhHzL
a + b sinhHzL  â z �

2 b HA b - a BL tan-1ItanhI z

2
MM + b Ha A + b BL logHcoshHzLL + a Ha B - A bL logHa + b sinhHzLL

b Ia2 + b2M
01.21.21.0087.01à tanhHc zLHa + b sinhHc zLL2

 â z �

Ka K-logHa + b sinhHc zLL a2 + a2 + 4 b tan-1KtanhK c z

2
OO a + b2 + Ia2 - b2M logHcoshHc zLL + b2 logHa + b sinhHc zLLO +

b K4 a b tan-1KtanhK c z

2
OO + Ia2 - b2M HlogHcoshHc zLL - logHa + b sinhHc zLLLO sinhHc zLO � JIa2 + b2M2

c Ha + b sinhHc zLLN
Involving algebraic functions of sinh

Involving Ha + b sinhHc zLLΒ

01.21.21.0088.01à Ha + b sinhHc zLLΒ tanhHc zL â z �

- Ha - ä bL 2F1 Β + 1, 1; Β + 2;
a + b sinhHc zL

a + ä b
+ Ha + ä b L 2F1 Β + 1, 1; Β + 2;

a + b sinhHc zL
a - ä b

Ha + b sinhHc zLLΒ+1 �
H2 Ha - ä bL Ha + ä b L c H Β + 1LL

01.21.21.0089.01à a + b sinhHc zL tanhHc zL â z � -
1

c
 

b ä tan-1 a+b sinhHc zL
ä b-a

ä b - a
+

a tanh-1 a+b sinhHc zL
a+ä b

a + ä b
+

a tanh-1 a+b sinhHc zL
a-ä b

a - ä b
- 2 a + b sinhHc zL -

ä b tan-1 a+b sinhHc zL
-a-ä b

-a - ä b

01.21.21.0090.01

à ä sinhHc zL a + a tanhHc zL â z �
2 ä sinhHc zL a + a

c IcoshI c z

2
M + ä sinhI c z

2
MM  - 2 tanh-1

ä tanhI c z

4
M + 1

2
+ coshK c z

2
O + ä sinhK c z

2
O
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01.21.21.0091.01

à a - ä a sinhHc zL tanhHc zL â z �
2 a - ä a sinhHc zL

c
 

ä 2

coshI c z

2
M - ä sinhI c z

2
M  tan-1

ä + tanhI c z

4
M

2
+ 1

01.21.21.0092.01

à tanhHc zL
a + b sinhHc zL  â z � -

1

c
 

1

a + ä b
 tanh-1

a + b sinhHc zL
a + ä b

+
1

a - ä b
 tanh-1

a + b sinhHc zL
a - ä b

01.21.21.0093.01

à tanhHc zL
ä sinhHc zL a + a

 â z � -

2 tanh-1 ä tanhJ c z

4
N+1

2
IcoshI c z

2
M + ä sinhI c z

2
MM + 1

c ä sinhHc zL a + a

01.21.21.0094.01

à tanhHc zL
a - ä a sinhHc zL  â z �

ä 2 tan-1
ä+tanhJ c z

4
N

2
IcoshI c z

2
M - ä sinhI c z

2
MM - 1

c a - ä a sinhHc zL
Involving  cosh

Involving coshHb zL
01.21.21.0095.01à coshHb zL tanhHc zL â z �

1

2 Ib3 - 4 b c2M  ã-2 b z Hb - 2 cL ãb z Hb + 2 cL 2F1 -
b

2 c
, 1; 1 -

b

2 c
; -ã2 c z - ã2 b z

2F1

b

2 c
, 1;

b

2 c
+ 1; -ã2 c z +

b ã2 Hb+cL z
2F1

b

2 c
+ 1, 1;

b

2 c
+ 2; -ã2 c z - b Hb + 2 cL ãHb+2 cL z

2F1 1 -
b

2 c
, 1; 2 -

b

2 c
; -ã2 c z

01.21.21.0096.01à coshHzL tanhHzL â z � coshHzL
01.21.21.0097.01

à coshHzL tanhH2 zL â z � -
ä tan-1I-ä 2 - tanhI z

2
MN

2
+ coshHzL -

tanh-1Iä tanhI z

2
M + 2 N

2

01.21.21.0098.01

à coshHzL tanhH3 zL â z � -
1

3
 tanh-1

ä tanhI z

2
M + 2

3
+ coshHzL -

1

3
 tanh-1

2 - ä tanhI z

2
M

3

01.21.21.0099.01à coshHzL tanhH4 zL â z �
1

126
ã-9 z

-63 ã10 z
2F1

1

8
, 1;

9

8
; -ã8 z + 9 ã16 z

2F1

7

8
, 1;

15

8
; -ã8 z + 7 ã18 z

2F1

9

8
, 1;

17

8
; -ã8 z + 63 ã8 z

2F1 -
1

8
, 1;

7

8
; -ã8 z
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01.21.21.0100.01à coshH2 zL tanhHzL â z �
1

2
HcoshH2 zL - 2 logHcoshHzLLL

01.21.21.0101.01à coshH3 zL tanhHzL â z �
1

3
HcoshH3 zL - 6 coshHzLL

01.21.21.0102.01à coshH4 zL tanhHzL â z � -coshH2 zL +
1

4
coshH4 zL + logHcoshHzLL

Involving power of cosh

Involving coshΜHb zL
01.21.21.0103.01à coshmHb zL tanhHc zL â z �

logHcoshHc zLL H1 - m mod 2L
c

 2-m 
m
m

2

+ 2-m â
k=0

f m-1

2
v

m

k
-

ãb Hm-2 kL z

b Hm - 2 kL 2F1

b Hm - 2 kL
2 c

, 1;
2 c + b Hm - 2 kL

2 c
; -ã2 c z +

ãH2 c+b Hm-2 kLL z

2 c + b Hm - 2 kL 2F1

2 c + b Hm - 2 kL
2 c

, 1;
4 c + b Hm - 2 kL

2 c
; -ã2 c z +

ãH2 c-b Hm-2 kLL z

2 c - b Hm - 2 kL 2F1

2 c - b Hm - 2 kL
2 c

,

1;
4 c - b Hm - 2 kL

2 c
; -ã2 c z +

ã-b Hm-2 kL z

b Hm - 2 kL 2F1 -
b Hm - 2 kL

2 c
, 1;

2 c - b Hm - 2 kL
2 c

; -ã2 c z �; m Î N+

01.21.21.0104.01

à coshΜHc zL tanhHc zL â z �
coshΜHc zL

c Μ

01.21.21.0105.01

à cosh2Hc zL tanhHc zL â z �
cosh2Hc zL

2 c

01.21.21.0106.01

à cosh3Hc zL tanhHc zL â z �
cosh3Hc zL

3 c

01.21.21.0107.01à cosh2HzL tanhHzL â z � cosh2HzL
01.21.21.0108.01à cosh2HzL tanhH3 zL â z �

1

4
HcoshH2 zL + logH2 coshH2 zL - 1LL

01.21.21.0109.01

à cosh
1

2 Hc zL tanhHc zL â z �
2 cosh

1

2 Hc zL
c
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01.21.21.0110.01

á tanhHc zL
cosh

1

2 Hc zL  â z � -
2

c cosh
1

2 Hc zL
01.21.21.0111.01

à cosh
1

2 H2 c zL tanhHc zL â z �

cosh
1

2 H2 c zL - tan-1 cosh
1

2 H2 c zL
c

01.21.21.0112.01

á tanhHc zL
cosh

1

2 H2 c zL  â z �

tan-1 cosh
1

2 H2 c zL
c

Involving rational functions of cosh

Involving Ha + b coshHc zLL-n

01.21.21.0113.01à tanhHc zL
a + b coshHc zL  â z �

logHcoshHc zLL - logHa + b coshHc zLL
a c

01.21.21.0114.01

à A + B tanhHzL
a + b coshHzL  â z �

B HlogHcoshHzLL - logHa + b coshHzLLL
a

-
2 A

b2 - a2

tan-1
Ha - bL tanhI z

2
M

b2 - a2

01.21.21.0115.01à A + B tanhHzL
1 - coshHzL  â z � A cothK z

2
O + B KlogHcoshHzLL - 2 logKsinhK z

2
OOO

01.21.21.0116.01

à A + B tanhHzL
coshHzL + 1

 â z �
2 coshI z

2
M

coshHzL + 1
 KB coshK z

2
O KlogHcoshHzLL - 2 logKcoshK z

2
OOO + A sinhK z

2
OO

01.21.21.0117.01à HA + B coshHzLL tanhHzL
a + b coshHzL  â z �

A b logHcoshHzLL + Ha B - A bL logHa + b coshHzLL
a b

01.21.21.0118.01à tanhHc zLHa + b coshHc zLL2
 â z �

1

a2 c
 

a

a + b coshHc zL + logHcoshHc zLL - logHa + b coshHc zLL
Involving algebraic functions of cosh

Involving Ha + b coshHc zLLΒ
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01.21.21.0119.01

à Ha + b coshHc zLLΒ tanhHc zL â z �
Ha + b coshHc zLLΒ

c Β
 2F1 - Β, - Β; 1 - Β; -

a sechHc zL
b

a sechHc zL
b

+ 1

-Β

01.21.21.0120.01

à a + b coshHc zL tanhHc zL â z �
2 a + b coshHc zL

c
 1 -

a sech
1

2 Hc zL
b a sechHc zL

b
+ 1

sinh-1
a sech

1

2 Hc zL
b

01.21.21.0121.01à coshHc zL a + a tanhHc zL â z �

a HcoshHc zL + 1L sechI c z

2
M

c
 K-ä 2 tan-1K-ä 2 - tanhK c z

4
OO - 2 tanh-1Kä tanhK c z

4
O + 2 O + 2 coshK c z

2
OO

01.21.21.0122.01

à a - a coshHc zL tanhHc zL â z �
a - a coshHc zL cschI c z

2
M

c
 K2 sinhK c z

2
O - 2 tan-1K 2 sinhK c z

2
OOO

01.21.21.0123.01

à tanhHc zL
a + b coshHc zL  â z � -

2 b

a c a + b coshHc zL sech
1

2 Hc zL  
a sechHc zL

b
+ 1 sinh-1

a sech
1

2 Hc zL
b

01.21.21.0124.01

à tanhHc zL
coshHc zL a + a

 â z � -
2 ä coshI c z

2
M

c a cosh2I c z

2
M  Ktan-1K-ä 2 - tanhK c z

4
OO - ä tanh-1Kä tanhK c z

4
O + 2 OO

01.21.21.0125.01

à tanhHc zL
a - a coshHc zL  â z �

2 tan-1I 2 sinhI c z

2
MN sinhI c z

2
M

c -a sinh2I c z

2
M

Involving Ha + b coshH2 c zLLΒ

01.21.21.0126.01

à Ha + b coshH2 c zLLΒ tanhHc zL â z �
Ha + b coshH2 c zLLΒ

2 c Β
 2F1 - Β, - Β; 1 - Β;

Hb - aL sech2Hc zL
2 b

Ha - bL sech2Hc zL
2 b

+ 1

-Β

01.21.21.0127.01

à a + b coshH2 c zL tanhHc zL â z �
1

c
 a + b coshH2 c zL - a - b tanh-1

a + b coshH2 c zL
a - b

01.21.21.0128.01

à coshH2 c zL a + a tanhHc zL â z �
coshH2 c zL a + a

c
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01.21.21.0129.01

à a - a coshH2 c zL tanhHc zL â z �
a - a coshH2 c zL cschHc zL IsinhHc zL - 2 tan-1ItanhI c z

2
MMM

c

01.21.21.0130.01

à tanhHc zL
a + b coshH2 c zL  â z � -

1

a - b c
 tanh-1

a + b coshH2 c zL
a - b

01.21.21.0131.01à tanhHc zL
coshH2 c zL a + a

 â z � -
1

c coshH2 c zL a + a

01.21.21.0132.01

à tanhHc zL
a - a coshH2 c zL  â z �

2 tan-1ItanhI c z

2
MM sinhHc zL

c a - a coshH2 c zL
01.21.21.0133.01

à coshH2 c zL tanhHc zL
a + b coshH2 c zL  â z � cosh2K c z

2
O a + b coshH2 c zLHcoshHc zL + 1L2

a - b Ha + b coshH2 c zLL sech4K c z

2
O coshHc zL +

2 b log

2 Hb - aL tanh2I c z

2
M + a - b + a - b Ha + b coshH2 c zLL sech4I c z

2
M

a - b Itanh2I c z

2
M + 1M +

a - b Ha + b coshH2 c zLL sech4K c z

2
O � K a - b b c a + b coshH2 c zL O

01.21.21.0134.01

à coshHc zL tanhHc zL
a + b coshH2 c zL  â z �

logJ 2 b coshHc zL + a + b coshH2 c zL N
2 b c

01.21.21.0135.01

à cosh2Hc zL tanhHc zL
a + b coshH2 c zL  â z �

1

2 b c a + b coshH2 c zL  -
b coshH2 c zL

a
+ 1 a + a + b coshH2 c zL

Involving JIa + b coshmHc zLMnNΒ
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01.21.21.0136.01

á tanhHc zLIHa + b coshmHc zLLnMΒ
 â z � -

IHb coshmHc zL + aLnM-Β

c m n Β
 

a cosh-mHc zL
b

+ 1

n Β

 2F1 n Β, n Β; n Β + 1; -
a cosh-mHc zL

b

Involving sinh and cosh

01.21.21.0137.01

à HA + B coshHzLL tanhHzL
a + b sinhHzL  â z � -

1

b I-a2 - b2M3�2  2 A -a2 - b2 tan-1KtanhK z

2
OO b2 -

2 a Ia2 + b2M B tan-1
b - a tanhI z

2
M

-a2 - b2

+ -a2 - b2 IIa2 + b2M B z + a A b logHcoshHzLL - a A b logHa + b sinhHzLLM
01.21.21.0138.01

à HA + B sinhHzLL tanhHzL
a + b coshHzL  â z �

1

a b b2 - a2

 2 Ia2 - b2M B tan-1
Ha - bL tanhI z

2
M

b2 - a2

-

2 b b2 - a2 B tan-1KtanhK z

2
OO + b2 - a2 Ha B z + A b logHcoshHzLL - A b logHa + b coshHzLLL

01.21.21.0139.01

à coshHa zL sinhHa zL tanhHa zL â z � -
2 HcoshHa zL sinhHa zLL3�2 tanhHa zL

a I-sinh2Ha zLM5�4 2F1

1

4
, -

1

4
;

5

4
; cosh2Ha zL

01.21.21.0140.01

à sinhHc zL a + b coshH2 c zL tanhHc zL â z �
1

4 a - b b c
 2 Ha - 3 bL a - b tanh-1

2 b sinhHc zL
a + b coshH2 c zL +

2 b 2 Hb - aL tan-1
a - b sinhHc zL

a + b coshH2 c zL + a - b a + b coshH2 c zL sinhHc zL
01.21.21.0141.01

à sinhHc zL tanhHc zL
a + b coshH2 c zL  â z �

2 tanh-1 2 b sinhHc zL
a+b coshH2 c zL

b
-

2 tan-1 a-b sinhHc zL
a+b coshH2 c zL
a-b

2 c

01.21.21.0142.01à sinh3Hc zL a + b coshH2 c zL tanhHc zL â z �

1

32 a - b b3�2 c
 2 b Ha - 10 bL a - b a + b coshH2 c zL sinhHc zL + b 16 Ha - bL tan-1

a - b sinhHc zL
a + b coshH2 c zL +

a - b a + b coshH2 c zL sinhH3 c zL - 2 a - b Ia2 + 10 b a - 23 b2M tanh-1
2 b sinhHc zL
a + b coshH2 c zL
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01.21.21.0143.01

à sinh3Hc zL tanhHc zL
a + b coshH2 c zL  â z �

1

8 a - b b3�2 c
 2 b 4 b tan-1

a - b sinhHc zL
a + b coshH2 c zL + a - b a + b coshH2 c zL sinhHc zL -

2 a - b Ha + 5 bL tanh-1
2 b sinhHc zL
a + b coshH2 c zL

Involving hyperbolic and a power functions

Involving sinh and power

Involving zn  sinhHa + b zL tanhH c zL
01.21.21.0144.01à zn sinhHa + b zL tanhHc zL â z �

1

2
ãa n! ãHb+2 cL z â

j=0

n H-1L j Hb + 2 cL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c

2 c
, ¼,

b + 2 c

2 c
, 1;

b + 2 c

2 c
+ 1, ¼,

b + 2 c

2 c
+ 1; -ã2 c z -

ãb z â
j=0

n H-1L j b- j-1 zn- jHn - jL !
 j+2F j+1

b

2 c
, ¼,

b

2 c
, 1;

b

2 c
+ 1, ¼,

b

2 c
+ 1; -ã2 c z -

1

2
ã-a n! ãH2 c-bL z â

j=0

n H-1L j H2 c - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b

2 c
, ¼,

2 c - b

2 c
, 1;

2 c - b

2 c
+ 1, ¼,

2 c - b

2 c
+ 1; -ã2 c z -

ã-b z â
j=0

n H-1L j H-bL- j-1 zn- jHn - jL !
 j+2F j+1 -

b

2 c
, ¼, -

b

2 c
, 1; 1 -

b

2 c
, ¼, 1 -

b

2 c
; -ã2 c z �; n Î N

01.21.21.0145.01à zn sinhHb zL tanhHc zL â z �

1

2
 n! ãHb+2 cL z â

j=0

n H-1L j Hb + 2 cL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c

2 c
, ¼,

b + 2 c

2 c
, 1;

b + 2 c

2 c
+ 1, ¼,

b + 2 c

2 c
+ 1; -ã2 c z -

ãb z â
j=0

n H-1L j b- j-1 zn- jHn - jL !
 j+2F j+1

b

2 c
, ¼,

b

2 c
, 1;

b

2 c
+ 1, ¼,

b

2 c
+ 1; -ã2 c z -

ãH2 c-bL z â
j=0

n H-1L j H2 c - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b

2 c
, ¼,

2 c - b

2 c
, 1;

2 c - b

2 c
+ 1, ¼,

2 c - b

2 c
+ 1; -ã2 c z +

ã-b z â
j=0

n H-1L j H-bL- j-1 zn- jHn - jL !
 j+2F j+1 -

b

2 c
, ¼, -

b

2 c
, 1; 1 -

b

2 c
, ¼, 1 -

b

2 c
; -ã2 c z �; n Î N

Involving powers of sinh and power
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Involving zn  sinhuHb zL tanhHc zL
01.21.21.0146.01à zn sinhuHb zL tanhHc zL â z �

u
u

2

n! H1 - u mod 2L ä

2

u

 2 ã2 c z â
j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM -

zn+1Hn + 1L !
+

ä

2

u

 n! â
k=0

f u-1

2
v H-1Lk u

k
ã

ä Π u

2 ãH2 c-b Hu-2 kLL z â
j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

,

¼,
2 c - b Hu - 2 kL

2 c
, 1;

2 c - b Hu - 2 kL
2 c

+ 1, ¼,
2 c - b Hu - 2 kL

2 c
+ 1; -ã2 c z -

ã-b Hu-2 kL z â
j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-b Hu - 2 kL
2 c

, ¼,
-b Hu - 2 kL

2 c
,

1;
-b Hu - 2 kL

2 c
+ 1, ¼,

-b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ã-
1

2
ä Π u ãH2 c+b Hu-2 kLL z â

j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,

2 c + b Hu - 2 kL
2 c

, 1;
2 c + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ãb Hu-2 kL z â
j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
, 1;

b Hu - 2 kL
2 c

+ 1, ¼,
b Hu - 2 kL

2 c
+ 1; -ã2 c z �; n Î N ì u Î N+

Involving  cosh and power

Involving zn  coshHa + b zL tanhH c zL
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01.21.21.0147.01à zn coshHa + b zL tanhHc zL â z �

1

2
ãa n! ãHb+2 cL z â

j=0

n H-1L j Hb + 2 cL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c

2 c
, ¼,

b + 2 c

2 c
, 1;

b + 2 c

2 c
+ 1, ¼,

b + 2 c

2 c
+ 1; -ã2 c z -

ãb z â
j=0

n H-1L j b- j-1 zn- jHn - jL !
 j+2F j+1

b

2 c
, ¼,

b

2 c
, 1;

b

2 c
+ 1, ¼,

b

2 c
+ 1; -ã2 c z +

1

2
ã-a n! ãH2 c-bL z â

j=0

n H-1L j H2 c - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b

2 c
, ¼,

2 c - b

2 c
, 1;

2 c - b

2 c
+ 1, ¼,

2 c - b

2 c
+ 1; -ã2 c z -

ã-b z â
j=0

n H-1L j H-bL- j-1 zn- jHn - jL !
 j+2F j+1 -

b

2 c
, ¼, -

b

2 c
, 1; 1 -

b

2 c
, ¼, 1 -

b

2 c
; -ã2 c z �; n Î N

01.21.21.0148.01à zn coshHb zL tanhHc zL â z �

1

2
 n! ãHb+2 cL z â

j=0

n H-1L j Hb + 2 cL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c

2 c
, ¼,

b + 2 c

2 c
, 1;

b + 2 c

2 c
+ 1, ¼,

b + 2 c

2 c
+ 1; -ã2 c z -

ãb z â
j=0

n H-1L j b- j-1 zn- jHn - jL !
 j+2F j+1

b

2 c
, ¼,

b

2 c
, 1;

b

2 c
+ 1, ¼,

b

2 c
+ 1; -ã2 c z +

ãH2 c-bL z â
j=0

n H-1L j H2 c - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b

2 c
, ¼,

2 c - b

2 c
, 1;

2 c - b

2 c
+ 1, ¼,

2 c - b

2 c
+ 1; -ã2 c z -

ã-b z â
j=0

n H-1L j H-bL- j-1 zn- jHn - jL !
 j+2F j+1 -

b

2 c
, ¼, -

b

2 c
, 1; 1 -

b

2 c
, ¼, 1 -

b

2 c
; -ã2 c z �; n Î N

Involving  powers of cosh and power

Involving zn  coshuHb zL tanhHc zL
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01.21.21.0149.01à zn coshuHb zL tanhHc zL â z �

2-u
u
u

2

n! H1 - u mod 2L 2 ã2 c z â
j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1; 2, ¼, 2; -ã2 c zM -

zn+1Hn + 1L !
+

2-u n! â
k=0

f u-1

2
v

u

k
-ã-b Hu-2 kL z â

j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1 -
b Hu - 2 kL

2 c
, ¼, -

b Hu - 2 kL
2 c

, 1; 1 -
b Hu - 2 kL

2 c
, ¼, 1 -

b Hu - 2 kL
2 c

; -ã2 c z -

ãb Hu-2 kL z â
j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
, 1;

b Hu - 2 kL
2 c

+ 1,

¼,
b Hu - 2 kL

2 c
+ 1; -ã2 c z + ãH2 c-b Hu-2 kLL z â

j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

, ¼,
2 c - b Hu - 2 kL

2 c
, 1;

2 c - b Hu - 2 kL
2 c

+ 1, ¼,
2 c - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+b Hu-2 kLL z â
j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,
2 c + b Hu - 2 kL

2 c
,

1;
2 c + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + b Hu - 2 kL
2 c

+ 1; -ã2 c z �; n Î N ì u Î N+

Involving hyperbolic and exponential  functions

Involving sinh and exp

Involving ãp z sinhHb zL cschH c zL
01.21.21.0150.01

à ãp z sinhHb zL tanhHc zL â z �
1

2

ãH-b+2 c+pL z
2F1J -b+2 c+p

2 c
, 1;

-b+4 c+p

2 c
; -ã2 c zN

b - 2 c - p
+

ãHb+2 c+pL z
2F1J b+2 c+p

2 c
, 1;

b+4 c+p

2 c
; -ã2 c zN

b + 2 c + p
-

ãHp-bL z
2F1J p-b

2 c
, 1;

p-b

2 c
+ 1; -ã2 c zN

b - p
-

ãHb+pL z
2F1J b+p

2 c
, 1;

b+p

2 c
+ 1; -ã2 c zN

b + p

Involving powers of sinh and exp

Involving ãp z sinhuHb zL tanhHc zL
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01.21.21.0151.01

à ãp z sinhuHb zL tanhHc zL â z � äu 2-u
u
u

2

ãH2 c+pL z
2F1J 2 c+p

2 c
, 1;

4 c+p

2 c
; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

2 c+p

2 c
; -ã2 c zN

p
H1 - u mod 2L +

2-u â
k=0

f u-1

2
v H-1Lk u

k

ãH2 c+p+b Hu-2 kLL z
2F1J 2 c+p+b Hu-2 kL

2 c
, 1;

4 c+p+b Hu-2 kL
2 c

; -ã2 c zN
2 c + p + b Hu - 2 kL -

H-1Lu ãHp-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
, 1;

2 c+p-b Hu-2 kL
2 c

; -ã2 c zN
p - b Hu - 2 kL +

H-1Lu ãH2 c+p-b Hu-2 kLL z
2F1J 2 c+p-b Hu-2 kL

2 c
, 1;

4 c+p-b Hu-2 kL
2 c

; -ã2 c zN
2 c + p - b Hu - 2 kL -

ãHp+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
, 1;

2 c+p+b Hu-2 kL
2 c

; -ã2 c zN
p + b Hu - 2 kL �; u Î N+

01.21.21.0152.01

à ãp z sinhΜHc zL tanhHc zL â z � -
ãp z I1 - ã2 c zM-Μ

 sinhΜHc zL
p - c Μ

F1

p - c Μ

2 c
; -Μ - 1, 1;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z

Involving cosh and exp

Involving ãp z  coshHb zL tanhH c zL
01.21.21.0153.01à ãp z coshHb zL tanhHc zL â z �

1

2

ãHp-bL z

b - p
 2F1

p - b

2 c
, 1;

p - b

2 c
+ 1; -ã2 c z +

ãHb+p+2 cL z

b + p + 2 c
 2F1

b + p + 2 c

2 c
, 1;

b + p + 4 c

2 c
; -ã2 c z -

ãHb+pL z

b + p
 2F1

b + p

2 c
, 1;

b + p

2 c
+ 1; -ã2 c z -

ãH-b+p+2 cL z

b - p - 2 c
 2F1

-b + p + 2 c

2 c
, 1;

-b + p + 4 c

2 c
; -ã2 c z

01.21.21.0154.01à ãb z coshHb zL tanhHc zL â z �

1

4 b c Hb + cL  b c ã2 Hb+cL z
2F1

b + c

c
, 1;

b

c
+ 2; -ã2 c z + 2 Hb + cL logHcoshHc zLL - c Hb + cL ã2 b z

2F1

b

c
, 1;

b + c

c
; -ã2 c z

01.21.21.0155.01à ã-b z coshHb zL tanhHc zL â z �

ã-2 b z

4 b c Hc - bL  b c ã2 c z
2F1 1 -

b

c
, 1; 2 -

b

c
; -ã2 c z - Hb - cL c 2F1 -

b

c
, 1; 1 -

b

c
; -ã2 c z + 2 b ã2 b z logHcoshHc zLL
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01.21.21.0156.01

à ã-c z coshHc zL tanhHc zL â z �
2 c z + ã-2 c z

4 c

Involving powers of cosh and exp

Involving ãp z coshuHb zL tanhHc zL
01.21.21.0157.01à ãp z coshuHb zL tanhHc zL â z �

2-u
u
u

2

ãH2 c+pL z
2F1J 2 c+p

2 c
, 1;

4 c+p

2 c
; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

2 c+p

2 c
; -ã2 c zN

p
H1 - u mod 2L + 2-u â

k=0

f u-1

2
v

u

k

ãH2 c+p+b Hu-2 kLL z
2F1J 2 c+p+b Hu-2 kL

2 c
, 1;

4 c+p+b Hu-2 kL
2 c

; -ã2 c zN
2 c + p + b Hu - 2 kL -

ãHp-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
, 1;

2 c+p-b Hu-2 kL
2 c

; -ã2 c zN
p - b Hu - 2 kL +

ãH2 c+p-b Hu-2 kLL z
2F1J 2 c+p-b Hu-2 kL

2 c
, 1;

4 c+p-b Hu-2 kL
2 c

; -ã2 c zN
2 c + p - b Hu - 2 kL -

ãHp+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
, 1;

2 c+p+b Hu-2 kL
2 c

; -ã2 c zN
p + b Hu - 2 kL �; u Î N+

01.21.21.0158.01à ãp z coshΜHc zL tanhHc zL â z �

coshΜHc zL I1 + ã2 c zM-Μ
ãH2 c+pL z

2F1J p-c Μ

2 c
+ 1, 1 - Μ;

p-c Μ

2 c
+ 2; -ã2 c zN

-Μ c + 2 c + p
-

ãp z
2F1J p-c Μ

2 c
, 1 - Μ;

p-c Μ

2 c
+ 1; -ã2 c zN

p - c Μ

Involving hyperbolic and trigonometric functions

Involving  sin and sinh

Involving sinHa zL sinhHb zL tanhH c zL
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01.21.21.0159.01

à sinHa zL sinhHb zL tanhHc zL â z �
1

4
ä

ãH-b-ä a L z
2F1J -b-ä a

2 c
, 1; -b-ä a

2 c
+ 1; -ã2 c zN

-b - ä a
+

ãHb+ä a L z
2F1J b+ä a

2 c
, 1; b+ä a

2 c
+ 1; -ã2 c zN

b + ä a
-

ãH-b+2 c-ä a L z
2F1J -b-ä a

2 c
+ 1, 1; -b-ä a

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a
+

ãH-b+2 c+ä a L z
2F1J ä a-b

2 c
+ 1, 1; ä a-b

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a
+

ãHb+2 c-ä a L z
2F1J b-ä a

2 c
+ 1, 1; b-ä a

2 c
+ 2; -ã2 c zN

b + 2 c - ä a
-

ãHä a-bL z
2F1J ä a-b

2 c
, 1; ä a-b

2 c
+ 1; -ã2 c zN

ä a - b
-

ãHb-ä aL z
2F1J b-ä a

2 c
, 1; b-ä a

2 c
+ 1; -ã2 c zN

b - ä a
-

ãHb+2 c+ä a L z
2F1J b+ä a

2 c
+ 1, 1; b+ä a

2 c
+ 2; -ã2 c zN

b + 2 c + ä a

Involving powers of sin and powers of sinh

Involving sinmHa zL sinhuHb zL tanhHc zL
01.21.21.0160.01à sinmHa zL sinhuHb zL tanhHc zL â z �

äu 2-m-u logHcoshHc zLL H1 - m mod 2L H1 - u mod 2L
c

 
m
m

2

u
u

2

-

äu 2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π

ä ãä a Hm-2 kL z
2F1J ä a Hm-2 kL

2 c
, 1; a ä Hm-2 kL

2 c
+ 1; -ã2 c zN

a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z
2F1J a ä Hm-2 kL

2 c
+ 1, 1; a ä Hm-2 kL

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL +

ã
ä m Π

2

ãH2 c-ä a Hm-2 kLL z
2F1J1 - ä a Hm-2 kL

2 c
, 1; 2 - ä a Hm-2 kL

2 c
; -ã2 c zN

2 c - ä a Hm - 2 kL -

ä ã-ä a Hm-2 kL z
2F1J- ä a Hm-2 kL

2 c
, 1; 1 - ä a Hm-2 kL

2 c
; -ã2 c zN

a Hm - 2 kL + 2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k

H-1Lu
ã-b Hu-2 kL z

2F1J- b Hu-2 kL
2 c

, 1; 1 - b Hu-2 kL
2 c

; -ã2 c zN
b Hu - 2 kL +

ãH2 c-b Hu-2 kLL z
2F1J1 - b Hu-2 kL

2 c
, 1; 2 - b Hu-2 kL

2 c
; -ã2 c zN

2 c - b Hu - 2 kL -

ãb Hu-2 kL z
2F1J b Hu-2 kL

2 c
, 1; b Hu-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 kL +
ãH2 c+b Hu-2 kLL z

2F1J b Hu-2 kL
2 c

+ 1, 1; b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Lk+s m

k

u

s
ã-

1

2
ä m Π ãH2 c+a ä Hm-2 kL+b Hu-2 sLL z

2F1

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + b Hu - 2 sLL -

+
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ãHa ä Hm-2 kL+b Hu-2 sLL z
2F1J a ä Hm-2 kL+b Hu-2 sL

2 c
, 1; a ä Hm-2 kL+b Hu-2 sL

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + b Hu - 2 sL +

ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+b Hu-2 sLL z
2F1

b Hu - 2 sL - ä a Hm - 2 kL
2 c

+ 1, 1;
b Hu - 2 sL - ä a Hm - 2 kL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL + b Hu - 2 sLL -

ãHb Hu-2 sL-ä a Hm-2 kLL z
2F1J b Hu-2 sL-ä a Hm-2 kL

2 c
, 1; b Hu-2 sL-ä a Hm-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 sL - ä a Hm - 2 kL + H-1Lu ã-
1

2
ä m Π

ãH2 c+a ä Hm-2 kL-b Hu-2 sLL z
2F1

ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL - b Hu - 2 sLL -

ãHä a Hm-2 kL-b Hu-2 sLL z
2F1J ä a Hm-2 kL-b Hu-2 sL

2 c
, 1; ä a Hm-2 kL-b Hu-2 sL

2 c
+ 1; -ã2 c zN

ä a Hm - 2 kL - b Hu - 2 sL + H-1Lu ã
ä m Π

2

ãH2 c-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL - b Hu - 2 sLL - ãH-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

, 1;

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1; -ã2 c z � H-ä a Hm - 2 kL - b Hu - 2 sLL �; m Î N+ ì u Î N+

01.21.21.0161.01à sinmHa zL sinhΜHc zL tanhHc zL â z �

2-m I1 - ã2 c zM-Μ
 H1 - m mod 2L sinhΜHc zL

c Μ

m
m

2

 F1 -
Μ

2
; -Μ - 1, 1;

2 - Μ

2
; ã2 c z, -ã2 c z - 2-m I1 - ã2 c zM-Μ

sinhΜHc zL â
k=0

f m-1

2
v H-1Lk  

m

k

ã
ä m Π

2
-ä a Hm-2 kL z F1J -ä a Hm-2 kL-c Μ

2 c
; -Μ - 1, 1; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL - c Μ
+

ãä a Hm-2 kL z-
ä m Π

2 F1J ä a Hm-2 kL-c Μ

2 c
; -Μ - 1, 1; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

ä a Hm - 2 kL - c Μ
�; m Î N+

Involving  cos and sinh

Involving cosHa zL sinhHb zL tanhH c zL
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01.21.21.0162.01

à cosHa zL sinhHb zL tanhHc zL â z �
1

4

ãH-b-ä a L z
2F1J -b-ä a

2 c
, 1; -b-ä a

2 c
+ 1; -ã2 c zN

-b - ä a
+

ãHä a-bL z
2F1J ä a-b

2 c
, 1; ä a-b

2 c
+ 1; -ã2 c zN

ä a - b
-

ãH-b+2 c-ä a L z
2F1J -b-ä a

2 c
+ 1, 1; -b-ä a

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a
+

ãHb+2 c-ä a L z
2F1J b-ä a

2 c
+ 1, 1; b-ä a

2 c
+ 2; -ã2 c zN

b + 2 c - ä a
+

ãHb+2 c+ä a L z
2F1J b+ä a

2 c
+ 1, 1; b+ä a

2 c
+ 2; -ã2 c zN

b + 2 c + ä a
-

ãHb-ä aL z
2F1J b-ä a

2 c
, 1; b-ä a

2 c
+ 1; -ã2 c zN

b - ä a
-

ãHb+ä a L z
2F1J b+ä a

2 c
, 1; b+ä a

2 c
+ 1; -ã2 c zN

b + ä a
-

ãH-b+2 c+ä a L z
2F1J ä a-b

2 c
+ 1, 1; ä a-b

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a

Involving powers of cos and powers of sinh

Involving cosmHa zL sinhuHb zL tanhHc zL
01.21.21.0163.01à cosmHa zL sinhuHb zL tanhHc zL â z �

äu 2-m-u logHcoshHc zLL H1 - m mod 2L H1 - u mod 2L
c

 
m
m

2

u
u

2

- äu 2-m-u
u
u

2

Hu mod 2 - 1L
â
k=0

f m-1

2
v

m

k

ä ãä a Hm-2 kL z
2F1J ä a Hm-2 kL

2 c
, 1; a ä Hm-2 kL

2 c
+ 1; -ã2 c zN

a Hm - 2 kL -
ä ã-ä a Hm-2 kL z

2F1J- ä a Hm-2 kL
2 c

, 1; 1 - ä a Hm-2 kL
2 c

; -ã2 c zN
a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z
2F1J a ä Hm-2 kL

2 c
+ 1, 1; a ä Hm-2 kL

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL +

ãH2 c-ä a Hm-2 kLL z
2F1J1 - ä a Hm-2 kL

2 c
, 1; 2 - ä a Hm-2 kL

2 c
; -ã2 c zN

2 c - ä a Hm - 2 kL + 2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k

H-1Lu
ã-b Hu-2 kL z

2F1J- b Hu-2 kL
2 c

, 1; 1 - b Hu-2 kL
2 c

; -ã2 c zN
b Hu - 2 kL +

ãH2 c-b Hu-2 kLL z
2F1J1 - b Hu-2 kL

2 c
, 1; 2 - b Hu-2 kL

2 c
; -ã2 c zN

2 c - b Hu - 2 kL -

ãb Hu-2 kL z
2F1J b Hu-2 kL

2 c
, 1; b Hu-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 kL +
ãH2 c+b Hu-2 kLL z

2F1J b Hu-2 kL
2 c

+ 1, 1; b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Ls m

k

u

s
H-1Lu ãH2 c+a ä Hm-2 kL-b Hu-2 sLL z

2F1

ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;

ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL - b Hu - 2 sLL -

+

http://functions.wolfram.com 60



ãHä a Hm-2 kL-b Hu-2 sLL z
2F1J ä a Hm-2 kL-b Hu-2 sL

2 c
, 1; ä a Hm-2 kL-b Hu-2 sL

2 c
+ 1; -ã2 c zN

ä a Hm - 2 kL - b Hu - 2 sL +

H-1Lu ãH2 c-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL - b Hu - 2 sLL - ãH-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

,

1;
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 1; -ã2 c z � H-ä a Hm - 2 kL - b Hu - 2 sLL +

ãH2 c-ä a Hm-2 kL+b Hu-2 sLL z
2F1

b Hu - 2 sL - ä a Hm - 2 kL
2 c

+ 1, 1;
b Hu - 2 sL - ä a Hm - 2 kL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL + b Hu - 2 sLL +

ãH2 c+a ä Hm-2 kL+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 1, 1;
a ä Hm - 2 kL + b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL + b Hu - 2 sLL -
ãHb Hu-2 sL-ä a Hm-2 kLL z

2F1J b Hu-2 sL-ä a Hm-2 kL
2 c

, 1; b Hu-2 sL-ä a Hm-2 kL
2 c

+ 1; -ã2 c zN
b Hu - 2 sL - ä a Hm - 2 kL -

ãHa ä Hm-2 kL+b Hu-2 sLL z
2F1J a ä Hm-2 kL+b Hu-2 sL

2 c
, 1; a ä Hm-2 kL+b Hu-2 sL

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + b Hu - 2 sL �; m Î N+ ì u Î N+

01.21.21.0164.01

à cosmHa zL sinhΜHc zL tanhHc zL â z �
2-m I1 - ã2 c zM-Μ

 H1 - m mod 2L sinhΜHc zL
c Μ

 
m
m

2

F1 -
Μ

2
; -Μ - 1, 1;

2 - Μ

2
; ã2 c z, -ã2 c z -

2-m I1 - ã2 c zM-Μ
sinhΜHc zL â

k=0

f m-1

2
v

m

k
 

ã-ä a Hm-2 kL z F1J -ä a Hm-2 kL-c Μ

2 c
; -Μ - 1, 1; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL - c Μ
+

ãä a Hm-2 kL z F1J ä a Hm-2 kL-c Μ

2 c
; -Μ - 1, 1; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

ä a Hm - 2 kL - c Μ
�; m Î N+

Involving  sin and cosh

Involving sinHa zL coshHb zL tanhH c zL
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01.21.21.0165.01

à sinHa zL coshHb zL tanhHc zL â z �
1

4
ä -

ãH-b-ä a L z
2F1J -b-ä a

2 c
, 1; -b-ä a

2 c
+ 1; -ã2 c zN

-b - ä a
+

ãHä a-bL z
2F1J ä a-b

2 c
, 1; ä a-b

2 c
+ 1; -ã2 c zN

ä a - b
+

ãHb+ä a L z
2F1J b+ä a

2 c
, 1; b+ä a

2 c
+ 1; -ã2 c zN

b + ä a
+

ãH-b+2 c-ä a L z
2F1J -b-ä a

2 c
+ 1, 1; -b-ä a

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a
+

ãHb+2 c-ä a L z
2F1J b-ä a

2 c
+ 1, 1; b-ä a

2 c
+ 2; -ã2 c zN

b + 2 c - ä a
-

ãHb-ä aL z
2F1J b-ä a

2 c
, 1; b-ä a

2 c
+ 1; -ã2 c zN

b - ä a
-

ãH-b+2 c+ä a L z
2F1J ä a-b

2 c
+ 1, 1; ä a-b

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a
-

ãHb+2 c+ä a L z
2F1J b+ä a

2 c
+ 1, 1; b+ä a

2 c
+ 2; -ã2 c zN

b + 2 c + ä a

Involving powers of sin and powers of cosh

Involving sinmHa zL coshuHb zL tanhHc zL
01.21.21.0166.01à sinmHa zL coshuHb zL tanhHc zL â z �

