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Notations

Traditional name

Whittaker hypergeometric function M

Traditional notation

My,.(2)

Mathematica StandardForm notation

Whi ttakerM[v, u, z]

Primary definition
07.44.02.0001.01

1 z 1
My u(2)=2"2 ¢z 1F1(u -v+ 5; 2p+1, Z]

Specific values

Specialized values

For fixed v, u

07.44.03.0001.01

1

Mv,,u(o) =0/ Re(/'l) > _E
07.44.03.0002.01

1
M, .(0) = & /; Re(p) < -3

For fixed v, z

07.44.03.0003.01
M 12=%
V==
2

07.44.03.0004.01

3 _ (3
M, 1@~ e M 1= =) @_g‘ﬁHz 1(V2)
Vg r(l _y) "4 !

/e
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07.44.03.0005.01

2vV-z F(v + %)
M 1(®)-————
A
07.44.03.0006.01

Mo@=VZ ¢ il (@)
2

M 1(2=

07.44.03.0007.01
M@ =Vz e”’L_ 1(-2)
2

For fixed u, z

07.44.03.0008.01

1 z
— 2 u—-1 _ -
M@ =2 r(u+ 2)z(|#+%(2)+

07.44.03.0009.01

1 1
M@ =2 )it 2
M 2

07.44.03.0010.01

z
Mo, (@ = #T(u+HVz |y(5)
07.44.03.0011.01

Mo, (2 =4Tu+1 (27" z”*% |ﬂ(_

2
16

MO,/J(Z) = r(/l + 1) Zu+% O'El(; M + 1’

07.44.03.0012.01

1
Mo, (2) =2""2 oFl[; u+1

07.44.03.0013.01

07.44.03.0014.01

1 z
— p2u-1 - )
M 2=27 r(“+ 2)Z(I#-%(2)

07.44.03.0015.01

1 1 1
M: (2) =221 F(u + —) (-227"2"2
Pia 2

07.44.03.0016.01

n

n+l n
M n 2= 2—n+2/1—l 772 r(/.l _ _)

22v+% ez/ZNA/?I“(V+ %)

%(lu—é(_ 2)‘ ',Hg(

zZ

o

3

)

2

a(3)

(l5) 1205

(=K @K=n+2p) (~M)y (20— ),

K! (2 + 1),
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k+;4—E

z
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)/;neN
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07.44.03.0017.01

1-n Z n t
n+2u—2 o, —— _
Mfgyﬂ(z)_Z zZ2 4|2+( ) ( +,u+1)§

k=0 j

e

J (_1)n—j—k 2—2(2j—k+n) (k _ J)' (_n)n—k (2/1 _ n)n—k 22j—k+n
tk=2)tm=K1 (-5 - u) (u-3)

Iy
o

- k( - k+1) Qu+1,

k

2 (=DM 272@IKE) (— j— )1 (=) (2 — ),y 21N

/ineN

e G5

P !(k—2j—1)!(n—k)!(1—g—y)j (u- g)n_k(g+y—k+ 1)j Qu+1),

07.44.03.0018.01

n@2K=n+2p) (=) (2 —n), z
Mn (2) = 27 ™24 177 1"(/1——) I n(—)/;neN
H 2) & K! 2+ 1), 1312

07.44.03.0019.01

, [] (~2)T 224741 2iK (ke )1 (- (<2 4+ 1), 2 -

n
Mn (= 222 4|#_g(—) (—— U+ 1)2 - - - - X -
2 2\2 pargr J!k!(k—21)!(—k+5—,u+1)j(;1—5)1_(2;1+1)k

