WOLFRAM functions.wolfram.com

i ; : I P N Y L .
: l'-'.lI information abont mathematical frenctions.

R E 5- E .I‘i. F’: C H 1he .'-'.-:.l'u'_!'_-: le snost ¢ l'-'.-'.'."lll:'.l.I.'.I::':'J.ll.".J::'IZ' ard T .-:.l'.u'-:'r.'I FOHCe

ThreeJSymbol

Wiow the onling version at Download the
® functions.weolfram.com @ PDF File

Notations

Traditional name

Wigner 3- j symbol
Traditional notation
(jl j2 js)
m My My
Mathematica StandardForm notation

ThreEJSynbO| [{jl‘ rnl}r {j27 mz}‘ {j31 rnS}}

Primary definition

07.39.02.0001.01
[jl 2 s )__
mom omg )
Oy D77 NG = o4 Jot Gl 24 it Vs -mot Y s mot Ve mot o -myt ) /

(\/(j1+j2—j3)! \/(j1+j2+j3+1)! \/(jl_ml)! \/(jz+”12)!)
sFo(—ji— 2+ ia M= ju, —jo—Mp —jo+ ja+ M+ 1 —ji + js— My +1; 1) /; PhysicatQ(j1, My, j2, My, j3, My)

07.39.02.0002.01

[ r{jl r’rfz r{fs ) 0 /; ~ Physicat@({jz, My}, {jz, M), {ja, M)

( r]nl rjnzz o ) is the 3j-symbol. The 3j-symbol appears in the quantum mechanical treatment of angular momentum,
I8
where jsis the full angular momentum and —mgis its projection onto a given axis. The values of the 3j-symbol which are

physically realizable (in a Minkowski space-time) are obtained under the additional restrictions:

07.39.02.0003.01
PhysicalQ{j1, M}, {iz2, Mo}, {ja, Me}) == TriangularQ(jy, j2, j3) A
ji—-meZANjz-mpeZA\jz-mgeZ A\-ji=sm<sjiA-josmp<jpA-jssm=j3
07.39.02.0004.01
TriangufarQ[] 1, j 2, j3] =2jrelntegers A\j1>0A2j,elntegers/\j,=0A
2jgelntegers \jsz0Aji+ja+jselntegers NAbs[jg-j2]l <js=ji+]j2

07.39.02.0004.01
TriangularQ(jy, j2, j3) =2j1 eNA2j, eNA2jzeNA 1+ o+ jseNAlji— ol <js=<ji1+]2
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Specific values

Specialized values

Nonphysical cases

07.39.03.0001.01
(jl 2 s

=0/m+m+mg+0
mlmzms) [/, My + Mg + Mg

Fixed j1, j2, My, my
07.39.03.0002.01
(il i2 0) e o 6 /- Phystcat@lis, Mo (i, Mo (0, 0D
= ————6j,j, Omy-m, /s Physica 1, M}, {J2, mp}, {0,
mom 0 2j1+1 Jul2
07.39.03.0003.01
(jl 2 itz )::
m M —-M—-Np

. @i V@i Ui+ iz+m+m)! y/ (ji+ j2— My —myp)!
(1), \/ 1 \/ 2 \/ 1t2+m \/ 1tl2—-m p

V2j1+2j+1 \/(211+212)! \/(h*’"h)f \/(jl_ml)! \/(jz+rflz)! \/(jz—mz)!

Physical@Q({j1, My}, {j2, Mo}, {j1 + Jo, =My — My})

07.39.03.0004.01
( j1 J2 jati2-1 )
m m —-m-np

. o Neh-D! V@i - Gatiarmrm =Dty (14 jo—my—mp— D
(=D I#lrMmMe 2 (o my — jy my) /

Veir+2i)! yG+mt VGi-mpt y o+ mt (- my)!
PhysicalQ{j1, M}, {j2, M}, {j1 + J2— 1, —my —mp})
07.39.03.0005.01
[jl iz j1+j2—2)
m m —-m-np
(—1)-1'1“'2-%-“‘2(«/7\/11 V2ii-1 vz V2ia-1 yGi-mt Vi +mt v ia—mpt (o +my)!

\/(il+jz—"‘1—”‘2—2)! \/(j1+j2+m1+”12—2)!)/

(Ve Vet yeir2i-4! y2i+2i-3 J2ii+2j:-2 y2ii+2i.-1)
[ 2j1-2!'2j2-2! 22j1-2)!(2j-2)!

+
=) (e+m =2 (jo+m)! (jo—mp=2)!  (ji—-m=D!(ji+m=D!(jo+mp = D! (jo—mp—1)!
2jh1-2!2j,-2)!
(=M =2 (jr+m)! (jo+Mp = 2)! (jo —mp)!

]/; PhysicalQ{j1, My}, {j2, Mo}, {j1 + j2 — 2, -y —my})
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07.39.03.0006.01
(jl j2 jl_j2+2)::
m m —-m-nm
(—1)_j1+2j2_ml(\/ 2 \/212—1 \/211—2jz+4 \/211—212+3 \/(jl—”h)! \/(j1+ml)! \/(jz—mzﬂ
Viiz+mt V- jz=m-me+ 2t Gi-fprmemp+2)t ) /

(Vair+t y2ir+2 Y2ies Ve Yeit yei-2i+ar)
2)2-2!12]1-2]2+2)!
((Jz+mz)!(jz—mz—z)!u‘l—jz—ml—nw!(jl—jz+rm+rnz+2)! )
22)2-2!12j1-2]j2+2)!
(a+m=D!(je-m=D!(ji—jza—mM-mp+ D! (ji— j2+ M+ mp + 1! '
2j2-2!2j1-2j2+2)! _
(jz+”‘2—2)!(jz—n12)!(jl—jz—ml—mz+2)!(jl—jz+n11+”12)!]
PhysicalQ{j1, M}, {j2, Mph, {j1 — j2+2, —my —mp})

07.39.03.0007.01
( j1 J2 ji-J2t+1

== _1_jl+2j2_m1+12 i + +
m m —ml—mz) -1 (JiMp+ j2 My + 1)

VCia-D! V@i1-2j+ D! Gir+m)! (1 —my)!

/;

V2ii+2! Viz+m)! {Ga-m)! v (1 iz+m+mp+ D! (- o —my—my + 1!
Physical Q({j1, M}, {j2, M}, {j1 — j2 + L, —my —mp})

07.39.03.0008.01

[jl 2 Ji—i2 )::
m m —Mm-np

j ! j1— ! 22! 2i1-2j2)!
1z Vir+m!t VGi-mot Y @it V@ii-2iy .