2-m-u logHcoshHc zLL H1 - m mod 2L H1 - u mod 2L
c

 
m
m

2

u
u

2

-

2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π

ä ãä a Hm-2 kL z
2F1J ä a Hm-2 kL

2 c
, 1; a ä Hm-2 kL

2 c
+ 1; -ã2 c zN

a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z
2F1J a ä Hm-2 kL

2 c
+ 1, 1; a ä Hm-2 kL

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL +

ã
ä m Π

2

ãH2 c-ä a Hm-2 kLL z
2F1J1 - ä a Hm-2 kL

2 c
, 1; 2 - ä a Hm-2 kL

2 c
; -ã2 c zN

2 c - ä a Hm - 2 kL -

ä ã-ä a Hm-2 kL z
2F1J- ä a Hm-2 kL

2 c
, 1; 1 - ä a Hm-2 kL

2 c
; -ã2 c zN

a Hm - 2 kL + 2-m-u
m
m

2

H1 - m mod 2L
â
k=0

f u-1

2
v

u

k
-

ãb Hu-2 kL z
2F1J b Hu-2 kL

2 c
, 1; b Hu-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 kL +
ã-b Hu-2 kL z

2F1J- b Hu-2 kL
2 c

, 1; 1 - b Hu-2 kL
2 c

; -ã2 c zN
b Hu - 2 kL +

ãH2 c+b Hu-2 kLL z
2F1J b Hu-2 kL

2 c
+ 1, 1; b Hu-2 kL

2 c
+ 2; -ã2 c zN

2 c + b Hu - 2 kL +
ãH2 c-b Hu-2 kLL z

2F1J1 - b Hu-2 kL
2 c

, 1; 2 - b Hu-2 kL
2 c

; -ã2 c zN
2 c - b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Lk m

k

u

s
ã-

1

2
ä m Π ãH2 c+a ä Hm-2 kL+b Hu-2 sLL z

2F1

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + b Hu - 2 sLL -

+
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ãHa ä Hm-2 kL+b Hu-2 sLL z
2F1J a ä Hm-2 kL+b Hu-2 sL

2 c
, 1; a ä Hm-2 kL+b Hu-2 sL

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + b Hu - 2 sL +

ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+b Hu-2 sLL z
2F1

b Hu - 2 sL - ä a Hm - 2 kL
2 c

+ 1, 1;
b Hu - 2 sL - ä a Hm - 2 kL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL + b Hu - 2 sLL -

ãHb Hu-2 sL-ä a Hm-2 kLL z
2F1J b Hu-2 sL-ä a Hm-2 kL

2 c
, 1; b Hu-2 sL-ä a Hm-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 sL - ä a Hm - 2 kL +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL-b Hu-2 sLL z

2F1

ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL - b Hu - 2 sLL -

ãHä a Hm-2 kL-b Hu-2 sLL z
2F1J ä a Hm-2 kL-b Hu-2 sL

2 c
, 1; ä a Hm-2 kL-b Hu-2 sL

2 c
+ 1; -ã2 c zN

ä a Hm - 2 kL - b Hu - 2 sL +

ã
ä m Π

2 ãH2 c-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL - b Hu - 2 sLL - ãH-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

, 1;

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1; -ã2 c z � H-ä a Hm - 2 kL - b Hu - 2 sLL �; m Î N+ ì u Î N+

01.21.21.0167.01à sinmHa zL coshΜHc zL tanhHc zL â z �

2-m
m
m

2

coshΜHc zL H1 - m mod 2L I1 + ã2 c zM-Μ
 

ã2 c z
2F1J 2-Μ

2
, 1 - Μ;

4-Μ

2
; -ã2 c zN

c H2 - ΜL +
2F1J-

Μ

2
, 1 - Μ;

2-Μ

2
; -ã2 c zN

c Μ
+ 2-m

coshΜHc zL I1 + ã2 c zM-Μ
 â

k=0

f m-1

2
v H-1Lk m

k

ã
ä Π m

2
+H2 c-ä a Hm-2 kLL z

2F1J c H2-ΜL-ä a Hm-2 kL
2 c

, 1 - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 4N; -ã2 c zN

c H2 - ΜL - ä a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z-
ä m Π

2 2F1J a ä Hm-2 kL+c H2-ΜL
2 c

, 1 - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 4N; -ã2 c zN

a ä Hm - 2 kL + c H2 - ΜL -

ã
ä m Π

2
-ä a Hm-2 kL z

2F1J -ä a Hm-2 kL-c Μ

2 c
, 1 - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; -ã2 c zN

-ä a Hm - 2 kL - c Μ
-

ãä a Hm-2 kL z-
ä m Π

2 2F1J ä a Hm-2 kL-c Μ

2 c
, 1 - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; -ã2 c zN

ä a Hm - 2 kL - c Μ
�; m Î N+
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Involving  cos and cosh

Involving cosHa zL coshHb zL tanhH c zL
01.21.21.0168.01à cosHa zL coshHb zL tanhHc zL â z �

1

4
-

ãH-b-ä a L z
2F1J -b-ä a

2 c
, 1; -b-ä a

2 c
+ 1; -ã2 c zN

-b - ä a
+

ãH-b+2 c-ä a L z
2F1J -b-ä a

2 c
+ 1, 1; -b-ä a

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a
+

ãH-b+2 c+ä a L z
2F1J ä a-b

2 c
+ 1, 1; ä a-b

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a
+

ãHb+2 c-ä a L z
2F1J b-ä a

2 c
+ 1, 1; b-ä a

2 c
+ 2; -ã2 c zN

b + 2 c - ä a
+

ãHb+2 c+ä a L z
2F1J b+ä a

2 c
+ 1, 1; b+ä a

2 c
+ 2; -ã2 c zN

b + 2 c + ä a
-

ãHä a-bL z
2F1J ä a-b

2 c
, 1; ä a-b

2 c
+ 1; -ã2 c zN

ä a - b
-

ãHb-ä aL z
2F1J b-ä a

2 c
, 1; b-ä a

2 c
+ 1; -ã2 c zN

b - ä a
-

ãHb+ä a L z
2F1J b+ä a

2 c
, 1; b+ä a

2 c
+ 1; -ã2 c zN

b + ä a

Involving powers of cos and powers of cosh

Involving cosmHa zL coshuHb zL tanhHc zL
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01.21.21.0169.01à cosmHa zL coshuHb zL tanhHc zL â z �
2-m-u logHcoshHc zLL H1 - m mod 2L H1 - u mod 2L

c
 

m
m

2

u
u

2

- 2-m-u
u
u

2

Hu mod 2 - 1L
â
k=0

f m-1

2
v

m

k

ä ãä a Hm-2 kL z
2F1J ä a Hm-2 kL

2 c
, 1; a ä Hm-2 kL

2 c
+ 1; -ã2 c zN

a Hm - 2 kL -
ä ã-ä a Hm-2 kL z

2F1J- ä a Hm-2 kL
2 c

, 1; 1 - ä a Hm-2 kL
2 c

; -ã2 c zN
a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z
2F1J a ä Hm-2 kL

2 c
+ 1, 1; a ä Hm-2 kL

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL +

ãH2 c-ä a Hm-2 kLL z
2F1J1 - ä a Hm-2 kL

2 c
, 1; 2 - ä a Hm-2 kL

2 c
; -ã2 c zN

2 c - ä a Hm - 2 kL + 2-m-u
m
m

2

H1 - m mod 2L
â
k=0

f u-1

2
v

u

k
-

ãb Hu-2 kL z
2F1J b Hu-2 kL

2 c
, 1; b Hu-2 kL

2 c
+ 1; -ã2 c zN

b Hu - 2 kL +
ã-b Hu-2 kL z

2F1J- b Hu-2 kL
2 c

, 1; 1 - b Hu-2 kL
2 c

; -ã2 c zN
b Hu - 2 kL +

ãH2 c+b Hu-2 kLL z
2F1J b Hu-2 kL

2 c
+ 1, 1; b Hu-2 kL

2 c
+ 2; -ã2 c zN

2 c + b Hu - 2 kL +
ãH2 c-b Hu-2 kLL z

2F1J1 - b Hu-2 kL
2 c

, 1; 2 - b Hu-2 kL
2 c

; -ã2 c zN
2 c - b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v

m

k

u

s

ãH2 c-ä a Hm-2 kL+b Hu-2 sLL z
2F1J b Hu-2 sL-ä a Hm-2 kL

2 c
+ 1, 1; b Hu-2 sL-ä a Hm-2 kL

2 c
+ 2; -ã2 c zN

2 c - ä a Hm - 2 kL + b Hu - 2 sL +

ãH2 c+a ä Hm-2 kL+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + b Hu - 2 sL
2 c

+ 1, 1;
a ä Hm - 2 kL + b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL + b Hu - 2 sLL + ãH2 c-ä a Hm-2 kL-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1,

1;
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z � H2 c - ä a Hm - 2 kL - b Hu - 2 sLL +

ãH2 c+a ä Hm-2 kL-b Hu-2 sLL z
2F1

ä a Hm - 2 kL - b Hu - 2 sL
2 c

+ 1, 1;
ä a Hm - 2 kL - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL - b Hu - 2 sLL -
ãHb Hu-2 sL-ä a Hm-2 kLL z

2F1J b Hu-2 sL-ä a Hm-2 kL
2 c

, 1; b Hu-2 sL-ä a Hm-2 kL
2 c

+ 1; -ã2 c zN
b Hu - 2 sL - ä a Hm - 2 kL -

ãHa ä Hm-2 kL+b Hu-2 sLL z
2F1J a ä Hm-2 kL+b Hu-2 sL

2 c
, 1; a ä Hm-2 kL+b Hu-2 sL

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + b Hu - 2 sL -

ãH-ä a Hm-2 kL-b Hu-2 sLL z
2F1J -ä a Hm-2 kL-b Hu-2 sL

2 c
, 1; -ä a Hm-2 kL-b Hu-2 sL

2 c
+ 1; -ã2 c zN

-ä a Hm - 2 kL - b Hu - 2 sL -

ãHä a Hm-2 kL-b Hu-2 sLL z
2F1J ä a Hm-2 kL-b Hu-2 sL

2 c
, 1; ä a Hm-2 kL-b Hu-2 sL

2 c
+ 1; -ã2 c zN

ä a Hm - 2 kL - b Hu - 2 sL �; m Î N+ ì u Î N+
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01.21.21.0170.01à cosmHa zL coshΜHc zL tanhHc zL â z �

2-m coshΜHc zL H1 - m mod 2L I1 + ã2 c zM-Μ
 

m
m

2

ã2 c z
2F1J 2-Μ

2
, 1 - Μ;

4-Μ

2
; -ã2 c zN

c H2 - ΜL +
2F1J-

Μ

2
, 1 - Μ;

2-Μ

2
; -ã2 c zN

c Μ
+

2-m coshΜHc zL I1 + ã2 c zM-Μ
 â

k=0

f m-1

2
v

m

k

ãH2 c-ä a Hm-2 kLL z
2F1J c H2-ΜL-ä a Hm-2 kL

2 c
, 1 - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 4N; -ã2 c zN

c H2 - ΜL - ä a Hm - 2 kL +

ãH2 c+a ä Hm-2 kLL z
2F1J a ä Hm-2 kL+c H2-ΜL

2 c
, 1 - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 4N; -ã2 c zN

a ä Hm - 2 kL + c H2 - ΜL -

ã-ä a Hm-2 kL z
2F1J -ä a Hm-2 kL-c Μ

2 c
, 1 - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; -ã2 c zN

-ä a Hm - 2 kL - c Μ
-

ãä a Hm-2 kL z
2F1J ä a Hm-2 kL-c Μ

2 c
, 1 - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; -ã2 c zN

ä a Hm - 2 kL - c Μ
�; m Î N+

Involving hyperbolic, exponential and a power functions

Involving sinh, exp and power

Involving zn ãp z sinhHa + b zL tanhH c zL
01.21.21.0171.01

à zn ãp z sinhHa + b zL tanhHc zL â z �
1

2
ãa n! ãHb+2 c+pL z â

j=0

n H-1L j Hb + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + p

2 c
, ¼,

b + 2 c + p

2 c
, 1;

b + 2 c + p

2 c
+ 1, ¼,

b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+pL z â
j=0

n H-1L j Hb + pL- j-1 zn- jHn - jL !
 j+2F j+1

b + p

2 c
, ¼,

b + p

2 c
, 1;

b + p

2 c
+ 1, ¼,

b + p

2 c
+ 1; -ã2 c z -

1

2
ã-a n! ãH-b+2 c+pL z â

j=0

n H-1L j H-b + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + p

2 c
, ¼,

-b + 2 c + p

2 c
, 1;

-b + 2 c + p

2 c
+ 1, ¼,

-b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHp-bL z â
j=0

n H-1L j Hp - bL- j-1 zn- jHn - jL !
 j+2F j+1

p - b

2 c
, ¼,

p - b

2 c
, 1;

p - b

2 c
+ 1, ¼,

p - b

2 c
+ 1; -ã2 c z �; n Î N
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01.21.21.0172.01

à zn ãp z sinhHb zL tanhHc zL â z �
1

2
n! ãHb+2 c+pL z â

j=0

n H-1L j Hb + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + p

2 c
, ¼,

b + 2 c + p

2 c
, 1;

b + 2 c + p

2 c
+ 1, ¼,

b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+pL z â
j=0

n H-1L j Hb + pL- j-1 zn- jHn - jL !
 j+2F j+1

b + p

2 c
, ¼,

b + p

2 c
, 1;

b + p

2 c
+ 1, ¼,

b + p

2 c
+ 1; -ã2 c z - ãH-b+2 c+pL z

â
j=0

n H-1L j H-b + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + p

2 c
, ¼,

-b + 2 c + p

2 c
, 1;

-b + 2 c + p

2 c
+ 1, ¼,

-b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHp-bL z â
j=0

n H-1L j Hp - bL- j-1 zn- jHn - jL !
 j+2F j+1

p - b

2 c
, ¼,

p - b

2 c
, 1;

p - b

2 c
+ 1, ¼,

p - b

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0173.01

à zn ãb z sinhHb zL tanhHc zL â z �
1

2
n!

zn+1Hn + 1L !
- 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, 2; 2, ¼, 2; -ã2 c zM -

ã2 b z â
j=0

n H-1L j 2- j-1 b- j-1 zn- jHn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, 1;

b

c
+ 1, ¼,

b

c
+ 1; -ã2 c z +

ã2 Hb+cL z â
j=0

n H-1L j 2- j-1 Hb + cL- j-1 zn- jHn - jL !
 j+2F j+1

b + c

c
, ¼,

b + c

c
, 1;

b + c

c
+ 1, ¼,

b + c

c
+ 1; -ã2 c z �; n Î N

01.21.21.0174.01

à zn ã-b z sinhHb zL tanhHc zL â z � -
1

2
n!

zn+1Hn + 1L !
- 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM +

ã-2 b z â
j=0

n 2- j-1 b- j-1 zn- jHn - jL !
 j+2F j+1 -

b

c
, ¼, -

b

c
, 1; 1 -

b

c
, ¼, 1 -

b

c
; -ã2 c z + ã2 H-b+cL z

â
j=0

n H-1L j 2- j-1 H-b + cL- j-1 zn- jHn - jL !
 j+2F j+1

-b + c

c
, ¼,

-b + c

c
, 1;

-b + c

c
+ 1, ¼,

-b + c

c
+ 1; -ã2 c z �; n Î N

Involving powers of sinh, exp and power

Involving zn ãp z sinhuHb zL tanhHc zL
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01.21.21.0175.01à zn ãp z sinhuHb zL tanhHc zL â z �
u
u

2

n! H1 - u mod 2L ä

2

u

 

ãH2 c+pL z â
j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

2-u n! â
k=0

f u-1

2
v H-1Lk u

k
H-1Lu ãH2 c+p-b Hu-2 kLL z â

j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

,

¼,
2 c + p - b Hu - 2 kL

2 c
, 1;

2 c + p - b Hu - 2 kL
2 c

+ 1, ¼,
2 c + p - b Hu - 2 kL

2 c
+ 1; -ã2 c z -

ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
,

1;
p - b Hu - 2 kL

2 c
+ 1, ¼,

p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ãHp+b Hu-2 kLL z â
j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
,

1;
p + b Hu - 2 kL

2 c
+ 1, ¼,

p + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,
2 c + p + b Hu - 2 kL

2 c
,

1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z �; n Î N ì u Î N+

Involving  cosh, exp and power

Involving zn ãp z  coshHa + b zL tanhH c zL
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01.21.21.0176.01

à zn ãp z coshHa + b zL tanhHc zL â z �
1

2
ãa n! ãHb+2 c+pL z â

j=0

n H-1L j Hb + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + p

2 c
, ¼,

b + 2 c + p

2 c
, 1;

b + 2 c + p

2 c
+ 1, ¼,

b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+pL z â
j=0

n H-1L j Hb + pL- j-1 zn- jHn - jL !
 j+2F j+1

b + p

2 c
, ¼,

b + p

2 c
, 1;

b + p

2 c
+ 1, ¼,

b + p

2 c
+ 1; -ã2 c z +

1

2
ã-a n! ãH-b+2 c+pL z â

j=0

n H-1L j H-b + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + p

2 c
, ¼,

-b + 2 c + p

2 c
, 1;

-b + 2 c + p

2 c
+ 1, ¼,

-b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHp-bL z â
j=0

n H-1L j Hp - bL- j-1 zn- jHn - jL !
 j+2F j+1

p - b

2 c
, ¼,

p - b

2 c
, 1;

p - b

2 c
+ 1, ¼,

p - b

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0177.01

à zn ãp z coshHb zL tanhHc zL â z �
1

2
n! ãHb+2 c+pL z â

j=0

n H-1L j Hb + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + p

2 c
, ¼,

b + 2 c + p

2 c
, 1;

b + 2 c + p

2 c
+ 1, ¼,

b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+pL z â
j=0

n H-1L j Hb + pL- j-1 zn- jHn - jL !
 j+2F j+1

b + p

2 c
, ¼,

b + p

2 c
, 1;

b + p

2 c
+ 1, ¼,

b + p

2 c
+ 1; -ã2 c z + ãH-b+2 c+pL z

â
j=0

n H-1L j H-b + 2 c + pL- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + p

2 c
, ¼,

-b + 2 c + p

2 c
, 1;

-b + 2 c + p

2 c
+ 1, ¼,

-b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHp-bL z â
j=0

n H-1L j Hp - bL- j-1 zn- jHn - jL !
 j+2F j+1

p - b

2 c
, ¼,

p - b

2 c
, 1;

p - b

2 c
+ 1, ¼,

p - b

2 c
+ 1; -ã2 c z �; n Î N

01.21.21.0178.01

à zn ãb z coshHb zL tanhHc zL â z �
1

2
n! -

zn+1Hn + 1L !
+ 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, 2; 2, ¼, 2; -ã2 c zM -

ã2 b z â
j=0

n H-1L j 2- j-1 b- j-1 zn- jHn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, 1;

b

c
+ 1, ¼,

b

c
+ 1; -ã2 c z +

ã2 Hb+cL z â
j=0

n H-1L j 2- j-1 Hb + cL- j-1 zn- jHn - jL !
 j+2F j+1

b + c

c
, ¼,

b + c

c
, 1;

b + c

c
+ 1, ¼,

b + c

c
+ 1; -ã2 c z �; n Î N

Involving  powers of cosh, exp and power
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Involving zn ãp z  coshuHb zL tanhHc zL
01.21.21.0179.01à zn ãp z coshuHb zL tanhHc zL â z �

u
u

2

n! H1 - u mod 2L 2-u 

ãH2 c+pL z â
j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

2-u n! â
k=0

f u-1

2
v

u

k
ãH2 c+p-b Hu-2 kLL z â

j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

, ¼,

2 c + p - b Hu - 2 kL
2 c

, 1;
2 c + p - b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
, 1;

p - b Hu - 2 kL
2 c

+ 1, ¼,
p - b Hu - 2 kL

2 c
+ 1; -ã2 c z - ãHp+b Hu-2 kLL z â

j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
, 1;

p + b Hu - 2 kL
2 c

+ 1, ¼,
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,
2 c + p + b Hu - 2 kL

2 c
,

1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z �; n Î N ì u Î N+

Involving hyperbolic, exponential and trigonometric functions

Involving  sin,  sinh and exp

Involving ãp z sinHa zL sinhHb zL tanhH c zL
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01.21.21.0180.01à ãp z sinHa zL sinhHb zL tanhHc zL â z �

1

4
ä

ãH-b-ä a +pL z
2F1J -b-ä a +p

2 c
, 1;

-b-ä a +p

2 c
+ 1; -ã2 c zN

-b - ä a + p
-

ãHb-ä a +pL z
2F1J b-ä a +p

2 c
, 1;

b-ä a +p

2 c
+ 1; -ã2 c zN

b - ä a + p
+

ãHb+ä a +pL z
2F1J b+ä a +p

2 c
, 1;

b+ä a +p

2 c
+ 1; -ã2 c zN

b + ä a + p
+

ãH-b+2 c+ä a +pL z
2F1J -b+ä a +p

2 c
+ 1, 1;

-b+ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a + p
+

ãHb+2 c-ä a +pL z
2F1J b-ä a +p

2 c
+ 1, 1;

b-ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c - ä a + p
-

ãHb+2 c+ä a +pL z
2F1J b+ä a +p

2 c
+ 1, 1;

b+ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c + ä a + p
-

ãH-b+ä a +pL z
2F1J -b+ä a +p

2 c
, 1;

-b+ä a +p

2 c
+ 1; -ã2 c zN

-b + ä a + p
-

ãH-b+2 c-ä a +pL z
2F1J -b-ä a +p

2 c
+ 1, 1;

-b-ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a + p

Involving powers of sin, powers of sinh and exp

Involving ãp z sinmHa zL sinhuHb zL tanhHc zL
01.21.21.0181.01à ãp z sinmHa zL sinhuHb zL tanhHc zL â z �

äu 2-m-u
m
m

2

u
u

2

ãH2 c+pL z
2F1J p

2 c
+ 1, 1;

p

2 c
+ 2; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

p

2 c
+ 1; -ã2 c zN

p
H1 - m mod 2L H1 - u mod 2L -

äu 2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π

ãH2 c+a ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
+ 1, 1;

a ä Hm-2 kL+p

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL + p
-

ãHa ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
, 1;

a ä Hm-2 kL+p

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + p
+

ã
ä m Π

2

ãH2 c-ä a Hm-2 kL+pL z
2F1J p-ä a Hm-2 kL

2 c
+ 1, 1;

p-ä a Hm-2 kL
2 c

+ 2; -ã2 c zN
2 c - ä a Hm - 2 kL + p

-

ãHp-ä a Hm-2 kLL z
2F1J p-ä a Hm-2 kL

2 c
, 1;

p-ä a Hm-2 kL
2 c

+ 1; -ã2 c zN
p - ä a Hm - 2 kL +

2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k

ãH2 c+p+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
+ 1, 1;

p+b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + p + b Hu - 2 kL -

+
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ãHp+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
, 1;

p+b Hu-2 kL
2 c

+ 1; -ã2 c zN
p + b Hu - 2 kL +

H-1Lu
ãH2 c+p-b Hu-2 kLL z

2F1J p-b Hu-2 kL
2 c

+ 1, 1;
p-b Hu-2 kL

2 c
+ 2; -ã2 c zN

2 c + p - b Hu - 2 kL -

ãHp-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
, 1;

p-b Hu-2 kL
2 c

+ 1; -ã2 c zN
p - b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Lk+s m

k

u

s
ã-

1

2
ä m Π ãH2 c+a ä Hm-2 kL+p+b Hu-2 sLL z

2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1,

1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + p + b Hu - 2 sLL -

ãHa ä Hm-2 kL+p+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p + b Hu - 2 sLL + ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p+b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c - ä a Hm - 2 kL + p + b Hu - 2 sLL - ãH-ä a Hm-2 kL+p+b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

,

1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z � H-ä a Hm - 2 kL + p + b Hu - 2 sLL +

H-1Lu ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p-b Hu-2 sLL z

2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + p - b Hu - 2 sLL -

ãHa ä Hm-2 kL+p-b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p - b Hu - 2 sLL +

H-1Lu ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c - ä a Hm - 2 kL + p - b Hu - 2 sLL -

ãH-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1;

-ã2 c z � H-ä a Hm - 2 kL + p - b Hu - 2 sLL �; m Î N+ ì u Î N+
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01.21.21.0182.01à ãp z sinmHa zL sinhΜHc zL tanhHc zL â z �

-
2-m ãp z H1 - m mod 2L sinhΜHc zL I1 - ã2 c zM-Μ

p - c Μ
 

m
m

2

F1

p - c Μ

2 c
; -Μ - 1, 1;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z -

2-m sinhΜHc zL I1 - ã2 c zM-Μ
 â

k=0

f m-1

2
v H-1Lk m

k

ã
ä Π m

2
+Hp-ä a Hm-2 kLL z F1

-ä a Hm - 2 kL + p - c Μ

2 c
; -Μ - 1, 1;

1

2

p - ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z �
H-ä a Hm - 2 kL + p - c ΜL +

1

a ä Hm - 2 kL + p - c Μ
 ãHa ä Hm-2 kL+pL z-

ä m Π

2

F1

a ä Hm - 2 kL + p - c Μ

2 c
; -Μ - 1, 1;

1

2

a ä Hm - 2 kL + p

c
- Μ + 2 ; ã2 c z, -ã2 c z �; m Î N+

Involving  cos,  sinh and exp

Involving ãp z cosHa zL sinhHb zL tanhH c zL
01.21.21.0183.01à ãp z cosHa zL sinhHb zL tanhHc zL â z �

1

4

ãH-b-ä a +pL z
2F1J -b-ä a +p

2 c
, 1;

-b-ä a +p

2 c
+ 1; -ã2 c zN

-b - ä a + p
+

ãH-b+ä a +pL z
2F1J -b+ä a +p

2 c
, 1;

-b+ä a +p

2 c
+ 1; -ã2 c zN

-b + ä a + p
-

ãHb-ä a +pL z
2F1J b-ä a +p

2 c
, 1;

b-ä a +p

2 c
+ 1; -ã2 c zN

b - ä a + p
-

ãH-b+2 c+ä a +pL z
2F1J -b+ä a +p

2 c
+ 1, 1;

-b+ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a + p
+

ãHb+2 c-ä a +pL z
2F1J b-ä a +p

2 c
+ 1, 1;

b-ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c - ä a + p
+

ãHb+2 c+ä a +pL z
2F1J b+ä a +p

2 c
+ 1, 1;

b+ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c + ä a + p
-

ãHb+ä a +pL z
2F1J b+ä a +p

2 c
, 1;

b+ä a +p

2 c
+ 1; -ã2 c zN

b + ä a + p
-

ãH-b+2 c-ä a +pL z
2F1J -b-ä a +p

2 c
+ 1, 1;

-b-ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a + p

Involving powers of cos, powers of sinh and exp

Involving ãp z cosmHa zL sinhuHb zL tanhHc zL
01.21.21.0184.01à ãp z cosmHa zL sinhuHb zL tanhHc zL â z � äu 2-m-u

m
m

2

u
u

2

ãH2 c+pL z

2 c + p
 2F1

p

2 c
+ 1, 1;

p

2 c
+ 2; -ã2 c z -

ãp z

p
 2F1

p

2 c
, 1;

p

2 c
+ 1; -ã2 c z H1 - m mod 2L H1 - u mod 2L -
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äu 2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v

m

k

ãH2 c+a ä Hm-2 kL+pL z

2 c + a ä Hm - 2 kL + p
 2F1

a ä Hm - 2 kL + p

2 c
+ 1, 1;

a ä Hm - 2 kL + p

2 c
+ 2; -ã2 c z -

ãHa ä Hm-2 kL+pL z

a ä Hm - 2 kL + p
 2F1

a ä Hm - 2 kL + p

2 c
, 1;

a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z +

ãH2 c-ä a Hm-2 kL+pL z

2 c - ä a Hm - 2 kL + p
 2F1

p - ä a Hm - 2 kL
2 c

+ 1, 1;
p - ä a Hm - 2 kL

2 c
+ 2; -ã2 c z -

ãHp-ä a Hm-2 kLL z

p - ä a Hm - 2 kL  2F1

p - ä a Hm - 2 kL
2 c

, 1;
p - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k

ãH2 c+p+b Hu-2 kLL z

2 c + p + b Hu - 2 kL  2F1

p + b Hu - 2 kL
2 c

+ 1, 1;
p + b Hu - 2 kL

2 c
+ 2; -ã2 c z -

ãHp+b Hu-2 kLL z

p + b Hu - 2 kL  2F1

p + b Hu - 2 kL
2 c

, 1;
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

H-1Lu
ãH2 c+p-b Hu-2 kLL z

2 c + p - b Hu - 2 kL  2F1

p - b Hu - 2 kL
2 c

+ 1, 1;
p - b Hu - 2 kL

2 c
+ 2; -ã2 c z -

ãHp-b Hu-2 kLL z

p - b Hu - 2 kL  2F1

p - b Hu - 2 kL
2 c

, 1;
p - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Ls m

k

u

s

ãH2 c+a ä Hm-2 kL+p+b Hu-2 sLL z

2 c + a ä Hm - 2 kL + p + b Hu - 2 sL 2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1,

1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 2; -ã2 c z -

ãHa ä Hm-2 kL+p+b Hu-2 sLL z

a ä Hm - 2 kL + p + b Hu - 2 sL
2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z +

ãH2 c-ä a Hm-2 kL+p+b Hu-2 sLL z

2 c - ä a Hm - 2 kL + p + b Hu - 2 sL 2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 2; -ã2 c z -
ãH-ä a Hm-2 kL+p+b Hu-2 sLL z

-ä a Hm - 2 kL + p + b Hu - 2 sL
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

, 1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z +

H-1Lu
ãH2 c+a ä Hm-2 kL+p-b Hu-2 sLL z

2 c + a ä Hm - 2 kL + p - b Hu - 2 sL 2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 2; -ã2 c z -
ãHa ä Hm-2 kL+p-b Hu-2 sLL z

a ä Hm - 2 kL + p - b Hu - 2 sL
2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z +
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ãH2 c-ä a Hm-2 kL+p-b Hu-2 sLL z

2 c - ä a Hm - 2 kL + p - b Hu - 2 sL 2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 2; -ã2 c z -
ãH-ä a Hm-2 kL+p-b Hu-2 sLL z

-ä a Hm - 2 kL + p - b Hu - 2 sL 2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z �; m Î N+ ì u Î N+

01.21.21.0185.01à ãp z cosmHa zL sinhΜHc zL tanhHc zL â z �

-
2-m ãp z H1 - m mod 2L sinhΜHc zL I1 - ã2 c zM-Μ

p - c Μ
 

m
m

2

F1

p - c Μ

2 c
; -Μ - 1, 1;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z -

2-m sinhΜHc zL I1 - ã2 c zM-Μ
 â

k=0

f m-1

2
v

m

k
 

ãHp-ä a Hm-2 kLL z F1J -ä a Hm-2 kL+p-c Μ

2 c
; -Μ - 1, 1; 1

2
J p-ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL + p - c Μ
+

ãHa ä Hm-2 kL+pL z F1J a ä Hm-2 kL+p-c Μ

2 c
; -Μ - 1, 1; 1

2
J a ä Hm-2 kL+p

c
- Μ + 2N; ã2 c z, -ã2 c zN

a ä Hm - 2 kL + p - c Μ
�; m Î N+

Involving  sin,  cosh and exp

Involving ãp z sinHa zL coshHb zL tanhH c zL
01.21.21.0186.01à ãp z sinHa zL coshHb zL tanhHc zL â z �

1

4
ä -

ãH-b-ä a +pL z
2F1J -b-ä a +p

2 c
, 1;

-b-ä a +p

2 c
+ 1; -ã2 c zN

-b - ä a + p
+

ãH-b+ä a +pL z
2F1J -b+ä a +p

2 c
, 1;

-b+ä a +p

2 c
+ 1; -ã2 c zN

-b + ä a + p
-

ãHb-ä a +pL z
2F1J b-ä a +p

2 c
, 1;

b-ä a +p

2 c
+ 1; -ã2 c zN

b - ä a + p
+

ãHb+ä a +pL z
2F1J b+ä a +p

2 c
, 1;

b+ä a +p

2 c
+ 1; -ã2 c zN

b + ä a + p
+

ãH-b+2 c-ä a +pL z
2F1J -b-ä a +p

2 c
+ 1, 1;

-b-ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a + p
-

ãH-b+2 c+ä a +pL z
2F1J -b+ä a +p

2 c
+ 1, 1;

-b+ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a + p
+

ãHb+2 c-ä a +pL z
2F1J b-ä a +p

2 c
+ 1, 1;

b-ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c - ä a + p
-

ãHb+2 c+ä a +pL z
2F1J b+ä a +p

2 c
+ 1, 1;

b+ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c + ä a + p

Involving powers of sin, powers of cosh and exp

Involving ãp z sinmHa zL coshuHb zL tanhHc zL
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01.21.21.0187.01à ãp z sinmHa zL coshuHb zL tanhHc zL â z �

2-m-u
ãH2 c+pL z

2F1J p

2 c
+ 1, 1;

p

2 c
+ 2; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

p

2 c
+ 1; -ã2 c zN

p

m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L -

2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π

ãH2 c+a ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
+ 1, 1;

a ä Hm-2 kL+p

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL + p
-

ãHa ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
, 1;

a ä Hm-2 kL+p

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + p
+

ã
ä m Π

2

ãH2 c-ä a Hm-2 kL+pL z
2F1J p-ä a Hm-2 kL

2 c
+ 1, 1;

p-ä a Hm-2 kL
2 c

+ 2; -ã2 c zN
2 c - ä a Hm - 2 kL + p

-

ãHp-ä a Hm-2 kLL z
2F1J p-ä a Hm-2 kL

2 c
, 1;

p-ä a Hm-2 kL
2 c

+ 1; -ã2 c zN
p - ä a Hm - 2 kL +

2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-

ãHp+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
, 1;

p+b Hu-2 kL
2 c

+ 1; -ã2 c zN
p + b Hu - 2 kL +

ãH2 c+p+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
+ 1, 1;

p+b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + p + b Hu - 2 kL +

ãH2 c+p-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
+ 1, 1;

p-b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + p - b Hu - 2 kL -

ãHp-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
, 1;

p-b Hu-2 kL
2 c

+ 1; -ã2 c zN
p - b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v H-1Lk m

k

u

s
ã-

1

2
ä m Π ãH2 c+a ä Hm-2 kL+p+b Hu-2 sLL z

2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + p + b Hu - 2 sLL -

ãHa ä Hm-2 kL+p+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p + b Hu - 2 sLL + ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p+b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 2; -ã2 c z �

-
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H2 c - ä a Hm - 2 kL + p + b Hu - 2 sLL - ãH-ä a Hm-2 kL+p+b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

,

1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z � H-ä a Hm - 2 kL + p + b Hu - 2 sLL +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p-b Hu-2 sLL z

2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c + a ä Hm - 2 kL + p - b Hu - 2 sLL -

ãHa ä Hm-2 kL+p-b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p - b Hu - 2 sLL + ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+

1, 1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 2; -ã2 c z � H2 c - ä a Hm - 2 kL + p - b Hu - 2 sLL -

ãH-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1;

-ã2 c z � H-ä a Hm - 2 kL + p - b Hu - 2 sLL �; m Î N+ ì u Î N+

01.21.21.0188.01à ãp z sinmHa zL coshΜHc zL tanhHc zL â z � 2-m
m
m

2

coshΜHc zL H1 - m mod 2L I1 + ã2 c zM-Μ
 

ãH2 c+pL z
2F1J p+c H2-ΜL

2 c
, 1 - Μ; 1

2
J p

c
- Μ + 4N; -ã2 c zN

p + c H2 - ΜL -
ãp z

2F1J p-c Μ

2 c
, 1 - Μ; 1

2
J p

c
- Μ + 2N; -ã2 c zN

p - c Μ
+

2-m coshΜHc zL I1 + ã2 c zM-Μ
 â

k=0

f m-1

2
v H-1Lk m

k
ã

ä Π m

2
+H2 c-ä a Hm-2 kL+pL z

2F1

-ä a Hm - 2 kL + p + c H2 - ΜL
2 c

,

1 - Μ;
1

2

p - ä a Hm - 2 kL
c

- Μ + 4 ; -ã2 c z � H-ä a Hm - 2 kL + p + c H2 - ΜLL +

ãH2 c+a ä Hm-2 kL+pL z-
ä m Π

2 2F1

a ä Hm - 2 kL + p + c H2 - ΜL
2 c

, 1 - Μ;
1

2

a ä Hm - 2 kL + p

c
- Μ + 4 ; -ã2 c z �

Ha ä Hm - 2 kL + p + c H2 - ΜLL -
ã

ä Π m

2
+Hp-ä a Hm-2 kLL z

2F1J -ä a Hm-2 kL+p-c Μ

2 c
, 1 - Μ; 1

2
J p-ä a Hm-2 kL

c
- Μ + 2N; -ã2 c zN

-ä a Hm - 2 kL + p - c Μ
-

ãHa ä Hm-2 kL+pL z-
ä m Π

2 2F1J a ä Hm-2 kL+p-c Μ

2 c
, 1 - Μ; 1

2
J a ä Hm-2 kL+p

c
- Μ + 2N; -ã2 c zN

a ä Hm - 2 kL + p - c Μ
�; m Î N+

Involving  cos,  cosh and exp
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Involving ãp z cosHa zL coshHb zL tanhH c zL
01.21.21.0189.01à ãp z cosHa zL coshHb zL tanhHc zL â z �

1

4
-

ãH-b-ä a +pL z
2F1J -b-ä a +p

2 c
, 1;

-b-ä a +p

2 c
+ 1; -ã2 c zN

-b - ä a + p
-

ãHb-ä a +pL z
2F1J b-ä a +p

2 c
, 1;

b-ä a +p

2 c
+ 1; -ã2 c zN

b - ä a + p
+

ãH-b+2 c-ä a +pL z
2F1J -b-ä a +p

2 c
+ 1, 1;

-b-ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c - ä a + p
+

ãH-b+2 c+ä a +pL z
2F1J -b+ä a +p

2 c
+ 1, 1;

-b+ä a +p

2 c
+ 2; -ã2 c zN

-b + 2 c + ä a + p
+

ãHb+2 c-ä a +pL z
2F1J b-ä a +p

2 c
+ 1, 1;

b-ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c - ä a + p
+

ãHb+2 c+ä a +pL z
2F1J b+ä a +p

2 c
+ 1, 1;

b+ä a +p

2 c
+ 2; -ã2 c zN

b + 2 c + ä a + p
-

ãH-b+ä a +pL z
2F1J -b+ä a +p

2 c
, 1;

-b+ä a +p

2 c
+ 1; -ã2 c zN

-b + ä a + p
-

ãHb+ä a +pL z
2F1J b+ä a +p

2 c
, 1;

b+ä a +p

2 c
+ 1; -ã2 c zN

b + ä a + p

Involving powers of cos, powers of cosh and exp

Involving ãp z cosmHa zL coshuHb zL tanhHc zL
01.21.21.0190.01à ãp z cosmHa zL coshuHb zL tanhHc zL â z �

2-m-u
ãH2 c+pL z

2F1J p

2 c
+ 1, 1;

p

2 c
+ 2; -ã2 c zN

2 c + p
-

ãp z
2F1J p

2 c
, 1;

p

2 c
+ 1; -ã2 c zN

p

m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L -

2-m-u
u
u

2

Hu mod 2 - 1L â
k=0

f m-1

2
v

m

k

ãH2 c-ä a Hm-2 kL+pL z
2F1J p-ä a Hm-2 kL

2 c
+ 1, 1;

p-ä a Hm-2 kL
2 c

+ 2; -ã2 c zN
2 c - ä a Hm - 2 kL + p

+

ãH2 c+a ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
+ 1, 1;

a ä Hm-2 kL+p

2 c
+ 2; -ã2 c zN

2 c + a ä Hm - 2 kL + p
-

ãHp-ä a Hm-2 kLL z
2F1J p-ä a Hm-2 kL

2 c
, 1;

p-ä a Hm-2 kL
2 c

+ 1; -ã2 c zN
p - ä a Hm - 2 kL -

ãHa ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p

2 c
, 1;

a ä Hm-2 kL+p

2 c
+ 1; -ã2 c zN

a ä Hm - 2 kL + p
+

2-m-u
m
m

2

H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-

ãHp+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
, 1;

p+b Hu-2 kL
2 c

+ 1; -ã2 c zN
p + b Hu - 2 kL +

+
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ãH2 c+p+b Hu-2 kLL z
2F1J p+b Hu-2 kL

2 c
+ 1, 1;

p+b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + p + b Hu - 2 kL +

ãH2 c+p-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
+ 1, 1;

p-b Hu-2 kL
2 c

+ 2; -ã2 c zN
2 c + p - b Hu - 2 kL -

ãHp-b Hu-2 kLL z
2F1J p-b Hu-2 kL

2 c
, 1;

p-b Hu-2 kL
2 c

+ 1; -ã2 c zN
p - b Hu - 2 kL +

2-m-u â
s=0

f u-1

2
v â

k=0

f m-1

2
v

m

k

u

s
ãH2 c-ä a Hm-2 kL+p+b Hu-2 sLL z

2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 2; -ã2 c z � H2 c - ä a Hm - 2 kL + p + b Hu - 2 sLL +

ãH2 c+a ä Hm-2 kL+p+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

+ 1, 1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL + p + b Hu - 2 sLL + ãH2 c-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1,

1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 2; -ã2 c z � H2 c - ä a Hm - 2 kL + p - b Hu - 2 sLL +

ãH2 c+a ä Hm-2 kL+p-b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

+ 1, 1;
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 2; -ã2 c z �

H2 c + a ä Hm - 2 kL + p - b Hu - 2 sLL - ãH-ä a Hm-2 kL+p+b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

,

1;
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z � H-ä a Hm - 2 kL + p + b Hu - 2 sLL -

ãHa ä Hm-2 kL+p+b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p + b Hu - 2 sLL - ãH-ä a Hm-2 kL+p-b Hu-2 sLL z
2F1

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

,

1;
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z � H-ä a Hm - 2 kL + p - b Hu - 2 sLL -