0 [ (-1 2264 21K (k= DY ) (=2 1) @p-

o3

. . n n ineN
00 J'KNE2j k=Dt (ke F-p+ 1) (=5 +p+ 1) @+ Dy
07.44.03.0020.01
z
M 3 (Z) =22 e +1
Ea 2u+1
07.44.03.0021.01
M i (Z) =7 (2u+1)
=
07.44.03.0022.01
1 z
M: @=TQRu+1)(-22*2"2¢2(1-QQ2u, -2)
SHH
07.44.03.0023.01
1 z
ME—HH(Z) =2u (—2)72/‘ Z'"2 e 2TRu) -TQ2u, —-2)
3H
07.44.03.0024.01
1 z
ME_M(Z) =2uZ"2 e 2((-272* T2 - By 2,(-2)
>
07.44.03.0025.01
1 z
Ms (@ =272 2"7 ¢ 2 (2u(e (-2 + @+ 20~ DT2p, D) - 2+ 2~ DI 2u + 1)
>
07.44.03.0026.01
e B NPT
M 1 (2= e_EZz_k( )(F(k—n+2p+l)—l"(k—n+2,u+1,—z))/;neN+
i BRu-n+1,n) e k

07.44.03.0027.01

1
(-)"n1 22

M L @=—— " #2122 /ineN
Ko (=n-2uw),
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07.44.03.0028.01

(2ﬂ+D

M s @=2e7 i 22 p(e®(z-2u+1T(2u, 0,222 +1)
2

07.44.03.0029.01

M 1 @=2e% 77§ (@) - T@p, 2)

07.44.03.0030.01

2+l
M, @=e zzz(’”)
s

07.44.03.0031.01

zZ
M s @=¢ o] PR
HESH 2u+1

07.44.03.0032.01

2

M s @=¢ 2 : 22 ; 2wt z 2z
2

- +1
QRu+1)Q2u+2 2u+1

07.44.03.0033.01

(2p+1)
e 2 22 !

1 (= —7——— Lﬁ”(Z)
n+/1+g,,u (2/1 + 1)n

07.44.03.0034.01

2 M(e* 221 (M2 p) -T(2u, 2))
M (z)=—'ue222(2 4+l ( )

1 /ineN
ey n! 0z

07.44.03.0035.01

ez/2 n— l“r n+1

—_ n .
M“‘”‘%’”(Z)_B(Zy " n+1)2( 2 (k)(r(k—n+2,u)—r(k—n+2u, 2)/ineN

For fixed z and half-integer parameters

For fixed zand uy=-m/2

07.44.03.0036.01

vz m! z
_m_l(Z): 7Km+£(—)/, meN*
2 Vo emr Tz
07.44.03.0037.01
2oL (—n),
Mim m(@=e€e 222 ———/ineNAmeZAm>n
2 "2 =0 k! (1 —m)

07.44.03.0038.01
Lm
M1 m(@=e??z2 QM 2)/; meN*
277
07.44.03.0039.01

2w LA
Mni m(@d=e 222 § — /;meN*
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For fixed zand u=m/2

07.44.03.0040.01

_z 11 szk (m 1)m
Mnsn@=e2z2 |[(z-m+1)m! ez—zgz + S meN
22 k! 2

07.44.03.0041.01

z 1-m ITFle
MET(Z)=€_EZTm! ez—zk_! /imeN

22

07.44.03.0042.01

2 1-m m-1 (_Z)k
lem

-

@=D)"e 222 m!

N3

07.44.03.0043.01

m+1

2Mzz min! 27K (-2k el KL eemy &y p z
Mo ®@= (2) (3) kz_;, MR );(_E)[ P );;(J)""ZJ( )/nENAmEN
2)m\2/n

Brychkov Y u.A. (2006)

07.44.03.0044.01

et gt ) S ekl
M;mg(z)— (%) (m+%) k=02 zk(k) 5 m nn_k;} 5 ; p_zj(z)/,neN/\meN
m n

Brychkov Yu.A. (2006)

07.44.03.0045.01
Mm-D!m, m[mzkm—m)k RS YC RN

Mm+m —e 2722 _— —|/imeNAneN* Am=n
L@ = €z Z]k!(l—m)k QZ k! (1 - m), ]/ ENARENTA

= 2 (n-1)! ‘<o =0

07.44.03.0046.01

ma =1 (—2K (M= n+ 1),
M it m(Z)—e”zzz — /meNAneN*Am<n
ng S k(e 1)