Veir+ D! Viz+m)! v Ga—m! V(r—ia+m+mp)t (1 — j2—my —my)!
PhySiC‘l(GE({jlv ml}v {j2! rnZ}! {jl_ j2! _rnl - rnZ})

07.39.03.0009.01

(r’nll r’rfz _"r';;_”ﬁb )==(—1)12-2"‘1-"‘2(\/(2m1+2mz)! Vit o-m-mt Vo rmt G +mot ]/

(\/(J1+J2+TT11+”12+1)! Vi i+ moem)t Vsl meemt Vio-mot Go-mot )
¢)hySiC‘l(Gz({jl‘ ml}‘ {j2! rnZ}x {ml + rnZ‘ _ml_ rnZ})
07.39.03.0010.01

[1'1 jo m+m+1

MM, -y )==(—1>Jz-2m1-”b((jz—mz)(jz+mz+1)—(jl—ml)(jl+m1+1))

(\/(2m1+2m2+1)! Vi +iz—m—m =t /(g +mp! \/<12+mz>!)/

(\/(J1+j2+”11+”‘2+2)! V=i +m+m+ Dty (cjg+ i+ my+my+ Dy (- my)! \/(jz—rr‘z)!)/;
PhySiC‘lfCZ({jli ml}, {j21 rnz}, {ml + rnZ + 1! _ml - mz})

Fixed jll j2! j! my
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07.39.03.0011.01

(11 J2 I3 )::
j1 M —jp-m

e Vein! Veir+iz+int iz-mt y s+ iz +my)!

1

\/(jl+j2+j3+1)! \/(jl_j2+j3)! \/(jl+jz—js)! \/(j2+”12)! \/(js—jl—rT‘z)!
PhysicatQ({j1, ja}, {iz, Meh Lz, —j1 — M}
07.39.03.0012.01

( j1 J2 I3

ol my Myl )zz(—l)*”l”f"h”((is—il—mz+1>u‘3+J1+mz)—(iz+mz)<iz—mz+1»

Veii-! Ytz + it v a-m)t (s + s +m - 1!

/i

Vit +is+ D! V(- 2+ 9! V(1 +ia- 1! v 2+ m)! /(-1 -mp + D!
PhySiCll(Q({jl, jl - 1}! {j21 m2}v {j3’ _jl - m2+ 1})
Fixed ji, j, m

07.39.03.0013.01

(jl 0 js )__ (-phm

m 0 —m, O, Physicat@(jz, ), {0, 0}, (ja, —my))

2j3+1

07.39.03.0014.01

( j1 s ia )::0'2j1+j3_1e
mom -2m ’
07.39.03.0015.01
| T )(—DL (225)1y (G + 2mt V(G- 2mt 212~ 1o)! )
o (252 (52) () Vi el vt
2j1+1]s

€ Z )\ PhysicatQ(jz, m), {iz, mu), {ja, —2my))

07.39.03.0016.01

1 J'1+% j3+%
my ml+% —2ml—%

2j1+i3

i (52 ) 1yl 2mi+1 200+ j3+2 y @ir- o)t y (s +2mp! y (s-2mp)!
- /i

2o (B2 (B2 1T VAT @it s+ D!

ez /\Physz’ca/@({jl, my}, {jl + % my + %} {j3 + % —2m; - %})

2j1+]3




http: //functions.wolfram.com

07.39.03.0017.01

o 1 1) 1 12 1)

Fompmy - — +—j+—2m - —)=
Jil1 2m1 h > Jil1 2] > h >

2
s (252) 1o —2m+ 1 2i+ 1+ 2 @ia- 2! yGa+2m)t y(Ga-2mp!
- /i
2j1-j Jgt2my )y (jz-2my : - P
2( 123)!(32 )!(32 )!,113+1 Vii—m+1 @2j+js+ 1)

2j1+]

c Z/\S"hysz’ca/@({jl, my), {1+ % my — ;} {ia+ % —omy + %})

07.39.03.0018.01
. . 1 . 1
i hit3  Ist3 ]
1 1
m my+ > -2 m - >

2jy+j3+1

Jiis-2m+1 @it i9! y (3 +2m+D)! \/<13—2ml+1)'

2 () () e L VI Ty @1+ s + 2!

- My + 1} {13+E —ZWH—E})

jg-2jy-4m -1 (
2

=D

2ji+j3-1
% e Z/\Physica(’é?({jl, my}, {jl + -

07.39.03.0019.01

T T |
i hht3 Ist3
m ml—% %_Zml

waemes (20 Jlar2m 1 @1 )t V(s +2m; + D! \/(13—2m1+1)'
(G
2(2]1 ja— ) (J3+2m1+1) (13 2m1+1) mmm
2j1+j3-1

1 1 1 1
€ Z/\Physzca(&({]l, my}, {11 + > m - E}, {13+ >’ —2my + 5})
07.39.03.0020.01
j1 ji+1 IE
m ml+1 —Zml—l

ig=2ip+ip—4my

J=cv

oy
(( J12+J3]g\/j3+2m1+1 \/j3—2m1 \/211+13+2 \/(2]1—j3+1)! \/(j3+2ml)! \/(]3—2ml)! )/

2j1-J3) (Ja+2my) (jz—2my - - , . —
(2[ 5 )'[ > ]V( > )!\/11+m1+2\/11+mi+1\/13\/J3+1\/(211+J3+1)!)/;

2j1+]3

ez [\ PhysicatQljz, i), {1+ 1, My + 1, {ja, —2m; - 1)

07.39.03.0021.01
j1 i+l s )
m m -2m

32134y +2 ml(zjl 13) \/211+13+2 \/(211—13+1)' \/(13+2m1)' \/(13—2”11)'
T /i
() (22 (P VT m A T VI T yJe yia+ 1 v @ir+ja+ D!

e Z )\ Physicat@(jz, M), (i1 + 1, My}, (ja, —2my))

2j1+]3
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07.39.03.0022.01
i i+ 1 i i3=2jp-4m
i h J3 ):: -1z
m m-11-2my

[[2““3)!\/13—2ml+1 Vist2m 2ji+js+2 @i ja+ D! /(G +2mp! /(s - 2my)! )/

2
2j1—1l3) (Ja+2m) (j3—2my . - _ , —
(2[ . ]'[ . ]'( . ]!\/Jl—m1+2 Vit-mi+1 \is y/is+1 J<211+13+1>!]/;

2j1+]3

e Z )\ Physicat@(js, mu), (1 +1, my - 1), (s, ~2my + 1))

07.39.03.0023.01

ji i+l is JaZhamot _
e g =D (sls+ D+ @M+ D)1 +2)

2j1+j3+1
([L]!\/mumﬁlﬂ Vis—2m -t @1 -js+1)! )/

2

j3+2m1+1 j3—2m1— 2]1-]3+1
(2( )'[ )[ )\/11+m1+1 \/Jl+m1+2 Vs \/Js+1 \/(211+Js+2)']/