ãHa ä Hm-2 kL+p-b Hu-2 sLL z
2F1

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

, 1;
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
+ 1; -ã2 c z �

Ha ä Hm - 2 kL + p - b Hu - 2 sLL �; m Î N+ ì u Î N+
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01.21.21.0191.01à ãp z cosmHa zL coshΜHc zL tanhHc zL â z �

2-m
m
m

2

coshΜHc zL H1 - m mod 2L I1 + ã2 c zM-Μ
 

ãH2 c+pL z
2F1J p+c H2-ΜL

2 c
, 1 - Μ; 1

2
J p

c
- Μ + 4N; -ã2 c zN

p + c H2 - ΜL -

ãp z
2F1J p-c Μ

2 c
, 1 - Μ; 1

2
J p

c
- Μ + 2N; -ã2 c zN

p - c Μ
+ 2-m coshΜHc zL I1 + ã2 c zM-Μ

 

â
k=0

f m-1

2
v

m

k
ãH2 c-ä a Hm-2 kL+pL z

2F1

-ä a Hm - 2 kL + p + c H2 - ΜL
2 c

, 1 - Μ;
1

2

p - ä a Hm - 2 kL
c

- Μ + 4 ; -ã2 c z �
H-ä a Hm - 2 kL + p + c H2 - ΜLL +

ãH2 c+a ä Hm-2 kL+pL z
2F1

a ä Hm - 2 kL + p + c H2 - ΜL
2 c

, 1 - Μ;
1

2

a ä Hm - 2 kL + p

c
- Μ + 4 ; -ã2 c z �

Ha ä Hm - 2 kL + p + c H2 - ΜLL -
ãHp-ä a Hm-2 kLL z

2F1J -ä a Hm-2 kL+p-c Μ

2 c
, 1 - Μ; 1

2
J p-ä a Hm-2 kL

c
- Μ + 2N; -ã2 c zN

-ä a Hm - 2 kL + p - c Μ
-

ãHa ä Hm-2 kL+pL z
2F1J a ä Hm-2 kL+p-c Μ

2 c
, 1 - Μ; 1

2
J a ä Hm-2 kL+p

c
- Μ + 2N; -ã2 c zN

a ä Hm - 2 kL + p - c Μ
�; m Î N+

Involving hyperbolic, trigonometric and a power functions

Involving  sin,  sinh and power

Involving zn sinHa zL sinhHb zL tanhH c zL
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01.21.21.0192.01à zn sinHa zL sinhHb zL tanhHc zL â z �

1

4
ä n! -ãHb-ä aL z â

j=0

n H-1L j Hb - ä aL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a

2 c
, ¼,

b - ä a

2 c
, 1;

b - ä a

2 c
+ 1, ¼,

b - ä a

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a L z â
j=0

n H-1L j Hb + 2 c - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c - ä a

2 c
, ¼,

b + 2 c - ä a

2 c
, 1;

b + 2 c - ä a

2 c
+ 1, ¼,

b + 2 c - ä a

2 c
+ 1; -ã2 c z - ãHb+2 c+ä a L z â

j=0

n H-1L j Hb + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + ä a

2 c
, ¼,

b + 2 c + ä a

2 c
, 1;

b + 2 c + ä a

2 c
+ 1, ¼,

b + 2 c + ä a

2 c
+ 1; -ã2 c z +

ãHb+ä a L z â
j=0

n H-1L j Hb + ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a

2 c
, ¼,

b + ä a

2 c
, 1;

b + ä a

2 c
+ 1, ¼,

b + ä a

2 c
+ 1; -ã2 c z +

ãH-b-ä a L z â
j=0

n H-1L j H-b - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a

2 c
, ¼,

-b - ä a

2 c
, 1;

-b - ä a

2 c
+ 1, ¼,

-b - ä a

2 c
+ 1; -ã2 c z -

ãH-b+2 c-ä a L z â
j=0

n H-1L j H-b + 2 c - ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c - ä a

2 c
, ¼,

-b + 2 c - ä a

2 c
, 1;

-b + 2 c - ä a

2 c
+ 1, ¼,

-b + 2 c - ä a

2 c
+ 1; -ã2 c z -

ãHä a-bL z â
j=0

n H-1L j Hä a - bL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b

2 c
, ¼,

ä a - b

2 c
, 1;

ä a - b

2 c
+ 1, ¼,

ä a - b

2 c
+ 1; -ã2 c z +

ãH-b+2 c+ä a L z â
j=0

n H-1L j H-b + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + ä a

2 c
, ¼,

-b + 2 c + ä a

2 c
, 1;

-b + 2 c + ä a

2 c
+ 1, ¼,

-b + 2 c + ä a

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of sin, powers of sinh and power

Involving zn  sinmHa zL sinhuHb zL TanhHc zL
01.21.21.0193.01à zn sinmHa zL sinhuHb zL tanhHc zL â z � äu 2-m-u

m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
-

zn+1Hn + 1L !
+ 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM + äu 2-m-u

u
u

2

n! H1 - u mod 2L
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â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 ãH2 c-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä a Hm - 2 kL
2 c

, ¼,

2 c - ä a Hm - 2 kL
2 c

, 1;
2 c - ä a Hm - 2 kL

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL
2 c

+ 1; -ã2 c z -

ã-ä a Hm-2 kL z â
j=0

n H-1L j H-ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL
2 c

, ¼,
-ä a Hm - 2 kL

2 c
,

1;
-ä a Hm - 2 kL

2 c
+ 1, ¼,

-ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + a ä Hm - 2 kL
2 c

, ¼,

2 c + a ä Hm - 2 kL
2 c

, 1;
2 c + a ä Hm - 2 kL

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL
2 c

+ 1; -ã2 c z -

ãä a Hm-2 kL z â
j=0

n H-1L j Hä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL
2 c

, ¼,
ä a Hm - 2 kL

2 c
,

1;
ä a Hm - 2 kL

2 c
+ 1, ¼,

ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
-ãb Hu-2 kL z â

j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
, 1;

b Hu - 2 kL
2 c

+ 1, ¼,
b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+b Hu-2 kLL z â
j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,
2 c + b Hu - 2 kL

2 c
,

1;
2 c + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

H-1Lu ãH2 c-b Hu-2 kLL z â
j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

, ¼,

2 c - b Hu - 2 kL
2 c

, 1;
2 c - b Hu - 2 kL

2 c
+ 1, ¼,

2 c - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ã-b Hu-2 kL z â
j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-b Hu - 2 kL
2 c

, ¼,
-b Hu - 2 kL

2 c
, 1;

-b Hu - 2 kL
2 c

+ 1, ¼,
-b Hu - 2 kL

2 c
+ 1; -ã2 c z +
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2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v H-1Li u

i
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHb Hu-2 iL-ä a Hm-2 kLL z â
j=0

n H-1L j Hb Hu - 2 iL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !

j+2F j+1

b Hu - 2 iL - ä a Hm - 2 kL
2 c

, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
, 1;

b Hu - 2 iL - ä a Hm - 2 kL
2 c

+ 1, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

H-1Lu ã
ä m Π

2 ãH2 c-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z +
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H-1Lu ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL-b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j Hä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1,

¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  cos,  sinh and power

Involving zn  cosHa zL sinhHb zL tanhH c zL
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01.21.21.0194.01à zn cosHa zL sinhHb zL tanhHc zL â z �

1

4
 n! -ãHb-ä aL z â

j=0

n H-1L j Hb - ä aL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a

2 c
, ¼,

b - ä a

2 c
, 1;

b - ä a

2 c
+ 1, ¼,

b - ä a

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a L z â
j=0

n H-1L j Hb + 2 c - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c - ä a

2 c
, ¼,

b + 2 c - ä a

2 c
, 1;

b + 2 c - ä a

2 c
+ 1, ¼,

b + 2 c - ä a

2 c
+ 1; -ã2 c z + ãHb+2 c+ä a L z â

j=0

n H-1L j Hb + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + ä a

2 c
, ¼,

b + 2 c + ä a

2 c
, 1;

b + 2 c + ä a

2 c
+ 1, ¼,

b + 2 c + ä a

2 c
+ 1; -ã2 c z -

ãHb+ä a L z â
j=0

n H-1L j Hb + ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a

2 c
, ¼,

b + ä a

2 c
, 1;

b + ä a

2 c
+ 1, ¼,

b + ä a

2 c
+ 1; -ã2 c z +

ãH-b-ä a L z â
j=0

n H-1L j H-b - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a

2 c
, ¼,

-b - ä a

2 c
, 1;

-b - ä a

2 c
+ 1, ¼,

-b - ä a

2 c
+ 1; -ã2 c z -

ãH-b+2 c-ä a L z â
j=0

n H-1L j H-b + 2 c - ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c - ä a

2 c
, ¼,

-b + 2 c - ä a

2 c
, 1;

-b + 2 c - ä a

2 c
+ 1, ¼,

-b + 2 c - ä a

2 c
+ 1; -ã2 c z +

ãHä a-bL z â
j=0

n H-1L j Hä a - bL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b

2 c
, ¼,

ä a - b

2 c
, 1;

ä a - b

2 c
+ 1, ¼,

ä a - b

2 c
+ 1; -ã2 c z -

ãH-b+2 c+ä a L z â
j=0

n H-1L j H-b + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + ä a

2 c
, ¼,

-b + 2 c + ä a

2 c
, 1;

-b + 2 c + ä a

2 c
+ 1, ¼,

-b + 2 c + ä a

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of cos, powers of sinh and power

Involving zn cosmHa zL sinhuHb zL tanhHc zL
01.21.21.0195.01à zn cosmHa zL sinhuHb zL tanhHc zL â z � äu 2-m-u

m
m

2

u
u

2

n! H1 - m mod 2L
H1 - u mod 2L -

zn+1Hn + 1L !
+ 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM +
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äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
ãH2 c-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä a Hm - 2 kL
2 c

, ¼,
2 c - ä a Hm - 2 kL

2 c
, 1;

2 c - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z -

ã-ä a Hm-2 kL z â
j=0

n H-1L j H-ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL
2 c

, ¼,
-ä a Hm - 2 kL

2 c
,

1;
-ä a Hm - 2 kL

2 c
+ 1, ¼,

-ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + a ä Hm - 2 kL
2 c

, ¼,
2 c + a ä Hm - 2 kL

2 c
, 1;

2 c + a ä Hm - 2 kL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL

2 c
+ 1; -ã2 c z - ãä a Hm-2 kL z â

j=0

n H-1L j Hä a Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL
2 c

, ¼,
ä a Hm - 2 kL

2 c
, 1;

ä a Hm - 2 kL
2 c

+ 1, ¼,
ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
-ãb Hu-2 kL z â

j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
, 1;

b Hu - 2 kL
2 c

+ 1, ¼,
b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+b Hu-2 kLL z â
j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,
2 c + b Hu - 2 kL

2 c
,

1;
2 c + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

H-1Lu ãH2 c-b Hu-2 kLL z â
j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

, ¼,

2 c - b Hu - 2 kL
2 c

, 1;
2 c - b Hu - 2 kL

2 c
+ 1, ¼,

2 c - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ã-b Hu-2 kL z â
j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-b Hu - 2 kL
2 c

, ¼,
-b Hu - 2 kL

2 c
, 1;

-b Hu - 2 kL
2 c

+ 1, ¼,
-b Hu - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v H-1Li u

i
ãH2 c-ä a Hm-2 kL+b Hu-2 iLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

; -

http://functions.wolfram.com 86



2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHb Hu-2 iL-ä a Hm-2 kLL z â
j=0

n H-1L j Hb Hu - 2 iL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !

j+2F j+1

b Hu - 2 iL - ä a Hm - 2 kL
2 c

, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
, 1;

b Hu - 2 iL - ä a Hm - 2 kL
2 c

+ 1, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

H-1Lu ãH2 c-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -
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ãHä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j Hä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1,

¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  sin,  cosh and power

Involving zn  sinHa zL coshHb zL tanhH c zL
01.21.21.0196.01à zn sinHa zL coshHb zL tanhHc zL â z �

1

4
ä n! -ãHb-ä aL z â

j=0

n H-1L j Hb - ä aL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a

2 c
, ¼,

b - ä a

2 c
, 1;

b - ä a

2 c
+ 1, ¼,

b - ä a

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a L z â
j=0

n H-1L j Hb + 2 c - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c - ä a

2 c
, ¼,

b + 2 c - ä a

2 c
, 1;

b + 2 c - ä a

2 c
+ 1, ¼,

b + 2 c - ä a

2 c
+ 1; -ã2 c z - ãHb+2 c+ä a L z â

j=0

n H-1L j Hb + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + ä a

2 c
, ¼,

b + 2 c + ä a

2 c
, 1;

b + 2 c + ä a

2 c
+ 1, ¼,

b + 2 c + ä a

2 c
+ 1; -ã2 c z +

ãHb+ä a L z â
j=0

n H-1L j Hb + ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a

2 c
, ¼,

b + ä a

2 c
, 1;

b + ä a

2 c
+ 1, ¼,

b + ä a

2 c
+ 1; -ã2 c z -

ãH-b-ä a L z â
j=0

n H-1L j H-b - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a

2 c
, ¼,

-b - ä a

2 c
, 1;

-b - ä a

2 c
+ 1, ¼,

-b - ä a

2 c
+ 1; -ã2 c z +

ãH-b+2 c-ä a L z â
j=0

n H-1L j H-b + 2 c - ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c - ä a

2 c
, ¼,

-b + 2 c - ä a

2 c
, 1;

-b + 2 c - ä a

2 c
+ 1, ¼,

-b + 2 c - ä a

2 c
+ 1; -ã2 c z +

ãHä a-bL z â
j=0

n H-1L j Hä a - bL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b

2 c
, ¼,

ä a - b

2 c
, 1;

ä a - b

2 c
+ 1, ¼,

ä a - b

2 c
+ 1; -ã2 c z -

ãH-b+2 c+ä a L z â
j=0

n H-1L j H-b + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + ä a

2 c
, ¼,

-b + 2 c + ä a

2 c
, 1;

-b + 2 c + ä a

2 c
+ 1, ¼,

-b + 2 c + ä a

2 c
+ 1; -ã2 c z �; n Î N

http://functions.wolfram.com 88



Involving powers of sin, powers of cosh and power

Involving zn  sinmHa zL coshuHc zL tanhHc zL
01.21.21.0197.01à zn sinmHa zL coshuHb zL tanhHc zL â z � 2-m-u

m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
-

zn+1Hn + 1L !
+ 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM + 2-m-u

u
u

2

n! H1 - u mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 ãH2 c-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä a Hm - 2 kL
2 c

, ¼,

2 c - ä a Hm - 2 kL
2 c

, 1;
2 c - ä a Hm - 2 kL

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL
2 c

+ 1; -ã2 c z -

ã-ä a Hm-2 kL z â
j=0

n H-1L j H-ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL
2 c

, ¼,
-ä a Hm - 2 kL

2 c
,

1;
-ä a Hm - 2 kL

2 c
+ 1, ¼,

-ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + a ä Hm - 2 kL
2 c

, ¼,

2 c + a ä Hm - 2 kL
2 c

, 1;
2 c + a ä Hm - 2 kL

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL
2 c

+ 1; -ã2 c z -

ãä a Hm-2 kL z â
j=0

n H-1L j Hä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL
2 c

, ¼,
ä a Hm - 2 kL

2 c
,

1;
ä a Hm - 2 kL

2 c
+ 1, ¼,

ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-ãb Hu-2 kL z â

j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
, 1;

b Hu - 2 kL
2 c

+ 1, ¼,
b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+b Hu-2 kLL z â
j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,
2 c + b Hu - 2 kL

2 c
,

1;
2 c + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 c-b Hu-2 kLL z â
j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

, ¼,
2 c - b Hu - 2 kL

2 c
, 1;

; -
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2 c - b Hu - 2 kL
2 c

+ 1, ¼,
2 c - b Hu - 2 kL

2 c
+ 1; -ã2 c z - ã-b Hu-2 kL z â

j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

-b Hu - 2 kL
2 c

, ¼,
-b Hu - 2 kL

2 c
, 1;

-b Hu - 2 kL
2 c

+ 1, ¼,
-b Hu - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v

u

i
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHb Hu-2 iL-ä a Hm-2 kLL z â
j=0

n H-1L j Hb Hu - 2 iL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !

j+2F j+1

b Hu - 2 iL - ä a Hm - 2 kL
2 c

, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
, 1;

b Hu - 2 iL - ä a Hm - 2 kL
2 c

+ 1, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã
ä m Π

2 ãH2 c-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -
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ãH-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL-b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j Hä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1,

¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  cos,  cosh and power

Involving zn cosHa zL coshHb zL tanhH c zL
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01.21.21.0198.01à zn cosHa zL coshHb zL tanhHc zL â z �

1

4
 n! -ãHb-ä aL z â

j=0

n H-1L j Hb - ä aL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a

2 c
, ¼,

b - ä a

2 c
, 1;

b - ä a

2 c
+ 1, ¼,

b - ä a

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a L z â
j=0

n H-1L j Hb + 2 c - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c - ä a

2 c
, ¼,

b + 2 c - ä a

2 c
, 1;

b + 2 c - ä a

2 c
+ 1, ¼,

b + 2 c - ä a

2 c
+ 1; -ã2 c z + ãHb+2 c+ä a L z â

j=0

n H-1L j Hb + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c + ä a

2 c
, ¼,

b + 2 c + ä a

2 c
, 1;

b + 2 c + ä a

2 c
+ 1, ¼,

b + 2 c + ä a

2 c
+ 1; -ã2 c z -

ãHb+ä a L z â
j=0

n H-1L j Hb + ä a L- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a

2 c
, ¼,

b + ä a

2 c
, 1;

b + ä a

2 c
+ 1, ¼,

b + ä a

2 c
+ 1; -ã2 c z -

ãH-b-ä a L z â
j=0

n H-1L j H-b - ä a L- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a

2 c
, ¼,

-b - ä a

2 c
, 1;

-b - ä a

2 c
+ 1, ¼,

-b - ä a

2 c
+ 1; -ã2 c z +

ãH-b+2 c-ä a L z â
j=0

n H-1L j H-b + 2 c - ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c - ä a

2 c
, ¼,

-b + 2 c - ä a

2 c
, 1;

-b + 2 c - ä a

2 c
+ 1, ¼,

-b + 2 c - ä a

2 c
+ 1; -ã2 c z -

ãHä a-bL z â
j=0

n H-1L j Hä a - bL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b

2 c
, ¼,

ä a - b

2 c
, 1;

ä a - b

2 c
+ 1, ¼,

ä a - b

2 c
+ 1; -ã2 c z +

ãH-b+2 c+ä a L z â
j=0

n H-1L j H-b + 2 c + ä a L- j-1 zn- jHn - jL !
 

j+2F j+1

-b + 2 c + ä a

2 c
, ¼,

-b + 2 c + ä a

2 c
, 1;

-b + 2 c + ä a

2 c
+ 1, ¼,

-b + 2 c + ä a

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of cos, powers of cosh and power

Involving zn  cosmHa zL coshuHc zL tanhv Hc zL
01.21.21.0199.01à zn cosmHa zL coshuHb zL tanhHc zL â z � 2-m-u

m
m

2

u
u

2

n! H1 - m mod 2L
H1 - u mod 2L -

zn+1Hn + 1L !
+ 2 ã2 c z â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; -ã2 c zM +
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2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
ãH2 c-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - ä a Hm - 2 kL
2 c

, ¼,
2 c - ä a Hm - 2 kL

2 c
, 1;

2 c - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z -

ã-ä a Hm-2 kL z â
j=0

n H-1L j H-ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL
2 c

, ¼,
-ä a Hm - 2 kL

2 c
,

1;
-ä a Hm - 2 kL

2 c
+ 1, ¼,

-ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + a ä Hm - 2 kL
2 c

, ¼,
2 c + a ä Hm - 2 kL

2 c
, 1;

2 c + a ä Hm - 2 kL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL

2 c
+ 1; -ã2 c z - ãä a Hm-2 kL z â

j=0

n H-1L j Hä a Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL
2 c

, ¼,
ä a Hm - 2 kL

2 c
, 1;

ä a Hm - 2 kL
2 c

+ 1, ¼,
ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-ãb Hu-2 kL z â

j=0

n H-1L j Hb Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL
2 c

, ¼,
b Hu - 2 kL

2 c
,

1;
b Hu - 2 kL

2 c
+ 1, ¼,

b Hu - 2 kL
2 c

+ 1; -ã2 c z + ãH2 c+b Hu-2 kLL z â
j=0

n H-1L j H2 c + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

2 c + b Hu - 2 kL
2 c

, ¼,
2 c + b Hu - 2 kL

2 c
, 1;

2 c + b Hu - 2 kL
2 c

+ 1, ¼,
2 c + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c-b Hu-2 kLL z â
j=0

n H-1L j H2 c - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c - b Hu - 2 kL
2 c

, ¼,
2 c - b Hu - 2 kL

2 c
, 1;

2 c - b Hu - 2 kL
2 c

+ 1, ¼,
2 c - b Hu - 2 kL

2 c
+ 1; -ã2 c z - ã-b Hu-2 kL z â

j=0

n H-1L j H-b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

-b Hu - 2 kL
2 c

, ¼,
-b Hu - 2 kL

2 c
, 1;

-b Hu - 2 kL
2 c

+ 1, ¼,
-b Hu - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v

u

i
ãH2 c-ä a Hm-2 kL+b Hu-2 iLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -
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ãHb Hu-2 iL-ä a Hm-2 kLL z â
j=0

n H-1L j Hb Hu - 2 iL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !

j+2F j+1

b Hu - 2 iL - ä a Hm - 2 kL
2 c

, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
, 1;

b Hu - 2 iL - ä a Hm - 2 kL
2 c

+ 1, ¼,
b Hu - 2 iL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z -
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ãHä a Hm-2 kL-b Hu-2 iLL z â
j=0

n H-1L j Hä a Hm - 2 kL - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
, 1;

ä a Hm - 2 kL - b Hu - 2 iL
2 c

+

1, ¼,
ä a Hm - 2 kL - b Hu - 2 iL

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving hyperbolic, exponential, trigonometric and a power functions

Involving  sin,  sinh, exp and power

Involving zn ãp z sinHa zL sinhHb zL tanhH c zL
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01.21.21.0200.01à zn ãp z sinHa zL sinhHb zL tanhHc zL â z �

1

4
ä n! ãH-b-ä a +pL z â

j=0

n H-1L j H-b - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p

2 c
, ¼,

-ä a - b + p

2 c
, 1;

-ä a - b + p

2 c
+ 1, ¼,

-ä a - b + p

2 c
+ 1; -ã2 c z - ãH-b+ä a +pL z â

j=0

n H-1L j H-b + ä a + pL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a - b + p

2 c
, ¼,

ä a - b + p

2 c
, 1;

ä a - b + p

2 c
+ 1, ¼,

ä a - b + p

2 c
+ 1; -ã2 c z -

ãHb-ä a +pL z â
j=0

n H-1L j Hb - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + p

2 c
, ¼,

-ä a + b + p

2 c
, 1;

-ä a + b + p

2 c
+ 1, ¼,

-ä a + b + p

2 c
+ 1; -ã2 c z + ãHb+ä a +pL z

â
j=0

n H-1L j Hb + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + p

2 c
, ¼,

ä a + b + p

2 c
, 1;

ä a + b + p

2 c
+ 1, ¼,

ä a + b + p

2 c
+ 1; -ã2 c z -

ãH-b+2 c-ä a +pL z â
j=0

n H-1L j H-b + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + 2 c + p

2 c
, ¼,

-ä a - b + 2 c + p

2 c
, 1;

-ä a - b + 2 c + p

2 c
+ 1, ¼,

-ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãH-b+2 c+ä a +pL z â
j=0

n H-1L j H-b + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + 2 c + p

2 c
, ¼,

ä a - b + 2 c + p

2 c
,

1;
ä a - b + 2 c + p

2 c
+ 1, ¼,

ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a +pL z â
j=0

n H-1L j Hb + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + 2 c + p

2 c
, ¼,

-ä a + b + 2 c + p

2 c
,

1;
-ä a + b + 2 c + p

2 c
+ 1, ¼,

-ä a + b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+2 c+ä a +pL z â
j=0

n H-1L j Hb + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + 2 c + p

2 c
, ¼,

ä a + b + 2 c + p

2 c
,

1;
ä a + b + 2 c + p

2 c
+ 1, ¼,

ä a + b + 2 c + p

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of sin, powers of sinh, exp and power

Involving zn ãp z sinmHa zL sinhuHb zL tanhHc zL
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01.21.21.0201.01à zn ãp z sinmHa zL sinhuHb zL tanhHc zL â z � äu 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+pL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p

2 c
, ¼,

2 c - ä a Hm - 2 kL + p

2 c
, 1;

2 c - ä a Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHp-ä a Hm-2 kLL z â
j=0

n H-1L j Hp - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - ä a Hm - 2 kL
2 c

, ¼,

p - ä a Hm - 2 kL
2 c

, 1;
p - ä a Hm - 2 kL

2 c
+ 1, ¼,

p - ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+pL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p

2 c
, ¼,

2 c + a ä Hm - 2 kL + p

2 c
, 1;

2 c + a ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+pL z â
j=0

n H-1L j Ha ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

a ä Hm - 2 kL + p

2 c
, ¼,

a ä Hm - 2 kL + p

2 c
, 1;

a ä Hm - 2 kL + p

2 c
+ 1, ¼,

a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
-ãHp+b Hu-2 kLL z â

j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
, 1;

p + b Hu - 2 kL
2 c

+ 1, ¼,
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,

2 c + p + b Hu - 2 kL
2 c

, 1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

http://functions.wolfram.com 97



H-1Lu ãH2 c+p-b Hu-2 kLL z â
j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

, ¼,

2 c + p - b Hu - 2 kL
2 c

, 1;
2 c + p - b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
,

1;
p - b Hu - 2 kL

2 c
+ 1, ¼,

p - b Hu - 2 kL
2 c

+ 1; -ã2 c z + 2-m-u n!

â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v H-1Li u

i
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p+b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

H-1Lu ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !
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j+2F j+1

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

H-1Lu ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p-b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
,

1;
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1, ¼,

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  cos,  sinh, exp and power

Involving zn ãp z cosHa zL sinhHb zL tanhH c zL
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01.21.21.0202.01à zn ãp z cosHa zL sinhHb zL tanhHc zL â z �

1

4
n! ãH-b-ä a +pL z â

j=0

n H-1L j H-b - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p

2 c
, ¼,

-ä a - b + p

2 c
, 1;

-ä a - b + p

2 c
+ 1, ¼,

-ä a - b + p

2 c
+ 1; -ã2 c z + ãH-b+ä a +pL z â

j=0

n H-1L j H-b + ä a + pL- j-1 zn- jHn - jL !

j+2F j+1

ä a - b + p

2 c
, ¼,

ä a - b + p

2 c
, 1;

ä a - b + p

2 c
+ 1, ¼,

ä a - b + p

2 c
+ 1; -ã2 c z -

ãHb-ä a +pL z â
j=0

n H-1L j Hb - ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

-ä a + b + p

2 c
, ¼,

-ä a + b + p

2 c
, 1;

-ä a + b + p

2 c
+ 1, ¼,

-ä a + b + p

2 c
+ 1; -ã2 c z - ãHb+ä a +pL z

â
j=0

n H-1L j Hb + ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

ä a + b + p

2 c
, ¼,

ä a + b + p

2 c
, 1;

ä a + b + p

2 c
+ 1, ¼,

ä a + b + p

2 c
+ 1; -ã2 c z -

ãH-b+2 c-ä a +pL z â
j=0

n H-1L j H-b + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + 2 c + p

2 c
, ¼,

-ä a - b + 2 c + p

2 c
, 1;

-ä a - b + 2 c + p

2 c
+ 1, ¼,

-ä a - b + 2 c + p

2 c
+ 1; -ã2 c z -

ãH-b+2 c+ä a +pL z â
j=0

n H-1L j H-b + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + 2 c + p

2 c
, ¼,

ä a - b + 2 c + p

2 c
,

1;
ä a - b + 2 c + p

2 c
+ 1, ¼,

ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a +pL z â
j=0

n H-1L j Hb + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + 2 c + p

2 c
, ¼,

-ä a + b + 2 c + p

2 c
,

1;
-ä a + b + 2 c + p

2 c
+ 1, ¼,

-ä a + b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c+ä a +pL z â
j=0

n H-1L j Hb + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + 2 c + p

2 c
, ¼,

ä a + b + 2 c + p

2 c
,

1;
ä a + b + 2 c + p

2 c
+ 1, ¼,

ä a + b + 2 c + p

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of cos, powers of sinh, exp and power

Involving zn ãp z cosmHa zL sinhuHb zL tanhHc zL
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01.21.21.0203.01à zn ãp z cosmHa zL sinhuHb zL tanhHc zL â z � äu 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
ãH2 c-ä a Hm-2 kL+pL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p

2 c
, ¼,

2 c - ä a Hm - 2 kL + p

2 c
, 1;

2 c - ä a Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL + p

2 c
+ 1; -ã2 c z - ãHp-ä a Hm-2 kLL z â

j=0

n H-1L j Hp - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p - ä a Hm - 2 kL
2 c

, ¼,
p - ä a Hm - 2 kL

2 c
, 1;

p - ä a Hm - 2 kL
2 c

+ 1, ¼,
p - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+pL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p

2 c
, ¼,

2 c + a ä Hm - 2 kL + p

2 c
, 1;

2 c + a ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z - ãHa ä Hm-2 kL+pL z â

j=0

n H-1L j Ha ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

a ä Hm - 2 kL + p

2 c
, ¼,

a ä Hm - 2 kL + p

2 c
, 1;

a ä Hm - 2 kL + p

2 c
+ 1, ¼,

a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
-ãHp+b Hu-2 kLL z â

j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
, 1;

p + b Hu - 2 kL
2 c

+ 1, ¼,
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,

2 c + p + b Hu - 2 kL
2 c

, 1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

H-1Lu ãH2 c+p-b Hu-2 kLL z â
j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

, ¼,

2 c + p - b Hu - 2 kL
2 c

, 1;
2 c + p - b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

+
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ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
,

1;
p - b Hu - 2 kL

2 c
+ 1, ¼,

p - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v H-1Li u

i
ãH2 c-ä a Hm-2 kL+p+b Hu-2 iLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

H-1Lu ãH2 c-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !
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j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
,

1;
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1, ¼,

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  sin,  cosh, exp and power

Involving zn ãp z sinHa zL coshHb zL tanhH c zL
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01.21.21.0204.01à zn ãp z sinHa zL coshHb zL tanhHc zL â z �

1

4
ä n! -ãH-b-ä a +pL z â

j=0

n H-1L j H-b - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p

2 c
, ¼,

-ä a - b + p

2 c
, 1;

-ä a - b + p

2 c
+ 1, ¼,

-ä a - b + p

2 c
+ 1; -ã2 c z + ãH-b+ä a +pL z â

j=0

n H-1L j H-b + ä a + pL- j-1 zn- jHn - jL !

j+2F j+1

ä a - b + p

2 c
, ¼,

ä a - b + p

2 c
, 1;

ä a - b + p

2 c
+ 1, ¼,

ä a - b + p

2 c
+ 1; -ã2 c z -

ãHb-ä a +pL z â
j=0

n H-1L j Hb - ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

-ä a + b + p

2 c
, ¼,

-ä a + b + p

2 c
, 1;

-ä a + b + p

2 c
+ 1, ¼,

-ä a + b + p

2 c
+ 1; -ã2 c z + ãHb+ä a +pL z

â
j=0

n H-1L j Hb + ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

ä a + b + p

2 c
, ¼,

ä a + b + p

2 c
, 1;

ä a + b + p

2 c
+ 1, ¼,

ä a + b + p

2 c
+ 1; -ã2 c z +

ãH-b+2 c-ä a +pL z â
j=0

n H-1L j H-b + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + 2 c + p

2 c
, ¼,

-ä a - b + 2 c + p

2 c
, 1;

-ä a - b + 2 c + p

2 c
+ 1, ¼,

-ä a - b + 2 c + p

2 c
+ 1; -ã2 c z -

ãH-b+2 c+ä a +pL z â
j=0

n H-1L j H-b + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + 2 c + p

2 c
, ¼,

ä a - b + 2 c + p

2 c
,

1;
ä a - b + 2 c + p

2 c
+ 1, ¼,

ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a +pL z â
j=0

n H-1L j Hb + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + 2 c + p

2 c
, ¼,

-ä a + b + 2 c + p

2 c
,

1;
-ä a + b + 2 c + p

2 c
+ 1, ¼,

-ä a + b + 2 c + p

2 c
+ 1; -ã2 c z -

ãHb+2 c+ä a +pL z â
j=0

n H-1L j Hb + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + 2 c + p

2 c
, ¼,

ä a + b + 2 c + p

2 c
,

1;
ä a + b + 2 c + p

2 c
+ 1, ¼,

ä a + b + 2 c + p

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of sin, powers of cosh, exp and power

Involving zn ãp z sinmHa zL coshuHb zL tanhv Hc zL
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01.21.21.0205.01à zn ãp z sinmHa zL coshuHb zL tanhHc zL â z � 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+pL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p

2 c
, ¼,

2 c - ä a Hm - 2 kL + p

2 c
, 1;

2 c - ä a Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHp-ä a Hm-2 kLL z â
j=0

n H-1L j Hp - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - ä a Hm - 2 kL
2 c

, ¼,

p - ä a Hm - 2 kL
2 c

, 1;
p - ä a Hm - 2 kL

2 c
+ 1, ¼,

p - ä a Hm - 2 kL
2 c

+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+pL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p

2 c
, ¼,

2 c + a ä Hm - 2 kL + p

2 c
, 1;

2 c + a ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+pL z â
j=0

n H-1L j Ha ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

a ä Hm - 2 kL + p

2 c
, ¼,

a ä Hm - 2 kL + p

2 c
, 1;

a ä Hm - 2 kL + p

2 c
+ 1, ¼,

a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-ãHp+b Hu-2 kLL z â

j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
, 1;

p + b Hu - 2 kL
2 c

+ 1, ¼,
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,

2 c + p + b Hu - 2 kL
2 c

, 1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z +
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ãH2 c+p-b Hu-2 kLL z â
j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

, ¼,

2 c + p - b Hu - 2 kL
2 c

, 1;
2 c + p - b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
,

1;
p - b Hu - 2 kL

2 c
+ 1, ¼,

p - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v

u

i
ã

ä m Π

2 ãH2 c-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p+b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã
ä m Π

2 ãH2 c-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !
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j+2F j+1

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π ãH2 c+a ä Hm-2 kL+p-b Hu-2 iLL z â

j=0

n H-1L j H2 c + a ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
,

1;
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1, ¼,

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving  cos,  cosh, exp and power

Involving zn ãp z cosHa zL coshHb zL tanhH c zL
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01.21.21.0206.01à zn ãp z cosHa zL coshHb zL tanhHc zL â z �

1

4
n! -ãH-b-ä a +pL z â

j=0

n H-1L j H-b - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p

2 c
, ¼,

-ä a - b + p

2 c
, 1;

-ä a - b + p

2 c
+ 1, ¼,

-ä a - b + p

2 c
+ 1; -ã2 c z - ãH-b+ä a +pL z â

j=0

n H-1L j H-b + ä a + pL- j-1 zn- jHn - jL !

j+2F j+1

ä a - b + p

2 c
, ¼,

ä a - b + p

2 c
, 1;

ä a - b + p

2 c
+ 1, ¼,

ä a - b + p

2 c
+ 1; -ã2 c z -

ãHb-ä a +pL z â
j=0

n H-1L j Hb - ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

-ä a + b + p

2 c
, ¼,

-ä a + b + p

2 c
, 1;

-ä a + b + p

2 c
+ 1, ¼,

-ä a + b + p

2 c
+ 1; -ã2 c z - ãHb+ä a +pL z

â
j=0

n H-1L j Hb + ä a + pL- j-1 zn- jHn - jL !
j+2F j+1

ä a + b + p

2 c
, ¼,

ä a + b + p

2 c
, 1;

ä a + b + p

2 c
+ 1, ¼,

ä a + b + p

2 c
+ 1; -ã2 c z +

ãH-b+2 c-ä a +pL z â
j=0

n H-1L j H-b + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + 2 c + p

2 c
, ¼,

-ä a - b + 2 c + p

2 c
, 1;

-ä a - b + 2 c + p

2 c
+ 1, ¼,

-ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãH-b+2 c+ä a +pL z â
j=0

n H-1L j H-b + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + 2 c + p

2 c
, ¼,

ä a - b + 2 c + p

2 c
,

1;
ä a - b + 2 c + p

2 c
+ 1, ¼,

ä a - b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c-ä a +pL z â
j=0

n H-1L j Hb + 2 c - ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + 2 c + p

2 c
, ¼,

-ä a + b + 2 c + p

2 c
,

1;
-ä a + b + 2 c + p

2 c
+ 1, ¼,

-ä a + b + 2 c + p

2 c
+ 1; -ã2 c z +

ãHb+2 c+ä a +pL z â
j=0

n H-1L j Hb + 2 c + ä a + pL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + 2 c + p

2 c
, ¼,

ä a + b + 2 c + p

2 c
,

1;
ä a + b + 2 c + p

2 c
+ 1, ¼,

ä a + b + 2 c + p

2 c
+ 1; -ã2 c z �; n Î N

Involving powers of cos, powers of cosh, exp and power

Involving zn ãp z cosmHa zL coshuHb zL tanhv Hc zL
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01.21.21.0207.01à zn ãp z cosmHa zL coshuHb zL tanhHc zL â z � 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
ãH2 c+pL z â

j=0

n H-1L j H2 c + pL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p

2 c
, ¼,

2 c + p

2 c
, 1;

2 c + p

2 c
+ 1, ¼,

2 c + p

2 c
+ 1; -ã2 c z -

ãp z â
j=0

n H-1L j p- j-1 zn- jHn - jL !
 j+2F j+1

p

2 c
, ¼,

p

2 c
, 1;

p

2 c
+ 1, ¼,

p

2 c
+ 1; -ã2 c z +

2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
ãH2 c-ä a Hm-2 kL+pL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p

2 c
, ¼,

2 c - ä a Hm - 2 kL + p

2 c
, 1;

2 c - ä a Hm - 2 kL + p

2 c
+ 1, ¼,

2 c - ä a Hm - 2 kL + p

2 c
+ 1; -ã2 c z - ãHp-ä a Hm-2 kLL z â

j=0

n H-1L j Hp - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p - ä a Hm - 2 kL
2 c

, ¼,
p - ä a Hm - 2 kL

2 c
, 1;

p - ä a Hm - 2 kL
2 c

+ 1, ¼,
p - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+pL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + pL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p

2 c
, ¼,

2 c + a ä Hm - 2 kL + p

2 c
, 1;

2 c + a ä Hm - 2 kL + p

2 c
+ 1, ¼,

2 c + a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z - ãHa ä Hm-2 kL+pL z â

j=0

n H-1L j Ha ä Hm - 2 kL + pL- j-1 zn- jHn - jL !
 j+2F j+1

a ä Hm - 2 kL + p

2 c
, ¼,

a ä Hm - 2 kL + p

2 c
, 1;

a ä Hm - 2 kL + p

2 c
+ 1, ¼,

a ä Hm - 2 kL + p

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
-ãHp+b Hu-2 kLL z â

j=0

n H-1L j Hp + b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL
2 c

, ¼,
p + b Hu - 2 kL

2 c
, 1;

p + b Hu - 2 kL
2 c

+ 1, ¼,
p + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c+p+b Hu-2 kLL z â
j=0

n H-1L j H2 c + p + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p + b Hu - 2 kL
2 c

, ¼,

2 c + p + b Hu - 2 kL
2 c

, 1;
2 c + p + b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p + b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 c+p-b Hu-2 kLL z â
j=0

n H-1L j H2 c + p - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c + p - b Hu - 2 kL
2 c

, ¼,

2 c + p - b Hu - 2 kL
2 c

, 1;
2 c + p - b Hu - 2 kL

2 c
+ 1, ¼,

2 c + p - b Hu - 2 kL
2 c

+ 1; -ã2 c z -

+
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ãHp-b Hu-2 kLL z â
j=0

n H-1L j Hp - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL
2 c

, ¼,
p - b Hu - 2 kL

2 c
,

1;
p - b Hu - 2 kL

2 c
+ 1, ¼,

p - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v

u

i
ãH2 c-ä a Hm-2 kL+p+b Hu-2 iLL z â

j=0

n H-1L j H2 c - ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p+b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + p + b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + p + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c - ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c - ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c - ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãH-ä a Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !
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j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

-ä a Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH2 c+a ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j H2 c + a ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

2 c + a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
2 c + a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+ 1; -ã2 c z -

ãHa ä Hm-2 kL+p-b Hu-2 iLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iLL- j-1 zn- jHn - jL !

j+2F j+1

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

, ¼,
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
, 1;

a ä Hm - 2 kL + p - b Hu - 2 iL
2 c

+ 1, ¼,
a ä Hm - 2 kL + p - b Hu - 2 iL

2 c
+

1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+

Involving functions of the direct function

Involving powers of the direct function

Involving powers of tanh

Linear argument

01.21.21.0208.01

à tanhΝHc zL â z �
tanhΝ+1Hc zL

Ν c + c
 2F1

Ν + 1

2
, 1;

Ν + 3

2
; tanh2Hc zL

01.21.21.0209.01à tanh2Hc zL â z � z -
tanhHc zL

c

01.21.21.0210.01

à tanh3Hc zL â z �
sech2Hc zL + 2 logHcoshHc zLL

2 c

01.21.21.0211.01

à tanh4Hc zL â z �
3 c z + Isech2Hc zL - 4M tanhHc zL

3 c
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01.21.21.0212.01

à tanh5Hc zL â z �
-sech4Hc zL + 4 sech2Hc zL + 4 logHcoshHc zLL

4 c

01.21.21.0213.01

à tanh6Hc zL â z �
15 c z + I-3 sech4Hc zL + 11 sech2Hc zL - 23M tanhHc zL

15 c

01.21.21.0214.01

à tanh7Hc zL â z �
2 sech6Hc zL - 9 sech4Hc zL + 18 sech2Hc zL + 12 logHcoshHc zLL

12 c

01.21.21.0215.01

à tanh8Hc zL â z �
105 c z + I15 sech6Hc zL - 66 sech4Hc zL + 122 sech2Hc zL - 176M tanhHc zL

105 c

01.21.21.0433.01

à tanh2 nHa zL â z � z -
cothHa zL

a
 â
k=1

n tanh2 kHa zL
2 k - 1

�; n Î N

01.21.21.0434.01

à tanh2 n+1Ha zL â z �
logHcoshHa zLL

a
-

1

2 a
 â
k=1

n tanh2 kHa zL
k

-
H-1Ln Sn+1

H2L
2 a n!