07.44.03.0047.01

2 oma 0 2 (),
Mui m(@=e2z2 27/;meN/\neN
T+n’5 k=0 k! (m+ 1)k
For fixed z and p = 2=

07.44.03.0048.01

(2 m+3) 1
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=D"e” 224
M% 2mi1(2) =

@/ineNAmeZ
2 +n,T (_m_n_l)
2/n
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07.44.03.0049.01

(—l)mﬁ 3 ) zorem My
Mt 2@ == (E]me”'(‘/?)@ 2z g;(k)mm 22+
(- 1)m k+m mep
2 [ ) Z( )Z Lk+wp Z(Z)LZ 1( 2)/;neNAmeN
k=0

Brychkov Yu.A. (2006)

07.44.03.0050.01

-1 e (-1 1 N
Mﬁ_nﬂ(z)z ez Z m (F(k+m— E)—l‘(k+m—5,z))Ln_k_l(—z)/;neW/\meZ
4 T4 k=0 !

Brychkov Yu.A. (2006)

07.44.03.0051.01
2m-1 32m =1 (— 1)K "

27 a Z - LK 1(-2)

Moms | 2m1(2) =

4 4 k=0
k -2 k+m-2 =
1 —k=m 7173 +M- 7272
erf(\/?)r(k+m——)+e‘z Z _ - e* Z —  |/ineN*AmeZ
2 j=0 (k+m—3) j=0 (k+m— 1).
1-j—k-m 2/ j—k-m+2
Brychkov Yu.A. (2006)
07.44.03.0052.01
2m-2n+1) (m—n+g) — n-1
- z 2me n-1\(1
Mzni  2mi(®) = i VT T ed(Vz z)Z(—z)*p( ](—) -
et 2(n- 1! = PR 2mne
b n-1
n-1 (_1)( p ) m-n+p 1
ZZ— Z (-2~ [n m-— p——) ineNtfAmeZ Am=n
p=02m—2n+2p+1 =)
07.44.03.0053.01
Mama | 2m1(2) =
4 4
1,3 nmn m 1k 2 B.om =M n—-m k+w11 e 1 1
—[—) e\ erf( ) Z( )Lka( D+e 27 a Z( ) Z LkHH, (-2L2 1(z) /;
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07.44.03.0055.01

2n+1 3 z  2m+l 1 mn-1 m-n-1 1
Moms  oma (2) = 7(“_) e 2z 4 |(-D)"Vrz"2 erfi(\/?) > z*p( )(_) _
= N 2(m-n-1! 2)mna P 2/nep

p=0
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2¢é* Z —Zz‘k[—n—p——) /ineNAmeZAm>n
=0 2n+2p+1 5 2k

Brychkov Yu.A. (2006)

07.44.03.0056.01

2 1 1 ama MENTL )k 1 1 .
Mﬁ+n’ﬁ(z):4375 (m— E)(—z)z zZ 4 Z " (F(k+ m—E)—F(k+ m—E,—z)) Liin1@/ineNAmMeN
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07.44.03.0057.01

1-2m o som ™0l (C1)k erfi(\/?) F(k+ m- %) kem-2 (-2
M, 2m1(@ = (1" cize . ——Lhn @ ety —————
4 74 o K z j=0 &+m—3)
j—k—m+2
neNAmeN*
For fixed z and p = - 2 T K
07.44.03.0058.01
1 m s N (1)K 3 3 ‘
M oms  oms(d=-—e??(2m+3)z2" “Z (F(k—m— —)—F[k—m— - z)) Liw(-2/ineNAmeZ
B 2 w0 k! 2 2
Brychkov Yu.A. (2006)
07.44.03.0059.01
2m+1 L 1
__ T T g2 ,;2mY Tk k _
M zmi, ems@=-——e*zi > 7 CV a2
1
1 m-k Z*l*g k-m-2 Zl**
erf(\/?)r(k—m——)+ezz —@‘ZZ ineNtAmez
2 j=0 (k—m—l) j=0 (k m-— l)
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Brychkov Yu.A. (2006)
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07.44.03.0061.01
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Brychkov Yu.A. (2006)
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For fixed zand v=%+n, u=-1
=7 T H==7
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-2z n!
M L1 1@= THZn(V —z)/;neN
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:, ezﬁerf(\/?) 1 3
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Brychkov Yu.A. (2006)
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07.44.03.0067.01