2 2
2j1+js-1 ) . . .
— — € Z/\Physzcaf@({]l, mi}, {jo+ L my + 13, {js, —2m - 1))

07.39.03.0024.01
j372j174m1+1

i1 _ 2j1+j3+1 - - .
il s )::(—1) 2 [(2]1+2)(41 23 ]!\/(Js+2m1)! \/(J3‘2m1)! \/(211—J3+1)!]/

m m -2m

jat2m -1y (js—2m -1\ (2j;—js+1
(( > )'[ > )[ )\/Jl+m1+1 \/]l_m1+1 Vs \/13+1 \/(211+13+2)')/
2j1+js-1
2

€ Z )\ Physicat@(jz, mu), {1 + 1, my), (ja, ~2my))

07.39.03.0025.01
j1 i+l is
m m-11-2m

2j1+j3+1
([%)!\/u'wml—l)! Viz—2m; + D! \/(211—13+1)!)/

2j1—ja+1y (Jz—2m+1\ (jg+2m -1

(2[ 2 ][ 2 )[ )\/Jl—”h+1\/h—nh+2\/13\/13+1\/(211+13+2>~)/
2j1+j3-1
2

jg-2i-am+3

)::(—1>—z (a(ja+ 1) - @M - 1) (21 +2)

€ Z/\PhySiCﬂf'Q({jlx my}, {jo+ 1 my =1}, {j3, —2m + 1})

Fixed j1, j2, ]

(

07.39.03.0026.01
j]_ j2 jg)__ _jl+j2+j3_1

000 €z
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(jl
0

jitj2+]s

07.39.03.0027.01

jit+iatis

iv s “iz s ( )!\/(—jl+jz+js)! \/(j1—12+j3)! \/(j1+j2_j3)!
00 ):: —1) 2 /,

(—11+212+13)! (11—122+J'3)! (J1+J22‘j3)! \/m

ez /\Triangu(’ur@(jL iz Ja3)

Fixed j]_, j2

1
my

( J1
i1

( 1
j1=1 j2 —ji-j2+1

( j1
i1

07.39.03.0028.01
o (Ju+i2!'V@2j)! V2])! _ _
}:@nﬂﬁh iireNAjeN

j1Vi2!' V2j1+2j2+1 |/ 21 +2]2)!

2 1tz
0 0

07.39.03.0029.01

et Yei-2i+ ! S
):(‘1)“ iineNA2eNAj1=z]p

2'01=j2'V2j1-2]2+1 4 21+ 1!

2 1-1l2
0 0

07.39.03.0030.01
2 Ji+tiz )__ (12
J2 —Ji=1]2 21+2],+1

/,2J1€N/\212€N

07.39.03.0031.01
oo V@D @2j)!
)::(_1)*211”12 /i2j1eNA2jeN

V2j1+2jo+1 / (2j1+2])!

j2 itz

-2 2= h

07.39.03.0032.01
o itj2-1 ) , .
== O ; ==
My —mmy —m /i jamp = jamy
07.39.03.0033.01

jo Jatja-1

-2 2l

2is2, V QD! V2!
V@j1+2jy)!

/i2j1eN"A2j,eN*

) — (1

07.39.03.0034.01

i ' Vi

Il it ):(_1)2,2 : - 2 /21N A2j,eN
V2j1+2j2-1 Vii+]2

07.39.03.0035.01
j2 Jatje-1
j2=1 =j1—j2+1

, Vi
):: (—1)_2]1+l ! /, 2j1€N/\2j2€N+
V2j1+2j-1 Viji+]2

07.39.03.0036.01

Vi

i1 o
_JJZ Jlj j_zj )::(—1)72”2'2 : : 12i1eN"A2),eN"Aji=p
2 2 1 \/]1+1 \/2]1+1

07.39.03.0037.01

o o 1
L Jz):z(_l)_zmzb—/§2j1€N/\212€N/\11212

=2 J2—l1 V2ii+L
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07.39.03.0038.01

(jl i2 j1+j2—2)__( 1)-2is2i; V2! v 2j2)! )
V2 {@2j1+2j-D!

;2jl—26N/\2j2—2€N

IER PR PR T

07.39.03.0039.01

b -2 or | VEVTRT
(2 R ey 2T A2jew N\2i-2eN > l-1
v - Vie+1 V2j1+1 V2j1+3

Fixed jl, My

07.39.03.0040.01
( j1 1 2ml+1)
::0
m m -2m

General characteristics
Domain and analyticity

( 12 s ) is a six-argument function. The condition PhysicalQ restricts the arguments to integers or half-

m M Mg
integers (interpreted as quantum-mechanical spin quantum numbers) that fulfill certain inequalities. Without the
condition Physical@Q and the prefactor ensuring my + m, + Mg == 0, ( rjnll rjnzz 3 ) would be an analytic function

inall six arguments over C8.

07.39.04.0001.01
({jl*”h}*{jz*mz}*{js*nb})—’( 1 ):: (0®QI®Q®Q®IQ8QN—C

Symmetries and periodicities

Permutation symmetry
07.39.04.0002.01

(jl 2 s ):( j2 s jl)

m M mg m mg m
07.39.04.0003.01

(jl 2 s ):( JER iz)

m M Mg M M M
07.39.04.0004.01

[jl 2 s )::(_1),-1+,-2+,-3( i1 s jz)
m m m m

07.39.04.0005.01

(jl 2 s ):z(_l)iﬁizﬂ's( 2 I js)
m M Mg m

07.39.04.0006.01

(jl 2 s ):(_1);1+12+13( iz 2 jl)
m NMp m m
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Reflection symmetry

07.39.04.0007.01

(jl 2 s ):(_1);1+12+13( i 2 s )
m M Mg -m -y -y

Series representations

Generalized power series
07.39.06.0001.01
(jl j2 s ) O-mg my 1,

m
LM T V0it+iz+js+D!

VEirtiz it Var+rm! Vii-mot Vo +m)t y (- mt /(s +me! /(s —mo!
o0 (—l)k /
Sk 1+ 2= s =R (=M =K (2 + M=K (= o+ M+ K (3= jr—mp+ k!

D7 Gy o~ o)ty (1= 2+ a)!

PhysicalQ{j1, M}, {i2, M}, {ia, Ma})
07.39.06.0002.01
( iod2 s ) -mym em,

m
L e T V0Ui+jz2+jz+ D!

VEirtiatint G+ ia-i9! v Gi-mot VG +mt v (a—mpt (o +my)!

(e G —myt [ m+ o)t (1 o+ Jo)!

)

Z Ok, =K+ j1+ jo = Jja, =K+ jo—my, =K+ jo+ My, K= o+ ja+my, K= 1+ ja—=mp) /(K (ja+ j2 = ja— K)!

k=—c0

Jo—m-=K!(o+m-K!K=jo+ jz+ M) (K= ji + ja—mp)!) /; PhysicalQ{j1, Mu}, {j2, Mo}, {ja, Ma})
07.39.06.0004.01

( j1 J2 s

m M My

6*”‘3“‘1*”‘2

VUi +iz+is+ D!