�; n Î N

01.21.21.0435.01

à tanh2 nHa zL â z �
a z - tanh-1HtanhHa zLL

a
+

tanh2 n+1Ha zL
a H2 n + 1L 2F1 1, n +

1

2
; n +

3

2
; tanh2Ha zL �; n Î N

01.21.21.0436.01

à tanh2 n+1Ha zL â z �
tanh2 n+2Ha zL

2 a Hn + 1L 2F1In + 1, 1; n + 2; tanh2Ha zLM +
2 logHcoshHa zLL + logIsech2Ha zLM

2 a
-

H-1Ln Sn+1
H2L

2 a n!
�; n Î N

01.21.21.0216.01

à tanh
1

2 Hc zL â z � -

2 tan-1 tanh
1

2 Hc zL + log tanh
1

2 Hc zL - 1 - log tanh
1

2 Hc zL + 1

2 c

01.21.21.0217.01

á 1

tanh
1

2 Hc zL  â z �

2 tan-1 tanh
1

2 Hc zL - log tanh
1

2 Hc zL - 1 + log tanh
1

2 Hc zL + 1

2 c

01.21.21.0218.01

á 1

tanh
1

3 Hc zL  â z �
1

4 c
 2 3 tan-1

2 tanh
1

3 Hc zL - 1

3
- 2 3 tan-1

2 tanh
1

3 Hc zL + 1

3
- 2 log tanh

1

3 Hc zL - 1 -

2 log tanh
1

3 Hc zL + 1 + log -tanh
1

3 Hc zL + tanh
2

3 Hc zL + 1 + log tanh
1

3 Hc zL + tanh
2

3 Hc zL + 1
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Involving products of the direct functions

01.21.21.0219.01à tanhHb + a zL tanhHa zL â z � z +
cothHbL HlogHcoshHa zLL - logHcoshHb + a zLLL

a

01.21.21.0220.01à tanhHb - a zL tanhHa zL â z �
cothHbL HlogHcoshHa zLL - logHcoshHb - a zLLL

a
- z

Involving powers of products of the direct function

01.21.21.0221.01

à tanhHc zL tanhH2 c zL  â z �
1

c
 tanh-1

2 coshHc zL
cosh

1

2 H2 c zL cosh
1

2 H2 c zL cschHc zL sechH2 c zL sinh2Hc zL
Involving rational functions of the direct function

Involving Ha + b tanhHc zLL-n

01.21.21.0222.01à 1

a + b tanhHc zL  â z �
a c z - b logHa coshHc zL + b sinhHc zLL

a2 c - b2 c

01.21.21.0223.01à 1Ha + b tanhHc zLL2
 â z � IIIa2 + b2M c z - 2 a b logHa coshHc zL + b sinhHc zLLM a2 +

b Ic z a3 - 2 b logHa coshHc zL + b sinhHc zLL a2 + b2 c z a + b3 - a2 bM tanhHc zLM � Ia Ha - bL2 Ha + bL2 c Ha + b tanhHc zLLM
01.21.21.0224.01à A + B tanhHzLHa + b tanhHzLL2

 â z �

sechHzL Ha coshHzL + b sinhHzLL HA + B tanhHzLLHA coshHzL + B sinhHzLL Ha + b tanhHzLL2
 

b Ha B - A bL sinhHzL
a3 - a b2

+
IA a2 - 2 b B a + A b2M z Ha coshHzL + b sinhHzLLHa - bL2 Ha + bL2

+

IB a2 - 2 A b a + b2 BM logHa coshHzL + b sinhHzLL Ha coshHzL + b sinhHzLLIa2 - b2M2
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01.21.21.0225.01à A + B tanhHzLHa + b tanhHzLL3
 â z �

sech2HzL Ha coshHzL + b sinhHzLL HA + B tanhHzLL
2 HA coshHzL + B sinhHzLL Ha + b tanhHzLL3

 
Ha B - A bL b2

Ha - bL2 Ha + bL2
+

2 I2 B a2 - 3 A b a + b2 BM sinhHzL Ha coshHzL + b sinhHzLL b

a Ha - bL2 Ha + bL2
+

2 IA a3 - 3 b B a2 + 3 A b2 a - b3 BM z Ha coshHzL + b sinhHzLL2

Ha - bL3 Ha + bL3
+

2 IB a3 - 3 A b a2 + 3 b2 B a - A b3M logHa coshHzL + b sinhHzLL Ha coshHzL + b sinhHzLL2

Ia2 - b2M3

01.21.21.0226.01

à A + B tanhHzL + C tanh2HzLHa + b tanhHzLL3
 â z �

sechHzL Ha coshHzL + b sinhHzLL 2 IHA + CL a3 - 3 b B a2 + 3 b2 HA + CL a - b3 BM z Ha coshHzL + b sinhHzLL2

Ha - bL3 Ha + bL3
-

2 IC a3 - 2 b B a2 + b2 H3 A + 2 CL a - b3 BM sinhHzL Ha coshHzL + b sinhHzLL
a Ha - bL2 Ha + bL2

+

1Ia2 - b2M3
 I2 IB a3 - 3 b HA + CL a2 + 3 b2 B a - b3 HA + CLM logHa coshHzL + b sinhHzLL Ha coshHzL + b sinhHzLL2M -

b IA b2 + a Ha C - b BLMHa - bL2 Ha + bL2
IC tanh2HzL + B tanhHzL + AM � IHA - C + HA + CL coshH2 zL + B sinhH2 zLL Ha + b tanhHzLL3M

Involving Ia + b tanh2Hc zLM-n

01.21.21.0227.01

à 1

a + b tanh2Hc zL  â z �
1

a + b
 z +

b

a c
tan-1

b tanhHc zL
a

01.21.21.0228.01

á 1Ia + b tanh2Hc zLM2
 â z � Ha - b + Ha + bL coshH2 c zLL sech4Hc zL 2 z Ha - b + Ha + bL coshH2 c zLL +

b H3 a + bL tan-1 b tanhHc zL
a

Ha - b + Ha + bL coshH2 c zLL
a3�2 c

+
b Ha + bL sinhH2 c zL

a c
� K8 Ha + bL2 Ib tanh2Hc zL + aM2O

Involving algebraic functions of the direct function
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Involving Ha + b tanhHc zLLΒ

01.21.21.0229.01à Ha + b tanhHc zLLΒ â z �

Ha + b tanhHc zLLΒ+1

2 Hb - aL Ha + bL c H Β + 1L  Ha + bL 2F1 Β + 1, 1; Β + 2;
a + b tanhHc zL

a - b
+ Hb - aL 2F1 Β + 1, 1; Β + 2;

a + b tanhHc zL
a + b

01.21.21.0230.01

à a + b tanhHc zL  â z �

Hb - aL a + b tanh-1 a+b tanhHc zL
a-b

+ a - b Ha + bL tanh-1 a+b tanhHc zL
a+b

a - b a + b c

01.21.21.0231.01

à 1

a + b tanhHc zL  â z �
1

c
 

tanh-1 a+b tanhHc zL
a+b

a + b
-

tanh-1 a+b tanhHc zL
a-b

a - b

01.21.21.0232.01à tanhHc zL Ha + b tanhHc zLLΒ â z �

Ha + b tanhHc zLLΒ+1

2 Ha - bL Ha + bL c H Β + 1L  Ha + bL 2F1 Β + 1, 1; Β + 2;
a + b tanhHc zL

a - b
+ Ha - bL 2F1 Β + 1, 1; Β + 2;

a + b tanhHc zL
a + b

01.21.21.0233.01à tanhHc zL a + b tanhHc zL  â z �
1

a - b a + b c
 

Ha - bL a + b tanh-1
a + b tanhHc zL

a - b
+ a - b Ha + bL tanh-1

a + b tanhHc zL
a + b

- 2 a + b a + b tanhHc zL
01.21.21.0234.01

à tanhHc zL
a + b tanhHc zL  â z �

1

c
 

tanh-1 a+b tanhHc zL
a-b

a - b
+

tanh-1 a+b tanhHc zL
a+b

a + b

Involving HHa + b tanhHc zLLnLΒ

01.21.21.0235.01à HHa + b tanhHc zLLnLΒ
 â z �

1

2 Hb - aL Ha + bL c Hn Β + 1L  Ha + bL 2F1 n Β + 1, 1; n Β + 2;
a + b tanhHc zL

a - b
+ Hb - aL 2F1 n Β + 1, 1; n Β + 2;

a + b tanhHc zL
a + b

Ha + b tanhHc zLL HHa + b tanhHc zLLnLΒ
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01.21.21.0236.01

à Ha + b tanhHc zLL3  â z � coshHc zL Ha + b tanhHc zLL3

a - b Ha + bL2 tanh-1
a + b tanhHc zL

a + b
coshHc zL a + b tanhHc zL - 2 b a + b Ha coshHc zL + b sinhHc zLL -

Ha - bL2 a + b tanh-1
a + b tanhHc zL

a - b
coshHc zL a + b tanhHc zL �

K a - b a + b c Ha coshHc zL + b sinhHc zLL2O
01.21.21.0237.01

á 1

Ha + b tanhHc zLL3

 â z �

Ha + b tanhHc zLL a - b 2 a + b b + Ha - bL tanh-1
a + b tanhHc zL

a + b
a + b tanhHc zL - Ha + bL3�2

tanh-1
a + b tanhHc zL

a - b
a + b tanhHc zL � Ha - bL3�2 Ha + bL3�2 c Ha + b tanhHc zLL3

01.21.21.0238.01à tanhHc zL HHa + b tanhHc zLLnLΒ
 â z �

1

2 Ha - bL Ha + bL c Hn Β + 1L  Ha + bL 2F1 n Β + 1, 1; n Β + 2;
a + b tanhHc zL

a - b
+ Ha - bL 2F1 n Β + 1, 1; n Β + 2;

a + b tanhHc zL
a + b

Ha + b tanhHc zLL HHa + b tanhHc zLLnLΒ

01.21.21.0239.01

à tanhHc zL Ha + b tanhHc zLL3  â z � Ha + b tanhHc zLL3 3 a + b tanh-1
a + b tanhHc zL

a - b
a + b tanhHc zL Ha - bL2 +

3 Ha + bL2 tanh-1
a + b tanhHc zL

a + b
a + b tanhHc zL - 2 a + b I4 a2 + 5 b tanhHc zL a + b2 tanh2Hc zLM

a - b � K3 a - b a + b c Ha + b tanhHc zLL2O

http://functions.wolfram.com 116



01.21.21.0240.01

á tanhHc zL
Ha + b tanhHc zLL3

 â z � - Ha + b tanhHc zLL 1 -

tanh-1 a+b tanhHc zL
a-b

a + b tanhHc zL
a - b

Ha + bL +

Ha - bL 1 -

tanh-1 a+b tanhHc zL
a+b

a + b tanhHc zL
a + b

� Ha - bL Ha + bL c Ha + b tanhHc zLL3

Involving Ia + b tanh2Hc zLMΒ

01.21.21.0241.01

à Ia + b tanh2Hc zLMΒ
 â z �

tanhHc zL Ib tanh2Hc zL + aMΒ J b tanh2Hc zL
a

+ 1N-Β

c
 F1

1

2
; 1, - Β;

3

2
; tanh2Hc zL, -

b tanh2Hc zL
a

01.21.21.0242.01à a + b tanh2Hc zL  â z �
1

2 c a + b
 

-Ha + bL log

4 a - b tanhHc zL + a + b b tanh2Hc zL + a

Ha + bL3�2 HtanhHc zL + 1L - log -

4 a + b tanhHc zL + a + b b tanh2Hc zL + a

Ha + bL3�2 HtanhHc zL - 1L -

2 b a + b log 2 b tanhHc zL + b tanh2Hc zL + a

01.21.21.0243.01

á 1

a + b tanh2Hc zL  â z �

a - b + Ha + bL coshH2 c zL log a - b + Ha + bL coshH2 c zL + 2 Ha + bL sinh2Hc zL tanhHc zL
2 c Ha + bL sinh2Hc zL b tanh2Hc zL + a

01.21.21.0244.01

à tanhHc zL Ia + b tanh2Hc zLMΒ
 â z �

Ib tanh2Hc zL + aMΒ+1

2 Ha + bL c H Β + 1L  2F1 Β + 1, 1; Β + 2;
b tanh2Hc zL + a

a + b
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01.21.21.0245.01à tanhHc zL a + b tanh2Hc zL  â z �

a + b tanh2Hc zL
c

 

2 Ha + bL cosh2Hc zL log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL
a - b + Ha + bL coshH2 c zL - 1

01.21.21.0246.01

á tanhHc zL
a + b tanh2Hc zL  â z �

a - b + Ha + bL coshH2 c zL log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL
2 c Ha + bL cosh2Hc zL b tanh2Hc zL + a

Involving JIa + b tanh2Hc zLMnNΒ

01.21.21.0247.01

à JIa + b tanh2Hc zLMnNΒ
 â z �

tanhHc zL JIb tanh2Hc zL + aMnNΒ J b tanh2Hc zL
a

+ 1N-n Β

c
 F1

1

2
; 1, -n Β;

3

2
; tanh2Hc zL, -

b tanh2Hc zL
a

01.21.21.0248.01

á Ia + b tanh2Hc zLM3
 â z � -

1

2 c Ib tanh2Hc zL + aM3�2  Ib tanh2Hc zL + aM3

log

4 a - b tanhHc zL + a + b b tanh2Hc zL + a

Ha + bL5�2 HtanhHc zL + 1L - log -

4 a + b tanhHc zL + a + b b tanh2Hc zL + a

Ha + bL5�2 HtanhHc zL - 1L
Ha + bL3�2 + b H3 a + 2 bL log 2 b tanhHc zL + b tanh2Hc zL + a + b tanhHc zL b tanh2Hc zL + a

01.21.21.0249.01

á 1

Ia + b tanh2Hc zLM3

 â z �

sech2Hc zL 2 cschH2 c zL log a - b + Ha + bL coshH2 c zL + 2 Ha + bL sinh2Hc zL Ha + bL sinh2Hc zL
Ha - b + Ha + bL coshH2 c zLL3�2 +

b Ha + bL tanhHc zL Ha - b + Ha + bL coshH2 c zLL
a

� 2 Ha + bL2 c Ib tanh2Hc zL + aM3
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01.21.21.0250.01

à tanhHc zL JIa + b tanh2Hc zLMnNΒ
 â z �

Ib tanh2Hc zL + aM JIb tanh2Hc zL + aMnNΒ

2 Ha + bL c Hn Β + 1L  2F1 n Β + 1, 1; n Β + 2;
b tanh2Hc zL + a

a + b

01.21.21.0251.01

á tanhHc zL Ia + b tanh2Hc zLM5
 â z �

1

c
 cosh5Hc zL 4 2 IHa + bL cosh2Hc zLM5�2

log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL sech5Hc zL �
Ha - b + Ha + bL coshH2 c zLL5�2 -

4 sechHc zL I3 b2 sech4Hc zL - 11 b Ha + bL sech2Hc zL + 23 Ha + bL2M
15 Ha - b + Ha + bL coshH2 c zLL2

Ib tanh2Hc zL + aM5

01.21.21.0252.01

á tanhHc zL Ia + b tanh2Hc zLM3
 â z �

csch2Hc zL sech2Hc zL b a - b + Ha + bL coshH2 c zL sinh2H2 c zL - 4 Ha + bL cosh4Hc zL 4 a - b + Ha + bL coshH2 c zL -

3 2 Ha + bL cosh2Hc zL log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL sinh2Hc zL
Ib tanh2Hc zL + aM3 � I6 c Ha - b + Ha + bL coshH2 c zLL3�2M

01.21.21.0253.01

á tanhHc zL
Ia + b tanh2Hc zLM3

 â z �

- Ha - b + Ha + bL coshH2 c zLL a + b + Ha + bL coshH2 c zL - 2 Ha + bL cosh2Hc zL a - b + Ha + bL coshH2 c zL
log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL sech4Hc zL � 4 Ha + bL2 c Ib tanh2Hc zL + aM3
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01.21.21.0254.01

á tanhHc zL
Ia + b tanh2Hc zLM5

 â z �

- Ha - b + Ha + bL coshH2 c zLL 6 a2 + 6 b a - 3 2 Ha + bL cosh2Hc zL a - b + Ha + bL coshH2 c zL
log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL a +

2 Ha + bL2 coshH4 c zL + 3 2 b Ha + bL cosh2Hc zL a - b + Ha + bL coshH2 c zL
log 2 Ha + bL cosh2Hc zL + a - b + Ha + bL coshH2 c zL + Ha + bL coshH2 c zL
8 a + 2 b - 3 2 Ha + bL cosh2Hc zL a - b + Ha + bL coshH2 c zL log 2 Ha + bL cosh2Hc zL +

a - b + Ha + bL coshH2 c zL sech6Hc zL � 24 Ha + bL3 c Ib tanh2Hc zL + aM5

Involving Ja + b tanh
1

2 Hc zLNΒ

01.21.21.0255.01

à a + b tanh
1

2 Hc zL Β

 â z �

1

2 Ia4 - b4M c H Β + 1L  a + b tanh
1

2 Hc zL Β+1 Ia3 + b a2 + b2 a + b3M 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a - b

-

Ha - bL Ha - ä bL Ha + bL 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a + ä b

- Ha + ä b L 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a + b

+

Ia2 + b H1 + äL a + b2 äM 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a - ä b
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01.21.21.0256.01

á a + b tanh
1

2 Hc zL  â z � Ha - bL a + b a + ä b a - ä b tanh-1
a + b tanh

1

2 Hc zL
a - b

+

a - b a - ä b a + ä b Ha + bL tanh-1
a + b tanh

1

2 Hc zL
a + b

- Ha + ä b L a + b tanh-1
a + b tanh

1

2 Hc zL
a + ä b

-

Ha - ä bL a + ä b a + b tanh-1
a + b tanh

1

2 Hc zL
a - ä b

� K a - b a - ä b a + ä b a + b cO
01.21.21.0257.01

á 1

a + b tanh
1

2 Hc zL
 â z �

1Ia4 - b4M c
 a - b Ia3 + b a2 + b2 a + b3M tanh-1

a + b tanh
1

2 Hc zL
a - b

-

Ha - bL Ha - ä bL a + ä b Ha + bL tanh-1
a + b tanh

1

2 Hc zL
a + ä b

- Ha + ä b L a + b tanh-1
a + b tanh

1

2 Hc zL
a + b

+

a - ä b Ia2 + b H1 + äL a + b2 äM tanh-1
a + b tanh

1

2 Hc zL
a - ä b

01.21.21.0258.01

à tanhHc zL a + b tanh
1

2 Hc zL Β

 â z �
1

2 c Ia4 - b4M H Β + 1L  Ia3 + b a2 + b2 a + b3M 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a - b

+

Ha - bL Ha - ä bL Ha + ä b L 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a + b

+ Ha + bL 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a + ä b

+

Ia2 + b H1 + äL a + b2 äM 2F1 Β + 1, 1; Β + 2;
a + b tanh

1

2 Hc zL
a - ä b

a + b tanh
1

2 Hc zL Β+1
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01.21.21.0259.01

á tanhHc zL a + b tanh
1

2 Hc zL  â z � Ha - bL a + b a + ä b a - ä b a + b tanh
1

2 Hc zL tanh-1
a + b tanh

1

2 Hc zL
a - b

+

a - b a + b a + ä b Ha - ä bL a + b tanh
1

2 Hc zL tanh-1
a + b tanh

1

2 Hc zL
a - ä b

+

a - ä b a + b Ha + ä b L a + b tanh
1

2 Hc zL tanh-1
a + b tanh

1

2 Hc zL
a + ä b

+

a + ä b Ha + bL tanh-1
a + b tanh

1

2 Hc zL
a + b

a + b tanh
1

2 Hc zL - 4 a + b a + b tanh
1

2 Hc zL �

a - b a - ä b a + ä b a + b c a + b tanh
1

2 Hc zL
01.21.21.0260.01

á tanhHc zL
a + b tanh

1

2 Hc zL
 â z �

1Ia4 - b4M c
 a - b Ia3 + b a2 + b2 a + b3M tanh-1

a + b tanh
1

2 Hc zL
a - b

+

Ha - bL Ha - ä bL a + b Ha + ä b L tanh-1
a + b tanh

1

2 Hc zL
a + b

+ Ha + bL a + ä b tanh-1
a + b tanh

1

2 Hc zL
a + ä b

+

a - ä b Ia2 + b H1 + äL a + b2 äM tanh-1
a + b tanh

1

2 Hc zL
a - ä b
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01.21.21.0261.01

á tanhHc zL
a + b tanh

1

2 Hc zL 2
 â z �

-
1

4 c
 

8 a3

Ia4 - b4M a + b tanh
1

2 Hc zL +

2 ä tan-1 tanh
1

2 Hc zL
Ha + ä b L2

+

2 log tanh
1

2 Hc zL - 1

Ha + bL2
+

2 log tanh
1

2 Hc zL + 1

Ha - bL2
+

logHtanhHc zL + 1LHa + ä b L2
+

logHtanhHc zL + 1LHa - ä bL2
-

2 ä tan-1 tanh
1

2 Hc zL
Ha - ä bL2

-

8 Ia6 + 3 b4 a2M log a + b tanh
1

2 Hc zL
Ia4 - b4M2

Involving functions of the direct function and a power function

Involving powers of the direct function and a power function

Involving powers of tanh and power

Involving znand  linear arguments

01.21.21.0262.01

à zn tanhvHc zL â z �
H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

n! â
s=0

f v-1

2
v H-1Ls v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; v - s + 1, ¼, v - s + 1; -ã2 c zM �; n Î

N ì v Î N+
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01.21.21.0263.01

à z tanhvHc zL â z �
1

2
H-1Lv z2 + ã2 c v z

z 2F1Iv, v; v + 1; -ã2 c zM
2 c v

-
3F2Iv, v, v; v + 1, v + 1; -ã2 c zM

4 c2 v2
-

H-1Lv ã2 c z v
z 3F2I1, 1, v + 1; 2, 2; -ã2 c zM

2 c
-

4F3I1, 1, 1, v + 1; 2, 2, 2; -ã2 c zM
4 c2

+

äv ãc v z
v
v

2

z 2F1I v

2
, v; v

2
+ 1; -ã2 c zM

c v
-

3F2I v

2
, v

2
, v; v

2
+ 1, v

2
+ 1; -ã2 c zM

c2 v2
H1 - v mod 2L +

1

4 c2
 â

s=1

f v-1

2
v H-1Ls v

s

H-1Lv ã2 c s z

s2
 I2 c s z 2F1Is, v; s + 1; -ã2 c zM - 3F2Is, s, v; s + 1, s + 1; -ã2 c zMM -

1Hs - vL2
 ã2 c Hv-sL z

I2 c Hs - vL z 2F1Iv, v - s; -s + v + 1; -ã2 c zM + 3F2Iv, v - s, v - s; -s + v + 1, -s + v + 1; -ã2 c zMM �; v Î N+

01.21.21.0264.01

à z tanh2Hc zL â z �
z2

2
-

tanhHc zL z

c
+

logHcoshHc zLL
c2

01.21.21.0265.01

à z tanh3Hc zL â z �
c2 z2 + c sech2Hc zL z + 2 c logI1 + ã-2 c zM z - Li2I-ã-2 c zM - tanhHc zL

2 c2

01.21.21.0266.01

à z tanh4Hc zL â z �
3 c2 z2 - 8 c tanhHc zL z + 8 logHcoshHc zLL + sech2Hc zL H2 c z tanhHc zL + 1L

6 c2

01.21.21.0267.01à z tanh5Hc zL â z �

1

12 c2
 I-3 c z sech4Hc zL + H12 c z + tanhHc zLL sech2Hc zL - 6 Li2I-ã-2 c zM + 2 I3 c z Ic z + 2 logI1 + ã-2 c zMM - 5 tanhHc zLMM

01.21.21.0268.01

à z2 tanh2Hc zL â z �
c z Ic z Hc z + 3L + 6 logI1 + ã-2 c zM - 3 c z tanhHc zLM - 3 Li2I-ã-2 c zM

3 c3

01.21.21.0269.01à z3 tanh3Hc zL â z �
1

4 c4
 Ic4 z4 + 2 c3 sech2Hc zL z3 + 4 c3 logI1 + ã-2 c zM z3 + 6 c2 z2 -

6 c2 tanhHc zL z2 + 12 c logI1 + ã-2 c zM z - 6 c Li3I-ã-2 c zM z - 6 Ic2 z2 + 1M Li2I-ã-2 c zM - 3 Li4I-ã-2 c zMM
Involving functions of the direct function and exponential function

Involving powers of the direct function and exponential function

Involving  exp
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Involving ãb z

01.21.21.0270.01

à ãb z tanhΝHc zL â z �
ãb z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
b

 F1 -
b

2 c
; Ν, -Ν; 1 -

b

2 c
; -ã-2 c z, ã-2 c z

01.21.21.0271.01

à ã2 c z tanhΝHc zL â z �
2Ν-1 I1 - ã2 c zM-Ν I1 + ã2 c zM tanhΝHc zL

c H1 - ΝL  2F1 1 - Ν, -Ν; 2 - Ν;
1

2
I1 + ã2 c zM

01.21.21.0272.01à ãc z tanh2Hc zL â z �
1

c
 ãc z 1 +

2

1 + ã2 c z
- 2 tan-1Hãc zL

01.21.21.0273.01à ã2 c z tanh2Hc zL â z �
1

2 c
 -4 logI1 + ã2 c zM + ã2 c z -

4

1 + ã2 c z

01.21.21.0274.01

à ã2 c z tanh4Hc zL â z � -
24 logI1 + ã2 c zM I1 + ã2 c zM3

+ 93 ã2 c z + 63 ã4 c z - 9 ã6 c z - 3 ã8 c z + 40

6 c I1 + ã2 c zM3

01.21.21.0275.01

à ã-2 c z tanh4Hc zL â z �
1

6 c
 

8 ã2 c z I9 + 12 ã2 c z + 5 ã4 c zMI1 + ã2 c zM3
- 3 ã-2 c z + 24 logI1 + ã-2 c zM

Involving functions of the direct function, exponential and a power functions

Involving powers of the direct function, exponential and a power functions

Involving  exp and power

Involving zn ãb z
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01.21.21.0276.01à zn ãb z tanhvHc zL â z � äv ãHb+c vL z
v
v

2

n! H1 - v mod 2L
â
j=0

n H-1L j Hb + c vL- j-1 zn- jHn - jL !
j+2F j+1

b + c v

2 c
, ¼,

b + c v

2 c
, v;

b + c v

2 c
+ 1, ¼,

b + c v

2 c
+ 1; -ã2 c z +

n! â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+2 c sL z â

j=0

n H-1L j Hb + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

b + 2 c s

2 c
, ¼,

b + 2 c s

2 c
, v;

b + 2 c s

2 c
+ 1, ¼,

b + 2 c s

2 c
+ 1; -ã2 c z + ãHb+2 c Hv-sLL z â

j=0

n H-1L j Hb + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c Hv - sL
2 c

,

¼,
b + 2 c Hv - sL

2 c
, v;

b + 2 c Hv - sL
2 c

+ 1, ¼,
b + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving functions of the direct function and trigonometric functions

Involving powers of the direct function and trigonometric functions

Involving sin

Involving sinHb zL
01.21.21.0277.01à sinHb zL tanhΝHc zL â z � -

1

2 b
 ã-ä b z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
F1

ä b

2 c
; -Ν, Ν; 1 +

ä b

2 c
; ã-2 c z, -ã-2 c z + ã2 ä b z F1 -

ä b

2 c
; -Ν, Ν; 1 -

ä b

2 c
; ã-2 c z, -ã-2 c z

Involving powers of sin

Involving sinmHb zL
01.21.21.0278.01à sinmHb zL tanhΝHc zL â z �

2-m tanhΝ+1Hc zL H1 - m mod 2L
c HΝ + 1L m

m

2

 2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

1

b
 2-m ä1-m I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL â
k=0

f m-1

2
v H-1Lk

2 k - m
ã-ä b Hm-2 kL z m

k
ã2 ä b Hm-2 kL z F1 -

ä b Hm - 2 kL
2 c

; -Ν, Ν; 1 -
ä b Hm - 2 kL

2 c
; ã-2 c z, -ã-2 c z -

H-1Lm F1

ä b Hm - 2 kL
2 c

; -Ν, Ν;
b ä Hm - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z �; m Î N+
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Involving cos

Involving cosHb zL
01.21.21.0279.01à cosHb zL tanhΝHc zL â z � -

ä

2 b
 ã-ä b z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
ã2 ä b z F1 -

ä b

2 c
; -Ν, Ν; 1 -

ä b

2 c
; ã-2 c z, -ã-2 c z - F1

ä b

2 c
; -Ν, Ν; 1 +

ä b

2 c
; ã-2 c z, -ã-2 c z

Involving powers of cos

Involving cosmHb zL
01.21.21.0280.01à cosmHb zL tanhΝHc zL â z �

2-m H1 - m mod 2L tanhΝ+1Hc zL
c HΝ + 1L  

m
m

2
2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

1

b
 2-m ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL â
k=0

f m-1

2
v

1

m - 2 k
 

m

k
ã-ä b Hm-2 kL z F1

ä b Hm - 2 kL
2 c

; -Ν, Ν;
b ä Hm - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z - ãä b Hm-2 kL z

F1 -
ä b Hm - 2 kL

2 c
; -Ν, Ν; 1 -

ä b Hm - 2 kL
2 c

; ã-2 c z, -ã-2 c z �; m Î N+

Involving functions of the direct function, trigonometric and a power functions

Involving powers of the direct function, trigonometric and a power functions

Involving sin and power

Involving zn  sinHa + b zL tanhv H c zL
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01.21.21.0281.01à zn sinHa + b zL tanhvHc zL â z �

ä

2
n! ã-ä a äv ãH-ä b+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + c v

2 c
, ¼,

-ä b + c v

2 c
, v;

-ä b + c v

2 c
+ 1,

¼,
-ä b + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+2 c sL z â

j=0

n H-1L j H-ä b + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b + 2 c s

2 c
, ¼,

-ä b + 2 c s

2 c
, v;

-ä b + 2 c s

2 c
+ 1, ¼,

-ä b + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä b+2 c Hv-sLL z â
j=0

n H-1L j H-ä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + 2 c Hv - sL
2 c

, ¼,

-ä b + 2 c Hv - sL
2 c

, v;
-ä b + 2 c Hv - sL

2 c
+ 1, ¼,

-ä b + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

ä

2
n! ãä a äv ãHä b+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hä b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + c v

2 c
, ¼,

ä b + c v

2 c
, v;

ä b + c v

2 c
+ 1, ¼,

ä b + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä b+2 c sL z â

j=0

n H-1L j Hä b + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + 2 c s

2 c
, ¼,

ä b + 2 c s

2 c
, v;

ä b + 2 c s

2 c
+ 1, ¼,

ä b + 2 c s

2 c
+ 1; -ã2 c z +

ãHä b+2 c Hv-sLL z â
j=0

n H-1L j Hä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + 2 c Hv - sL
2 c

, ¼,
ä b + 2 c Hv - sL

2 c
,

v;
ä b + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0282.01

à zn sinHb zL tanhvHc zL â z �
ä

2
n! äv ãHc v-ä bL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hc v - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä b

2 c
, ¼,

c v - ä b

2 c
, v;

c v - ä b

2 c
+ 1, ¼,

c v - ä b

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+c v-c Hv-2 sLL z â

j=0

n H-1L j H2 c s - ä bL- j-1 zn- jHn - jL !
 

j+2F j+1

2 c s - ä b

2 c
, ¼,

2 c s - ä b

2 c
, v;

2 c s - ä b

2 c
+ 1, ¼,

2 c s - ä b

2 c
+ 1; -ã2 c z +

ãH-ä b+c v+c Hv-2 sLL z â
j=0

n H-1L j H2 c Hv - sL - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä b

2 c
, ¼,

2 c Hv - sL - ä b

2 c
,

v;
2 c Hv - sL - ä b

2 c
+ 1, ¼,

2 c Hv - sL - ä b

2 c
+ 1; -ã2 c z - äv ãHä b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hä b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + c v

2 c
, ¼,

ä b + c v

2 c
, v;

ä b + c v

2 c
+ 1, ¼,

ä b + c v

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
ãHä b+c v+c Hv-2 sLL z â

j=0

n H-1L j Hä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + 2 c Hv - sL
2 c

, ¼,
ä b + 2 c Hv - sL

2 c
, v;

ä b + 2 c Hv - sL
2 c

+ 1, ¼,
ä b + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lv ãHä b+c v-c Hv-2 sLL z â
j=0

n H-1L j Hä b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + 2 c s

2 c
, ¼,

ä b + 2 c s

2 c
,

v;
ä b + 2 c s

2 c
+ 1, ¼,

ä b + 2 c s

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sin and power

Involving zn  sinmHb zL tanhΝHc zL
01.21.21.0283.01à zn sinmHb zL tanhvHc zL â z �

2-m
m
m

2

n! H1 - m mod 2L H-1Lv zn+1Hn + 1L !
- H-1Lv ã2 c z v â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

+

+
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ãc v z äv
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv â
s=1

f v-1

2
v H-1Ls ã2 c s z v

s â
j=0

n H-1L j 2- j-1 Hc sL- j-1 zn- jHn - jL !
j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

â
s=0

f v-1

2
v H-1Ls ã2 c Hv-sL z v

s â
j=0

n H-1L j 2- j-1 Hc Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM + 2-m n! â
k=0

f m-1

2
v H-1Lk m

k

ã
ä Π m

2 äv ãHc v-ä b Hm-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
j+2F j+1

c v - ä b Hm - 2 kL
2 c

,

¼,
c v - ä b Hm - 2 kL

2 c
, v;

c v - ä b Hm - 2 kL
2 c

+ 1, ¼,
c v - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb ä H2 k-mL+2 c sL z â

j=0

n H-1L j H2 c s - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
j+2F j+1

2 c s - ä b Hm - 2 kL
2 c

,

¼,
2 c s - ä b Hm - 2 kL

2 c
, v;

2 c s - ä b Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãHb ä H2 k-mL+2 c Hv-sLL z â
j=0

n H-1L j H2 c Hv - sL - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä b Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä b Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä b Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä Π m äv ãHb ä Hm-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
j+2F j+1

ä b Hm - 2 kL + c v

2 c
,

¼,
ä b Hm - 2 kL + c v

2 c
, v;

ä b Hm - 2 kL + c v

2 c
+ 1, ¼,

ä b Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-2 b ä k+ä b m+2 c sL z â

j=0

n H-1L j Hb ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

ä b Hm - 2 kL + 2 c s

2 c
,

¼,
ä b Hm - 2 kL + 2 c s

2 c
, v;

ä b Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä b Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +
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ãH-2 b ä k+ä b m-2 c s+2 c vL z â
j=0

n H-1L j Hb ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä b Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä b Hm - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
ä b Hm - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì m Î N+ ì v Î N+

Involving  cos and power

Involving zn  cosHa + b zL tanhv H c zL
01.21.21.0284.01

à zn cosHa + b zL tanhvHc zL â z �
1

2
n! ã-ä a äv ãH-ä b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä b

2 c
, ¼,

c v - ä b

2 c
, v;

c v - ä b

2 c
+ 1, ¼,

c v - ä b

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+2 c sL z â

j=0

n H-1L j H-ä b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä b

2 c
, ¼,

2 c s - ä b

2 c
, v;

2 c s - ä b

2 c
+

1, ¼,
2 c s - ä b

2 c
+ 1; -ã2 c z + ãH-ä b+2 c Hv-sLL z â

j=0

n H-1L j H-ä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä b

2 c
, ¼,

2 c Hv - sL - ä b

2 c
, v;

2 c Hv - sL - ä b

2 c
+ 1, ¼,

2 c Hv - sL - ä b

2 c
+ 1; -ã2 c z +

1

2
n! ãä a äv ãHä b+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hä b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + c v

2 c
, ¼,

ä b + c v

2 c
, v;

ä b + c v

2 c
+ 1, ¼,

ä b + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä b+2 c sL z â

j=0

n H-1L j Hä b + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + 2 c s

2 c
, ¼,

ä b + 2 c s

2 c
, v;

ä b + 2 c s

2 c
+ 1, ¼,

ä b + 2 c s

2 c
+ 1; -ã2 c z +

ãHä b+2 c Hv-sLL z â
j=0

n H-1L j Hä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + 2 c Hv - sL
2 c

, ¼,
ä b + 2 c Hv - sL

2 c
,

v;
ä b + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

http://functions.wolfram.com 131



01.21.21.0285.01

à zn cosHb zL tanhvHc zL â z �
1

2
n! äv ãH-ä b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä b + c vL- j-1 zn- jHn - jL !
j+2F j+1

c v - ä b

2 c
, ¼,

c v - ä b

2 c
, v;

c v - ä b

2 c
+ 1, ¼,

c v - ä b

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+c v-c Hv-2 sLL z â

j=0

n H-1L j H-ä b + 2 c sL- j-1 zn- jHn - jL !

j+2F j+1

2 c s - ä b

2 c
, ¼,

2 c s - ä b

2 c
, v;

2 c s - ä b

2 c
+ 1, ¼,

2 c s - ä b

2 c
+ 1; -ã2 c z +

ãH-ä b+c v+c Hv-2 sLL z â
j=0

n H-1L j H-ä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä b

2 c
, ¼,

2 c Hv - sL - ä b

2 c
,

v;
2 c Hv - sL - ä b

2 c
+ 1, ¼,

2 c Hv - sL - ä b

2 c
+ 1; -ã2 c z + äv ãHä b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hä b + c vL- j-1 zn- jHn - jL !
j+2F j+1

ä b + c v

2 c
, ¼,

ä b + c v

2 c
, v;

ä b + c v

2 c
+ 1, ¼,

ä b + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä b+c v-c Hv-2 sLL z â

j=0

n H-1L j Hä b + 2 c sL- j-1 zn- jHn - jL !

j+2F j+1

ä b + 2 c s

2 c
, ¼,

ä b + 2 c s

2 c
, v;

ä b + 2 c s

2 c
+ 1, ¼,

ä b + 2 c s

2 c
+ 1; -ã2 c z +

ãHä b+c v+c Hv-2 sLL z â
j=0

n H-1L j Hä b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + 2 c Hv - sL
2 c

, ¼,
ä b + 2 c Hv - sL

2 c
,

v;
ä b + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving  powers of cos and power

Involving zn  cosmHb zL tanhΝHc zL
01.21.21.0286.01à zn cosmHb zL tanhvHc zL â z �

2-m
m
m

2

n! H1 - m mod 2L H-1Lv zn+1Hn + 1L !
- H-1Lv ã2 c z v â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

+

+
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ãc v z äv
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv â
s=1

f v-1

2
v H-1Ls ã2 c s z v

s â
j=0

n H-1L j 2- j-1 Hc sL- j-1 zn- jHn - jL !
j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + â

s=0

f v-1

2
v H-1Ls

ã2 c Hv-sL z v

s â
j=0

n H-1L j 2- j-1 Hc Hv - sLL- j-1 zn- jHn - jL !
j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

2-m n! â
k=0

f m-1

2
v

m

k
äv ãHc v-ä b Hm-2 kLL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä b Hm - 2 kL
2 c

, ¼,
c v - ä b Hm - 2 kL

2 c
, v;

c v - ä b Hm - 2 kL
2 c

+ 1, ¼,
c v - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb ä H2 k-mL+2 c sL z â

j=0

n H-1L j H2 c s - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä b Hm - 2 kL
2 c

,

¼,
2 c s - ä b Hm - 2 kL

2 c
, v;

2 c s - ä b Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãHb ä H2 k-mL+2 c Hv-sLL z â
j=0

n H-1L j H2 c Hv - sL - ä b Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä b Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä b Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä b Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä b Hm - 2 kL

2 c
+ 1; -ã2 c z +

äv ãHb ä Hm-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + c v

2 c
,

¼,
ä b Hm - 2 kL + c v

2 c
, v;

ä b Hm - 2 kL + c v

2 c
+ 1, ¼,

ä b Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-2 b ä k+ä b m+2 c sL z â

j=0

n H-1L j Hb ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + 2 c s

2 c
,

¼,
ä b Hm - 2 kL + 2 c s

2 c
, v;

ä b Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä b Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +

ãH-2 b ä k+ä b m-2 c s+2 c vL z â
j=0

n H-1L j Hb ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä b Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä b Hm - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
ä b Hm - 2 kL + 2 c Hv - sL

+ 1; -ã2 c z �; ì m Î N+ ì v Î N+
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Involving functions of the direct function, trigonometric and exponential functions

Involving powers of the direct function, trigonometric and exponential functions 

Involving sin and exp

Involving ãp z sinHa zL tanhv H c zL
01.21.21.0287.01à ãp z sinHa zL tanhΝHc zL â z �

1

2
ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
ãH-ä a+pL z F1J-

-ä a+p

2 c
; -Ν, Ν; 1 -

-ä a+p

2 c
; ã-2 c z, -ã-2 c zN

-ä a + p
-

ãHä a+pL z F1J-
ä a+p

2 c
; -Ν, Ν; 1 -

ä a+p

2 c
; ã-2 c z, -ã-2 c zN

ä a + p

01.21.21.0288.01

à ãä a z sinHa zL tanhΝHc zL â z �
ä tanhΝ-1Hc zL

2 c H1 - ΝL  2F1

1 - Ν

2
, 1;