Y 1 IO -t n L gt
M s a@=-e?Vz|Y —— L 2@l (-9+20+D) ——La @)Ly 2(-2)|+
™37 2 oo P+l prd
e‘gx/;erfi(\/?) K B
—[2(n+1) Lnfl(z)+Ln2(z)] ineN
2Vz
; k 1
Forfixedzandv=Z+n,u=7

07.44.03.0068.01

(=Dt e#2+/ -z n!
M_ 312 = H2n+1(V—Z)/;nEN

4 2Vz @n+ 1)

07.44.03.0069.01

n1 (-1 (2
Mgf 1(9) = %fz/z\/;\[l/?z (2)
k=0

k

1 k
(1 - Q(k+ 5 z)) LYna1(-2/ineN*

i k!
Brychkov Yu.A. (2006)
07.44.03.0070.01
z 1 k(1
a2 o, V() Loy,
Mn 1129 = Z (l— Q(k+ -, —z)) L,.«@/ineN
s 2vV-z i K 2
07.44.03.0071.01
1 ez vz nt
M ::.00= ———— Hzm(\/?)/; neN

i 22n+1)!

General characteristics

Domain and analyticity
M, ,(2) isan analytical function of v, u and zwhichisdefined in 3.
07.44.04.0001.01
veux2)—M, (21 (CRCKRC)—C
Symmetries and periodicities

Mirror symmetry

07.44.04.0002.01
MV,ﬁ(z) = Mv,p(z)

Periodicity

No periodicity
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Poles and essential singularities
With respect to z

For fixed v, u, the function M, ,(2) has an essential singularity at z== co. At the same time, the point z== o isa
branch point for generic u.

07.44.04.0003.01
Sing (My,,(2) = {{&, co}}

With respect to u

For fixed v, z, the function M, ,(2) has an infinite set of singular points:

K
a)u= —k;—l /; k € N, are the simple poles with residues Zli,(f+l), (—g -v)

M «1(2);
T2
b) u == co isan essentia singular point.
07.44.04.0004.01
) k+1 . :
Slngy(MW(Z)) == {{{—T, 1} /i ke N}, (&, oo}}

07.44.04.0005.01

k
k+1 (-1 (_5 _V)k+1
):: M k+1(Z)/;k€N
2 2k! (k+1)! iy

res,(My,.(2) [—
With respect to v
For fixed u, z the function M, ,(2) has only one singular point at v = co. Itisan essential singular point.
07.44.04.0006.01
Sing (M, .(2) = {{%, oo}}
Branch points
With respect to z

For fixed v, and fixed u /; u+1/2 ¢ Z, the function M, ,,(2) has two branch points: z==0, z==c. At the sametime, the
point z == o isan essentia singularity.
07.44.04.0007.01

1
BPAM,,.(2) =10, &} /; p + 5 €2

07.44.04.0008.01

1
BPAMy (D) = {} /s + 5€7

07.44.04.0009.01
Ro(My4(2), 0) =109 /; ¢ Q
07.44.04.0010.01

RM, »@,0)=a/ipeZ Aq-1eN" Agodp, =1
q
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07.44.04.0011.01
RAMy,.(2), ) =l0g /; p & Q

07.44.04.0012.01

RZ(MV,E(Z), o”o) =q/,peZAq-1eN"Agedp, g =1
q

With respect to u
The function M, ,(2) does not have branch points with respect to p.

07.44.04.0013.01
BP,(M,,(2) = {}

With respect tov
The function M, ,(2) does not have branch points with respect to v.
07.44.04.0014.01
BP,(M,,(2) = {}
Branch cuts
With respect to z
When u + % is a nonnegative integer, M, ,,(2) is an entire function of z. For fixed u /; u+1/2 ¢ Z, it has one infinitely long

branch cut. In this caseit is a single-valued function on the z-plane cut along the interval (—co, 0), where it is continuous
from above.