VEirtia+int Var+m!t {Gi-m! yGa+mt VGa—mt iz—met (s +mo!

min(jy—my,jo+my) (-1

\/(jl+j2_j3)! \/(]1—12+13)!

) = (- 1)]241*”‘3

— , , — — /;
kemax(ip-is—mujr—jy+mp0) K! (112 =13 =K1 (1 =M =K (G2 + M =K (3 = jo + M+ K (J3 — Ja —mp + K)!

Physical Q{j1, ™y}, {j2, M}, {is, Mg))

07.39.06.0005.01

( li J2 s ): (i

m M, Ny
Vi +ia-ia! Vair-mot VGa—mt Gz +met (s —mo!

V@i +ia+ it i—ja+ 9! V(cin+ia+is)! Vi +m! (o +my)!

minlisMustms) gy (4 my 4R (g o - My - K

; : — [+ PhysicalQ({j1, my}, {j2, M}, {jz, Mg})
K!'(ji—m = K! (ja+mg = K)! (jo — js + My + K)!

k=max(0,- j+j3—my)
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07.39.06.0006.01

i J2 s -
( my oy m ) (=D Oy e,

Vit ia—ia! yG1-ia+ 9! y(ir+ia+ia)! Vs +me)! /(js—my)!

V@it o+ o)t Vir+m! v Gr-mp! v Gz +mt (2 - my)!

minCiztiztialems) )izt (4 my — K (jp - my + K)!
—— - — /s PhysicalQ({j1, My}, {j2, My}, {j3, Ms})
| K!'(ja=j1+i2=K!(ja—-mg=K!(ji - jo + Mg+ K)!

k=max(0,j,~j3—my
07.39.06.0007.01
j1 J2 s i
( — (_1)12 Jatg 5—”\3,m1+mg

m m g
NIETERY Vs +mt Gi-mt v Gz —mpt (s —mg)!

\/(il—iz+is)! \/(j1+j2—j3)! \/(1+j1+j2+j3)! \/(jz+”b)! \/(js+”13)!
Izl ) () 2 =l (1 + o = fa + K)! | _ _
D — _ —— ; PhysicatQ{j1, M}, {iz, M), {ia, ma)
K!'(a=J1+i2=-K!(ja—-mg=K!(ji - js—mp +K)!

k=max(0,~ 3 +jg+m,)
07.39.06.0008.01

(o )= D™ by,

m M My
VEirtia+ it Y+ o=t @itz + 9! Vair-mt /(s —my)!
NS Vs +m! G +m)t (o —mt (s +mg)!
it et (D™ 25 =)L (o + 3+ My — !
J; Physical @1, ™), {2, My}, {3, Ma)

i K'(Ja=ja+ij2=K!(a—-m—=K!(ji+jo+j3+1-K!

07.39.06.0009.01

PP
(l -~ )==(—1)'2 S 6y s,

m NMp M
V@i +ia+ia)! Var+mt VGi-mot (s +met (s —my!

Vii+iz— 9! (1-iz+ 09! i+ iz +ia)! Vo +m)t (- my)!

TR (D Gy 4+ g = K (o + o = My~ ! _ _ _
. A A - A /1 PhySiCﬂ[Q({llv ml}r {J21 rnZ}v {J3l rnS})
K'(ja—m = K! (ja+mg = K)! (jp + jo + jz + 1= K)!

k=0

Other series representations

Series of binomial coefficients
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07.39.06.0003.01

21 ) \/( 2], )
(~1) It \/(j1+jz—js ji+ti2—1I3

j1 02 s
R T,

L M Mg /213+1 \/(Jl+12+13+1) \/( 2] )\/( 2j, )\/( 23 )
ji+tia—is ji—myg ja—mp ja+mg

min(jy+ip=ig.j1 =My, jp+mp)

1k jl+j2_j3)( ji—i2+1is )(_jl+j2+j3), , - : :
2 e (T e (D e ) prwstcatais, ma iz .t e
k=max(0,jo—j3—My.j1 ~ig+My)
Integral representations
On the real axis
Of thedirect function
07.39.07.0001.01
(_1)]2—13+”‘2+”h

(jl 2 s

- TRY o — i) o ]
m ms) oo (v Ga-mo)t G+ iz- ! \/(11+Jz+13+1)-)/

(\/(Jl—ml)t Vair+mt VGa—mt Vo +mt s +met v (—is+ iz + 3! \/<jl—jz+13)!)

Hlatme ((1 —t) hatiztis (1 4 t)JrJz*Js)
dt/; PhysicalQ{j1, e}, {j2, e}, {js, Ma})

1 . .
f A-t)r™™ (1 +t)l2™ -
-1 otlstms

07.39.07.0002.01
(jl IPE! )__
== Ymy+my,— S
m M Ny VTS tiptia

—1)l2-igtmptmy
(~Dlels (V-T2 + 9! y 1+ i2- o) \/(j1+j2+j3+1)!)/

(\/(Jl—mn! Var+mt Via-mt VG2 +mt (s +met (s —my! \/(—jl+jz+js>!)

§litlatis ((1 —t)istMs (1 4 t)J'z—ms)
dt /; P}’,’/5"6‘1(;62(“.1! rnl}l {jZ! rnZ}! {j3v n’]S})

l . .
f (1= 0™ (14 iz —
-1 ot latlatls
07.39.07.0003.01
i1 2 s (-1l \/(jl_j2+j3)! \/(11+j2—js)! \/(jl+jz+j3+1)! 1 i girtlats (1 - 2)
0 0O -1 ottt

jitiptiatl A . - -
Catic Jati2tis!y (Cii+ 2+ J3)!

jieNAjeNAjzeNAlji—jad<js<ji+]2

07.39.07.0004.01

(= 1)lz+ia-my+2m, \/(jl +J2-J3)! \/(jl +j2+jz+ D!

29 e mt G-mot G+ mot v (- my)!

<j1 j2 m My | jl j2 ] m) == 5ml+m2,—m3

. ™"
1 il (1-t\Tz
f l(l—tz)z (ﬁ) di®_j, -y (COSTHO) dt /s Physicat@({jz, M}, {2, Mo}, (s Me))
Multiple integral representations

For thedirect function itself
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07.39.07.0005.01
(jl 2 s ):
m M m

(—ylzintia (2 yirtiztls (s +Me)! v/ (s =)t (1 —m! G +mot (o= mt (o +my)!