3 - Ν

2
; coth2Hc zL -

ã2 ä a z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
 tanhΝHc zL

4 a
F1 -

ä a

c
; Ν, -Ν; 1 -

ä a

c
; -ã-2 c z, ã-2 c z

01.21.21.0289.01

à ã-ä a z sinHa zL tanhΝHc zL â z � -
ä tanhΝ-1Hc zL

2 c H1 - ΝL  2F1

1 - Ν

2
, 1;

3 - Ν

2
; coth2Hc zL -

ã-2 ä a z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL

4 a
 F1

ä a

c
; Ν, -Ν; 1 +

ä a

c
; -ã-2 c z, ã-2 c z

Involving powers of sin and exp

Involving ãp z sinmHa zL tanhΝHc zL
01.21.21.0290.01

à ãp z sinmHa zL tanhΝHc zL â z �
2-m ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL H1 - m mod 2L
p

 

m
m

2

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z + 2-m ä-m I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
â
k=0

f m-1

2
v H-1Lk m

k

H-1Lm ãHp-ä a Hm-2 kLL z F1J-
p-ä a Hm-2 kL

2 c
; -Ν, Ν; 1 -

p-ä a Hm-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - ä a Hm - 2 kL +

ãHa ä Hm-2 kL+pL z F1J-
a ä Hm-2 kL+p

2 c
; -Ν, Ν; 1 -

a ä Hm-2 kL+p

2 c
; ã-2 c z, -ã-2 c zN

a ä Hm - 2 kL + p
�; m Î N+
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Involving cos and exp

Involving ãp z  cosHa zL ianhv H c zL
01.21.21.0291.01à ãp z cosHa zL tanhΝHc zL â z �

1

2
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
ãH-ä a+pL z F1J-

-ä a+p

2 c
; -Ν, Ν; 1 -

-ä a+p

2 c
; ã-2 c z, -ã-2 c zN

-ä a + p
+

ãHä a+pL z F1J-
ä a+p

2 c
; -Ν, Ν; 1 -

ä a+p

2 c
; ã-2 c z, -ã-2 c zN

ä a + p

01.21.21.0292.01

à ãä a z cosHa zL tanhΝHc zL â z �
tanhΝ-1Hc zL
2 c H1 - ΝL  2F1

1 - Ν

2
, 1;

3 - Ν

2
; coth2Hc zL -

ä ã2 ä a z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL

4 a
 F1 -

ä a

c
; Ν, -Ν; 1 -

ä a

c
; -ã-2 c z, ã-2 c z

01.21.21.0293.01

à ã-ä a z cosHa zL tanhΝHc zL â z �
tanhΝ-1Hc zL
2 c H1 - ΝL  2F1

1 - Ν

2
, 1;

3 - Ν

2
; coth2Hc zL +

ä ã-2 ä a z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL

4 a
F1

ä a

c
; Ν, -Ν; 1 +

ä a

c
; -ã-2 c z, ã-2 c z

Involving powers of cos and exp

Involving ãp z cosmHa zL tanhΝHc zL
01.21.21.0294.01à ãp z cosmHa zL tanhΝHc zL â z �

2-m ãp z I1 + ã-2 c zMΝ H1 - m mod 2L tanhΝHc zL I1 - ã-2 c zM-Ν

p
 

m
m

2

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z +

2-m I1 + ã-2 c zMΝ
tanhΝHc zL I1 - ã-2 c zM-Ν

 â
k=0

f m-1

2
v

m

k
 

ãHp-ä a Hm-2 kLL z F1J-
p-ä a Hm-2 kL

2 c
; -Ν, Ν; 1 -

p-ä a Hm-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - ä a Hm - 2 kL +

ãHa ä Hm-2 kL+pL z F1J-
a ä Hm-2 kL+p

2 c
; -Ν, Ν; 1 -

a ä Hm-2 kL+p

2 c
; ã-2 c z, -ã-2 c zN

a ä Hm - 2 kL + p
�; m Î N+

Involving functions of the direct function, trigonometric, exponential and a power functions

Involving powers of the direct function, trigonometric, exponential and a power functions

Involving sin, exp and power
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Involving zn ãp z sinHa + b zL tanhv H c zL
01.21.21.0295.01à zn ãp z sinHa + b zL tanhvHc zL â z �

ä

2
n! ã-ä a äv ãH-ä b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + c v

2 c
,

¼,
-ä b + p + c v

2 c
, v;

-ä b + p + c v

2 c
+ 1, ¼,

-ä b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+p+2 c sL z â

j=0

n H-1L j H-ä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c s

2 c
,

¼,
-ä b + p + 2 c s

2 c
, v;

-ä b + p + 2 c s

2 c
+ 1, ¼,

-ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä b+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c Hv - sL
2 c

, ¼,

-ä b + p + 2 c Hv - sL
2 c

, v;
-ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

ä

2
n! ãä a äv ãHä b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + c v

2 c
, ¼,

ä b + p + c v

2 c
, v;

ä b + p + c v

2 c
+ 1, ¼,

ä b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä b+p+2 c sL z â

j=0

n H-1L j Hä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c s

2 c
, ¼,

ä b + p + 2 c s

2 c
, v;

ä b + p + 2 c s

2 c
+ 1, ¼,

ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHä b+p+2 c Hv-sLL z â
j=0

n H-1L j Hä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c Hv - sL
2 c

, ¼,
ä b + p + 2 c Hv - sL

2 c
,

v;
ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0296.01à zn ãp z sinHb zL tanhvHc zL â z �

1

2
n! äv+1

v
v

2

H1 - v mod 2L ãH-ä b+p+c vL z â
j=0

n H-1L j H-ä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + c v

2 c
, ¼,

-ä b + p + c v

2 c
, v;

-ä b + p + c v

2 c
+ 1, ¼,

-ä b + p + c v

2 c
+ 1; -ã2 c z - ãHä b+p+c vL z â

j=0

n H-1L j Hä b + p + c vL- j-1 zn- jHn - jL !

j+2F j+1

ä b + p + c v

2 c
, ¼,

ä b + p + c v

2 c
, v;

ä b + p + c v

2 c
+ 1, ¼,

ä b + p + c v

2 c
+ 1; -ã2 c z -

1

2
Hä n!L â

s=0

f v-1

2
v H-1Ls v

s
-H-1Lv ãH-ä b+p+2 c sL z â

j=0

n H-1L j H-ä b + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b + p + 2 c s

2 c
, ¼,

-ä b + p + 2 c s

2 c
, v;

-ä b + p + 2 c s

2 c
+ 1, ¼,

-ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

H-1Lv ãHä b+p+2 c sL z â
j=0

n H-1L j Hä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c s

2 c
, ¼,

ä b + p + 2 c s

2 c
, v;

ä b + p + 2 c s

2 c
+ 1, ¼,

ä b + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-ä b+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c Hv - sL
2 c

, ¼,

-ä b + p + 2 c Hv - sL
2 c

, v;
-ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ãHä b+p+2 c Hv-sLL z â
j=0

n H-1L j Hä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c Hv - sL
2 c

, ¼,

ä b + p + 2 c Hv - sL
2 c

, v;
ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sin, exp and power

Involving zn ãp z sinmHb zL tanhΝHc zL
01.21.21.0297.01

à zn ãp z sinmHb zL tanhvHc zL â z � 2-m
m
m

2

H1 - m mod 2L n! äv ãHp+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+

1, ¼,
p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ä-m 2-m n! â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm äv ãH-ä b Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä b Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b Hm - 2 kL + p + c v

2 c
, ¼,

-ä b Hm - 2 kL + p + c v

2 c
, v;

-ä b Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä b Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

H-1Lm â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb ä H2 k-mL+p+2 c sL z â

j=0

n H-1L j H-ä b Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä b Hm - 2 kL + p + 2 c s

2 c
, v;

-ä b Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä b Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb ä H2 k-mL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 zn- j

j+2F j+1

-ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHb ä Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + p + c v

2 c
,

¼,
ä b Hm - 2 kL + p + c v

2 c
, v;

ä b Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä b Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-2 b ä k+ä b m+p+2 c sL z â

j=0

n H-1L j Hb ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + p + 2 c s

2 c
, ¼,

ä b Hm - 2 kL + p + 2 c s

2 c
, v;

ä b Hm - 2 kL + p + 2 c s

2 c
+ 1,

¼,
ä b Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z + ãH-2 b ä k+ä b m+p-2 c s+2 c vL z
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â
j=0

n H-1L j Hb ä Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 zn- j

j+2F j+1

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

,

¼,
ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+ ì v Î N+

Involving cos, exp and power

Involving zn ãp z  cosHa + b zL tanhv H c zL
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01.21.21.0298.01à zn ãp z cosHa + b zL tanhvHc zL â z �

1

2
n! ã-ä a äv ãH-ä b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + c v

2 c
,

¼,
-ä b + p + c v

2 c
, v;

-ä b + p + c v

2 c
+ 1, ¼,

-ä b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+p+2 c sL z â

j=0

n H-1L j H-ä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c s

2 c
,

¼,
-ä b + p + 2 c s

2 c
, v;

-ä b + p + 2 c s

2 c
+ 1, ¼,

-ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä b+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c Hv - sL
2 c

, ¼,

-ä b + p + 2 c Hv - sL
2 c

, v;
-ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

1

2
n! ãä a äv ãHä b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + c v

2 c
, ¼,

ä b + p + c v

2 c
, v;

ä b + p + c v

2 c
+ 1, ¼,

ä b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä b+p+2 c sL z â

j=0

n H-1L j Hä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c s

2 c
, ¼,

ä b + p + 2 c s

2 c
, v;

ä b + p + 2 c s

2 c
+ 1, ¼,

ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHä b+p+2 c Hv-sLL z â
j=0

n H-1L j Hä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c Hv - sL
2 c

, ¼,
ä b + p + 2 c Hv - sL

2 c
,

v;
ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

http://functions.wolfram.com 140



01.21.21.0299.01à zn ãp z cosHb zL tanhvHc zL â z �

1

2
n! äv

v
v

2

H1 - v mod 2L ãH-ä b+p+c vL z â
j=0

n H-1L j H-ä b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + c v

2 c
, ¼,

-ä b + p + c v

2 c
, v;

-ä b + p + c v

2 c
+ 1, ¼,

-ä b + p + c v

2 c
+ 1; -ã2 c z + ãHä b+p+c vL z â

j=0

n H-1L j Hä b + p + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä b + p + c v

2 c
, ¼,

ä b + p + c v

2 c
, v;

ä b + p + c v

2 c
+ 1, ¼,

ä b + p + c v

2 c
+ 1; -ã2 c z +

1

2
n! â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä b+p+2 c sL z â

j=0

n H-1L j H-ä b + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b + p + 2 c s

2 c
, ¼,

-ä b + p + 2 c s

2 c
, v;

-ä b + p + 2 c s

2 c
+ 1, ¼,

-ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

H-1Lv ãHä b+p+2 c sL z â
j=0

n H-1L j Hä b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c s

2 c
, ¼,

ä b + p + 2 c s

2 c
,

v;
ä b + p + 2 c s

2 c
+ 1, ¼,

ä b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä b+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b + p + 2 c Hv - sL
2 c

, ¼,

-ä b + p + 2 c Hv - sL
2 c

, v;
-ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ãHä b+p+2 c Hv-sLL z â
j=0

n H-1L j Hä b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä b + p + 2 c Hv - sL
2 c

, ¼,

ä b + p + 2 c Hv - sL
2 c

, v;
ä b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of cos, exp and power

Involving zn ãp z cosmHb zL tanhΝHc zL
01.21.21.0300.01

à zn ãp z cosmHb zL tanhvHc zL â z � 2-m
m
m

2

n! H1 - m mod 2L äv ãHp+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+

1, ¼,
p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m n! â
k=0

f m-1

2
v

m

k
äv ãH-ä b Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä b Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä b Hm - 2 kL + p + c v

2 c
, ¼,

-ä b Hm - 2 kL + p + c v

2 c
, v;

-ä b Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä b Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb ä H2 k-mL+p+2 c sL z â

j=0

n H-1L j H-ä b Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä b Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä b Hm - 2 kL + p + 2 c s

2 c
, v;

-ä b Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä b Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb ä H2 k-mL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä b Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 zn- j

j+2F j+1

-ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHb ä Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + p + c v

2 c
,

¼,
ä b Hm - 2 kL + p + c v

2 c
, v;

ä b Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä b Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-2 b ä k+ä b m+p+2 c sL z â

j=0

n H-1L j Hb ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä b Hm - 2 kL + p + 2 c s

2 c
, ¼,

ä b Hm - 2 kL + p + 2 c s

2 c
, v;

ä b Hm - 2 kL + p + 2 c s

2 c
+ 1,

¼,
ä b Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z + ãH-2 b ä k+ä b m+p-2 c s+2 c vL z
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â
j=0

n H-1L j Hb ä Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 zn- j

j+2F j+1

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

,

¼,
ä b Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,

ä b Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì m Î N+ ì v Î N+

Involving functions of the direct function and hyperbolic functions

Involving powers of the direct function and hyperbolic functions

Involving sinh

Involving sinhHb zL
01.21.21.0301.01à sinhHb zL tanhΝHc zL â z �

1

2 b
 ã-b z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL 

F1

b

2 c
; Ν, -Ν;

b

2 c
+ 1; -ã-2 c z, ã-2 c z + ã2 b z F1 -

b

2 c
; Ν, -Ν; 1 -

b

2 c
; -ã-2 c z, ã-2 c z

01.21.21.0302.01

à sinhHc zL tanhΝHc zL â z �
coshHc zL I-sinh2Hc zLM-

Ν

2 tanhΝHc zL
c - c Ν

 2F1

1 - Ν

2
, -

Ν

2
;

3 - Ν

2
; cosh2Hc zL

01.21.21.0303.01à sinhHc zL tanh2Hc zL â z �
coshHc zL + sechHc zL

c

01.21.21.0304.01

à sinhHc zL tanh3Hc zL â z �
-6 tan-1ItanhI c z

2
MM + 2 sinhHc zL + sechHc zL tanhHc zL

2 c

01.21.21.0305.01

à sinhH4 c zL tanh4Hc zL â z �
-16 coshH2 c zL + coshH4 c zL + 8 Isech2Hc zL + 8 logHcoshHc zLLM

4 c

Involving power of sinh

Involving sinhuHb zL tanhΝHc zL
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01.21.21.0306.01à sinhuHb zL tanhΝHc zL â z �

tanhΝ+1Hc zL H1 - u mod 2L
c HΝ + 1L  

ä

2

u

 
u
u

2

 2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

1

b
 2-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL â
k=0

f u-1

2
v H-1Lk

u - 2 k

u

k
 ãb Hu-2 kL z F1 -

b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z - H-1Lu ã-b Hu-2 kL z

F1

b Hu - 2 kL
2 c

; -Ν, Ν;
b Hu - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z �; u Î N+

01.21.21.0307.01

à sinhΜHc zL tanhΝHc zL â z � -
sinhΜHc zL I1 - ã2 c zM-Μ-Ν

tanhΝHc zL I1 + ã2 c zMΝ

c Μ
 F1 -

Μ

2
; -Μ - Ν, Ν;

2 - Μ

2
; ã2 c z, -ã2 c z

01.21.21.0308.01

à sinhΜHc zL tanhΝHc zL â z �
coshHc zL sinhΜ+1Hc zL I-sinh2Hc zLM 1

2
H-Μ-Ν-1L

tanhΝHc zL
c HΝ - 1L  2F1

1 - Ν

2
,

1

2
H-Μ - Ν + 1L; 3 - Ν

2
; cosh2Hc zL

01.21.21.0309.01à sinh2Hc zL tanh2Hc zL â z �
-6 c z + sinhH2 c zL + 4 tanhHc zL

4 c

01.21.21.0310.01

á tanh3Hc zL
sinh

1

2 H2 c zL  â z �
H3 coshH2 c zL + 1L tanh2Hc zL - 3 EI Π

4
- ä c z É 2M ä sinhH2 c zL

5 c sinh
1

2 H2 c zL
01.21.21.0311.01à sinh3H2 c zL tanh5Hc zL â z �

sinh3H2 c zL
15 c

 -6 sech4Hc zL + 78 sech2Hc zL - 231 csch2H2 c zL E
Π

4
- ä c z 2 ä sinhH2 c zL + 5

Involving powers of products with sinh

Involving sinhmHc zL tanhHc zL
01.21.21.0312.01

à sinhHc zL tanhHc zL  â z �
2 cothHc zL sinhHc zL tanhHc zL

c

01.21.21.0313.01à sinh4Hc zL tanhHc zL  â z �

1

4 c tanh
1

2 Hc zL  csch2Hc zL 3 tan-1 tanh
1

2 Hc zL - 3 tanh-1 tanh
1

2 Hc zL + sinhH2 c zL tanh
1

2 Hc zL sinh4Hc zL tanhHc zL
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Involving algebraic functions of sinh

01.21.21.0314.01à a + b sinhHc zL tanh2Hc zL â z �

1

c a + b sinhHc zL  3 Hb + ä a L a + b sinhHc zL
a - ä b

E
1

4
HΠ - 2 ä c zL -

2 ä b

a - ä b
- Ha + b sinhHc zLL tanhHc zL -

ä a F
1

4
HΠ - 2 ä c zL -

2 ä b

a - ä b

a + b sinhHc zL
a - ä b

Involving cosh

Involving coshHb zL
01.21.21.0315.01à coshHb zL tanhΝHc zL â z �

1

2 b
 ã-b z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL 

ã2 b z F1 -
b

2 c
; Ν, -Ν; 1 -

b

2 c
; -ã-2 c z, ã-2 c z - F1

b

2 c
; Ν, -Ν;

b

2 c
+ 1; -ã-2 c z, ã-2 c z

01.21.21.0316.01

à coshHc zL tanhΝHc zL â z �
coshHc zL I-sinh2Hc zLM 1

2
-

Ν

2 tanhΝ-1Hc zL
2 c - c Ν

2F1

2 - Ν

2
,

1 - Ν

2
;

4 - Ν

2
; cosh2Hc zL

01.21.21.0317.01

à coshHc zL tanh2Hc zL â z �
sinhHc zL - 2 tan-1ItanhI c z

2
MM

c

01.21.21.0318.01à coshHc zL tanh3Hc zL â z �
coshHc zL + sechHc zL

c

01.21.21.0319.01

à coshH2 c zL tanh3Hc zL â z �
-sech2Hc zL + coshH2 c zL - 6 logHcoshHc zLL

2 c

01.21.21.0320.01

à coshH4 c zL tanh5Hc zL â z �
-sech4Hc zL + 20 sech2Hc zL - 20 coshH2 c zL + coshH4 c zL + 100 logHcoshHc zLL

4 c

01.21.21.0321.01

à coshH5 c zL tanh5Hc zL â z �
-25 sech3Hc zL + 450 sechHc zL + 750 coshHc zL - 50 coshH3 c zL + 3 coshH5 c zL

15 c

Involving power of cosh
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Involving coshuHb zL tanhΝHc zL
01.21.21.0322.01à coshuHb zL tanhΝHc zL â z �

1

b
 I2-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zLM â
k=0

f u-1

2
v

1

u - 2 k
 

u

k
ãb Hu-2 kL z F1 -

b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
b Hu - 2 kL

2 c
;

ã-2 c z, -ã-2 c z - ã-b Hu-2 kL z F1

b Hu - 2 kL
2 c

; -Ν, Ν;
b Hu - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z -

2-u Hu mod 2 - 1L tanhΝ+1Hc zL
c HΝ + 1L u

u

2
2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL �; u Î N+

01.21.21.0323.01

à coshΜHc zL tanhΝHc zL â z � -
coshΜHc zL I1 - ã2 c zM-Ν

tanhΝHc zL I1 + ã2 c zMΝ-Μ

c Μ
F1 -

Μ

2
; -Ν, Ν - Μ;

2 - Μ

2
; ã2 c z, -ã2 c z

01.21.21.0324.01

à coshΜHc zL tanhΝHc zL â z �
coshΜ+1Hc zL cschHc zL I-sinh2Hc zLM 1

2
-

Ν

2 tanhΝHc zL
Μ c - Ν c + c

2F1

1

2
HΜ - Ν + 1L, 1 - Ν

2
;

1

2
HΜ - Ν + 3L; cosh2Hc zL

01.21.21.0325.01

à coshH5 c zL tanh5Hc zL â z �
-25 sech3Hc zL + 450 sechHc zL + 750 coshHc zL - 50 coshH3 c zL + 3 coshH5 c zL

15 c

01.21.21.0326.01à cosh2Hc zL tanh2Hc zL â z �
sinhH2 c zL - 2 c z

4 c

01.21.21.0327.01

à cosh3H2 c zL tanh3Hc zL â z �
cosh3H2 c zL

6 c cosh
3

2 H2 c zL  24 tan-1 cosh
1

2 H2 c zL + cosh
1

2 H2 c zL I2 coshH2 c zL - 3 Isech2Hc zL + 6MM
Involving powers of products with cosh

Involving coshmHc zL tanhHc zL
01.21.21.0328.01

à coshHc zL tanhHc zL  â z �
2 ä sinhHc zL

c sinh
1

2 Hc zL  E
1

4
HΠ - 2 ä c zL 2
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01.21.21.0329.01

à coshmHc zL tanhHc zL  â z � -
coshm-1Hc zL sinhHc zL sinhH2 c zL

c Hm + 1L I-sinh2Hc zLM3�4  2F1

m + 1

4
,

1

4
;

m + 5

4
; cosh2Hc zL

Involving algebraic functions of cosh

Involving Ha + b coshH2 c zLLΒ

01.21.21.0330.01

à Ha + b coshH2 c zLLΒ tanhΝHc zL â z �
1

Ν c + c
 F1

Ν + 1

2
; Β + 1, - Β;

Ν + 3

2
; tanh2Hc zL, Ha - bL tanh2Hc zL

a + b

Ha + b coshH2 c zLLΒ sech2Hc zLΒ
tanhΝ+1Hc zL Hb - aL tanh2Hc zL

a + b
+ 1

-Β

01.21.21.0331.01à a + b coshH2 c zL tanh2Hc zL â z �

1

c a + b coshH2 c zL  ä
a + b coshH2 c zL

a + b
Ha + bL F ä c z

2 b

a + b
+ ä Ha + b coshH2 c zLL tanhHc zL -

2 ä Ha + bL a + b coshH2 c zL
a + b

E ä c z
2 b

a + b

01.21.21.0332.01

à a - a coshH2 c zL tanh2Hc zL â z �
HcoshH2 c zL + 3L a - a coshH2 c zL cschHc zL sechHc zL

2 c

01.21.21.0333.01

à coshH2 c zL a + a tanh2Hc zL â z �
coshH2 c zL a + a sechHc zL IsinhHc zL - 2 tan-1ItanhI c z

2
MMM

c

01.21.21.0334.01à a + b coshH2 c zL tanh3Hc zL â z �

1

4 c
 2 a + b coshH2 c zL sech2Hc zL + a + b coshH2 c zL -

2 H2 a - 3 bL tanh-1 a+b coshH2 c zL
a-b

a - b
-

2 b tan-1 a+b coshH2 c zL
b-a

b - a
+

6 a + b coshH2 c zL
Ha + b coshH2 c zLL sech4I c z

2
M  

a + b coshH2 c zLHcoshHc zL + 1L2
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01.21.21.0335.01à a + b coshH2 c zL tanh4Hc zL â z �

-I2 a2 - 2 b a - 3 b2 + 4 Ia2 - b a - b2M coshH2 c zL + b H2 a - 3 bL coshH4 c zLM tanhHc zL sech2Hc zL -

2
a + b coshH2 c zL

a + b
I7 a2 - 2 b a - 9 b2M ä E ä c z

2 b

a + b
+

8
a + b coshH2 c zL

a + b
Ia2 - b2M ä F ä c z

2 b

a + b
� K6 Ha - bL c a + b coshH2 c zL O

01.21.21.0336.01

à tanh2Hc zL
a + b coshH2 c zL  â z �

-ä a+b coshH2 c zL
a+b

Ha + bL EJä c z Ë 2 b

a+b
N - Ha + b coshH2 c zLL tanhHc zL

Ha - bL c a + b coshH2 c zL
01.21.21.0337.01

à tanh3Hc zL
a + b coshH2 c zL  â z �

a - b a + b coshH2 c zL sech2Hc zL - 2 a tanh-1 a+b coshH2 c zL
a-b

2 Ha - bL3�2 c

01.21.21.0338.01

à tanh4Hc zL
a + b coshH2 c zL  â z �

-II2 a2 + b a + b2M coshH2 c zL + a Ha + 2 b + b coshH4 c zLLM tanhHc zL sech2Hc zL - 4 a
a + b coshH2 c zL

a + b
Ha + bL

ä E ä c z
2 b

a + b
+

a + b coshH2 c zL
a + b

Ia2 - b2M ä F ä c z
2 b

a + b
� K3 Ha - bL2 c a + b coshH2 c zL O

Involving coshHc zL Ha + b coshH2 c zLLΒ

01.21.21.0339.01à coshHc zL Ha + b coshH2 c zLLΒ tanhΝHc zL â z �

1

Ν c + c
 F1

Ν + 1

2
; Β +

3

2
, - Β;

Ν + 3

2
; tanh2Hc zL, Ha - bL tanh2Hc zL

a + b
Ha + b coshH2 c zLLΒ

sechHc zL sech2Hc zLΒ-
1

2 tanhΝ+1Hc zL Hb - aL tanh2Hc zL
a + b

+ 1

-Β
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01.21.21.0340.01

à coshHc zL a + b coshH2 c zL tanh2Hc zL â z �
1

4 a - b b c
 2 a - b Ha - 3 bL tanh-1

2 b sinhHc zL
a + b coshH2 c zL +

2 b 2 Hb - aL tan-1
a - b sinhHc zL

a + b coshH2 c zL + a - b a + b coshH2 c zL sinhHc zL
01.21.21.0341.01

à coshHc zL tanh2Hc zL
a + b coshH2 c zL  â z �

1

2 c
 

2 tanh-1 2 b sinhHc zL
a+b coshH2 c zL

b
-

2 tan-1 a-b sinhHc zL
a+b coshH2 c zL
a - b

Involving coshH2 c zL Ha + b coshH2 c zLLΒ

01.21.21.0342.01à coshH2 c zL Ha + b coshH2 c zLLΒ tanhΝHc zL â z �

1

c HΝ + 1L HΝ + 3L  Ha + b coshH2 c zLLΒ sech2Hc zLΒ
tanhΝ+1Hc zL Hb - aL tanh2Hc zL

a + b
+ 1

-Β

HΝ + 1L F1

Ν + 3

2
; Β + 2, - Β;

Ν + 5

2
; tanh2Hc zL, Ha - bL tanh2Hc zL

a + b
tanh2Hc zL +

HΝ + 3L F1

Ν + 1

2
; Β + 2, - Β;

Ν + 3

2
; tanh2Hc zL, Ha - bL tanh2Hc zL

a + b

01.21.21.0343.01à coshH2 c zL a + b coshH2 c zL tanh2Hc zL â z �

1

3 b c a + b coshH2 c zL  -ä
a + b coshH2 c zL

a + b
Ia2 - 8 b a - 9 b2M E ä c z

2 b

a + b
+

a + b coshH2 c zL
a + b

Ia2 - 3 b a - 4 b2M ä F ä c z
2 b

a + b
+

1

2
b Ha + b coshH2 c zLL sechHc zL H7 sinhHc zL + sinhH3 c zLL

01.21.21.0344.01

à coshH2 c zL coshH2 c zL a + a tanh2Hc zL â z �
coshH2 c zL a + a sechHc zL I12 tan-1ItanhI c z

2
MM - 9 sinhHc zL + sinhH3 c zLM

6 c

01.21.21.0345.01

à coshH2 c zL a - a coshH2 c zL tanh2Hc zL â z �
a - a coshH2 c zL H-14 coshH2 c zL + coshH4 c zL - 27L cschHc zL sechHc zL

12 c

Involving sinh and cosh
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01.21.21.0346.01à sinhHc zL Ha + b coshH2 c zLLΒ tanhΝHc zL â z �

1

c HΝ + 2L  F1

Ν + 2

2
; Β +

3

2
, - Β;

Ν + 4

2
; tanh2Hc zL, Ha - bL tanh2Hc zL

a + b
Ha + b coshH2 c zLLΒ

sechHc zL sech2Hc zLΒ-
1

2 tanhΝ+2Hc zL Hb - aL tanh2Hc zL
a + b

+ 1

-Β

01.21.21.0347.01à sinhHc zL a + b coshH2 c zL tanh2Hc zL â z �

1

4 c
 

2 Ha - 5 bL logJ 2 b coshHc zL + a + b coshH2 c zL N
b

+ HcoshH2 c zL + 5L a + b coshH2 c zL sechHc zL
01.21.21.0348.01

à sinhHc zL tanh2Hc zL
a + b coshH2 c zL  â z �

logJ 2 b coshHc zL + a + b coshH2 c zL N
2 b c

+
a + b coshH2 c zL sechHc zL

a c - b c

01.21.21.0349.01

à sinhHc zL tanh3Hc zL
a + b coshH2 c zL  â z �

1

2 Ha - bL3�2 b c
 2 tanh-1

2 b sinhHc zL
a + b coshH2 c zL Ha - bL3�2 +

b Hb - 3 aL tan-1
a - b sinhHc zL

a + b coshH2 c zL + a - b a + b coshH2 c zL sechHc zL tanhHc zL
01.21.21.0350.01

à sinh2Hc zL tanh2Hc zL
a + b coshH2 c zL  â z �

-ä Ia2 - 2 b a - 3 b2M a + b coshH2 c zL
a + b

E ä c z
2 b

a + b
+ ä Ia2 - b2M a + b coshH2 c zL

a + b
F ä c z

2 b

a + b
+

2 b Ha + b coshH2 c zLL tanhHc zL � K2 Ha - bL b c a + b coshH2 c zL O
Involving rational functions of the direct function and hyperbolic functions

Involving rational functions of sinh

Involving Ha sinhHc zL + b tanhHc zLL-n
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01.21.21.0351.01

à 1

a sinhHc zL + b tanhHc zL  â z �
-Ha + bL logIcoshI c z

2
MM + b logHb + a coshHc zLL + Ha - bL logIsinhI c z

2
MMHa - bL Ha + bL c

01.21.21.0352.01

à 1Ha sinhHc zL + b tanhHc zLL2
 â z � cothHc zL -a sinhHc zL tanhHc zL b2 - Hb + a coshHc zLL IIa2 + b2M coshHc zL - 2 a bM sechHc zL -

2 b I2 a2 + b2M Hb + a coshHc zLL tanhHc zL
a2 - b2

 tan-1
Hb - aL tanhI c z

2
M

a2 - b2

� JIa2 - b2M2
c Hb + a coshHc zLLN

Involving rational functions of cosh

Involving Ha coshHc zL + b tanhHc zLL-n

01.21.21.0353.01

à 1

a coshHc zL + b tanhHc zL  â z �

log -b - 2 a sinhHc zL + b2 - 4 a2 - log b + 2 a sinhHc zL + b2 - 4 a2

b2 - 4 a2 c
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01.21.21.0354.01

à 1Ha coshHc zL + b tanhHc zLL2
 â z � sech2Hc zL HcoshH2 c zL a + a + 2 b sinhHc zLL

2 coshHc zL Hb + 2 a sinhHc zLL
4 a2 - b2

+ 2 b b2 - 4 a2 - b - 4 a2 tan-1

2 a + b2 - 4 a2 - b tanhI c z

2
M

2 b b2 - 4 a2 - b

HcoshH2 c zL a + a + 2 b sinhHc zLL � b Ib2 - 4 a2M3�2
b2 - 4 a2 - b +

2 4 a2 + b b + b2 - 4 a2 tan-1

2 a - b + b2 - 4 a2 tanhI c z

2
M

2 -b b + b2 - 4 a2

HcoshH2 c zL a + a + 2 b sinhHc zLL �

Ib2 - 4 a2M3�2
-b b + b2 - 4 a2 � I4 c Ha coshHc zL + b tanhHc zLL2M

Involving algebraic functions of the direct function and hyperbolic functions

Involving sinh

Involving sinhHc zL Ha + b tanhHc zLLΒ

01.21.21.0355.01à sinhHc zL a + b tanhHc zL  â z �

1

-a - b c
 coshHc zL -a - b a + b tanhHc zL - ä F ä sinh-1

-a - b

a + b tanhHc zL a - b

a + b

sechHc zL Ha coshHc zL + b sinhHc zLL b HtanhHc zL - 1L
a + b tanhHc zL b HtanhHc zL + 1L

a + b tanhHc zL
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01.21.21.0356.01à sinhHc zL
a + b tanhHc zL  â z �

1Ha - bL c
 

-
1

a + b
coshHc zL b HtanhHc zL + 1L

b - a
Hb - aL b - b tanhHc zL

a + b
ä E ä sinh-1 -

1

a + b
a + b tanhHc zL a + b

a - b
-

ä Hb - aL F ä sinh-1 -
1

a + b
a + b tanhHc zL a + b

a - b

b HtanhHc zL + 1L
b - a

b - b tanhHc zL
a + b

+

-
1

a + b
Hb tanhHc zL - aL a + b tanhHc zL

Involving sinhHc zL Ia + b tanh2Hc zLMΒ

01.21.21.0357.01

à sinhHc zL Ia + b tanh2Hc zLMΒ
 â z �

coshHc zL Ib tanh2Hc zL + aMΒ+1

2 Ha + bL c H Β + 1L  2F1 Β + 1,
3

2
; Β + 2;

b tanh2Hc zL + a

a + b

b sech2Hc zL
a + b

01.21.21.0358.01

à sinhHc zL a + b tanh2Hc zL  â z � 2 coshHc zL 4 b tanh2K c z

2
O + a Ktanh2K c z

2
O + 1O2

cosh2K c z

2
O +

b ä log -

2 b ä tanh2I c z

2
M - ä b + 4 b tanh2I c z

2
M + a Itanh2I c z

2
M + 1M2

b Itanh2I c z

2
M + 1M

b tanh2Hc zL + a � c HcoshHc zL + 1L a - b + Ha + bL coshH2 c zLHcoshHc zL + 1L2

01.21.21.0359.01

á sinhHc zL
a + b tanh2Hc zL  â z �

Ha - bL sechHc zL
2 Ha + bL c b tanh2Hc zL + a

 
Ha + bL coshH2 c zL

a - b
+ 1

Ha + bL coshH2 c zL
a - b

+ 1 - 1

Involving cosh
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Involving coshHc zL Ha + b tanhHc zLLΒ

01.21.21.0360.01

à coshHc zL Ha + b tanhHc zLLΒ â z � coshHc zL b HtanhHc zL + 1L
b - a

3�2 b - b tanhHc zL
a + b

Ha + b tanhHc zLLΒ+1 � HHa + bL c H Β + 1L HtanhHc zL + 1LL F1 Β + 1;
3

2
,

3

2
; Β + 2;

a + b tanhHc zL
a - b

,
a + b tanhHc zL

a + b

01.21.21.0361.01

à coshHc zL a + b tanhHc zL  â z �
1

2 c
 sechHc zL

1

-a - b Ha - bL b
 2 ä a2 coshHc zL E ä sinh-1

-a - b

a + b tanhHc zL a - b

a + b
- F ä sinh-1

-a - b

a + b tanhHc zL a - b

a + b

Ha coshHc zL + b sinhHc zLL b HtanhHc zL + 1L
a + b tanhHc zL 1 -

a + b

a + b tanhHc zL +

1

-a - b b
 2 ä a coshHc zL F ä sinh-1

-a - b

a + b tanhHc zL a - b

a + b
Ha coshHc zL + b sinhHc zLL

b HtanhHc zL + 1L
a + b tanhHc zL 1 -

a + b

a + b tanhHc zL + sinhH2 c zL a + b tanhHc zL -
1

-a - b Ha - bL  

2 ä b coshHc zL E ä sinh-1
-a - b

a + b tanhHc zL 2 a

a + b
- 1 - F ä sinh-1

-a - b

a + b tanhHc zL 2 a

a + b
- 1

Ha coshHc zL + b sinhHc zLL b HtanhHc zL + 1L
a + b tanhHc zL 1 -

a + b

a + b tanhHc zL +
2 b

a + b tanhHc zL
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01.21.21.0362.01à coshHc zL
a + b tanhHc zL  â z �

coshHc zL -a
a + b tanhHc zL

a - b

b - b tanhHc zL
a + b

Ha + bL E sin-1
a + b tanhHc zL

a - b

a - b

a + b
sechHc zL 1 - tanhHc zL

HcoshHc zL + sinhHc zLL + a
a + b tanhHc zL

a - b
b

b - b tanhHc zL
a + b

F sin-1
a + b tanhHc zL

a - b

a - b

a + b

1 - tanhHc zL HtanhHc zL + 1L +
b HtanhHc zL + 1L

b - a
1 - tanhHc zL IIa2 - b2M tanhHc zL - a b sech2Hc zLM -

b2 F sin-1
1 - tanhHc zL

2

2 b

a + b
HtanhHc zL - 1L tanhHc zL + 1

a + b tanhHc zL
a + b

�
Ia2 - b2M c 1 - tanhHc zL b HtanhHc zL + 1L

b - a
a + b tanhHc zL

Involving coshHc zL Ia + b tanh2Hc zLMΒ

01.21.21.0363.01à coshHc zL Ia + b tanh2Hc zLMΒ
 â z �

sech2Hc zL sinhHc zL Ib tanh2Hc zL + aMΒ J b tanh2Hc zL
a

+ 1N-Β

c
 F1

1

2
;

3

2
, - Β;

3

2
; tanh2Hc zL, -

b tanh2Hc zL
a

01.21.21.0364.01

à coshHc zL a + b tanh2Hc zL  â z � ä 2 -
1

a
a coshHc zL cothHc zL

E ä sinh-1

- 1

a
a - b + Ha + bL coshH2 c zL

2
-

a

b
- F ä sinh-1

- 1

a
a - b + Ha + bL coshH2 c zL

2
-

a

b

-
Ha + bL sinh2Hc zL

a
b tanh2Hc zL + a � c

Ha + bL cosh2Hc zL
b

a - b + Ha + bL coshH2 c zL
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01.21.21.0365.01

á coshHc zL
a + b tanh2Hc zL  â z � HcoshHc zL + 1L a - b + Ha + bL coshH2 c zLHcoshHc zL + 1L2

sechHc zL -
a + 2 Jb + b Ha + bL N

a
Ha - b + Ha + bL coshH2 c zLL tanhK c z

2
O sech2K c z

2
O +

2 Ka + 2 Kb + b Ha + bL OO E sin-1 -
a + 2 Jb + b Ha + bL N

a
tanhK c z

2
O a + 2 b - 2 b Ha + bL

a + 2 Jb + b Ha + bL N
J-b + Ja + b - b Ha + bL N coshHc zL + b Ha + bL N sech2I c z

2
M

a

J-b + Ja + b + b Ha + bL N coshHc zL - b Ha + bL N sech2I c z

2
M

a
-

4 b Ha + bL F sin-1 -
a + 2 Jb + b Ha + bL N

a
tanhK c z

2
O a + 2 b - 2 b Ha + bL

a + 2 Jb + b Ha + bL N
J-b + Ja + b - b Ha + bL N coshHc zL + b Ha + bL N sech2I c z

2
M

a

J-b + Ja + b + b Ha + bL N coshHc zL - b Ha + bL N sech2I c z

2
M

a
�

2 Ha + bL -
a + 2 Jb + b Ha + bL N

a
c Ha - b + Ha + bL coshH2 c zLL sech4K c z

2
O b tanh2Hc zL + a

Involving sinh and cosh
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01.21.21.0366.01

á cosh3HzL HcoshH2 zL - 3 tanhHzLL
Isinh2HzL - sinhH2 zLM sinh5H2 zL  â z �

1

240 sinh5H2 zL  cosh2HzL -690 -1
4

coth2K z

2
O + 1 F ä sinh-1

-1
4

tanh
1

2 I z

2
M -1 tanh

1

2 K z

2
O sinh3HzL +

690 -1
4

coth2K z

2
O + 1 P -1

6
; ä sinh-1

-1
4

tanh
1

2 I z

2
M -1 tanh

1

2 K z

2
O sinh3HzL + 690 -1

4
coth2K z

2
O + 1

P H-1L5�6; ä sinh-1
-1

4

tanh
1

2 I z

2
M -1 tanh

1

2 K z

2
O sinh3HzL - 50 sinhHzL + 51 coshHzL - 3 coshH3 zL - 50 sinhH3 zL

Involving functions of the direct function, hyperbolic and a power functions

Involving powers of the direct function, hyperbolic and a power functions

Involving sinh and power

Involving zn  sinhHa + b zL tanhv H c zL
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01.21.21.0367.01

à zn sinhHa + b zL tanhvHc zL â z � -
1

2
n! ã-a äv ãH-b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + c v

2 c
, ¼,

-b + c v

2 c
, v;

-b + c v

2 c
+ 1, ¼,

-b + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+2 c sL z â

j=0

n H-1L j H-b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + 2 c s

2 c
, ¼,

-b + 2 c s

2 c
, v;

-b + 2 c s

2 c
+

1, ¼,
-b + 2 c s

2 c
+ 1; -ã2 c z + ãH-b+2 c Hv-sLL z â

j=0

n H-1L j H-b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + 2 c Hv - sL
2 c

, ¼,
-b + 2 c Hv - sL

2 c
, v;