07.44.04.0015.01
1
BCAMy (@) = {(=c0, 0), —i}} /s u + 5 &2
07.44.04.0016.01

1
BCAMy (D) =1} /5 p+ 5 €2

07.44.04.0017.01

lim M, (x+ie) =M, ,(X)/; xeRAx<0
e~+0

07.44.04.0018.01
lim M, (x—i€) = —e 2" M, (X /; xeRAX<0
e—>+0
With respect to u
The function M, ,(2) does not have branch cuts with respect to .

07.44.04.0019.01
BC.(My () = {}

With respect tov

The function M, ,(2) does not have branch cuts with respect to v.
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07.44.04.0020.01
BC,(My,(2) = {}

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself

07.44.06.0001.01

M, ,.(2) o (%](W;)[M{;%)j Zf)w%) [arg(:;z‘))J

+ My, (20) +

1@M—nm¢m
8
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07.44.06.0002.01

+1 agz-z) . wdn)
mex(%fszf}gzﬂsz

Mv,u(zo) + 5

M 1 1(20)

My,u(Z0) +

1{2p-2+1 2u-2v+1

My u(Zp) + ———=M 1 1(2)

@u+Dyz

(z-20)+

2" 2

27

1 (Qu-2v+1)Qu-2v+3)
M,_1,41(Z0) —4Qu+ DM, (20) |+
22 +3u+1

2Qu-2v+1
M @)

@u+nyz

Z-2+...|/; 2> z)

2u—75+1 2u-2v+1

Myu(Z0) + ——————=M . W;(ZO) (z—29) +

2u+hyz 7

22 +3u+1

1622

A4Qu-2v+1)QRu-29+1)+/ 79

1 [(2;1—2V+1)(2/1—2V+3)Zo

My_1,41(Z0) +2(4 4% + 25— 22+ 1) 29— 1) My, u(20) +

2u+1

07.44.06.0003.01

N e
Mv,p(z) = (_]
Z

2 ) "2 J”"
% 2

k=0

[

07.44.06.0004.01
afex)

1](@[ -

2]

K. K Ok, +kotky (KLt Ko +Kai Ky, ko, K3)

M 1 1(2) |(2- 20 + Oz~ 2%)°)
Jarar

,0,K
M{O0W(zg)

Mk
T (z-2)

IEDIPI)

k0 X! K Z0ky=0ke=0 u+1),

1,8 3 1 )
(——) 7 2(#—k2+5) (#—V+E) M (@) (Z-2)
k 2

2 o k3 V—?,[.l+—



http: //functions.wolfram.com

07.44.06.0005.01

)| g ledes)
Mv,u(Z)oc(%](WZ)[ 2”20J (#+5)[ 2”20J

2y M, .(Z0) (1 + Oz~ Z9))

Expansions on branch cuts

For the function itself

07.44.06.0006.01

(zﬂﬂ)mrg‘z’x’J 1(-x+2u+1 2u-2v+1
M, (D e 2n M, )+ = ———— M, () + ——— Mv_l +£(X) (z—x) +
2 Cu+hVx Tz
1(42-1 1 (Qu-2v+1)Q2u-2v+3)
= My () + My, (X) + — My141(0 = 4Q2u+ 1M, , (0 |+
X 2X 212 +3u+1
2Q2u-2v+1 2Q2u-2v+1)
—_— M3 (- ——————M 1 1 |@-X+...|/;@Z>XNAXERAX<O
x3/2 Vot Q@u+ 1)\/7 lartar
07.44.06.0007.01
arg(z-x) | o0 M(OOK)(X)
M, ,(2) = (2r T JZ (- X%/, xeRAX<0
k=0 !
07.44.06.0008.01
arg(z-x)
MV’“(Z) _ (2;4+1)7rxl o J
Okky ks (Kot ko +kai ke, ko, ka) 1y ks 3 1 )
Z ZZZ (——) X 2(#—k2+—) (u—v+—) M g (02X
k1 0ky=0ky=0 2u+1), 2 2/, 2Ng vty
XxeRAXx<O0
07.44.06.0009.01
2 +1)m'[@J
M, (2 x e g 2n IM,, () (1+0(z-X) /; xeRAXx<0