2

T

Vis+ii-ia! {Gs—ir+ia! v G1+iz—ia! v 1+ iz +is+ D!

gPiemir2iomy gnrintlztla g) gnlitizla(g — oy sinliI2is (o) d g d 8 f; Physicat@(jy, M), Lz, M), s, M)

NE R NTE

/

07.39.07.0006.01

NI N

j1 02 s ) i ji—d2+iz) (—li+ia+iz) (la+i2—1Is —
== 2 (= 1)Me-irtiz jir+iz=iz 4/ ' ' N ETRATRY /
[ m m mg =D t T [( 5 2 > VA+ii+i2+1]3)

jitia+]s — —— — . , ,
((f]!\/(h—hﬂs)! VEittiz+ it i+ o= o)t Y 1+2i0 y/1+2] \/1+213)

T 2T -
[ [ snaovpo.ovre.o v o odeds;
0 Jo

jitiz+is

> enN /\ml e Z/\mz € Z/\mg € Z/\Physiw(’@({jl, my, {j2, My}, (s, Ma})

07.39.07.0007.01

[ i s ) (Dl (4 o+ o+ Dy 1+ ]2 - !
= 2
8 Vet yeiy!

m M ms
27 T 27 . . -
[ [ ok @ s 0D 8Dl @ By dyd e s Physicat@s, mal Gz, mal s, ma)

12

Involving the direct function

07.39.07.0008.01

() dyhke ) D™ fhf”fznsin(ﬁ)Djl (@, B,7) Dy (@, B, ) Dbin, (@, B, v)dy dBda
m M my n o ong ) 82 o Jo Jo MMt P V) g B Y Eom sttt B V)Y '

PhysicalQ({j1, Mu}, {i2, Me}, {1, M) A\ PhysicalQ({j1, m}, {i2, N2}, {i, n)

07.39.07.0009.01
i 02 s
0 0O

Integral representations of negative integer order

2 1
= EJ(; sn(@) Pj, (cos(d) P, (cos()) Py (cos ) dd /s j1eNAjoeNAjseNAlj1—jal < ja=<ji+]2

07.39.07.0010.01

o s ) _—
( mom m ) O-mymyem, (~1)7E7
N Vs +mt Gi-mot G2 +mt (s —mg!
Vi +iz—i9! it ia+in! y (o +ia+is+ D! (i1 = j2- Moy (2 =)t /(3 + mg)!

dlM ((1- 12703 )R (g — o = 3, ja— M j1— jo— Mg+ 1; 1)

otlz—m

li=o /s PhysicalQ({j1, M}, {j2, My}, {3, Me})
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Generating functions

07.39.11.0001.01
(jl i2 s )__
mom omg )
(Viis+ iz + 1o+ 0t Ve mot Vais=mot vz +mt Yz -mot (s +myt y(Gs-mot ) /

(\/(jl+j2_j3)! \/(jz+js—jl)! \/(j3+j1—j2)! )

([Xj1+m1’ Xirml’ yj2+m2, y:l-Lz*mz’ Zj3+”b, Zis‘"'b] PN z—yxl—le+xy1+yzl) J: PhysicatQ({j1, My}, {iz, Mo}, {jz, Ms})

Identities

Recurrence identities

Consecutive neighbors
07.39.17.0003.01
( i iz s )___\/jl_ml Vig+m+1 ( i 2 s )_ Vie—-m Viz+mp+1 ( i 2 s )
m My My \/j3+m3 \/js—me,+1 m+1lm mg-1 \/j3+m3 \/J.B_mg+1 m m+1 mg—1
07.39.17.0004.01
( i1 2 s )___\/jl+"11 Vie-m+1 ( | PR | )_\/12+”‘2 Vig-mp+1 ( JER P s )
m M M \/js—rTls \/j3+n'13+1 m-1m mg+l \/js—ma \/j3+rr13+1 m m-1 mg+1

07.39.17.0009.01
(jl 2 s )::
m M Mg
@u-DCmj1(ji—-D+m(iUi-D+j202+ D - jz(jz+ 1) (jl—l iz j3)
=DV my Vii—my =i+ jz+ia+1 yli—ja+is ir+iz—Js yir+iz+ja+1
(jl\/j1+ml_1 \/jl_ml_l \/_jl+j2+j3+2 \/jl—jz+j3—1 \/j1+j2_j3_1 \/j1+j2+j3 )/((jl_l)

\/jl+”‘1 \/jl_ml \/—j1+jz+js+1 \/jl—jz+ja \/jl+j2—j3 \/11+jz+13+1)( J'1m—12 ;122 ffs)

07.39.17.0010.01

(jl 2 s ):
m M Mg
(1 +3) @My (1 + D (1 +2+my 1+ D1+ + j2 G2+ D= Js G+ D)) /(1 + 2y f-my+ 1y jr+my+1
— — —— — i+l 2 js)
—j1+]+ —jo+j3+1 +jo—j3+1 + o+ j3+2 -
\/ it 2t \/Jl l2+ 13 \/11 l2—1Is \/Jl l2+ 13 )( moom, m
(et Dy i-m+2 i+m+2 =i+ ia+is=1 yit-i2+is+2 ir+ia-is+2 yit+i2+i5+3)/

((jl+2)\/jl_m1+1 \/11+W‘1+1 \/_j1+j2+j3

—— — —— 1+2 o ]
\/11—12+13+1 \/11+12—13+1 \/11+J2+J3+2)( lml n122 mi)
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07.39.17.0011.01

(jl 2 s ):
m M m

—((zjz—l)(zmljz(jz—1)+”\2(12(12—1)+il(j1+1)—13(13+1))))/((j2—1)\/j2—n12 \/iz+"12 \/jl_j2+j3+1
\/—jl+jz+js \/jl+j2_j3 \/11+Jz+13+1)(rjr111 err;l rjri)_
(12\/12—%—1 \/12+W‘2—1 \/jl—jz+ja+2 \/—j1+j2+ja—1 \/jl+jz—ja—1 \/jl+j2+j3 )/((12—1)

Viz=m iz +my = jo+is+1 y=is+ia+is y i1+ iz s \/11+jz+13+1)(i111 J'zn;z rjri)

07.39.17.0012.01

(jl 2 s )::
m M My

~(@J2+3 @My 12+ D2+ +Mp (U2 + D2+ D+ i1 (1 + D - Ja s+ D)) /(G2 + 2 i —mp+1 i+ my+1
ji J2+1 Js )_

m m N

((jz+1)\/12—rf12+2 \/jz+”12+2 \/jl—jz+js—1 \/_j1+j2+j3+2 \/jl+jz—js+2 \/j1+j2+j3+3)/

((iz+2)\/iz—”12+1 \/12+TT‘2+1 \/jl_j2+j3 \/—il+j2+js+1

N A A A R e Nl |

Vivrie-istt yiriprise2)( o 1202 1)
07.39.17.0013.01
(jl 2 s )::
m oM m
jz=D(Ja(z=D (M —mp) + Mg j1 (J1 + 1) — Mg j2 (j2 + 1)) it J2 Js—1
(ml m  m )_