-b + 2 c Hv - sL
2 c

+ 1, ¼,
-b + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

1

2
n! ãa äv ãHb+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + c v

2 c
, ¼,

b + c v

2 c
, v;

b + c v

2 c
+ 1, ¼,

b + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+2 c sL z

â
j=0

n H-1L j Hb + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c s

2 c
, ¼,

b + 2 c s

2 c
, v;

b + 2 c s

2 c
+ 1, ¼,

b + 2 c s

2 c
+ 1; -ã2 c z +

ãHb+2 c Hv-sLL z â
j=0

n H-1L j Hb + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c Hv - sL
2 c

, ¼,
b + 2 c Hv - sL

2 c
,

v;
b + 2 c Hv - sL

2 c
+ 1, ¼,

b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0368.01

à zn sinhHb zL tanhvHc zL â z � -
1

2
n! äv ãHc v-bL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hc v - bL- j-1 zn- jHn - jL !
 j+2F j+1

c v - b

2 c
, ¼,

c v - b

2 c
, v;

c v - b

2 c
+ 1, ¼,

c v - b

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+c v-c Hv-2 sLL z â

j=0

n H-1L j H2 c s - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b

2 c
, ¼,

2 c s - b

2 c
, v;

2 c s - b

2 c
+ 1,

¼,
2 c s - b

2 c
+ 1; -ã2 c z + ãH-b+c v+c Hv-2 sLL z â

j=0

n H-1L j H2 c Hv - sL - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b

2 c
, ¼,

2 c Hv - sL - b

2 c
, v;

2 c Hv - sL - b

2 c
+ 1, ¼,

2 c Hv - sL - b

2 c
+ 1; -ã2 c z - äv ãHb+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + c v

2 c
, ¼,

b + c v

2 c
, v;

b + c v

2 c
+ 1, ¼,

b + c v

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
ãHb+c v+c Hv-2 sLL z â

j=0

n H-1L j Hb + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c Hv - sL
2 c

, ¼,
b + 2 c Hv - sL

2 c
, v;

b + 2 c Hv - sL
2 c

+ 1, ¼,
b + 2 c Hv - sL

2 c
+ 1; -ã2 c z + H-1Lv ãHb+c v-c Hv-2 sLL z â

j=0

n H-1L j Hb + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b + 2 c s

2 c
, ¼,

b + 2 c s

2 c
, v;

b + 2 c s

2 c
+ 1, ¼,

b + 2 c s

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sinh and power

Involving zn  sinhuHb zL tanhΝHc zL
01.21.21.0369.01à zn sinhuHb zL tanhvHc zL â z �

u
u

2

H1 - u mod 2L H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + n! â

s=0

f v-1

2
v H-1Ls v

s

ã
u

+

http://functions.wolfram.com 159



ã2 c Hv-sL z â
j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM ä

2

u

+

2-u n! â
k=0

f u-1

2
v H-1Lk u

k
H-1Lu äv ãHc v-b Hu-2 kLL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

c v - b Hu - 2 kL
2 c

, ¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

H-1Lu â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 b k+2 c s-b uL z â

j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

,

¼,
2 c s - b Hu - 2 kL

2 c
, v;

2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 b k-2 c s-b u+2 c vL z â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

,

¼,
2 c Hv - sL - b Hu - 2 kL

2 c
, v;

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - b Hu - 2 kL

2 c
+ 1;

-ã2 c z + äv ãHb Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL + c v

2 c
, ¼,

b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s+b Hu-2 kLL z â

j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

,

¼,
2 c s + b Hu - 2 kL

2 c
, v;

2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHb Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

,

¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì u Î N+ ì v Î N+

Involving  cosh and power

Involving zn  coshHa + b zL tanhv H c zL
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01.21.21.0370.01

à zn coshHa + b zL tanhvHc zL â z �
1

2
n! ã-a äv ãH-b+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + c v

2 c
, ¼,

-b + c v

2 c
, v;

-b + c v

2 c
+ 1, ¼,

-b + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+2 c sL z â

j=0

n H-1L j H-b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + 2 c s

2 c
, ¼,

-b + 2 c s

2 c
, v;

-b + 2 c s

2 c
+

1, ¼,
-b + 2 c s

2 c
+ 1; -ã2 c z + ãH-b+2 c Hv-sLL z â

j=0

n H-1L j H-b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + 2 c Hv - sL
2 c

, ¼,
-b + 2 c Hv - sL

2 c
, v;

-b + 2 c Hv - sL
2 c

+ 1, ¼,
-b + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

1

2
n! ãa äv ãHb+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + c v

2 c
, ¼,

b + c v

2 c
, v;

b + c v

2 c
+ 1, ¼,

b + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+2 c sL z

â
j=0

n H-1L j Hb + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c s

2 c
, ¼,

b + 2 c s

2 c
, v;

b + 2 c s

2 c
+ 1, ¼,

b + 2 c s

2 c
+ 1; -ã2 c z +

ãHb+2 c Hv-sLL z â
j=0

n H-1L j Hb + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c Hv - sL
2 c

, ¼,
b + 2 c Hv - sL

2 c
,

v;
b + 2 c Hv - sL

2 c
+ 1, ¼,

b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0371.01

à zn coshHb zL tanhvHc zL â z �
1

2
n! äv ãHc v-bL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hc v - bL- j-1 zn- jHn - jL !
j+2F j+1

c v - b

2 c
, ¼,

c v - b

2 c
, v;

c v - b

2 c
+ 1, ¼,

c v - b

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+c v-c Hv-2 sLL z â

j=0

n H-1L j H2 c s - bL- j-1 zn- jHn - jL !
j+2F j+1

2 c s - b

2 c
, ¼,

2 c s - b

2 c
, v;

2 c s - b

2 c
+ 1,

¼,
2 c s - b

2 c
+ 1; -ã2 c z + ãH-b+c v+c Hv-2 sLL z â

j=0

n H-1L j H2 c Hv - sL - bL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b

2 c
, ¼,

2 c Hv - sL - b

2 c
, v;

2 c Hv - sL - b

2 c
+ 1, ¼,

2 c Hv - sL - b

2 c
+ 1; -ã2 c z + äv ãHb+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + c vL- j-1 zn- jHn - jL !
j+2F j+1

b + c v

2 c
, ¼,

b + c v

2 c
, v;

b + c v

2 c
+ 1, ¼,

b + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+c v-c Hv-2 sLL z â

j=0

n H-1L j Hb + 2 c sL- j-1 zn- jHn - jL !

j+2F j+1

b + 2 c s

2 c
, ¼,

b + 2 c s

2 c
, v;

b + 2 c s

2 c
+ 1, ¼,

b + 2 c s

2 c
+ 1; -ã2 c z +

ãHb+c v+c Hv-2 sLL z â
j=0

n H-1L j Hb + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + 2 c Hv - sL
2 c

, ¼,
b + 2 c Hv - sL

2 c
,

v;
b + 2 c Hv - sL

2 c
+ 1, ¼,

b + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving  powers of cosh and power

Involving zn  coshuHb zL tanhΝHc zL
01.21.21.0372.01à zn coshuHb zL tanhvHc zL â z �

2-u
u
u

2

n! H1 - u mod 2L H-1Lv zn+1Hn + 1L !
- H-1Lv ã2 c z v â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

+
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H-1Lv â
s=1

f v-1

2
v H-1Ls ã2 c s z v

s â
j=0

n H-1L j 2- j-1 Hc sL- j-1 zn- jHn - jL !
j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + â

s=0

f v-1

2
v H-1Ls

ã2 c Hv-sL z v

s â
j=0

n H-1L j 2- j-1 Hc Hv - sLL- j-1 zn- jHn - jL !
j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

2-u n! â
k=0

f u-1

2
v

u

k
äv ãHc v-b Hu-2 kLL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - b Hu - 2 kL
2 c

,

¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH2 b k+2 c s-b uL z â
j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

, ¼,
2 c s - b Hu - 2 kL

2 c
,

v;
2 c s - b Hu - 2 kL

2 c
+ 1, ¼,

2 c s - b Hu - 2 kL
2 c

+ 1; -ã2 c z + ãH2 b k-2 c s-b u+2 c vL z

â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

, ¼,
2 c Hv - sL - b Hu - 2 kL

2 c
,

v;
2 c Hv - sL - b Hu - 2 kL

2 c
+ 1, ¼,

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

äv ãHb Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + c v

2 c
,

¼,
b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s+b Hu-2 kLL z â

j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

,

¼,
2 c s + b Hu - 2 kL

2 c
, v;

2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHb Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

,

¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì u Î N+ ì v Î N+

Involving functions of the direct function, hyperbolic and exponential functions
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Involving powers of the direct function, hyperbolic and exponential functions

Involving sinh and exp

Involving ãp z sinhHb zL tanhv H c zL
01.21.21.0373.01à ãp z sinhHb zL tanhΝHc zL â z �

1

2
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
ãHb+pL z F1J-

b+p

2 c
; -Ν, Ν; 1 -

b+p

2 c
; ã-2 c z, -ã-2 c zN

b + p
-

ãHp-bL z F1J-
p-b

2 c
; -Ν, Ν; 1 -

p-b

2 c
; ã-2 c z, -ã-2 c zN

p - b

01.21.21.0374.01à ãb z sinhHb zL tanhΝHc zL â z �

1

8 b c HΝ - 1L  ã-2 c z I1 - ã-2 c zM-Ν I-sinh2Hc zLM 1

2
H-Ν-1L

2 c ã2 Hb+cL z I1 + ã-2 c zMΝ HΝ - 1L F1 -
b

c
; Ν, -Ν; 1 -

b

c
; -ã-2 c z, ã-2 c z

I-sinh2Hc zLM Ν+1

2 - b I1 - ã-2 c zMΝ I-1 + ã4 c zM 2F1

1 - Ν

2
,

1 - Ν

2
;

3 - Ν

2
; cosh2Hc zL tanhΝHc zL

01.21.21.0375.01à ã-b z sinhHb zL tanhΝHc zL â z �

1

8 b c HΝ - 1L  ã-2 c z I1 - ã-2 c zM-Ν I-sinh2Hc zLM 1

2
H-Ν-1L

2 c ã2 Hc-bL z I1 + ã-2 c zMΝ HΝ - 1L F1

b

c
; Ν, -Ν;

b + c

c
; -ã-2 c z, ã-2 c z

I-sinh2Hc zLM Ν+1

2 + b I1 - ã-2 c zMΝ I-1 + ã4 c zM 2F1

1 - Ν

2
,

1 - Ν

2
;

3 - Ν

2
; cosh2Hc zL tanhΝHc zL

Involving powers of sinh and exp

Involving ãp z sinhuHb zL tanhΝHc zL
01.21.21.0376.01à ãp z sinhuHb zL tanhΝHc zL â z �

1

p
 ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

u
u

2

H1 - u mod 2L tanhΝHc zL ä

2

u

+

2-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v H-1Lk u

k

ãHp+b Hu-2 kLL z F1J-
p+b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p+b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p + b Hu - 2 kL +

H-1Lu ãHp-b Hu-2 kLL z F1J-
p-b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p-b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - b Hu - 2 kL �; u Î N+
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01.21.21.0377.01à ãp z sinhΜHc zL tanhΝHc zL â z �

ãp z sinhΜHc zL I1 - ã2 c zM-Μ-Ν
tanhΝHc zL I1 + ã2 c zMΝ

p - c Μ
 F1

p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z

Involving cosh and exp

Involving ãp z  coshHb zL tanhv H c zL
01.21.21.0378.01à ãp z coshHb zL tanhΝHc zL â z �

1

2
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL 

ãHp-bL z F1J-
p-b

2 c
; -Ν, Ν; 1 -

p-b

2 c
; ã-2 c z, -ã-2 c zN

p - b
+

ãHb+pL z F1J-
b+p

2 c
; -Ν, Ν; 1 -

b+p

2 c
; ã-2 c z, -ã-2 c zN

b + p

01.21.21.0379.01à ãb z coshHb zL tanhΝHc zL â z �

1

8 b c HΝ - 1L  ã-2 c z I1 - ã-2 c zM-Ν I-sinh2Hc zLM 1

2
H-Ν-1L

2 c ã2 Hb+cL z I1 + ã-2 c zMΝ HΝ - 1L F1 -
b

c
; Ν, -Ν; 1 -

b

c
; -ã-2 c z, ã-2 c z

I-sinh2Hc zLM Ν+1

2 + b I1 - ã-2 c zMΝ I-1 + ã4 c zM 2F1

1 - Ν

2
,

1 - Ν

2
;

3 - Ν

2
; cosh2Hc zL tanhΝHc zL

01.21.21.0380.01à ã-b z coshHb zL tanhΝHc zL â z �

1

8 b c HΝ - 1L  ã-2 c z I1 - ã-2 c zM-Ν I-sinh2Hc zLM 1

2
H-Ν-1L

b I1 - ã-2 c zMΝ I-1 + ã4 c zM 2F1

1 - Ν

2
,

1 - Ν

2
;

3 - Ν

2
; cosh2Hc zL -

2 c ã2 Hc-bL z I1 + ã-2 c zMΝ HΝ - 1L F1

b

c
; Ν, -Ν;

b + c

c
; -ã-2 c z, ã-2 c z I-sinh2Hc zLM Ν+1

2 tanhΝHc zL
Involving powers of cosh and exp

Involving ãp z coshuHb zL tanhΝHc zL
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01.21.21.0381.01à ãp z coshuHb zL tanhΝHc zL â z �

2-u I1 + ã-2 c zMΝ
tanhΝHc zL I1 - ã-2 c zM-Ν

 â
k=0

f u-1

2
v

u

k

ãHp+b Hu-2 kLL z F1J-
p+b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p+b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p + b Hu - 2 kL +

ãHp-b Hu-2 kLL z F1J-
p-b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p-b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - b Hu - 2 kL +

1

p
 2-u ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

u
u

2

tanhΝHc zL H1 - u mod 2L �; u Î N+

01.21.21.0382.01à ãp z coshΜHc zL tanhΝHc zL â z �

ãp z coshΜHc zL I1 - ã2 c zM-Ν
tanhΝHc zL I1 + ã2 c zMΝ-Μ

p - c Μ
 F1

p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z

Involving functions of the direct function, hyperbolic and trigonometric functions

Involving powers of the direct function, hyperbolic and trigonometric functions

Involving  sin and sinh

Involving sinHa zL sinhHb zL tanhv H c zL
01.21.21.0383.01à sinHa zL sinhHb zL tanhΝHc zL â z �

1

4
ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
-

ãH-b-ä a L z F1J- -b-ä a

2 c
; -Ν, Ν; 1 - -b-ä a

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a
+

ãHä a-bL z F1J- ä a-b

2 c
; -Ν, Ν; 1 - ä a-b

2 c
; ã-2 c z, -ã-2 c zN

ä a - b
+

ãHb-ä aL z F1J- b-ä a

2 c
; -Ν, Ν; 1 - b-ä a

2 c
; ã-2 c z, -ã-2 c zN

b - ä a
-

ãHb+ä a L z F1J- b+ä a

2 c
; -Ν, Ν; 1 - b+ä a

2 c
; ã-2 c z, -ã-2 c zN

b + ä a

Involving powers of sin and powers of sinh

Involving sinmHa zL sinhuHb zL tanhΝHc zL
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01.21.21.0384.01à sinmHa zL sinhuHb zL tanhΝHc zL â z �

äu 2-m-u tanhΝ+1Hc zL H1 - m mod 2L H1 - u mod 2L
c HΝ + 1L m

m

2

u
u

2

 2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

1

a
 äu+1 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ u

u

2

tanhΝHc zL H1 - u mod 2L 

â
s=0

f m-1

2
v H-1Ls

m - 2 s
 

m

s
ã

ä m Π

2
-ä a Hm-2 sL z F1

ä a Hm - 2 sL
2 c

; -Ν, Ν;
a ä Hm - 2 sL

2 c
+ 1; ã-2 c z, -ã-2 c z -

ãä a Hm-2 sL z-
ä m Π

2 F1 -
ä a Hm - 2 sL

2 c
; -Ν, Ν; 1 -

ä a Hm - 2 sL
2 c

; ã-2 c z, -ã-2 c z +
1

b
 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

m
m

2

tanhΝHc zL H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk

u - 2 k
 

u

k
 ãb Hu-2 kL z F1 -

b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z -

H-1Lu ã-b Hu-2 kL z F1

b Hu - 2 kL
2 c

; -Ν, Ν;
b Hu - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z +

2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v â

s=0

f m-1

2
v H-1Lk+s m

s

u

k
 

ã
ä Π m

2
+Hb Hu-2 kL-ä a Hm-2 sLL z F1 -

b Hu - 2 kL - ä a Hm - 2 sL
2 c

; -Ν, Ν; 1 -
b Hu - 2 kL - ä a Hm - 2 sL

2 c
; ã-2 c z, -ã-2 c z �

Hb Hu - 2 kL - ä a Hm - 2 sLL + ãHa ä Hm-2 sL+b Hu-2 kLL z-
ä m Π

2 F1 -
a ä Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν,

Ν; 1 -
a ä Hm - 2 sL + b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Ha ä Hm - 2 sL + b Hu - 2 kLL +

H-1Lu ã
ä Π m

2
+H-ä a Hm-2 sL-b Hu-2 kLL z F1 -

-ä a Hm - 2 sL - b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
-ä a Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z,

-ã-2 c z � H-ä a Hm - 2 sL - b Hu - 2 kLL + H-1Lu ãHä a Hm-2 sL-b Hu-2 kLL z-
ä m Π

2 F1 -
ä a Hm - 2 sL - b Hu - 2 kL

2 c
;

-Ν, Ν; 1 -
ä a Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Hä a Hm - 2 sL - b Hu - 2 kLL �; m Î N+ ì u Î N+
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01.21.21.0385.01à sinmHa zL sinhΜHc zL tanhΝHc zL â z � 2-m I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ
sinhΜHc zL tanhΝHc zL

â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2
-ä a Hm-2 kL z

-ä a Hm - 2 kL - c Μ
F1

-ä a Hm - 2 kL - c Μ

2 c
; -Μ - Ν, Ν;

1

2
-

ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z +

ãä a Hm-2 kL z-
ä m Π

2

ä a Hm - 2 kL - c Μ
F1

ä a Hm - 2 kL - c Μ

2 c
; -Μ - Ν, Ν;

1

2

a ä Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z -
1

c Μ
 2-m

I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ m
m

2

H1 - m mod 2L sinhΜHc zL tanhΝHc zL F1 -
Μ

2
; -Μ - Ν, Ν;

2 - Μ

2
; ã2 c z, -ã2 c z �; m Î N+

Involving  cos and sinh

Involving cosHa zL sinhHb zL tanhv H c zL
01.21.21.0386.01à cosHa zL sinhHb zL tanhΝHc zL â z �

1

4
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
-

ãH-b-ä a L z F1J- -b-ä a

2 c
; -Ν, Ν; 1 - -b-ä a

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a
+

ãHb-ä aL z F1J- b-ä a

2 c
; -Ν, Ν; 1 - b-ä a

2 c
; ã-2 c z, -ã-2 c zN

b - ä a
+

ãHb+ä a L z F1J- b+ä a

2 c
; -Ν, Ν; 1 - b+ä a

2 c
; ã-2 c z, -ã-2 c zN

b + ä a
-

ãHä a-bL z F1J- ä a-b

2 c
; -Ν, Ν; 1 - ä a-b

2 c
; ã-2 c z, -ã-2 c zN

ä a - b

Involving powers of cos and powers of sinh

Involving cosmHa zL sinhuHb zL tanhΝHc zL
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01.21.21.0387.01à cosmHa zL sinhuHb zL tanhΝHc zL â z �

äu 2-m-u tanhΝ+1Hc zL H1 - m mod 2L H1 - u mod 2L
c HΝ + 1L  

m
m

2

u
u

2

 2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

1

a
 äu+1 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL H1 - u mod 2L u
u

2

â
s=0

f m-1

2
v

1

m - 2 s
 

m

s
ã-ä a Hm-2 sL z F1

ä a Hm - 2 sL
2 c

; -Ν, Ν;
a ä Hm - 2 sL

2 c
+ 1; ã-2 c z, -ã-2 c z -

ãä a Hm-2 sL z F1 -
ä a Hm - 2 sL

2 c
; -Ν, Ν; 1 -

ä a Hm - 2 sL
2 c

; ã-2 c z, -ã-2 c z +
1

b
 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL H1 - m mod 2L m
m

2
â
k=0

f u-1

2
v H-1Lk

u - 2 k

u

k
ãb Hu-2 kL z F1 -

b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z -

H-1Lu ã-b Hu-2 kL z F1

b Hu - 2 kL
2 c

; -Ν, Ν;
b Hu - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z +

2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v â

s=0

f m-1

2
v H-1Lk m

s

u

k

ãHb Hu-2 kL-ä a Hm-2 sLL z F1 -
b Hu - 2 kL - ä a Hm - 2 sL

2 c
; -Ν, Ν; 1 -

b Hu - 2 kL - ä a Hm - 2 sL
2 c

; ã-2 c z, -ã-2 c z �
Hb Hu - 2 kL - ä a Hm - 2 sLL + ãHa ä Hm-2 sL+b Hu-2 kLL z F1 -

a ä Hm - 2 sL + b Hu - 2 kL
2 c

; -Ν,

Ν; 1 -
a ä Hm - 2 sL + b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Ha ä Hm - 2 sL + b Hu - 2 kLL +

H-1Lu ãH-ä a Hm-2 sL-b Hu-2 kLL z F1 -
-ä a Hm - 2 sL - b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

-ä a Hm - 2 sL - b Hu - 2 kL
2 c

; ã-2 c z,

-ã-2 c z � H-ä a Hm - 2 sL - b Hu - 2 kLL + H-1Lu ãHä a Hm-2 sL-b Hu-2 kLL z F1 -
ä a Hm - 2 sL - b Hu - 2 kL

2 c
;

-Ν, Ν; 1 -
ä a Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Hä a Hm - 2 sL - b Hu - 2 kLL �; m Î N+ ì u Î N+
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01.21.21.0388.01à cosmHa zL sinhΜHc zL tanhΝHc zL â z � 2-m I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ
sinhΜHc zL

tanhΝHc zL â
k=0

f m-1

2
v

m

k

ã-ä a Hm-2 kL z F1J -ä a Hm-2 kL-c Μ

2 c
; -Μ - Ν, Ν; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL - c Μ
+

ãä a Hm-2 kL z F1J ä a Hm-2 kL-c Μ

2 c
; -Μ - Ν, Ν; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

ä a Hm - 2 kL - c Μ
-

1

c Μ
 2-m I1 - ã2 c zM-Μ-Ν

I1 + ã2 c zMΝ m
m

2

H1 - m mod 2L sinhΜHc zL tanhΝHc zL F1 -
Μ

2
; -Μ - Ν, Ν;

2 - Μ

2
; ã2 c z, -ã2 c z �; m Î N+

Involving  sin and cosh

Involving sinHa zL coshHb zL tanhv H c zL
01.21.21.0389.01à sinHa zL coshHb zL tanhΝHc zL â z � -

1

4
ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
-

ãH-b-ä a L z F1J- -b-ä a

2 c
; -Ν, Ν; 1 - -b-ä a

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a
+

ãHä a-bL z F1J- ä a-b

2 c
; -Ν, Ν; 1 - ä a-b

2 c
; ã-2 c z, -ã-2 c zN

ä a - b
+

ãHb+ä a L z F1J- b+ä a

2 c
; -Ν, Ν; 1 - b+ä a

2 c
; ã-2 c z, -ã-2 c zN

b + ä a
-

ãHb-ä aL z F1J- b-ä a

2 c
; -Ν, Ν; 1 - b-ä a

2 c
; ã-2 c z, -ã-2 c zN

b - ä a

Involving powers of sin and powers of cosh

Involving sinmHa zL coshuHb zL tanhΝHc zL
01.21.21.0390.01à sinmHa zL coshuHb zL tanhΝHc zL â z �

2-m-u I1 + ã-2 c zMΝ â
k=0

f u-1

2
v â

s=0

f m-1

2
v H-1Ls ã

ä Π m

2
+Hb Hu-2 kL-ä a Hm-2 sLL z F1 -

b Hu - 2 kL - ä a Hm - 2 sL
2 c

; -Ν,

Ν; 1 -
b Hu - 2 kL - ä a Hm - 2 sL

2 c
; ã-2 c z, -ã-2 c z � Hb Hu - 2 kL - ä a Hm - 2 sLL +

ãHa ä Hm-2 sL+b Hu-2 kLL z-
ä m Π

2 F1 -
a ä Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

a ä Hm - 2 sL + b Hu - 2 kL
2 c

; ã-2 c z,

-ã-2 c z � Ha ä Hm - 2 sL + b Hu - 2 kLL + ã
ä Π m

2
+H-ä a Hm-2 sL-b Hu-2 kLL z F1 -

-ä a Hm - 2 sL - b Hu - 2 kL
2 c

;

, , � +
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-Ν, Ν; 1 -
-ä a Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � H-ä a Hm - 2 sL - b Hu - 2 kLL +

ãHä a Hm-2 sL-b Hu-2 kLL z-
ä m Π

2 F1 -
ä a Hm - 2 sL - b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

ä a Hm - 2 sL - b Hu - 2 kL
2 c

;

ã-2 c z, -ã-2 c z � Hä a Hm - 2 sL - b Hu - 2 kLL m

s

u

k
tanhΝHc zL I1 - ã-2 c zM-Ν

+

2-m-u
m
m

2

u
u

2
2F1J Ν+1

2
, 1; Ν+1

2
+ 1; tanh2Hc zLN H1 - m mod 2L H1 - u mod 2L tanhΝ+1Hc zL

c HΝ + 1L +

1

a
 

ä 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ u
u

2

tanhΝHc zL H1 - u mod 2L
â
s=0

f m-1

2
v

1

m - 2 s
 H-1Ls ã

ä m Π

2
-ä a Hm-2 sL z F1

ä a Hm - 2 sL
2 c

; -Ν, Ν;
a ä Hm - 2 sL

2 c
+ 1; ã-2 c z, -ã-2 c z -

ãä a Hm-2 sL z-
ä m Π

2 F1 -
ä a Hm - 2 sL

2 c
; -Ν, Ν; 1 -

ä a Hm - 2 sL
2 c

; ã-2 c z, -ã-2 c z m

s
+

1

b
 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ m

m

2

tanhΝHc zL H1 - m mod 2L â
k=0

f u-1

2
v

1

u - 2 k
 

ãb Hu-2 kL z F1 -
b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

b Hu - 2 kL
2 c

; ã-2 c z, -ã-2 c z -

ã-b Hu-2 kL z F1

b Hu - 2 kL
2 c

; -Ν, Ν;
b Hu - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z u

k
�; m Î N+ ì u Î N+

http://functions.wolfram.com 171



01.21.21.0391.01à sinmHa zL coshΜHc zL tanhΝHc zL â z � 2-m I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ
coshΜHc zL tanhΝHc zL

â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2
-ä a Hm-2 kL z F1J -ä a Hm-2 kL-c Μ

2 c
; -Ν, Ν - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL - c Μ
+

ãä a Hm-2 kL z-
ä m Π

2 F1J ä a Hm-2 kL-c Μ

2 c
; -Ν, Ν - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

ä a Hm - 2 kL - c Μ
-

1

c Μ
 2-m I1 - ã2 c zM-Ν

I1 + ã2 c zMΝ-Μ m
m

2

coshΜHc zL H1 - m mod 2L tanhΝHc zL F1 -
Μ

2
; -Ν, Ν - Μ;

2 - Μ

2
; ã2 c z, -ã2 c z �; m Î N+

Involving  cos and cosh

Involving cosHa zL coshHb zL tanhv H c zL
01.21.21.0392.01à cosHa zL coshHb zL tanhΝHc zL â z �

1

4
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL
ãH-b-ä a L z F1J- -b-ä a

2 c
; -Ν, Ν; 1 - -b-ä a

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a
+

ãHä a-bL z F1J- ä a-b

2 c
; -Ν, Ν; 1 - ä a-b

2 c
; ã-2 c z, -ã-2 c zN

ä a - b
+

ãHb-ä aL z F1J- b-ä a

2 c
; -Ν, Ν; 1 - b-ä a

2 c
; ã-2 c z, -ã-2 c zN

b - ä a
+

ãHb+ä a L z F1J- b+ä a

2 c
; -Ν, Ν; 1 - b+ä a

2 c
; ã-2 c z, -ã-2 c zN

b + ä a

Involving powers of cos and powers of cosh

Involving cosmHa zL coshuHb zL tanhΝHc zL
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01.21.21.0393.01

à cosmHa zL coshuHb zL tanhΝHc zL â z � 2-m-u I1 + ã-2 c zMΝ
tanhΝHc zL I1 - ã-2 c zM-Ν

 â
k=0

f m-1

2
v â

s=0

f u-1

2
v

m

k

u

s

ãHb Hu-2 sL-ä a Hm-2 kLL z

b Hu - 2 sL - ä a Hm - 2 kL  F1 -
b Hu - 2 sL - ä a Hm - 2 kL

2 c
; -Ν, Ν; 1 -

b Hu - 2 sL - ä a Hm - 2 kL
2 c

; ã-2 c z, -ã-2 c z +

ãHa ä Hm-2 kL+b Hu-2 sLL z

a ä Hm - 2 kL + b Hu - 2 sL F1 -
a ä Hm - 2 kL + b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

a ä Hm - 2 kL + b Hu - 2 sL
2 c

; ã-2 c z, -ã-2 c z +

ãH-ä a Hm-2 kL-b Hu-2 sLL z

-ä a Hm - 2 kL - b Hu - 2 sL F1 -
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
; -Ν, Ν;

1 -
-ä a Hm - 2 kL - b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z +

ãHä a Hm-2 kL-b Hu-2 sLL z

ä a Hm - 2 kL - b Hu - 2 sL
F1 -

ä a Hm - 2 kL - b Hu - 2 sL
2 c

; -Ν, Ν; 1 -
ä a Hm - 2 kL - b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z +

2-m-u H1 - m mod 2L H1 - u mod 2L tanhΝ+1Hc zL
c HΝ + 1L  

m
m

2

u
u

2
2F1

Ν + 1

2
, 1;

Ν + 1

2
+ 1; tanh2Hc zL +

2-m-u ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL H1 - u mod 2L

a
 

u
u

2

â
k=0

f m-1

2
v

1

m - 2 k
 

m

k
ã-ä a Hm-2 kL z F1

ä a Hm - 2 kL
2 c

; -Ν, Ν;
a ä Hm - 2 kL

2 c
+ 1; ã-2 c z, -ã-2 c z -

ãä a Hm-2 kL z F1 -
ä a Hm - 2 kL

2 c
; -Ν, Ν; 1 -

ä a Hm - 2 kL
2 c

; ã-2 c z, -ã-2 c z +

2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL H1 - m mod 2L

b
 

m
m

2

 

â
s=0

f u-1

2
v

1

u - 2 s
 

u

s
ãb Hu-2 sL z F1 -

b Hu - 2 sL
2 c

; -Ν, Ν; 1 -
b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z -

ã-b Hu-2 sL z F1

b Hu - 2 sL
2 c

; -Ν, Ν;
b Hu - 2 sL

2 c
+ 1; ã-2 c z, -ã-2 c z �; m Î N+ ì u Î N+
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01.21.21.0394.01à cosmHa zL coshΜHc zL tanhΝHc zL â z � 2-m I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ
coshΜHc zL

tanhΝHc zL â
k=0

f m-1

2
v

m

k

ã-ä a Hm-2 kL z F1J -ä a Hm-2 kL-c Μ

2 c
; -Ν, Ν - Μ; 1

2
J- ä a Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

-ä a Hm - 2 kL - c Μ
+

ãä a Hm-2 kL z F1J ä a Hm-2 kL-c Μ

2 c
; -Ν, Ν - Μ; 1

2
J a ä Hm-2 kL

c
- Μ + 2N; ã2 c z, -ã2 c zN

ä a Hm - 2 kL - c Μ
-

1

c Μ
 2-m I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ

F1 -
Μ

2
; -Ν, Ν - Μ;

2 - Μ

2
; ã2 c z, -ã2 c z

m
m

2

coshΜHc zL
H1 - m mod 2L tanhΝHc zL �; m Î N+

Involving functions of the direct function, hyperbolic, exponential and a power functions

Involving powers of the direct function, hyperbolic, exponential and a power functions

Involving sinh, exp and power

Involving zn ãp z sinhHa + b zL tanhv H c zL
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01.21.21.0395.01à zn ãp z sinhHa + b zL tanhvHc zL â z �

-
1

2
n! ã-a äv ãH-b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + c v

2 c
,

¼,
-b + p + c v

2 c
, v;

-b + p + c v

2 c
+ 1, ¼,

-b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+p+2 c sL z â

j=0

n H-1L j H-b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c s

2 c
, ¼,

-b + p + 2 c s

2 c
, v;

-b + p + 2 c s

2 c
+ 1, ¼,

-b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b+p+2 c Hv-sLL z â
j=0

n H-1L j H-b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c Hv - sL
2 c

, ¼,

-b + p + 2 c Hv - sL
2 c

, v;
-b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

1

2
n! ãa äv ãHb+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + c v

2 c
, ¼,

b + p + c v

2 c
, v;

b + p + c v

2 c
+ 1, ¼,

b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+p+2 c sL z â

j=0

n H-1L j Hb + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c s

2 c
, ¼,

b + p + 2 c s

2 c
, v;

b + p + 2 c s

2 c
+ 1, ¼,

b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb+p+2 c Hv-sLL z â
j=0

n H-1L j Hb + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c Hv - sL
2 c

, ¼,

b + p + 2 c Hv - sL
2 c

, v;
b + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0396.01à zn ãp z sinhHb zL tanhvHc zL â z �

1

2
n! äv

v
v

2

H1 - v mod 2L -ãH-b+p+c vL z â
j=0

n H-1L j H-b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + c v

2 c
, ¼,

-b + p + c v

2 c
, v;

-b + p + c v

2 c
+ 1, ¼,

-b + p + c v

2 c
+ 1; -ã2 c z + ãHb+p+c vL z â

j=0

n H-1L j Hb + p + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b + p + c v

2 c
, ¼,

b + p + c v

2 c
, v;

b + p + c v

2 c
+ 1, ¼,

b + p + c v

2 c
+ 1; -ã2 c z +

1

2
n! â

s=0

f v-1

2
v H-1Ls v

s
-H-1Lv ãH-b+p+2 c sL z â

j=0

n H-1L j H-b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c s

2 c
, ¼,

-b + p + 2 c s

2 c
, v;

-b + p + 2 c s

2 c
+ 1, ¼,

-b + p + 2 c s

2 c
+ 1; -ã2 c z + H-1Lv ãHb+p+2 c sL z â

j=0

n H-1L j Hb + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b + p + 2 c s

2 c
, ¼,

b + p + 2 c s

2 c
, v;

b + p + 2 c s

2 c
+ 1, ¼,

b + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-b+p+2 c Hv-sLL z â
j=0

n H-1L j H-b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c Hv - sL
2 c

, ¼,

-b + p + 2 c Hv - sL
2 c

, v;
-b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ãHb+p+2 c Hv-sLL z â
j=0

n H-1L j Hb + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c Hv - sL
2 c

, ¼,
b + p + 2 c Hv - sL

2 c
,

v;
b + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0397.01à zn ãb z sinhHb zL tanhvHc zL â z �

1

2
-

H-1Lv zn+1

n + 1
+ H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM -

äv ãc v z
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

ãH2 b+c vL z äv
v
v

2

n! H1 - v mod 2L
â
j=0

n H-1L j H2 b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

2 b + c v

2 c
, ¼,

2 b + c v

2 c
, v;

2 b + c v

2 c
+ 1, ¼,

2 b + c v

2 c
+ 1; -ã2 c z -

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM - n!

â
s=0

f v-1

2
v H-1Ls v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

n! â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã2 Hb+c sL z â

j=0

n H-1L j H2 b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + c s

c
, ¼,

b + c s

c
, v;

b + c s

c
+

1, ¼,
b + c s

c
+ 1; -ã2 c z + ã2 Hb+c Hv-sLL z â

j=0

n H-1L j H2 b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + c Hv - sL
c

, ¼,
b + c Hv - sL

c
, v;

b + c Hv - sL
c

+ 1, ¼,
b + c Hv - sL

c
+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0398.01à zn ã-b z sinhHb zL tanhvHc zL â z �

1

2
n!

H-1Lv zn+1Hn + 1L !
- H-1Lv ã2 c z v â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z -

ã-2 b z â
j=0

n H-1L j Hc v - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c v - 2 b

2 c
, ¼,

c v - 2 b

2 c
, v;

c v - 2 b

2 c
+ 1, ¼,

c v - 2 b

2 c
+ 1; -ã2 c z +

â
s=1

f v-1

2
v H-1Ls v

s
H-1Lv ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

â
s=0

f v-1

2
v H-1Ls v

s
-H-1Lv ãH2 c s-2 bL z

â
j=0

n H-1L j H2 c s - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c s - b

c
, ¼,

c s - b

c
, v;

c s - b

c
+ 1, ¼,

c s - b

c
+ 1; -ã2 c z +

ã2 c Hv-sL z â
j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM -

ãH2 c Hv-sL-2 bL z â
j=0

n H-1L j H2 c Hv - sL - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c Hv - sL - b

c
, ¼,

c Hv - sL - b

c
, v;

c Hv - sL - b

c
+ 1, ¼,

c Hv - sL - b

c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sinh, exp and power

Involving zn ãp z sinhuHb zL tanhv Hc zL
01.21.21.0399.01

à zn ãp z sinhuHb zL tanhvHc zL â z �
ä

2

u

 
u
u

2

n! H1 - u mod 2L äv ãHp+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+

1, ¼, ; +

+
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1, ¼,
p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-u n! â
k=0

f u-1

2
v H-1Lk u

k
H-1Lu äv ãHp-b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

p - b Hu - 2 kL + c v

2 c
, ¼,

p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1,

¼,
p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z + H-1Lu â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH2 b k+p+2 c s-b uL z â
j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

, ¼,

p + 2 c s - b Hu - 2 kL
2 c

, v;
p + 2 c s - b Hu - 2 kL

2 c
+ 1, ¼,

p + 2 c s - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãH2 b k+p-2 c s-b u+2 c vL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHp+b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + c v

2 c
,

¼,
p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
p + b Hu - 2 kL + 2 c Hv - sL

+ 1; -ã2 c z �; n Î N ì u Î N+ ì v Î N+
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Involving  cosh, exp and power

Involving zn ãp z  coshHa + b zL tanhv H c zL
01.21.21.0400.01à zn ãp z coshHa + b zL tanhvHc zL â z �

1

2
n! ã-a äv ãH-b+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + c v

2 c
,

¼,
-b + p + c v

2 c
, v;

-b + p + c v

2 c
+ 1, ¼,

-b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+p+2 c sL z â

j=0

n H-1L j H-b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c s

2 c
, ¼,

-b + p + 2 c s

2 c
, v;

-b + p + 2 c s

2 c
+ 1, ¼,

-b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b+p+2 c Hv-sLL z â
j=0

n H-1L j H-b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c Hv - sL
2 c

, ¼,

-b + p + 2 c Hv - sL
2 c

, v;
-b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

1

2
n! ãa äv ãHb+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + c v

2 c
, ¼,

b + p + c v

2 c
, v;

b + p + c v

2 c
+ 1, ¼,

b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb+p+2 c sL z â

j=0

n H-1L j Hb + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c s

2 c
, ¼,

b + p + 2 c s

2 c
, v;

b + p + 2 c s

2 c
+ 1, ¼,

b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb+p+2 c Hv-sLL z â
j=0

n H-1L j Hb + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c Hv - sL
2 c

, ¼,

b + p + 2 c Hv - sL
2 c

, v;
b + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0401.01à zn ãp z coshHb zL tanhvHc zL â z �

1

2
n! äv

v
v

2

H1 - v mod 2L ãH-b+p+c vL z â
j=0

n H-1L j H-b + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + c v

2 c
, ¼,

-b + p + c v

2 c
, v;

-b + p + c v

2 c
+ 1, ¼,

-b + p + c v

2 c
+ 1; -ã2 c z + ãHb+p+c vL z â

j=0

n H-1L j Hb + p + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b + p + c v

2 c
, ¼,

b + p + c v

2 c
, v;

b + p + c v

2 c
+ 1, ¼,

b + p + c v

2 c
+ 1; -ã2 c z +

1

2
n! â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b+p+2 c sL z â

j=0

n H-1L j H-b + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c s

2 c
, ¼,

-b + p + 2 c s

2 c
, v;

-b + p + 2 c s

2 c
+ 1, ¼,

-b + p + 2 c s

2 c
+ 1; -ã2 c z + H-1Lv ãHb+p+2 c sL z â

j=0

n H-1L j Hb + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b + p + 2 c s

2 c
, ¼,

b + p + 2 c s

2 c
, v;

b + p + 2 c s

2 c
+ 1, ¼,

b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b+p+2 c Hv-sLL z â
j=0

n H-1L j H-b + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + p + 2 c Hv - sL
2 c

, ¼,

-b + p + 2 c Hv - sL
2 c

, v;
-b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ãHb+p+2 c Hv-sLL z â
j=0

n H-1L j Hb + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + p + 2 c Hv - sL
2 c

, ¼,
b + p + 2 c Hv - sL

2 c
,

v;
b + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0402.01à zn ãb z coshHb zL tanhvHc zL â z �

1

2

H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

ãH2 b+c vL z äv
v
v

2

n! H1 - v mod 2L
â
j=0

n H-1L j H2 b + c vL- j-1 zn- jHn - jL !
 j+2F j+1

2 b + c v

2 c
, ¼,

2 b + c v

2 c
, v;

2 b + c v

2 c
+ 1, ¼,

2 b + c v

2 c
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + n!

â
s=0

f v-1

2
v H-1Ls v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

n! â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã2 Hb+c sL z â

j=0

n H-1L j H2 b + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + c s

c
, ¼,

b + c s

c
, v;

b + c s

c
+

1, ¼,
b + c s

c
+ 1; -ã2 c z + ã2 Hb+c Hv-sLL z â

j=0

n H-1L j H2 b + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + c Hv - sL
c

, ¼,
b + c Hv - sL

c
, v;

b + c Hv - sL
c

+ 1, ¼,
b + c Hv - sL

c
+ 1; -ã2 c z �; n Î N ì v Î N+
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01.21.21.0403.01à zn ã-b z coshHb zL tanhvHc zL â z �

1

2
n!

H-1Lv zn+1Hn + 1L !
- H-1Lv ã2 c z v â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

ã-2 b z â
j=0

n H-1L j Hc v - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c v - 2 b

2 c
, ¼,

c v - 2 b

2 c
, v;

c v - 2 b

2 c
+ 1, ¼,

c v - 2 b

2 c
+ 1; -ã2 c z +

â
s=1

f v-1

2
v H-1Ls v

s
H-1Lv ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-2 bL z

â
j=0

n H-1L j H2 c s - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c s - b

c
, ¼,

c s - b

c
, v;

c s - b

c
+ 1, ¼,

c s - b

c
+ 1; -ã2 c z +

ã2 c Hv-sL z â
j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

ãH2 c Hv-sL-2 bL z â
j=0

n H-1L j H2 c Hv - sL - 2 bL- j-1 zn- jHn - jL !
 j+2F j+1

c Hv - sL - b

c
, ¼,

c Hv - sL - b

c
, v;

c Hv - sL - b

c
+ 1, ¼,

c Hv - sL - b

c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving  powers of cosh, exp and power

Involving zn ãp z  coshuHb zL tanhv Hc zL
01.21.21.0404.01

à zn ãp z coshuHb zL tanhvHc zL â z � 2-u
u
u

2

n! H1 - u mod 2L äv ãHp+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+

1, ¼, ; +

+
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1, ¼,
p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-u n! â
k=0

f u-1

2
v

u

k
äv ãHp-b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + c v

2 c
,

¼,
p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1, ¼,

p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 b k+p+2 c s-b uL z â

j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

,

¼,
p + 2 c s - b Hu - 2 kL

2 c
, v;

p + 2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 b k+p-2 c s-b u+2 c vL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHp+b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + c v

2 c
,

¼,
p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì u Î N+ ì v Î N+
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Involving functions of the direct function, hyperbolic, exponential and trigonometric functions

Involving powers of the direct function, hyperbolic, exponential and trigonometric functions

Involving  sin,  sinh and exp

Involving ãp z sinHa zL sinhHb zL tanhv H c zL
01.21.21.0405.01à ãp z sinHa zL sinhHb zL tanhΝHc zL â z �

1

4
ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL -
ãH-b-ä a +pL z F1J-

-b-ä a +p

2 c
; -Ν, Ν; 1 -

-b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a + p
+

ãH-b+ä a +pL z F1J-
-b+ä a +p

2 c
; -Ν, Ν; 1 -

-b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b + ä a + p
+

ãHb-ä a +pL z F1J-
b-ä a +p

2 c
; -Ν, Ν; 1 -

b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b - ä a + p
-

ãHb+ä a +pL z F1J-
b+ä a +p

2 c
; -Ν, Ν; 1 -

b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b + ä a + p

Involving powers of sin, powers of sinh and exp

Involving ãp z sinmHa zL sinhuHb zL tanhΝHc zL
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01.21.21.0406.01à ãp z sinmHa zL sinhuHb zL tanhΝHc zL â z �

1

p
 äu 2-m-u ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

m
m

2

u
u

2

tanhΝHc zL H1 - m mod 2L
H1 - u mod 2L - äu 2-m-u

u
u

2

Hu mod 2 - 1L I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

s=0

f m-1

2
v H-1Ls m

s

1

p + a ä Hm - 2 sL  ãHp+a ä Hm-2 sLL z-
ä m Π

2 F1 -
p + a ä Hm - 2 sL

2 c
; -Ν, Ν; 1 -

p + a ä Hm - 2 sL
2 c

; ã-2 c z, -ã-2 c z +

1

p - ä a Hm - 2 sL  ã
ä Π m

2
+Hp-ä a Hm-2 sLL z F1 -

p - ä a Hm - 2 sL
2 c

; -Ν, Ν; 1 -
p - ä a Hm - 2 sL

2 c
; ã-2 c z, -ã-2 c z +

2-m-u
m
m

2

H1 - m mod 2L I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL

â
k=0

f u-1

2
v H-1Lk u

k

1

p + b Hu - 2 kL  ãHp+b Hu-2 kLL z F1 -
p + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p + b Hu - 2 kL
2 c

; ã-2 c z, -ã-2 c z +

1

p - b Hu - 2 kL  H-1Lu ãHp-b Hu-2 kLL z F1 -
p - b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p - b Hu - 2 kL
2 c

; ã-2 c z, -ã-2 c z +

2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v â

s=0

f m-1

2
v H-1Lk+s m

s

u

k

ãHp+a ä Hm-2 sL+b Hu-2 kLL z-
ä m Π

2 F1 -
p + a ä Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p + a ä Hm - 2 sL + b Hu - 2 kL
2 c

;

ã-2 c z, -ã-2 c z � Hp + a ä Hm - 2 sL + b Hu - 2 kLL + ã
ä Π m

2
+Hp-ä a Hm-2 sL+b Hu-2 kLL z

F1 -
p - ä a Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p - ä a Hm - 2 sL + b Hu - 2 kL
2 c

; ã-2 c z, -ã-2 c z �
Hp - ä a Hm - 2 sL + b Hu - 2 kLL + H-1Lu ãHp+a ä Hm-2 sL-b Hu-2 kLL z-

ä m Π

2 F1 -
p + a ä Hm - 2 sL - b Hu - 2 kL

2 c
;

-Ν, Ν; 1 -
p + a ä Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Hp + a ä Hm - 2 sL - b Hu - 2 kLL +

H-1Lu ã
ä Π m

2
+Hp-ä a Hm-2 sL-b Hu-2 kLL z F1 -

p - ä a Hm - 2 sL - b Hu - 2 kL
2 c

; -Ν, Ν; 1 -
p - ä a Hm - 2 sL - b Hu - 2 kL

2 c
;

ã-2 c z, -ã-2 c z � Hp - ä a Hm - 2 sL - b Hu - 2 kLL �; m Î N+ ì u Î N+
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01.21.21.0407.01à ãp z sinmHa zL sinhΜHc zL tanhΝHc zL â z �

1

p - c Μ
 2-m ãp z I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ

 
m
m

2

H1 - m mod 2L tanhΝHc zL sinhΜHc zL F1

p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z + 2-m I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ

tanhΝHc zL sinhΜHc zL â
k=0

f m-1

2
v H-1Lk m

k

ã
ä Π m

2
+Hp-ä a Hm-2 kLL z F1

-ä a Hm - 2 kL + p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

p - ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z �
H-ä a Hm - 2 kL + p - c ΜL +

1

a ä Hm - 2 kL + p - c Μ
 ãHa ä Hm-2 kL+pL z-

ä m Π

2

F1

a ä Hm - 2 kL + p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

a ä Hm - 2 kL + p

c
- Μ + 2 ; ã2 c z, -ã2 c z �; m Î N+

Involving  cos,  sinh and exp

Involving ãp z cosHa zL sinhHb zL tanhv H c zL
01.21.21.0408.01à ãp z cosHa zL sinhHb zL tanhΝHc zL â z �

1

4
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL -
ãH-b-ä a +pL z F1J-

-b-ä a +p

2 c
; -Ν, Ν; 1 -

-b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a + p
-

ãH-b+ä a +pL z F1J-
-b+ä a +p

2 c
; -Ν, Ν; 1 -

-b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b + ä a + p
+

ãHb-ä a +pL z F1J-
b-ä a +p

2 c
; -Ν, Ν; 1 -

b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b - ä a + p
+

ãHb+ä a +pL z F1J-
b+ä a +p

2 c
; -Ν, Ν; 1 -

b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b + ä a + p

Involving powers of cos, powers of sinh and exp

Involving ãp z cosmHa zL sinhuHb zL tanhΝHc zL
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01.21.21.0409.01à ãp z cosmHa zL sinhuHb zL tanhΝHc zL â z �

1

p
 äu 2-m-u ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

m
m

2

u
u

2

tanhΝHc zL H1 - m mod 2L H1 - u mod 2L - äu 2-m-u
u
u

2

Hu mod 2 - 1L I1 - ã-2 c zM-Ν

I1 + ã-2 c zMΝ
tanhΝHc zL â

s=0

f m-1

2
v

m

s

ãHp+a ä Hm-2 sLL z F1J-
p+a ä Hm-2 sL

2 c
; -Ν, Ν; 1 -

p+a ä Hm-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p + a ä Hm - 2 sL +

ãHp-ä a Hm-2 sLL z F1J-
p-ä a Hm-2 sL

2 c
; -Ν, Ν; 1 -

p-ä a Hm-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p - ä a Hm - 2 sL + 2-m-u

m
m

2

H1 - m mod 2L I1 - ã-2 c zM-Ν

I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v H-1Lk u

k

ãHp+b Hu-2 kLL z F1J-
p+b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p+b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p + b Hu - 2 kL +

H-1Lu ãHp-b Hu-2 kLL z F1J-
p-b Hu-2 kL

2 c
; -Ν, Ν; 1 -

p-b Hu-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - b Hu - 2 kL +

2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f u-1

2
v â

s=0

f m-1

2
v H-1Lk m

s

u

k

ãHp+a ä Hm-2 sL+b Hu-2 kLL z F1 -
p + a ä Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p + a ä Hm - 2 sL + b Hu - 2 kL
2 c

;

ã-2 c z, -ã-2 c z � Hp + a ä Hm - 2 sL + b Hu - 2 kLL + ãHp-ä a Hm-2 sL+b Hu-2 kLL z

F1 -
p - ä a Hm - 2 sL + b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p - ä a Hm - 2 sL + b Hu - 2 kL
2 c

; ã-2 c z, -ã-2 c z �
Hp - ä a Hm - 2 sL + b Hu - 2 kLL + H-1Lu ãHp+a ä Hm-2 sL-b Hu-2 kLL z F1 -

p + a ä Hm - 2 sL - b Hu - 2 kL
2 c

;

-Ν, Ν; 1 -
p + a ä Hm - 2 sL - b Hu - 2 kL

2 c
; ã-2 c z, -ã-2 c z � Hp + a ä Hm - 2 sL - b Hu - 2 kLL +

H-1Lu ãHp-ä a Hm-2 sL-b Hu-2 kLL z F1 -
p - ä a Hm - 2 sL - b Hu - 2 kL

2 c
; -Ν, Ν; 1 -

p - ä a Hm - 2 sL - b Hu - 2 kL
2 c

;

ã-2 c z, -ã-2 c z � Hp - ä a Hm - 2 sL - b Hu - 2 kLL �; m Î N+ ì u Î N+
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01.21.21.0410.01à ãp z cosmHa zL sinhΜHc zL tanhΝHc zL â z �
1

p - c Μ
 2-m ãp z I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ

 
m
m

2

H1 - m mod 2L tanhΝHc zL sinhΜHc zL
F1

p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z + 2-m I1 - ã2 c zM-Μ-Ν I1 + ã2 c zMΝ

tanhΝHc zL sinhΜHc zL 

â
k=0

f m-1

2
v

m

k
ãHp-ä a Hm-2 kLL z F1

-ä a Hm - 2 kL + p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

p - ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z �
H-ä a Hm - 2 kL + p - c ΜL +

1

a ä Hm - 2 kL + p - c Μ
 

ãHa ä Hm-2 kL+pL z F1

a ä Hm - 2 kL + p - c Μ

2 c
; -Μ - Ν, Ν;

1

2

a ä Hm - 2 kL + p

c
- Μ + 2 ; ã2 c z, -ã2 c z �; m Î N+

Involving  sin,  cosh and exp

Involving ãp z sinHa zL coshHb zL tanhv H c zL
01.21.21.0411.01à ãp z sinHa zL coshHb zL tanhΝHc zL â z �

-
1

4
ä I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL -
ãH-b-ä a +pL z F1J-

-b-ä a +p

2 c
; -Ν, Ν; 1 -

-b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a + p
+

ãH-b+ä a +pL z F1J-
-b+ä a +p

2 c
; -Ν, Ν; 1 -

-b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b + ä a + p
+

ãHb+ä a +pL z F1J-
b+ä a +p

2 c
; -Ν, Ν; 1 -

b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b + ä a + p
-

ãHb-ä a +pL z F1J-
b-ä a +p

2 c
; -Ν, Ν; 1 -

b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b - ä a + p

Involving powers of sin, powers of cosh and exp

Involving ãp z sinmHa zL coshuHb zL tanhΝHc zL
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01.21.21.0412.01à ãp z sinmHa zL coshuHb zL tanhΝHc zL â z �

1

p
 2-m-u ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

m
m

2

u
u

2

tanhΝHc zL
H1 - m mod 2L H1 - u mod 2L + 2-m-u ä-m I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ u

u

2

tanhΝHc zL H1 - u mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
 

H-1Lm ãHp-ä a Hm-2 kLL z F1J-
p-ä a Hm-2 kL

2 c
; -Ν, Ν; 1 -

p-ä a Hm-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - ä a Hm - 2 kL +

ãHa ä Hm-2 kL+pL z F1J-
a ä Hm-2 kL+p

2 c
; -Ν, Ν; 1 -

a ä Hm-2 kL+p

2 c
; ã-2 c z, -ã-2 c zN

a ä Hm - 2 kL + p
- 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

m
m

2

tanhΝHc zL Hm mod 2 - 1L â
s=0

f u-1

2
v

u

s
 

ãHp+b Hu-2 sLL z F1J-
p+b Hu-2 sL

2 c
; -Ν, Ν; 1 -

p+b Hu-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p + b Hu - 2 sL +

ãHp-b Hu-2 sLL z F1J-
p-b Hu-2 sL

2 c
; -Ν, Ν; 1 -

p-b Hu-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p - b Hu - 2 sL +

ä-m 2-m-u I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ
tanhΝHc zL â

k=0

f m-1

2
v â

s=0

f u-1

2
v H-1Lk m

k

u

s
 

H-1Lm ãH-ä a Hm-2 kL+p+b Hu-2 sLL z F1 -
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

;

ã-2 c z, -ã-2 c z � H-ä a Hm - 2 kL + p + b Hu - 2 sLL + ãHa ä Hm-2 kL+p+b Hu-2 sLL z

F1 -
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

; ã-2 c z, -ã-2 c z �
Ha ä Hm - 2 kL + p + b Hu - 2 sLL + H-1Lm ãH-ä a Hm-2 kL+p-b Hu-2 sLL z F1 -

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

;

-Ν, Ν; 1 -
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z � H-ä a Hm - 2 kL + p - b Hu - 2 sLL +

ãHa ä Hm-2 kL+p-b Hu-2 sLL z F1 -
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

;

ã-2 c z, -ã-2 c z � Ha ä Hm - 2 kL + p - b Hu - 2 sLL �; m Î N+ ì u Î N+
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01.21.21.0413.01à ãp z sinmHa zL coshΜHc zL tanhΝHc zL â z �
1

p - c Μ
 2-m ãp z I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ m

m

2

H1 - m mod 2L tanhΝHc zL coshΜHc zL 

F1

p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z + 2-m I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ

tanhΝHc zL coshΜHc zL â
k=0

f m-1

2
v H-1Lk

m

k
ã

ä Π m

2
+Hp-ä a Hm-2 kLL z F1

-ä a Hm - 2 kL + p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

p - ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z �
H-ä a Hm - 2 kL + p - c ΜL +

1

a ä Hm - 2 kL + p - c Μ
 ãHa ä Hm-2 kL+pL z-

ä m Π

2

F1

a ä Hm - 2 kL + p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

a ä Hm - 2 kL + p

c
- Μ + 2 ; ã2 c z, -ã2 c z �; m Î N+

Involving  cos,  cosh and exp

Involving ãp z cosHa zL coshHb zL tanhv H c zL
01.21.21.0414.01à ãp z cosHa zL coshHb zL tanhΝHc zL â z �

1

4
I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

tanhΝHc zL ãH-b-ä a +pL z F1J-
-b-ä a +p

2 c
; -Ν, Ν; 1 -

-b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b - ä a + p
+

ãH-b+ä a +pL z F1J-
-b+ä a +p

2 c
; -Ν, Ν; 1 -

-b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

-b + ä a + p
+

ãHb-ä a +pL z F1J-
b-ä a +p

2 c
; -Ν, Ν; 1 -

b-ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b - ä a + p
+

ãHb+ä a +pL z F1J-
b+ä a +p

2 c
; -Ν, Ν; 1 -

b+ä a +p

2 c
; ã-2 c z, -ã-2 c zN

b + ä a + p

Involving powers of cos, powers of cosh and exp

Involving ãp z cosmHa zL coshuHb zL tanhΝHc zL
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01.21.21.0415.01à ãp z cosmHa zL coshuHb zL tanhΝHc zL â z � 2-m-u I1 + ã-2 c zMΝ u
u

2

H1 - u mod 2L tanhΝHc zL
I1 - ã-2 c zM-Ν

 â
k=0

f m-1

2
v

m

k

ãHp-ä a Hm-2 kLL z F1J-
p-ä a Hm-2 kL

2 c
; -Ν, Ν; 1 -

p-ä a Hm-2 kL
2 c

; ã-2 c z, -ã-2 c zN
p - ä a Hm - 2 kL +

ãHa ä Hm-2 kL+pL z F1J-
a ä Hm-2 kL+p

2 c
; -Ν, Ν; 1 -

a ä Hm-2 kL+p

2 c
; ã-2 c z, -ã-2 c zN

a ä Hm - 2 kL + p
+ 2-m-u I1 + ã-2 c zMΝ m

m

2

H1 - m mod 2L
tanhΝHc zL I1 - ã-2 c zM-Ν

 â
s=0

f u-1

2
v

u

s

ãHp+b Hu-2 sLL z F1J-
p+b Hu-2 sL

2 c
; -Ν, Ν; 1 -

p+b Hu-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p + b Hu - 2 sL +

ãHp-b Hu-2 sLL z F1J-
p-b Hu-2 sL

2 c
; -Ν, Ν; 1 -

p-b Hu-2 sL
2 c

; ã-2 c z, -ã-2 c zN
p - b Hu - 2 sL +

2-m-u I1 + ã-2 c zMΝ
tanhΝHc zL I1 - ã-2 c zM-Ν

 â
k=0

f m-1

2
v â

s=0

f u-1

2
v

m

k

u

s
ãH-ä a Hm-2 kL+p+b Hu-2 sLL z F1 -

-ä a Hm - 2 kL + p + b Hu - 2 sL
2 c

;

-Ν, Ν; 1 -
-ä a Hm - 2 kL + p + b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z � H-ä a Hm - 2 kL + p + b Hu - 2 sLL +

ãHa ä Hm-2 kL+p+b Hu-2 sLL z F1 -
a ä Hm - 2 kL + p + b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

a ä Hm - 2 kL + p + b Hu - 2 sL
2 c

;

ã-2 c z, -ã-2 c z � Ha ä Hm - 2 kL + p + b Hu - 2 sLL + ãH-ä a Hm-2 kL+p-b Hu-2 sLL z

F1 -
-ä a Hm - 2 kL + p - b Hu - 2 sL

2 c
; -Ν, Ν; 1 -

-ä a Hm - 2 kL + p - b Hu - 2 sL
2 c

; ã-2 c z, -ã-2 c z �
H-ä a Hm - 2 kL + p - b Hu - 2 sLL + ãHa ä Hm-2 kL+p-b Hu-2 sLL z F1 -

a ä Hm - 2 kL + p - b Hu - 2 sL
2 c

;

-Ν, Ν; 1 -
a ä Hm - 2 kL + p - b Hu - 2 sL

2 c
; ã-2 c z, -ã-2 c z � Ha ä Hm - 2 kL + p - b Hu - 2 sLL +

1

p
 2-m-u ãp z I1 - ã-2 c zM-Ν I1 + ã-2 c zMΝ

F1 -
p

2 c
; -Ν, Ν; 1 -

p

2 c
; ã-2 c z, -ã-2 c z

m
m

2

u
u

2

tanhΝHc zLH1 - m mod 2LH1 - u mod 2L �; m Î N+ ì u Î N+
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01.21.21.0416.01à ãp z cosmHa zL coshΜHc zL tanhΝHc zL â z �
1

p - c Μ
 2-m ãp z I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ m

m

2

H1 - m mod 2L tanhΝHc zL coshΜHc zL 

F1

p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

p

c
- Μ + 2 ; ã2 c z, -ã2 c z + 2-m I1 - ã2 c zM-Ν I1 + ã2 c zMΝ-Μ

tanhΝHc zL coshΜHc zL 

â
k=0

f m-1

2
v

m

k
ãHp-ä a Hm-2 kLL z F1

-ä a Hm - 2 kL + p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

p - ä a Hm - 2 kL
c

- Μ + 2 ; ã2 c z, -ã2 c z �
H-ä a Hm - 2 kL + p - c ΜL +

1

a ä Hm - 2 kL + p - c Μ
 

ãHa ä Hm-2 kL+pL z F1

a ä Hm - 2 kL + p - c Μ

2 c
; -Ν, Ν - Μ;

1

2

a ä Hm - 2 kL + p

c
- Μ + 2 ; ã2 c z, -ã2 c z �; m Î N+

Involving functions of the direct function, hyperbolic, trigonometric and a power functions

Involving powers of the direct function, hyperbolic, trigonometric and a power functions

Involving  sin,  sinh and power

Involving zn sinHa zL sinhHb zL tanhv H c zL
01.21.21.0417.01

à zn sinHa zL sinhHb zL tanhvHc zL â z �
1

4
ä n! äv ãHb-ä a +c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb - ä a + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + c v

2 c
, ¼,

b - ä a + c v

2 c
, v;

b - ä a + c v

2 c
+ 1, ¼,

b - ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a+b+2 c sL z â

j=0

n H-1L j Hb - ä a + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + 2 c s

2 c
, ¼,

b - ä a + 2 c s

2 c
, v;

b - ä a + 2 c s

2 c
+ 1, ¼,

b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãHb-ä a +2 c Hv-sLL z â
j=0

n H-1L j Hb - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + 2 c Hv - sL
2 c

, ¼,

b - ä a + 2 c Hv - sL
2 c

, v;
b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

äv ãHb+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + c v

2 c
, ¼,

b + ä a + c v

2 c
, v;

b + ä a + c v

2 c
+ 1, ¼,

b + ä a + c v

2 c
+ 1; -ã2 c z -
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â
s=0

f v-1

2
v H-1Ls v

s
ãHb+ä a +2 c Hv-sLL z â

j=0

n H-1L j Hb + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c Hv - sL
2 c

, ¼,

b + ä a + 2 c Hv - sL
2 c

, v;
b + ä a + 2 c Hv - sL

2 c
+ 1, ¼,

b + ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

H-1Lv ãHä a+b+2 c sL z â
j=0

n H-1L j Hb + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c s

2 c
, ¼,

b + ä a + 2 c s

2 c
,

v;
b + ä a + 2 c s

2 c
+ 1, ¼,

b + ä a + 2 c s

2 c
+ 1; -ã2 c z -

äv ãH-b-ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b - ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + c v

2 c
, ¼,

-b - ä a + c v

2 c
, v;

-b - ä a + c v

2 c
+ 1, ¼,

-b - ä a + c v

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a-b+2 c sL z â

j=0

n H-1L j H-b - ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c s

2 c
, ¼,

-b - ä a + 2 c s

2 c
, v;

-b - ä a + 2 c s

2 c
+ 1, ¼,

-b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a-b-2 c s+2 c vL z â
j=0

n H-1L j H-b - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c Hv - sL
2 c

, ¼,

-b - ä a + 2 c Hv - sL
2 c

, v;
-b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

äv ãH-b+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + c v

2 c
, ¼,

-b + ä a + c v

2 c
, v;

-b + ä a + c v

2 c
+ 1, ¼,

-b + ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä a-b+2 c sL z â

j=0

n H-1L j H-b + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c s

2 c
, ¼,

-b + ä a + 2 c s

2 c
, v;

-b + ä a + 2 c s

2 c
+ 1, ¼,

-b + ä a + 2 c s

2 c
+ 1; -ã2 c z + ãHä a-b-2 c s+2 c vL z

â
j=0

n H-1L j H-b + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c Hv - sL
2 c

, ¼,
-b + ä a + 2 c Hv - sL

2 c
,

v;
-b + ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b + ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+
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Involving powers of sin, powers of sinh and power

Involving zn  sinmHa zL sinhuHb zL TanhΝHc zL
01.21.21.0418.01à zn sinmHa zL sinhuHb zL tanhvHc zL â z � äu 2-m-u

m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L
H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

n! â
s=0

f v-1

2
v H-1Ls v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM + äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk

m

k
ã

ä m Π

2 äv ãHc v-ä a Hm-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä a Hm - 2 kL
2 c

,

¼,
c v - ä a Hm - 2 kL

2 c
, v;

c v - ä a Hm - 2 kL
2 c

+ 1, ¼,
c v - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c s - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä a Hm - 2 kL
2 c

,

¼,
2 c s - ä a Hm - 2 kL

2 c
, v;

2 c s - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä a Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +
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ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + c v

2 c
,

¼,
ä a Hm - 2 kL + c v

2 c
, v;

ä a Hm - 2 kL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + 2 c s

2 c
, v;

ä a Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
äv ãHb Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL + c v

2 c
, ¼,

b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

H-1Lu äv ãHc v-b Hu-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

c v - b Hu - 2 kL
2 c

, ¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s+b Hu-2 kLL z â

j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

,

¼,
2 c s + b Hu - 2 kL

2 c
, v;

2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHb Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +
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H-1Lu â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-b Hu-2 kLL z â

j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

,

¼,
2 c s - b Hu - 2 kL

2 c
, v;

2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-b Hu-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

, ¼,
2 c Hv - sL - b Hu - 2 kL

2 c
, v;

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v H-1Li u

i
H-1Lu ã

ä m Π

2 äv ãH-ä a Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z + H-1Lu ã-

1

2
ä m Π
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äv ãHa ä Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã
ä m Π

2 äv ãH-ä a Hm-2 kL+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼, ; +
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¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
,

v;
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1; -ã2 c z + ãHa ä Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z

â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+

1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Involving  cos,  sinh and power
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Involving zn  cosHa zL sinhHb zL tanhv H c zL
01.21.21.0419.01à zn cosHa zL sinhHb zL tanhvHc zL â z �

1

4
 n! äv ãHb-ä a +c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb - ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + c v

2 c
, ¼,

b - ä a + c v

2 c
,

v;
b - ä a + c v

2 c
+ 1, ¼,

b - ä a + c v

2 c
+ 1; -ã2 c z + äv ãHb+ä a +c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hb + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + c v

2 c
, ¼,

b + ä a + c v

2 c
, v;

b + ä a + c v

2 c
+ 1, ¼,

b + ä a + c v

2 c
+ 1; -ã2 c z - äv ãH-b-ä a +c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b - ä a + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-b - ä a + c v

2 c
, ¼,

-b - ä a + c v

2 c
, v;

-b - ä a + c v

2 c
+ 1, ¼,

-b - ä a + c v

2 c
+ 1; -ã2 c z -

äv ãH-b+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + ä a + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-b + ä a + c v

2 c
, ¼,

-b + ä a + c v

2 c
, v;

-b + ä a + c v

2 c
+ 1, ¼,

-b + ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a+b+2 c sL z â

j=0

n H-1L j Hb - ä a + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + 2 c s

2 c
, ¼,

b - ä a + 2 c s

2 c
, v;

b - ä a + 2 c s

2 c
+ 1, ¼,

b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a+b+2 c H-s+vLL z â
j=0

n H-1L j Hb - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + 2 c Hv - sL
2 c

, ¼,

b - ä a + 2 c Hv - sL
2 c

, v;
b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
ãHä a+b+2 c H-s+vLL z â

j=0

n H-1L j Hb + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c Hv - sL
2 c

,

¼,
b + ä a + 2 c Hv - sL

2 c
, v;

b + ä a + 2 c Hv - sL
2 c

+ 1, ¼,
b + ä a + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lv ãHä a+b+2 c sL z â
j=0

n H-1L j Hb + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c s

2 c
, ¼,

b + ä a + 2 c s

2 c
,

v; ; -
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v;
b + ä a + 2 c s

2 c
+ 1, ¼,

b + ä a + 2 c s

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a-b+2 c sL z â

j=0

n H-1L j H-b - ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c s

2 c
, ¼,

-b - ä a + 2 c s

2 c
, v;

-b - ä a + 2 c s

2 c
+ 1, ¼,

-b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a-b-2 c s+2 c vL z â
j=0

n H-1L j H-b - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c Hv - sL
2 c

, ¼,

-b - ä a + 2 c Hv - sL
2 c

, v;
-b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä a-b+2 c sL z â

j=0

n H-1L j H-b + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c s

2 c
, ¼,

-b + ä a + 2 c s

2 c
, v;

-b + ä a + 2 c s

2 c
+ 1, ¼,

-b + ä a + 2 c s

2 c
+ 1; -ã2 c z + ãHä a-b-2 c s+2 c vL z

â
j=0

n H-1L j H-b + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c Hv - sL
2 c

, ¼,
-b + ä a + 2 c Hv - sL

2 c
,

v;
-b + ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b + ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of cos, powers of sinh and power

Involving zn cosmHa zL sinhuHb zL tanhΝHc zL
01.21.21.0420.01à zn cosmHa zL sinhuHb zL tanhvHc zL â z � äu 2-m-u

m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L
H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + n! â

s=0

f v-1

2
v H-1Ls

ã +
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v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
äv ãHc v-ä a Hm-2 kLL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä a Hm - 2 kL
2 c

, ¼,
c v - ä a Hm - 2 kL

2 c
, v;

c v - ä a Hm - 2 kL
2 c

+ 1, ¼,
c v - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c s - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä a Hm - 2 kL
2 c

,

¼,
2 c s - ä a Hm - 2 kL

2 c
, v;

2 c s - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä a Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + c v

2 c
, ¼,

ä a Hm - 2 kL + c v

2 c
, v;

ä a Hm - 2 kL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + 2 c s

2 c
, v;

ä a Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
äv ãHb Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

+
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j+2F j+1

b Hu - 2 kL + c v

2 c
, ¼,

b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

H-1Lu äv ãHc v-b Hu-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - b Hu - 2 kL
2 c

,

¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH2 c s+b Hu-2 kLL z â
j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

, ¼,
2 c s + b Hu - 2 kL

2 c
,

v;
2 c s + b Hu - 2 kL

2 c
+ 1, ¼,

2 c s + b Hu - 2 kL
2 c

+ 1; -ã2 c z + ãHb Hu-2 kL+2 c Hv-sLL z

â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
,

v;
b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1, ¼,

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

H-1Lu â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-b Hu-2 kLL z â

j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

,

¼,
2 c s - b Hu - 2 kL

2 c
, v;

2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-b Hu-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

,

¼,
2 c Hv - sL - b Hu - 2 kL

2 c
, v;

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1, ¼,

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1; -ã2 c z + 2-m-u n! â
k=0

f m-1

2
v

m

k

â
i=0

f u-1

2
v H-1Li u

i
äv ãH-ä a Hm-2 kL+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
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j+2F j+1

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
, v;

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
, v;

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lu äv ãH-ä a Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

; +
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-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
,

v;
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

+ 1; -ã2 c z + ãHa ä Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z

â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1
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ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+

1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Involving  sin,  cosh and power

Involving zn  sinHa zL coshHb zL tanhv H c zL
01.21.21.0421.01

à zn sinHa zL coshHb zL tanhvHc zL â z �
1

4
ä n! äv ãHb-ä a +c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb - ä a + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + c v

2 c
, ¼,

b - ä a + c v

2 c
, v;

b - ä a + c v

2 c
+ 1, ¼,

b - ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a+b+2 c sL z â

j=0

n H-1L j Hb - ä a + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + 2 c s

2 c
, ¼,

b - ä a + 2 c s

2 c
, v;

b - ä a + 2 c s

2 c
+ 1, ¼,

b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a+b+2 c H-s+vLL z â
j=0

n H-1L j Hb - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + 2 c Hv - sL
2 c

, ¼,

b - ä a + 2 c Hv - sL
2 c

, v;
b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

äv ãHb+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + c v

2 c
, ¼,

b + ä a + c v

2 c
, v;

b + ä a + c v

2 c
+ 1, ¼,

b + ä a + c v

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
ãHä a+b+2 c H-s+vLL z â

j=0

n H-1L j Hb + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c Hv - sL
2 c

,

¼,
b + ä a + 2 c Hv - sL

2 c
, v;

b + ä a + 2 c Hv - sL
2 c

+ 1, ¼,
b + ä a + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lv ãHä a+b+2 c sL z â
j=0

n H-1L j Hb + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c s

2 c
, ¼,

b + ä a + 2 c s

2 c
,

v; ; +
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v;
b + ä a + 2 c s

2 c
+ 1, ¼,

b + ä a + 2 c s

2 c
+ 1; -ã2 c z +

äv ãH-b-ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b - ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + c v

2 c
, ¼,

-b - ä a + c v

2 c
, v;

-b - ä a + c v

2 c
+ 1, ¼,

-b - ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a-b+2 c sL z â

j=0

n H-1L j H-b - ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c s

2 c
, ¼,

-b - ä a + 2 c s

2 c
, v;

-b - ä a + 2 c s

2 c
+ 1, ¼,

-b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a-b-2 c s+2 c vL z â
j=0

n H-1L j H-b - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c Hv - sL
2 c

, ¼,

-b - ä a + 2 c Hv - sL
2 c

, v;
-b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

äv ãH-b+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + c v

2 c
, ¼,

-b + ä a + c v

2 c
, v;

-b + ä a + c v

2 c
+ 1, ¼,

-b + ä a + c v

2 c
+ 1; -ã2 c z -

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä a-b+2 c sL z â

j=0

n H-1L j H-b + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c s

2 c
, ¼,

-b + ä a + 2 c s

2 c
, v;

-b + ä a + 2 c s

2 c
+ 1, ¼,

-b + ä a + 2 c s

2 c
+ 1; -ã2 c z + ãHä a-b-2 c s+2 c vL z

â
j=0

n H-1L j H-b + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c Hv - sL
2 c

, ¼,
-b + ä a + 2 c Hv - sL

2 c
,

v;
-b + ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b + ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sin, powers of cosh and power

Involving zn  sinmHa zL coshuHc zL tanhv Hc zL
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01.21.21.0422.01à zn sinmHa zL coshuHb zL tanhvHc zL â z � 2-m-u
m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L
H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM +

n! â
s=0

f v-1

2
v H-1Ls v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM + 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk

m

k
ã

ä m Π

2 äv ãHc v-ä a Hm-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä a Hm - 2 kL
2 c

,

¼,
c v - ä a Hm - 2 kL

2 c
, v;

c v - ä a Hm - 2 kL
2 c

+ 1, ¼,
c v - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c s - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä a Hm - 2 kL
2 c

,

¼,
2 c s - ä a Hm - 2 kL

2 c
, v;

2 c s - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä a Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + c v

2 c
,

¼,
ä a Hm - 2 kL + c v

2 c
, v;

ä a Hm - 2 kL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + 2 c s

2 c
, v;

ä a Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
äv ãHb Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL + c v

2 c
, ¼,

b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

äv ãHc v-b Hu-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 

j+2F j+1

c v - b Hu - 2 kL
2 c

, ¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s+b Hu-2 kLL z â

j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

,

¼,
2 c s + b Hu - 2 kL

2 c
, v;

2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHb Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-b Hu-2 kLL z â

j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

,

¼,
2 c s - b Hu - 2 kL

2 c
, v;

2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +
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ãH2 c Hv-sL-b Hu-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

,

¼,
2 c Hv - sL - b Hu - 2 kL

2 c
, v;

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1, ¼,

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1; -ã2 c z + 2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k

â
i=0

f u-1

2
v

u

i
ã

ä m Π

2 äv ãH-ä a Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL-b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã
ä m Π

2 äv ãH-ä a Hm-2 kL+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼, ; +
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¼,
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
,

v;
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1; -ã2 c z + ãHa ä Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z

â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+

1; -ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Involving  cos,  cosh and power

Involving zn cosHa zL coshHb zL tanhv H c zL
01.21.21.0423.01

à zn cosHa zL coshHb zL tanhvHc zL â z �
1

4
 n! äv ãHb-ä a +c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb - ä a + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + c v

2 c
, ¼,

b - ä a + c v

2 c
, v;

b - ä a + c v

2 c
+ 1, ¼,

b - ä a + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a+b+2 c sL z â

j=0

n H-1L j Hb - ä a + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

b - ä a + 2 c s

2 c
, ¼,

b - ä a + 2 c s

2 c
, v;

b - ä a + 2 c s

2 c
+ 1, ¼,

b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a+b+2 c H-s+vLL z â
j=0

n H-1L j Hb - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + 2 c Hv - sL
2 c

, ¼,

b - ä a + 2 c Hv - sL
2 c

, v;
b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

äv ãHb+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + c v

2 c
, ¼,

b + ä a + c v

2 c
, v;

b + ä a + c v

2 c
+ 1, ¼,

b + ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
ãHä a+b+2 c H-s+vLL z â

j=0

n H-1L j Hb + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c Hv - sL
2 c

,

¼,
b + ä a + 2 c Hv - sL

2 c
, v;

b + ä a + 2 c Hv - sL
2 c

+ 1, ¼,
b + ä a + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lv ãHä a+b+2 c sL z â
j=0

n H-1L j Hb + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + 2 c s

2 c
, ¼,

b + ä a + 2 c s

2 c
,

v;
b + ä a + 2 c s

2 c
+ 1, ¼,

b + ä a + 2 c s

2 c
+ 1; -ã2 c z +

äv ãH-b-ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b - ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + c v

2 c
, ¼,

-b - ä a + c v

2 c
, v;

-b - ä a + c v

2 c
+ 1, ¼,

-b - ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a-b+2 c sL z â

j=0

n H-1L j H-b - ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c s

2 c
, ¼,

-b - ä a + 2 c s

2 c
, v;

-b - ä a + 2 c s

2 c
+ 1, ¼,

-b - ä a + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a-b-2 c s+2 c vL z â
j=0

n H-1L j H-b - ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + 2 c Hv - sL
2 c

, ¼,

-b - ä a + 2 c Hv - sL
2 c

, v;
-b - ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b - ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z +
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äv ãH-b+ä a +c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-b + ä a + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + c v

2 c
, ¼,

-b + ä a + c v

2 c
, v;

-b + ä a + c v

2 c
+ 1, ¼,

-b + ä a + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHä a-b+2 c sL z â

j=0

n H-1L j H-b + ä a + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c s

2 c
, ¼,

-b + ä a + 2 c s

2 c
, v;

-b + ä a + 2 c s

2 c
+ 1, ¼,

-b + ä a + 2 c s

2 c
+ 1; -ã2 c z + ãHä a-b-2 c s+2 c vL z

â
j=0

n H-1L j H-b + ä a + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + 2 c Hv - sL
2 c

, ¼,
-b + ä a + 2 c Hv - sL

2 c
,

v;
-b + ä a + 2 c Hv - sL

2 c
+ 1, ¼,

-b + ä a + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of cos, powers of cosh and power

Involving zn  cosmHa zL coshuHc zL tanhv Hc zL
01.21.21.0424.01à zn cosmHa zL coshuHb zL tanhvHc zL â z � 2-m-u

m
m

2

u
u

2

H1 - m mod 2L H1 - u mod 2L
H-1Lv zn+1

n + 1
- H-1Lv ã2 c z v n! â

j=0

n H-1L j 2- j-1 c- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, v + 1; 2, ¼, 2; -ã2 c zM +

ãc v z äv
v
v

2

n! H1 - v mod 2L â
j=0

n H-1L j Hc vL- j-1 zn- jHn - jL !
 j+2F j+1

v

2
, ¼,

v

2
, v;

v

2
+ 1, ¼,

v

2
+ 1; -ã2 c z +

H-1Lv n! â
s=1

f v-1

2
v H-1Ls v

s
ã2 s c z â

j=0

n H-1L j H2 c sL- j-1 zn- jHn - jL !
 j+2F j+1Is, ¼, s, v; s + 1, ¼, s + 1; -ã2 c zM + n! â

s=0

f v-1

2
v H-1Ls

v

s
ã2 c Hv-sL z â

j=0

n H-1L j H2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1Iv - s, ¼, v - s, v; -s + v + 1, ¼, -s + v + 1; -ã2 c zM +

2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
äv ãHc v-ä a Hm-2 kLL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - ä a Hm - 2 kL
2 c

, ¼,
c v - ä a Hm - 2 kL

2 c
, v;

c v - ä a Hm - 2 kL
2 c

+ 1, ¼,
c v - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH2 c s-ä a Hm-2 kLL z â

j=0

n H-1L j H2 c s - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - ä a Hm - 2 kL
2 c

,

¼,
2 c s - ä a Hm - 2 kL

2 c
, v;

2 c s - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c s - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

ãH2 c Hv-sL-ä a Hm-2 kLL z â
j=0

n H-1L j H2 c Hv - sL - ä a Hm - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - ä a Hm - 2 kL
2 c

, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
, v;

2 c Hv - sL - ä a Hm - 2 kL
2 c

+ 1, ¼,
2 c Hv - sL - ä a Hm - 2 kL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + c v

2 c
, ¼,

ä a Hm - 2 kL + c v

2 c
, v;

ä a Hm - 2 kL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + 2 c s

2 c
, v;

ä a Hm - 2 kL + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + 2 c s

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
äv ãHb Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hb Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

b Hu - 2 kL + c v

2 c
, ¼,

b Hu - 2 kL + c v

2 c
, v;

b Hu - 2 kL + c v

2 c
+ 1, ¼,

b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

äv ãHc v-b Hu-2 kLL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hc v - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

c v - b Hu - 2 kL
2 c

,

¼,
c v - b Hu - 2 kL

2 c
, v;

c v - b Hu - 2 kL
2 c

+ 1, ¼,
c v - b Hu - 2 kL

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s
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H-1Lv ãH2 c s+b Hu-2 kLL z â
j=0

n H-1L j H2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s + b Hu - 2 kL
2 c

, ¼,
2 c s + b Hu - 2 kL

2 c
,

v;
2 c s + b Hu - 2 kL

2 c
+ 1, ¼,

2 c s + b Hu - 2 kL
2 c

+ 1; -ã2 c z + ãHb Hu-2 kL+2 c Hv-sLL z

â
j=0

n H-1L j Hb Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
b Hu - 2 kL + 2 c Hv - sL

2 c
,

v;
b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1, ¼,

b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1; -ã2 c z + â
s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH2 c s-b Hu-2 kLL z â
j=0

n H-1L j H2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c s - b Hu - 2 kL
2 c

, ¼,
2 c s - b Hu - 2 kL

2 c
,

v;
2 c s - b Hu - 2 kL

2 c
+ 1, ¼,

2 c s - b Hu - 2 kL
2 c

+ 1; -ã2 c z + ãH2 c Hv-sL-b Hu-2 kLL z

â
j=0

n H-1L j H2 c Hv - sL - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

2 c Hv - sL - b Hu - 2 kL
2 c

, ¼,
2 c Hv - sL - b Hu - 2 kL

2 c
,

v;
2 c Hv - sL - b Hu - 2 kL

2 c
+ 1, ¼,

2 c Hv - sL - b Hu - 2 kL
2 c

+ 1; -ã2 c z + 2-m-u n!