(13—1)\/13—”‘3 \/13+”b \/_j1+j2+j3 \/jl_j2+j3 \/jl+jz—j3+1 \/jl+j2+j3+l
(13\/13+Wh—1 \/js—ms—l \/—jl+j2+j3—1 \/jl—jz+j3—1 \/jl+j2_j3+2 \/jl+j2+j3 )/((13—1)

N P e e N (T A e RS N (e RS |

07.39.17.0014.01
(jl 2 s ):
m m mg
(2i3+3) (s + D (s + 2 (My = My) + My Ja (1 + D =M o 2+ 1) /(3 + Dy Is =M+ 1 jg+mg+1
i1 2 13+1)_
m m
(Gs+ Dy is-me+2 is+ms+2 \/=is+ia+is+2 yit—io+is+2 \ir+ia-is—1 yit+io+is+3)/
((13+2)\/13—”13+1 \/j3+m3+1 \/_jl+j2+j3+1

\/jl—j2+j3+1 \/jl+jz—ja \/jl+j2+j3+2)(

\/—11+12+13+1 \/jl_j2+j3+1 \/jl+j2_j3 \/jl+j2+j3+2)(

i1 2 j3+2)
m M Mg

Functional identities

General relations



http: //functions.wolfram.com

15

07.39.17.0015.01

[ oz s )==(\/(jl+jz—js)z VEitz+iot Y+ z+is+ Dt V-2ns o rmt Yis-myt ) /

mg M, mg
(Viis=iz+ 19t Y2+ mot (s +my! |
igtn
> (—1)’j3*k*"((2k+1)(j3+k—n)!(2n)!\/(k——m3+n)! \/(jl—j2+k+n)!)/((j3—k+n)!(j3+k+n+1)!
k=j3—n

s+ ke l=mg=m! i+ 2 +k=mt Y (i +l2—k=m! V(1 + 2 +k=n+ D! )

ji j2-n Kk _ J2+ My ) . . _
(ml rnz_n n+rns )/’2"1€N/\nS 2 /\Phyletl/Q({Jl, ml}v {JZI rn2}1“31 rn3})

07.39.17.0016.01
(jl j2 s ):
m NMp m
(\/<jl+jz—ja)! Vii-iz+i9! @A+ ir+ia+ia)! Vo=t y (1o +m—mp! (o +my)!

Vir-lo-mmyt ) /(i i+ ot Van-mot Jas+my! |

j
ZZ (_1)iz+k((4k+l)(j2+k)!\/(—j1+j2+j3+2k)! V@k+2mt y @2k-2my)! )/((2j2+2k+1)!
i

(2= Rt k+ M)t (k=mp) !y (1= J+ Ja+ 2k+ D!y (1= T2+ 5= 2K! (1= 2 - js+2K! )
( ji—J2 2k js

e o )iy = = o A PhysicatQt, Ml iz, e, s, oD

Involving two 3 j symbols

07.39.17.0017.01
(jl i2 s ):(_1)].1”2”3[ %(jz+js+m1) %(J'1+J'3+mz) %(jl+j2+rn3) ]
m M M ji=3Ge+ia—m) j2—3(a+is—M) js— 3 (ji+j2—my)
07.39.17.0018.01
B sy [ Ji zUatia-my >z + js+my)
(ml Mo n]s)“[js—jz %(jz—js—ml)—ms %(iz—js+”h)+n13]

Involving three 3 j symbols
07.39.17.0006.02

\/jl_m1+1 \/j1+m1( I J2 Js )+
m-1m m

, . ir 2 js) . , (11 2 s )
-my+1 + + -mg+1 + My =0
\/12 M ‘/12 mz(ml m-1 m ‘/13 ‘/13 m m mg-1
07.39.17.0007.02

X - JER P 13)
+m+1 - +
‘/Jl M ‘/Jl M (ml+1 m my

, - it 2 s - , i1 J2 s
Vie+m+1 \/Jz—mz(ml P )+\/J3+”b+1 \/Js—ms(ml ™ m3+1)——0
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07.39.17.0008.01

: _ iode-3 ds-g
Viz-my \[is+ms . |-

m M+ Mg—3

. . 1 . 1
, - Ji =3 Js=3 —— —— (1 2 I3
Viztm yis—ms +y i+l +ia+l \/Jz+J3—Jl( )==0
[ml mp -2 ms+%J m M M

Summation

Finite summation

Involving one 3 j symbol

07.39.23.0003.01
i1 i i i
i | R KR - Lo
PO (R ENETRS VIR
m=-Jy
07.39.23.0004.01
_ i1 2 s
DID) o
=i m=2m=s [ (j + M)ty (=Mt A G2+ M)t (2=t (a4 M)t (5 —my)!

07.39.23.0005.01

l2ls 2j+1 (jl i2 js)

j+n+jo+1
j1 (] =0/ineZ\li-jd=n=j+is\ ————e€z
=iz i1Gi+)-nn+pl 0 0 O /\ 2 2/\

2

07.39.23.0006.01

i 1 (jl Jo+is Ji—l2+is )2= 9j,0
Zi25,-110 0 0
07.39.23.0007.01

i[ o ji+1 )(jl Jja+is 1—l2+is )2::0
o\2)2+3  2J1+32)2+ 1) 0 0 0

07.39.23.0024.01

i 1 (jl j2 j1-1l2 )2__ s
, ==0j,0
Z125,-1L0 0 0 :

07.39.23.0025.01

i 1 ( 1 02 12 )2 —
- =—0j,0
£42j1-2j-110 0 0 8

Involving two 3 j symbols

07.39.23.0008.01
i2 i

I 2 I3 )( Ja J2 3 ) Jpda CMpmy L . . .
=—//7 (arQ(j1, |2, -mpeZANAN-jpsmy<
m;__jzm;__js( momom J\mom, m 2ii1 i TriangutarQ(j1, j2, J) Nj1—-MmeZA-ji<sm<j;
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07.39.23.0009.01

Ji )2 I3 )( Ji Ja 13) J2da CMpmy S . . .
= — ,T 74 Q y y - VA —Jo = =
P Z.(ml mom myome m )T gy et o ) Ao Mo € ZA~jo = me < Iz
1==]1 Mg==l3
07.39.23.0001.01
i1 iz S S §i: 6
i 2 s )( J1 )2 14) Jzla FMemy - - S . . .
= - ,7— 14 Q y y - e’/ - < <
mZ“ Z(ml mom \myomy m )T gy e o ) Aa =M € Z Ao < Mo < g
1="J1 Mp==]2
07.39.23.0010.01
s 2 s \( 1 d2 s
1 ) , L . .
3 Z (211+1)( o o 2 2 )=, Gy Phsicat@ljz + .~ = M), {2, Ml s, M)
i1= |12 13‘ my==jy
07.39.23.0011.01
s 2 da \( Q1 2 s
Z Z (2J2+1)( m, M )( m m m )==5m1,m45n13,n15 [, Physical@({j1, My}, {j1 + j3, —my —mg}, {jz, Mg}
i2=lig=l2l My==j
07.39.23.0002.01
ik 2 ds \( i1 2 s
ls%lz‘m;]s( ja+ 1) m o me e my )= Omm Omm /i PhysicatQljx, mal, (i Mo}, (i1 + J2 ~mh = o))

Involving three 3 j symbols

07.39.23.0012.01
is is ia

Z Z Z (_1)j4+js+je*m4*mfrme( is 1 is )( e 2 ja )( ja s is ):
— ms —m —Mg ms —Mp, —my m, -mg —-Nng
Mg=—lg Ms=—]J5 My=—]4
(jl i2 13){11 i2 13}
m m nmg ja Js e
07.39.23.0013.01

Z Z( ' )( ia ia is )[ s s 7 )::
= m mz mg —Mg —My -y ms Mg Ny
Mg=—]3 Mg=—]s
jitie min(j4+K,jo+j7) k | . . . . . jl j2 j3
k k | | A
DY ZZ(2K+1)(2|+1)(r‘nl oy K)(_K e —A)(a 27 ){16 iz 15}
k=|j17j6‘|:maX(|l-4*k|v|J'2*J'7|)K:*k/\:*| ! M M MMy k | j4
Involving four 3 j symbols

07.39.23.0014.01

i1 i2 is is s

Y Y Yy (_1)11+12+J4+15+j5—m—mz—m4—ms—rrb( rjrfz _jr?b rjnll )

My =—j1 Mp=—]p My=—]4 Me=—]5 Mg=—]¢

ivo0s e \( s d4 da \( s d2 e (-1l i1 J2 s
= s 5msm3{ }
-mgoms mg JU-mg mpomy J{-my -m —mg 2ja+1 ja is e
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07.39.23.0015.01
is ja is is

Z Z Z Z (—1)lstlatistie=Mg=my,—ms—m

Mg=—j3 My=—j4 Ms=—5 Mg=—g
( js 1 s )( je 2 a )( ja Jz s )( iz 7 s )::
ms My —Mg Mg M —My m My -y -mz My Mg
{J:l J:2 Js} i (_1),-3,,113( j1 s 2 )( js a7 )
la Is s e m M m mg —Mg Ny

Involving five 3 j symbols

07.39.23.0016.01

i2 i3 ia j j iz

i Z Z Z i i Z (_1)J1+J2+J3+j4+is+ie+i7‘”‘1‘”‘2‘”&‘”h‘”b‘"‘s—”‘7(rJ:l rjrfz —jril?, )( Js 4

mg My -y

My=—j; My==jp Mg==j3 My==j4 Ms==j5 Mg=—jg My=—]7
(ol dryh e i (e ey v s {12 1
m o mg —my JLmy mg —my ){-mg —my —my \/7 07O Telr \ o

2j5+1

07.39.23.0017.01
ia j j iz is I

Z JZS JZG Z Z Z (_1)]4+J5+je+j7+js+jg—m4—”\5—%—ﬂ17—rf\g—n19(rj;’;: r]rfz _lr?’b )( j5 j3 j4 )

i L L L L L ms mg —m,
My==]4 Mg=—]5 Mg=—Jg My=—]7 Mg=—Jg Mg=—1g

(17 i1 s )(jS I )( jo s iz )::(jl j2 s ){jl iz 13}{11 iz s
m m -y Mg Mg —My My —Ms -y m m Mg ja s e jo J& s

07.39.23.0018.01

ia i i iz is o

s
2

Z JZS JZG Z Z Z (_:|_)J'4+J'5+je+j7+js+ig—m4—ms—"‘e—nﬂy—rﬂs—n*g(rjr;‘4 _jr;l rJr;)( s Ja s )

o L L L L L -ms —my; -
My==]4 Mg=—]5 Mg=—]g My=—]7 Mg=—]g Mg=—1g

. . . . . . . . . S J1 )2
( le s o )( Iz lo s )( ls 2 Is ):: (_l)j2+j5+j8( li 2 s ) i s
Mg —Mg My JL —-My —My —Mg J{ Mg —Mp My m m mg |

Involving six 3 j symbols

07.39.23.0019.01
i2 is ia ' ' iz is i

Z Z Z i i Z Z Z (_]_)Jz+J3+J4+i5+ie+i7+is+ig—mz—m3—m4—”‘5—"b—m7—me—m9( L R K

Mp==jp Mg==]3 My=~]4 M=~]5 Mg=—]g My=—]7 Mg=—]g My=—1Jg

( iz s 7 )( js 1 s )( ie  J2 la )( iz e e )( je  do a
-Mg My Ny -ms ;Mg -Mg —Mp —-My —M; Mg My —-Mg —My My

(_1)11+214—”‘1 L
s Oindg Oz Omymy { otz ks }/; TriangularQ(
Rj1+D Qs+ T R U s e
jas
j81

jo)

m -m Ny

s
s
o

)
)
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07.39.23.0020.01
i1 iz i ia is s iz is i i i
Yy yy sy oy (_1)]1+J'z+J'3+J'4+i5+ie+i7+is—"h-mz—"h-m4—ms-ﬁh-”h-ma( 1 ko k )
-m -mp -y

My =] My==]p Mg=—j3 My=—]4 Mg=—]5 Mg=—]g My=—]7 Mg=—]g
( i1 J2 s )( iz Js o )( la Js s )( ja Js s )[ iz s s ]:
m M My My Mg My -my —-Ms -y m, ms Mg -m; -mg -y

( 1)j my 6]3vj7 6j6vj8 5]9vi§ 5”’9% T (0rQis, i, i3) AT (arQia, is. i) A\
=1 - - - s Triangular()y, |2, I3 riangutar@(]s, s, Je
2j3+1D)2js+D(2jg+ 1D

TriangularQ(js, je. jo)

07.39.23.0021.01
i2 i3 ia j j iz

T EY Yy

My=—Jp My=—]g My=—]4 Mg=—]5 Me=—]g My=—]7 Mg=—]g My=—1Jg

is i . . .
Z Z (= 1)l2+iatiatistietiztigtig=my—mg—my—ms—mg—m; —mg—my ( R )
-m Mg M

( J2 Js la )( ja J7 e )( is ds 1 )( je Iz s )( Jo Je s )
-my mg —my JAlm -my o mg JAmg -mg g JL-mg oMy - JL-mg Mg -y
(_1)_j2_j4+15_ml j1 02 s iz ia s