â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v

u

i
äv ãH-ä a Hm-2 kL+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
, v;

-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼, ; +
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¼,
-ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
, v;

ä a Hm - 2 kL + 2 c s + b Hu - 2 iL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãH-ä a Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
, v;

-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
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j+2F j+1

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
-ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
, v;

ä a Hm - 2 kL + 2 c s - b Hu - 2 iL
2 c

+ 1, ¼,
ä a Hm - 2 kL + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1;

-ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Involving functions of the direct function, hyperbolic, exponential, trigonometric and a power functions

Involving powers of the direct function, hyperbolic, exponential, trigonometric and a power 
functions

Involving  sin,  sinh, exp and power

Involving zn ãp z sinHa zL sinhHb zL tanhv H c zL
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01.21.21.0425.01à zn ãp z sinHa zL sinhHb zL tanhvHc zL â z �

1

4
ä n! äv

v
v

2

H1 - v mod 2L ãHb-ä a +p+c vL z â
j=0

n H-1L j Hb - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + c v

2 c
,

¼,
b - ä a + p + c v

2 c
, v;

b - ä a + p + c v

2 c
+ 1, ¼,

b - ä a + p + c v

2 c
+ 1; -ã2 c z -

ãHb+ä a +p+c vL z â
j=0

n H-1L j Hb + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + c v

2 c
, ¼,

b + ä a + p + c v

2 c
,

v;
b + ä a + p + c v

2 c
+ 1, ¼,

b + ä a + p + c v

2 c
+ 1; -ã2 c z -

ãH-b-ä a +p+c vL z â
j=0

n H-1L j H-b - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + c v

2 c
, ¼,

-b - ä a + p + c v

2 c
, v;

-b - ä a + p + c v

2 c
+ 1, ¼,

-b - ä a + p + c v

2 c
+ 1; -ã2 c z +

ãH-b+ä a +p+c vL z â
j=0

n H-1L j H-b + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + c v

2 c
, ¼,

-b + ä a + p + c v

2 c
, v;

-b + ä a + p + c v

2 c
+ 1, ¼,

-b + ä a + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb-ä a +p+2 c sL z â

j=0

n H-1L j Hb - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c s

2 c
,

¼,
b - ä a + p + 2 c s

2 c
, v;

b - ä a + p + 2 c s

2 c
+ 1, ¼,

b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c Hv - sL
2 c

, ¼,

b - ä a + p + 2 c Hv - sL
2 c

, v;
b - ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

ãHb+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c Hv - sL
2 c

, ¼,

b + ä a + p + 2 c Hv - sL
2 c

, v;
b + ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

H-1Lv ãHb+ä a +p+2 c sL z â
j=0

n H-1L j Hb + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c s

2 c
, ¼,

b + ä a + p + 2 c s

2 c
, v;

b + ä a + p + 2 c s

2 c
+ 1, ¼,

b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z -
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H-1Lv ãH-b-ä a +p+2 c sL z â
j=0

n H-1L j H-b - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + 2 c s

2 c
, ¼,

-b - ä a + p + 2 c s

2 c
, v;

-b - ä a + p + 2 c s

2 c
+ 1, ¼,

-b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-b-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-b - ä a + p + 2 c Hv - sL
2 c

, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
, v;

-b - ä a + p + 2 c Hv - sL
2 c

+ 1, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lv ãH-b+ä a +p+2 c sL z â
j=0

n H-1L j H-b + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c s

2 c
, ¼,

-b + ä a + p + 2 c s

2 c
, v;

-b + ä a + p + 2 c s

2 c
+ 1, ¼,

-b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c Hv - sL
2 c

,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
, v;

-b + ä a + p + 2 c Hv - sL
2 c

+ 1,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sin, powers of sinh, exp and power

Involving zn ãp z sinmHa zL sinhuHb zL tanhv Hc zL
01.21.21.0426.01à zn ãp z sinmHa zL sinhuHb zL tanhvHc zL â z � äu+v 2-m-u ãHp+c vL z

m
m

2

u
u

2

v
v

2

n! H1 - m mod 2L H1 - u mod 2L H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

äu 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+ 1, ¼,

p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

+
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j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 äv ãH-ä a Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
j+2F j+1

-ä a Hm - 2 kL + p + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + c v

2 c
,

v;
-ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+p+2 c sL z â

j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
, v;

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL + p + c v

2 c
, ¼,

ä a Hm - 2 kL + p + c v

2 c
, v;

ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãHa ä Hm-2 kL+p+2 c sL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + p + 2 c s

2 c
, v;

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
+

1; -ã2 c z + ãHa ä Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 

z

+
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zn- j
j+2F j+1

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
äv ãHp+b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + c v

2 c
, ¼,

p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

H-1Lu äv ãHp-b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + c v

2 c
,

¼,
p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1, ¼,

p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z + H-1Lu â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãHp+2 c s-b Hu-2 kLL z â
j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

, ¼,

p + 2 c s - b Hu - 2 kL
2 c

, v;
p + 2 c s - b Hu - 2 kL

2 c
+ 1, ¼,

p + 2 c s - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãHp-b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

; +
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p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v H-1Li u

i
H-1Lu ã

ä m Π

2 äv ãH-ä a Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c s-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z + H-1Lu ã-
1

2
ä m Π

äv ãHa ä Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ã
ä m Π

2 äv ãH-ä a Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
,

v;
-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c s+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +
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ãH-ä a Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z + ã-
1

2
ä m Π

äv ãHa ä Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1;

-ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+
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Involving  cos,  sinh, exp and power

Involving zn ãp z cosHa zL sinhHb zL tanhΝH c zL
01.21.21.0427.01à zn ãp z cosHa zL sinhHb zL tanhvHc zL â z �

1

4
 n! äv

v
v

2

H1 - v mod 2L ãHb-ä a +p+c vL z â
j=0

n H-1L j Hb - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + c v

2 c
,

¼,
b - ä a + p + c v

2 c
, v;

b - ä a + p + c v

2 c
+ 1, ¼,

b - ä a + p + c v

2 c
+ 1; -ã2 c z +

ãHb+ä a +p+c vL z â
j=0

n H-1L j Hb + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + c v

2 c
, ¼,

b + ä a + p + c v

2 c
,

v;
b + ä a + p + c v

2 c
+ 1, ¼,

b + ä a + p + c v

2 c
+ 1; -ã2 c z -

ãH-b-ä a +p+c vL z â
j=0

n H-1L j H-b - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + c v

2 c
, ¼,

-b - ä a + p + c v

2 c
, v;

-b - ä a + p + c v

2 c
+ 1, ¼,

-b - ä a + p + c v

2 c
+ 1; -ã2 c z -

ãH-b+ä a +p+c vL z â
j=0

n H-1L j H-b + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + c v

2 c
, ¼,

-b + ä a + p + c v

2 c
, v;

-b + ä a + p + c v

2 c
+ 1, ¼,

-b + ä a + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb-ä a +p+2 c sL z â

j=0

n H-1L j Hb - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c s

2 c
,

¼,
b - ä a + p + 2 c s

2 c
, v;

b - ä a + p + 2 c s

2 c
+ 1, ¼,

b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c Hv - sL
2 c

, ¼,

b - ä a + p + 2 c Hv - sL
2 c

, v;
b - ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ãHb+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c Hv - sL
2 c

, ¼,

b + ä a + p + 2 c Hv - sL
2 c

, v;
b + ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z +
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H-1Lv ãHb+ä a +p+2 c sL z â
j=0

n H-1L j Hb + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c s

2 c
, ¼,

b + ä a + p + 2 c s

2 c
, v;

b + ä a + p + 2 c s

2 c
+ 1, ¼,

b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z -

H-1Lv ãH-b-ä a +p+2 c sL z â
j=0

n H-1L j H-b - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + 2 c s

2 c
, ¼,

-b - ä a + p + 2 c s

2 c
, v;

-b - ä a + p + 2 c s

2 c
+ 1, ¼,

-b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-b-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-b - ä a + p + 2 c Hv - sL
2 c

, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
, v;

-b - ä a + p + 2 c Hv - sL
2 c

+ 1, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z -

H-1Lv ãH-b+ä a +p+2 c sL z â
j=0

n H-1L j H-b + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c s

2 c
, ¼,

-b + ä a + p + 2 c s

2 c
, v;

-b + ä a + p + 2 c s

2 c
+ 1, ¼,

-b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-b+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c Hv - sL
2 c

,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
, v;

-b + ä a + p + 2 c Hv - sL
2 c

+ 1,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of cos, powers of sinh, exp and power

Involving zn ãp z cosmHa zL sinhuHb zL tanhv Hc zL
01.21.21.0428.01à zn ãp z cosmHa zL sinhuHb zL tanhvHc zL â z � äu+v 2-m-u ãHp+c vL z

m
m

2

u
u

2

v
v

2

n! H1 - m mod 2L H1 - u mod 2L H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

äu 2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+ 1, ¼,

p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äu 2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
äv ãH-ä a Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + c v

2 c
,

v;
-ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c sL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
, v;

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1;

-ã2 c z + ãH-ä a Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c Hv - sLL- j-1Hn - jL !
 

zn- j
j+2F j+1

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + c v

2 c
,

¼,
ä a Hm - 2 kL + p + c v

2 c
, v;

ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
, v;

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +
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ãHa ä Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v H-1Lk u

k
äv ãHp+b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + c v

2 c
, ¼,

p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

H-1Lu äv ãHp-b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + c v

2 c
,

¼,
p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1, ¼,

p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z + H-1Lu â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãHp+2 c s-b Hu-2 kLL z â
j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

, ¼,

p + 2 c s - b Hu - 2 kL
2 c

, v;
p + 2 c s - b Hu - 2 kL

2 c
+ 1, ¼,

p + 2 c s - b Hu - 2 kL
2 c

+ 1; -ã2 c z +

ãHp-b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

+
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p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v

m

k
â
i=0

f u-1

2
v H-1Li u

i
äv ãH-ä a Hm-2 kL+p+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+

1, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

H-1Lu äv ãH-ä a Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
,

v;
-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c s-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼, , v;
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¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1;

-ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Involving  sin,  cosh, exp and power

Involving zn ãp z sinHa zL coshHb zL tanhv H c zL
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01.21.21.0429.01à zn ãp z sinHa zL coshHb zL tanhvHc zL â z �

1

4
ä n! äv

v
v

2

H1 - v mod 2L ãHb-ä a +p+c vL z â
j=0

n H-1L j Hb - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + c v

2 c
,

¼,
b - ä a + p + c v

2 c
, v;

b - ä a + p + c v

2 c
+ 1, ¼,

b - ä a + p + c v

2 c
+ 1; -ã2 c z -

ãHb+ä a +p+c vL z â
j=0

n H-1L j Hb + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + c v

2 c
, ¼,

b + ä a + p + c v

2 c
,

v;
b + ä a + p + c v

2 c
+ 1, ¼,

b + ä a + p + c v

2 c
+ 1; -ã2 c z +

ãH-b-ä a +p+c vL z â
j=0

n H-1L j H-b - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + c v

2 c
, ¼,

-b - ä a + p + c v

2 c
, v;

-b - ä a + p + c v

2 c
+ 1, ¼,

-b - ä a + p + c v

2 c
+ 1; -ã2 c z -

ãH-b+ä a +p+c vL z â
j=0

n H-1L j H-b + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + c v

2 c
, ¼,

-b + ä a + p + c v

2 c
, v;

-b + ä a + p + c v

2 c
+ 1, ¼,

-b + ä a + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHb-ä a +p+2 c sL z â

j=0

n H-1L j Hb - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c s

2 c
,

¼,
b - ä a + p + 2 c s

2 c
, v;

b - ä a + p + 2 c s

2 c
+ 1, ¼,

b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHb-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b - ä a + p + 2 c Hv - sL
2 c

, ¼,

b - ä a + p + 2 c Hv - sL
2 c

, v;
b - ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b - ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

ãHb+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j Hb + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c Hv - sL
2 c

, ¼,

b + ä a + p + 2 c Hv - sL
2 c

, v;
b + ä a + p + 2 c Hv - sL

2 c
+ 1, ¼,

b + ä a + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z -

H-1Lv ãHb+ä a +p+2 c sL z â
j=0

n H-1L j Hb + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

b + ä a + p + 2 c s

2 c
, ¼,

b + ä a + p + 2 c s

2 c
, v;

b + ä a + p + 2 c s

2 c
+ 1, ¼,

b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z +
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H-1Lv ãH-b-ä a +p+2 c sL z â
j=0

n H-1L j H-b - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b - ä a + p + 2 c s

2 c
, ¼,

-b - ä a + p + 2 c s

2 c
, v;

-b - ä a + p + 2 c s

2 c
+ 1, ¼,

-b - ä a + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-b - ä a + p + 2 c Hv - sL
2 c

, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
, v;

-b - ä a + p + 2 c Hv - sL
2 c

+ 1, ¼,
-b - ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z -

H-1Lv ãH-b+ä a +p+2 c sL z â
j=0

n H-1L j H-b + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c s

2 c
, ¼,

-b + ä a + p + 2 c s

2 c
, v;

-b + ä a + p + 2 c s

2 c
+ 1, ¼,

-b + ä a + p + 2 c s

2 c
+ 1; -ã2 c z -

ãH-b+ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-b + ä a + p + 2 c Hv - sL
2 c

,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
, v;

-b + ä a + p + 2 c Hv - sL
2 c

+ 1,

¼,
-b + ä a + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of sin, powers of cosh, exp and power

Involving zn ãp z sinmHa zL coshuHb zL tanhv Hc zL
01.21.21.0430.01à zn ãp z sinmHa zL coshuHb zL tanhvHc zL â z � äv 2-m-u ãHp+c vL z

m
m

2

u
u

2

v
v

2

n! H1 - m mod 2L H1 - u mod 2L H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

p + 2 c s

2 c
+ 1, ¼,

p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

+
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j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 äv ãH-ä a Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + c v

2 c
,

v;
-ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+p+2 c sL z â

j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
, v;

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

ã-
1

2
ä m Π äv ãHa ä Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !

j+2F j+1

ä a Hm - 2 kL + p + c v

2 c
, ¼,

ä a Hm - 2 kL + p + c v

2 c
, v;

ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãHa ä Hm-2 kL+p+2 c sL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c s

2 c
,

¼,
ä a Hm - 2 kL + p + 2 c s

2 c
, v;

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
+

1; -ã2 c z + ãHa ä Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

+
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j+2F j+1

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
äv ãHp+b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL + c v

2 c
, ¼,

p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

äv ãHp-b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + c v

2 c
,

¼,
p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1, ¼,

p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s-b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

,

¼,
p + 2 c s - b Hu - 2 kL

2 c
, v;

p + 2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp-b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

; +
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p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u n! â
k=0

f m-1

2
v H-1Lk m

k
â
i=0

f u-1

2
v

u

i
ã

ä m Π

2 äv ãH-ä a Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c s-b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãH-ä a Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z + ã-
1

2
ä m Π

äv ãHa ä Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +
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â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s-b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

ã
ä m Π

2 äv ãH-ä a Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
,

v;
-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c s+b Hu-2 iLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +
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ãH-ä a Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z + ã-
1

2
ä m Π

äv ãHa ä Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

,

¼,
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1;

-ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+
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Involving  cos,  cosh, exp and power

Involving zn ãp z cosHa zL coshHb zL tanhv H c zL
01.21.21.0431.01à zn ãp z cosHa zL coshHb zL tanhvHc zL â z �

1

4
n! äv

v
v

2

H1 - v mod 2L ãH-b-ä a +p+c vL z â
j=0

n H-1L j H-b - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p + c v

2 c
,

¼,
-ä a - b + p + c v

2 c
, v;

-ä a - b + p + c v

2 c
+ 1, ¼,

-ä a - b + p + c v

2 c
+ 1; -ã2 c z +

ãH-b+ä a +p+c vL z â
j=0

n H-1L j H-b + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + p + c v

2 c
, ¼,

ä a - b + p + c v

2 c
, v;

ä a - b + p + c v

2 c
+ 1, ¼,

ä a - b + p + c v

2 c
+ 1; -ã2 c z +

ãHb-ä a +p+c vL z â
j=0

n H-1L j Hb - ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + p + c v

2 c
, ¼,

-ä a + b + p + c v

2 c
,

v;
-ä a + b + p + c v

2 c
+ 1, ¼,

-ä a + b + p + c v

2 c
+ 1; -ã2 c z +

ãHb+ä a +p+c vL z â
j=0

n H-1L j Hb + ä a + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + p + c v

2 c
, ¼,

ä a + b + p + c v

2 c
,

v;
ä a + b + p + c v

2 c
+ 1, ¼,

ä a + b + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-b-ä a +p+2 c sL z â

j=0

n H-1L j H-b - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p + 2 c s

2 c
,

¼,
-ä a - b + p + 2 c s

2 c
, v;

-ä a - b + p + 2 c s

2 c
+ 1, ¼,

-ä a - b + p + 2 c s

2 c
+ 1; -ã2 c z +

H-1Lv ãH-b+ä a +p+2 c sL z â
j=0

n H-1L j H-b + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + p + 2 c s

2 c
, ¼,

ä a - b + p + 2 c s

2 c
, v;

ä a - b + p + 2 c s

2 c
+ 1, ¼,

ä a - b + p + 2 c s

2 c
+ 1; -ã2 c z +

H-1Lv ãHb-ä a +p+2 c sL z â
j=0

n H-1L j Hb - ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + p + 2 c s

2 c
, ¼,

-ä a + b + p + 2 c s

2 c
, v;

-ä a + b + p + 2 c s

2 c
+ 1, ¼,

-ä a + b + p + 2 c s

2 c
+ 1; -ã2 c z +
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H-1Lv ãHb+ä a +p+2 c sL z â
j=0

n H-1L j Hb + ä a + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + p + 2 c s

2 c
, ¼,

ä a + b + p + 2 c s

2 c
, v;

ä a + b + p + 2 c s

2 c
+ 1, ¼,

ä a + b + p + 2 c s

2 c
+ 1; -ã2 c z +

ãH-b-ä a +p+2 c Hv-sLL z â
j=0

n H-1L j H-b - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a - b + p + 2 c Hv - sL
2 c

,

¼,
-ä a - b + p + 2 c Hv - sL

2 c
, v;

-ä a - b + p + 2 c Hv - sL
2 c

+ 1,

¼,
-ä a - b + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z + ãH-b+ä a +p+2 c Hv-sLL z

â
j=0

n H-1L j H-b + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a - b + p + 2 c Hv - sL
2 c

, ¼,
ä a - b + p + 2 c Hv - sL

2 c
,

v;
ä a - b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä a - b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z + ãHb-ä a +p+2 c Hv-sLL z

â
j=0

n H-1L j Hb - ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a + b + p + 2 c Hv - sL
2 c

, ¼,
-ä a + b + p + 2 c Hv - sL

2 c
,

v;
-ä a + b + p + 2 c Hv - sL

2 c
+ 1, ¼,

-ä a + b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z + ãHb+ä a +p+2 c Hv-sLL z

â
j=0

n H-1L j Hb + ä a + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a + b + p + 2 c Hv - sL
2 c

, ¼,
ä a + b + p + 2 c Hv - sL

2 c
,

v;
ä a + b + p + 2 c Hv - sL

2 c
+ 1, ¼,

ä a + b + p + 2 c Hv - sL
2 c

+ 1; -ã2 c z �; n Î N ì v Î N+

Involving powers of cos, powers of cosh, exp and power

Involving zn ãp z cosmHa zL coshuHb zL tanhv Hc zL
01.21.21.0432.01à zn ãp z cosmHa zL coshuHb zL tanhvHc zL â z � äv 2-m-u ãHp+c vL z

m
m

2

u
u

2

v
v

2

n! H1 - m mod 2L H1 - u mod 2L H1 - v mod 2L
â
j=0

n H-1L j Hp + c vL- j-1 zn- jHn - jL !
j+2F j+1

p + c v

2 c
, ¼,

p + c v

2 c
, v;

p + c v

2 c
+ 1, ¼,

p + c v

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

u
u

2

n! H1 - m mod 2L H1 - u mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c sL z â

j=0

n H-1L j Hp + 2 c sL- j-1 zn- jHn - jL !
j+2F j+1

p + 2 c s

2 c
, ¼,

p + 2 c s

2 c
, v;

; +

+
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p + 2 c s

2 c
+ 1, ¼,

p + 2 c s

2 c
+ 1; -ã2 c z + ãHp+2 c Hv-sLL z â

j=0

n H-1L j Hp + 2 c Hv - sLL- j-1 zn- jHn - jL !
 

j+2F j+1

p + 2 c Hv - sL
2 c

, ¼,
p + 2 c Hv - sL

2 c
, v;

p + 2 c Hv - sL
2 c

+ 1, ¼,
p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
u
u

2

n! H1 - u mod 2L â
k=0

f m-1

2
v

m

k
äv ãH-ä a Hm-2 kL+p+c vL z

v
v

2

H1 - v mod 2L
â
j=0

n H-1L j H-ä a Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + c v

2 c
,

v;
-ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z + â

s=0

f v-1

2
v H-1Ls v

s

H-1Lv ãH-ä a Hm-2 kL+p+2 c sL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

-ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
, v;

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + 2 c s

2 c
+ 1;

-ã2 c z + ãH-ä a Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j H-ä a Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !

j+2F j+1

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

-ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
-ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + c vL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + c v

2 c
,

¼,
ä a Hm - 2 kL + p + c v

2 c
, v;

ä a Hm - 2 kL + p + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c sL z â

j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c sL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c s

2 c
, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
, v;

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s

2 c
+ 1; -ã2 c z +

ãHa ä Hm-2 kL+p+2 c Hv-sLL z â
j=0

n H-1L j Ha ä Hm - 2 kL + p + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
, v;

; +
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ä a Hm - 2 kL + p + 2 c Hv - sL
2 c

+ 1, ¼,
ä a Hm - 2 kL + p + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

2-m-u
m
m

2

n! H1 - m mod 2L â
k=0

f u-1

2
v

u

k
äv ãHp+b Hu-2 kL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp + b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

p + b Hu - 2 kL + c v

2 c
, ¼,

p + b Hu - 2 kL + c v

2 c
, v;

p + b Hu - 2 kL + c v

2 c
+ 1, ¼,

p + b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

äv ãHp-b Hu-2 kL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Hp - b Hu - 2 kL + c vL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + c v

2 c
,

¼,
p - b Hu - 2 kL + c v

2 c
, v;

p - b Hu - 2 kL + c v

2 c
+ 1, ¼,

p - b Hu - 2 kL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s+b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s + b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s + b Hu - 2 kL
2 c

,

¼,
p + 2 c s + b Hu - 2 kL

2 c
, v;

p + 2 c s + b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s + b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp+b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp + b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p + b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p + b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1, ¼,
p + b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHp+2 c s-b Hu-2 kLL z â

j=0

n H-1L j Hp + 2 c s - b Hu - 2 kLL- j-1 zn- jHn - jL !
 j+2F j+1

p + 2 c s - b Hu - 2 kL
2 c

,

¼,
p + 2 c s - b Hu - 2 kL

2 c
, v;

p + 2 c s - b Hu - 2 kL
2 c

+ 1, ¼,
p + 2 c s - b Hu - 2 kL

2 c
+ 1; -ã2 c z +

ãHp-b Hu-2 kL+2 c Hv-sLL z â
j=0

n H-1L j Hp - b Hu - 2 kL + 2 c Hv - sLL- j-1 zn- jHn - jL !
 j+2F j+1

p - b Hu - 2 kL + 2 c Hv - sL
2 c

, ¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
, v;

p - b Hu - 2 kL + 2 c Hv - sL
2 c

+ 1,

¼,
p - b Hu - 2 kL + 2 c Hv - sL

2 c
+ 1; -ã2 c z + 2-m-u n! â

k=0

f m-1

2
v

m

k
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â
i=0

f u-1

2
v

u

i
äv ãH-ä a Hm-2 kL+p+b Hu-2 iL+c vL z

v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n 1Hn - jL !
 IH-1L j H-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1

zn- j M j+2F j+1

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1; -ã2 c z + ãH-ä a Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z

â
j=0

n 1Hn - jL !
 IH-1L j H-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- j M j+2F j+1

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
,

v;
-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p+b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s+b Hu-2 iLL z â

j=0

n 1Hn - jL !
 IH-1L j Ha ä Hm - 2 kL + p + 2 c s + b Hu - 2 iLL- j-1

zn- j M j+2F j+1

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
,

v;
ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s + b Hu - 2 iL
2 c

+ 1;

-ã2 c z + ãHa ä Hm-2 kL+p+b Hu-2 iL+2 c Hv-sLL z â
j=0

n 1Hn - jL !
 IH-1L j Ha ä Hm - 2 kL + p + b Hu - 2 iL +

L z M 
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2 c Hv - sLL- j-1 zn- j M j+2F j+1

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p + b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1; -ã2 c z +

äv ãH-ä a Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãH-ä a Hm-2 kL+p+2 c s-b Hu-2 iLL z â

j=0

n 1Hn - jL !
 IH-1L j H-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1

zn- j M j+2F j+1

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,

-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, v;
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1,

¼,
-ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1; -ã2 c z + ãH-ä a Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z

â
j=0

n 1Hn - jL !
 IH-1L j H-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sLL- j-1 zn- j M j+2F j+1

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,
-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
,

v;
-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1, ¼,

-ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

+ 1; -ã2 c z +

äv ãHa ä Hm-2 kL+p-b Hu-2 iL+c vL z
v
v

2

H1 - v mod 2L â
j=0

n H-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL + c vL- j-1 zn- jHn - jL !
 

j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
, v;

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + c v

2 c
+ 1; -ã2 c z +

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãHa ä Hm-2 kL+p+2 c s-b Hu-2 iLL z â

j=0

n 1Hn - jL !
 IH-1L j Ha ä Hm - 2 kL + p + 2 c s - b Hu - 2 iLL- j-1

z M 
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zn- j M j+2F j+1

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

, ¼,
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
,

v;
ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL

2 c
+ 1, ¼,

ä a Hm - 2 kL + p + 2 c s - b Hu - 2 iL
2 c

+ 1;

-ã2 c z + ãHa ä Hm-2 kL+p-b Hu-2 iL+2 c Hv-sLL z â
j=0

n 1Hn - jL !
 IH-1L j Ha ä Hm - 2 kL + p - b Hu - 2 iL +

2 c Hv - sLL- j-1 zn- j M j+2F j+1

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

, ¼,

ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL
2 c

, v;
ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1,

¼,
ä a Hm - 2 kL + p - b Hu - 2 iL + 2 c Hv - sL

2 c
+ 1;

-ã2 c z �; n Î N ì m Î N+ ì u Î N+ ì v Î N+

Definite integration

For the direct function itself

01.21.21.0009.01à
a

b

tanhHtL â t � logHcoshHbLL - logHcoshHaLL
Involving related functions

01.21.21.0010.01à
0

¥

ã-t tanhHtL â t �
Π

2
- 1

01.21.21.0011.01à
0

¥

t ã-t tanhHtL â t � 2 C - 1

01.21.21.0012.01

à
0

¥

t2 ã-t tanhHtL â t �
Π3

8
- 2

01.21.21.0013.01

à
0

¥ ã-t tanhHtL
t

 â t � -logH4L + 2 log G
1

4
- 2 log G

3

4

Summation

Finite summation

01.21.23.0001.01â
k=0

n 1

2k
 tanh

a

2k
� 2 cothH2 aL -

1

2n
 cothK a

2n
O
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01.21.23.0002.01

â
k=0

n-1

tanh2
ä Π k

n
+ z � coth2 z n +

ä Π n

2
n2 - n2 + n �; n Î N+

Infinite summation

01.21.23.0003.01

â
k=1

¥ tanhJ z

2k
N

2k
� cothHzL -

1

z

01.21.23.0004.01

â
k=1

¥ tanh2J z

2k
N

22 k
� csch2HzL +

1

3
-

1

z2

Representations through more general functions

Through hypergeometric functions

01.21.26.0007.01

tanhHzL �
8 z

4 z2 + Π2
 3F2 1,

1

2
-

ä z

Π
,

ä z

Π
+

1

2
;

3

2
-

ä z

Π
,

ä z

Π
+

3

2
; 1

Brychkov Yu.A. (2005)

Through other functions

Involving Jacobi functions

01.21.26.0001.01

tanhHzL � -ä cs
Π

2
- ä z 0

01.21.26.0002.01

tanhHzL � -ns
Π ä

2
- z 1

01.21.26.0003.01

tanhHzL � -ä scHä z È 0L
01.21.26.0004.01

tanhHzL � snHz È 1L
Involving Mathieu functions

01.21.26.0005.01

tanhI a zN � -
ä MathieuSHa, 0, ä zL
MathieuCHa, 0, ä zL

01.21.26.0006.01

tanhI a zN �
ä MathieuCPrimeHa, 0, ä zL
MathieuSPrimeHa, 0, ä zL
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Representations through equivalent functions

With inverse function

01.21.27.0001.01

tanhItanh-1HzLM � z

01.21.27.0002.01

tanhIn tanh-1HzLM �
H1 + zLn - H1 - zLnH1 + zLn + H1 - zLn

�; n Î N+

01.21.27.0003.02

tanh-1HtanhHzLL � z �; -
Π

2
< ImHzL <

Π

2
ë ImHzL � -

Π

2
í ReHzL > 0 ë ImHzL �

Π

2
í ReHzL < 0

01.21.27.0081.01

tanh-1HtanhHzLL � z + Π ä �; -
3 Π

2
< ImHzL < -

Π

2
ë ImHzL � -

3 Π

2
í ReHzL > 0 ë ImHzL � -

Π

2
í ReHzL < 0

01.21.27.0082.01

tanh-1HtanhHzLL � z - Π ä �; Π

2
< ImHzL <

3 Π

2
ë ImHzL �

Π

2
í ReHzL > 0 ë ImHzL �

3 Π

2
í ReHzL < 0

01.21.27.0083.01

tanh-1HtanhHzLL � z - Π ä k �;
k Π -

Π

2
< ImHzL < Π k +

Π

2
ë ImHzL � k Π -

Π

2
í ReHzL > 0 ë ImHzL � Π k +

Π

2
í ReHzL < 0 í k Î Z

01.21.27.0004.01

tanh-1HtanhHzLL � z + ä Π
1

2
-

ImHzL
Π

-
Π ä

2
1 + H-1Lf ImHzL

Π
+

1

2
v+f-

ImHzL
Π

-
1

2
v

ΘHReHzLL �; ä z

Π
-

1

2
Ï Z

01.21.27.0084.01

tanh-1HtanhHzLL �

È Π-2 ä z

2 Π
Î Z

z - Π ä f 2 ImHzL-Π

2 Π
v 2 ImHzL+Π

2 Π
Î Z í ReHzL < 0

z - Π ä f 2 ImHzL+Π

2 Π
v True

With related functions

Involving exp

01.21.27.0005.01

tanhHzL �
ãz - ã-z

ãz + ã-z

01.21.27.0006.01

tanhHzL �
2

ã-2 z + 1
- 1

Involving sin
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01.21.27.0007.01

tanhHzL � -
ä sinHä zL

sinI Π

2
- ä zM

01.21.27.0008.01

tanhHzL � -
ä sinHä zL

sinI Π

2
+ ä zM

01.21.27.0009.01

tanhHzL � -
ä sinHä zL

1 - sin2Hä zL �;  ImHzL¤ <
Π

2

01.21.27.0010.01

tanhHzL � -
ä sinHä zL

1 - sin2Hä zL  H-1Lf ImHzL
Π

+
1

2
v

1 - 1 + H-1Lf ImHzL
Π

+
1

2
v+f-

ImHzL
Π

-
1

2
v

ΘHReHzLL
01.21.27.0011.01

tanh2HzL �
sin2Hä zL

sin2Hä zL - 1

Involving cos

01.21.27.0012.01

tanhHzL � -
ä cosI Π

2
- ä zM

cosHä zL
01.21.27.0013.01

tanhHzL �
ä cosI Π

2
+ ä zM

cosHä zL
01.21.27.0014.01

tanhHzL �
z2

z
 

cos2Hä zL - 1

cosHä zL �;  ImHzL¤ <
Π

2

01.21.27.0015.01

tanhHzL � -
-z2

z
 

1 - cos2Hä zL
cosHä zL �;  ImHzL¤ < Π

01.21.27.0016.01

tanhHzL �
ä 1 - cos2Hä zL

cosHä zL �; 0 < ImHzL < Π

01.21.27.0017.01

tanhHzL � -
ä 1 - cos2Hä zL

cosHä zL  H-1Lf-
ImHzL

Π
v

1 - 1 + H-1Lf ImHzL
Π

v+f-
ImHzL

Π
v

ΘH-ReHzLL
01.21.27.0018.01

tanh2HzL �
cos2Hä zL - 1

cos2Hä zL
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Involving tan

01.21.27.0019.01

tanhHzL � -ä tanHä zL
01.21.27.0020.01

tanhHä zL � ä tanHzL
Involving cot

01.21.27.0021.01

tanhHzL � -ä cot
Π

2
- ä z

01.21.27.0022.01

tanhHzL � ä cot
Π

2
+ ä z

01.21.27.0023.01

tanhHzL � -
ä

cotHä zL
Involving csc

01.21.27.0024.01

tanhHzL � -
ä cscI Π

2
- ä zM

cscHä zL
01.21.27.0025.01

tanhHzL � -
ä cscI Π

2
+ ä zM

cscHä zL
01.21.27.0026.01

tanhHzL � ãz csc
Π

2
- ä z - 1

01.21.27.0027.01

tanhHzL � 1 - ã-z csc
Π

2
- ä z

01.21.27.0028.01

tanhHzL �
z2

z
 

1

1 - csc2Hä zL �; ReHzL ¹ 0

01.21.27.0029.01

tanhHzL �
ä

csc2Hä zL - 1

�; 0 < ImHzL <
Π

2

01.21.27.0030.01

tanhHzL � z -
1

z2
 

ä

csc2Hä zL - 1

�;  ImHzL¤ <
Π

2
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01.21.27.0031.01

tanhHzL � -
ä

csc2Hä zL - 1

H-1Lf-
2 ImHzL

Π
v

1 - 1 + H-1Lf ImHzL
Π

-
1

2
v+f 1

2
-

ImHzL
Π

v
ΘH-ReHzLL 1 - 1 + H-1Lf ImHzL

Π
v+f-

ImHzL
Π

v
ΘHReHzLL

01.21.27.0032.01

tanh2HzL �
1

1 - csc2Hä zL
01.21.27.0033.01

tanh2HzL � 1 - csc2
Π

2
- ä z

Involving sec

01.21.27.0034.01

tanhHzL � -
ä secHä zL

secI Π

2
- ä zM

01.21.27.0035.01

tanhHzL �
ä secHä zL

secI Π

2
+ ä zM

01.21.27.0036.01

tanhHzL � 1 - ã-z secHä zL
01.21.27.0037.01

tanhHzL � ãz secHä zL - 1

01.21.27.0038.01

tanhHzL �
z2

z
 1 - sec2Hä zL �; ImHzL ¹ 0

01.21.27.0039.01

tanhHzL � ä sec2Hä zL - 1 �; 0 < ImHzL <
Π

2

01.21.27.0040.01

tanhHzL � -
-z2

z
 sec2Hä zL - 1 �;  ImHzL¤ <

Π

2

01.21.27.0041.01

tanhHzL � -ä sec2Hä zL - 1 H-1Lf-
2 ImHzL

Π
v

1 - 1 + H-1Lf ImHzL
Π

v+f-
ImHzL

Π
v

ΘH-ReHzLL 1 - 1 + H-1Lf ImHzL
Π

-
1

2
v+f 1

2
-

ImHzL
Π

v
ΘHReHzLL

01.21.27.0042.01

tanh2HzL � 1 - sec2Hä zL
Involving sinh

01.21.27.0043.01

tanhHzL �
ä sinhHzL

sinhJ Π ä

2
- zN
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01.21.27.0044.01

tanhHzL �
ä sinhHzL

sinhJ Π ä

2
+ zN

01.21.27.0045.01

tanhHzL �
sinhHzL

sinh2HzL + 1

�;  ImHzL¤ <
Π

2

01.21.27.0046.01

tanhHzL �
sinhHzL

1 + sinh2HzL  H-1Lf ImHzL
Π

+
1

2
v
 1 - 1 + H-1Lf ImHzL

Π
+

1

2
v+f-

ImHzL
Π

-
1

2
v

ΘHReHzLL
01.21.27.0047.01

tanh2HzL �
sinh2HzL

sinh2HzL + 1

Involving cosh

01.21.27.0048.01

tanhHzL �
ä coshJ Π ä

2
- zN

coshHzL
01.21.27.0049.01

tanhHzL � -
ä coshJ Π ä

2
+ zN

coshHzL
01.21.27.0050.01

tanhHzL � -
-z2 1 - cosh2HzL

z coshHzL �;  ImHzL¤ < Π

01.21.27.0051.01

tanhHzL �
ä 1 - cosh2HzL

coshHzL �; 0 < ImHzL < Π

01.21.27.0052.01

tanhHzL �
z2

z
 

cosh2HzL - 1

coshHzL �;  ImHzL¤ <
Π

2

01.21.27.0053.01

tanhHzL �
z2

z
 

cosh2HzL - 1

coshHzL  H-1Lf ImHzL
Π

+
1

2
v

1 - H-1Lf ImHzL
Π

+
1

2
v+f-

ImHzL
Π

-
1

2
v

+ 1 ΘHReHzLL
01.21.27.0054.01

tanh2HzL �
cosh2HzL - 1

cosh2HzL
Involving coth
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01.21.27.0055.01

tanhHzL � -coth
Π ä

2
- z

01.21.27.0056.01

tanhHzL � coth
Π ä

2
+ z

01.21.27.0057.01

tanhHzL � coth z -
Π ä

2

01.21.27.0058.01

tanhHzL �
1

cothHzL
01.21.27.0059.01

tanhHzL �
2 cothI z

2
M

coth2I z

2
M + 1

01.21.27.0060.01

tanh
Π ä

2
+ z � cothHzL
01.21.27.0061.01

tanh
Π ä

2
- z � -cothHzL
01.21.27.0062.01

tanhHzL � 2 cothH2 zL - cothHzL
Involving csch

01.21.27.0063.01

tanhHzL �
ä cschJ Π ä

2
- zN

cschHzL
01.21.27.0064.01

tanhHzL �
ä cschJ Π ä

2
+ zN

cschHzL
01.21.27.0065.01

tanhHzL � 1 - ä ã-z csch
Π ä

2
- z

01.21.27.0066.01

tanhHzL � ä ãz csch
Π ä

2
- z - 1

01.21.27.0067.01

tanhHzL �
z2

z
 

1

1 + csch2HzL �; ReHzL ¹ 0
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01.21.27.0068.01

tanh2HzL �
1

csch2HzL + 1

01.21.27.0069.01

tanh2HzL � csch2
Π ä

2
- z + 1

Involving sech

01.21.27.0070.01

tanhHzL �
ä sechHzL

sechJ Π ä

2
- zN

01.21.27.0071.01

tanhHzL � -
ä sechHzL

sechJ Π ä

2
+ zN

01.21.27.0072.01

tanhHzL � 1 - ã-z sechHzL
01.21.27.0073.01

tanhHzL � ãz sechHzL - 1

01.21.27.0074.01

tanhHzL �
z2

z
 1 - sech2HzL �; ReHzL ¹ 0

01.21.27.0075.01

tanhHzL � ä sech2HzL - 1 �; 0 < ImHzL <
Π

2

01.21.27.0076.01

tanhHzL � -
-z2

z
 sech2HzL - 1 �;  ImHzL¤ <

Π

2

01.21.27.0077.01

tanhHzL � -ä sech2HzL - 1 H-1Lf-
2 ImHzL

Π
v

1 - 1 + H-1Lf ImHzL
Π

v+f-
ImHzL

Π
v

ΘH-ReHzLL 1 - 1 + H-1Lf ImHzL
Π

-
1

2
v+f 1

2
-

ImHzL
Π

v
ΘHReHzLL

01.21.27.0078.01

tanh2HzL � 1 - sech2HzL
Involving trigonometric and hyperbolic functions

01.21.27.0079.01

tanhHzL �
sinhHzL
coshHzL

01.21.27.0080.01

tanhHzL - cothHzL � -2 cschH2 zL
Inequalities
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01.21.29.0001.01

tanhHxL < x �; x > 0 ß x Î R

01.21.29.0002.01 tanhHxL¤ < 1 �; x Î R

Theorems

Solution of the associated Camassa-Holm equation

The  function  pHx, tL � Ih + Λ
h

M tanh2 1
Λ

+ 1

h2
Hx + h t ΛL - Λ

h
 is  a  solution  of  the  associated  Camassa–Holm

equation

¶ pHx, tL
¶ t

� Hp Hx, tLL2
¶

¶ x
 

1

4
pHx, tL ¶2 log Hp Hx, tLL

¶ x ¶ t
-

1

2
Hp Hx, tLL2 .

History

– L'Abbe Sauri (1774)
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