2j1+1 T Ja Js e Iz Js o

07.39.23.0022.01

i2 i3 ia j ' iz

AP

Mp=—jp Mg==]3 My=—]4 Mg=—]5 Mp=—]g My=—]7 Mg=—]g My=—]g

is ig . . .
Z Z (_1)Jz+J3+J4+15+is+i7+is+19—"12—”13—m4—”%—”‘6—"‘7—”‘8—"‘9( la Js s )
my m; Mg
( s i1 s )( je 2 a )( iz iz s )( js J1 e )( jo J2 Iz )::
-mg - -mg JAmg —-mp —my Jimy -mg —mg Jlmg M —mg J{mg mp —ny
(=Dr2lam j1 J2 s j1 J2 s
2j,+1 U s Js e I7 Js o
07.39.23.0023.01

i2 i3 ia is is iz is io
Z Z Z Z Z Z Z Z (=1)z+Istlatistiotivtigtio=My=Mmy=my—m—mg—my-mg-m,
Mp=—Jp Mg=—]3 My=—]4 Mg=—]5 Mg=—jg My=—]7 Mg=—]g My=—1Jg

(]1 j2 s )( is e o )( | VAR A 11 )( s s 14)
m my m Mg —Mg —My -my -m; - Mg Mg My

( e 2 s )( jo iz s ) o t jz jz
Mg —mp —mg Jlmy my mg ) g g AT S

Representations through more general functions

Through hypergeometric functions

Involving ,Fq



http: //functions.wolfram.com

07.39.26.0001.01
(jl 2 s ):
m M m

O-mymyam, (<0772 (1= o)t Gl 2+ It Y Gs=mot Y s+ mot Y+ mot Go-myt ] /

(Vi +iz=i0t Yzt iz+js+ Dt Y is-mo! V(G2 +mot )
sFa(=j1— 2+ Js M —ju, —Jo— Mg —jo+ s+ M+ 1, —j1 + jg— My + 1; 1) /; Physical Q{ j1, Mo}, {2, Me), (s, Ma))
Involving ,Fq

07.39.26.0002.01
(jl 2 s ):
m M m

D 6, (V= 2+ S0t Gl T+ Jot e mot Y Gz =mt s+ mo)t (s —my! )/

(\/(j1+j2_j3)! \/(11+12+13+1)! (—jz+13+m1)!(—j1+j3—”‘2)!\/(jl—ml)! \/(jz+n12)! )
sFo(=ji—Ja+ja Mu—ji, —jo =M —ju+ja—Mp+1, —jo+ ja+ My + 1, 1) /; PhysicalQ({j1, M}, {j2, M}, {ja, Ma})
07.39.26.0004.01

()2l e, (VG 2 19 et o mt Y st o+ s/

(\/(jl—j2+j3)! \/(_jl+j2+j3)! \/(j1+jz+js+1)! \/(jl—ml)! \/(jz+f'f‘2)! \/(js+”‘3)! (jz—js+”11)!)
aFa(jo+ M+ 1, my —jg, —js = Mg} —j2— ja+ My, Jo— ja+ My +1; 1) /; Physical@Q({j1, mu}, {2, Mal, {j3, Me})
07.39.26.0005.01

[rijl - ;fs)::(—l)-h-”h*"bafwm (Vir+iz=iot Vir=le it Vs-mot s+ mt G+ js+my) /

(Veir+ e+ it Y+ i+ s+ Dt Ve mot o+ mpt yiiz=mt Y ds-mt (- Jz +m)
sFo(ji—Jo—Ja ji—M+ 1, Mg —j3; ja— jo+ Mg+ 1, —jo— jz—my; 1) /; PhysicalQ({j1, My}, {j2, M}, {ja, M)
07.39.26.0006.01

(r’nll r’rfz rfs )==<—1)'11'”‘2+”‘36_Wh+mz (\/(11+12—13)! Vs +mot Vi -mot (2 - my)! (213>!)/

(\/(jl_j2+j3)! \/(_jl+j2+j3)! \/(il+iz+is+1)! \/(iz+”12)! \/(13+VT13)! \/(js—rf‘s)! (jl_jS_mZ)!)
sFo(ji—J2—Ja jatio—Jz+1, Mg —ja; =2js, j1— Ja— M+ 1; 1) /; PhysicalQ({j1, M}, {j2, M}, {3, Me})
07.39.26.0007.01
( i1 J2 s )::
m My My

O G (V1 2= o0 V=m0t @Itz ls+mo!) (Vi le+ ity a2+ ot

Vit ia+is+ D!y Grrmt V(o +m)t v (2-mpt (5 +my)! \/(Ja—ms)!)
sFo(ji—Jo—Ja —j1— 2= j3=1, Mg — ja; =23, —jo = j3—My; 1) /; PhysicalQ({j1, My}, {j2, My}, {ja, mg))
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07.39.26.0008.01
(jl 2 s ):
m M m

DS G (GG + o+ M) G+ =Mt G mt Y Ga=mt ) (Va2 = jot a2+ i)

Veirtiz it Y+l + s+ D!y Gu-mot o+ mt Y (Gz-mt s+ mot )
sFa(—ji—J2—Js =1 M —ji, —js— Mg —j1 — Jo— Mg, —j2— ja+ My 1) /; Physicat@Q{j1, My}, {i2, e}, {js, ms})
Through Meijer G

Classical casesfor the direct function itself

07.39.26.0003.01
(jl j2 s ):
m M mg

EE LT I, (\/(js—%)! Vis+mot y(di-lz+ o)t Y li+ 2+t V(i +m)! y (2-mp)!

(Vi iz=i9t Yrtiz+is+ D Vr=mot Viiz+mt js+m =Dl -mp -1 - js - o~ 1))

jitie=iz+L ja-m+1 jo+mp+1

Gl'3(—1 i e
33 0 jo—jz—my j1—jz+m

)/; Physicat@(jz, My}, (i M), (i, Ma)

Representations through equivalent functions

With related functions

07.39.27.0001.01
(h iz 13) (=1l

mom, m (Jrlommy | j1j2jz—mg)

\2j3+1

Theorems

Representation as a magic square

ja

For a physicaly realizable 3j -symbol [ m
n

:nzz |Jr133 ]the following 38 matrix is a magic square, all rows and

columns summing up to j1 + jo + js:

ji—m jo—mp ja—mg

—ji+i2+iz ji—J2+is j1+j2_j3]
Ji+my Jo+p Ja+ g

The quantum chemistry Gaunt coefficients

The quantum chemistry Gaunt coefficients

@p+DH(p-m-p) t M+ u
am, n, w, v, p) = f

PX) Py () Py (X) d x

2(p+m+p) 1
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can be expressed in 3j symbols.

History

—E. P. Wigner (1931, 1940)
—G. Racah (1942)
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