Expansionsat z==0

For the function itself

General case
07.44.06.0010.01
L1 % 1+2pu+4v?
M, (D) «« 272 |1~ zZ+ Z+...|/;@z-0
1+2u 16(1+w)(1+2uw)
07.44.06.0011.01
L1 % 1+2pu+4v?
M, (D) o« 272 |1~ zZ+ Z+0(2)
1+2pu 16(1+w(@A+2w
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07.44.06.0012.01
1\K
Lo (-3)
M, (2) =22
W@=2" ) =2

k=0

1
ZFl(—k,/,t—v+§;2/1+1; 2)2“

07.44.06.0013.01
Lo fe (cven “(u-v+3)

M@ =22 1> Ll

o|i20 k=D(@u+D);jY)

07.44.06.0014.01
1
, © (ﬂ -V+ E)k Zk

1
M,@2=2"7¢7) —
: ;0 @p+ k!

07.44.06.0015.01

M, ,(2) z“*§ (1+0(2)

Expansionsat z == oo for polynomial cases
07.44.06.0016.01
C)FE . 1 11 1
M, (2D = WZ"@ 2 ZFO[E—,u—v,u—v+ 5; : —;)/;v—y— 5 eN*
s

Asymptotic series expansions

07.44.06.0017.01

z 1 /.I—V+ l
M, (2 xe 2272 TQ2u+1) A 2" {z, &, o} |/; (12 = )
Fl 2u+1;
07.44.06.0018.01
My (2) < € 3 2F(2y+1)[ “’”‘”e')[“ Vg z & oo}] ﬂiex")[“ v+ 'z &, oo}))/; (12 - o)
F 2u+1; F 2/J+1
07.44.06.0019.01
1 1
(-2 2"
M, (2 <« T2u+1) —
F(/.I+V+ E)
z( QA+2u-2v)(-1+2u+2v) A+2u-2v)@B+2u-2v)(-3+2u+2v)(-1+2u+2v)
e 2|1+ + +
4z 3RZA
zv 3[ “1+2u-2v)(1+2u+2v)
—e2|1- +
F(,u—v+%) 4z

(=3+2u=-2v)(-1+2u-2v)(1+2u+2v)(3+2u+2v)
+

;12 = o0)
R2Z
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07.44.06.0020.01

R R ey P T
+O[ ]+

M, (2) oc T2 pu + 1)

F(IJ +Vv+ %) k=0 k! 2t
—— n (v—,u+%)k(y+v+%)kfk 1
+O(—] /3 (12 > o)
l"(y -v+ %) k=0 k! +
07.44.06.0021.01
M, (2 « T2+ 1)
1 1
(-7*" 2 . . ( 1 1 1) yald : ( 1 1 1) .
—————————¢ 2Fg|—u—v+ —p—v+ o = | ——————e2 F| v+ -, u+v+ = ||/ (14 = )
1"(;1+v+%) 2 2z r(#_y+%) 2 2z
07.44.06.0022.01
1 1 z
-2 "7 2 1 z’ 2 1
P EPRP A S FOR | P e | PR
F,u+v+%) z r(#_y+%) z
Integral representations
On the real axis
Of thedirect function
07.44.07.0001.01
1
reu+1)2": I R A RV 1 1
M, (D) = fle“(--t) (t+—) dt/;Reu+v)> -~ [\ Re(u—v) >~
F(u—v+%)r(ﬂ+v+%) ) 2 2 2 2
07.44.07.0002.01
eé z‘”% o0 1 1
M, . (2) = 7f T2 R G 2u+ 1t dt , Re(u—v) > — —
I“(,u—v+—) 0 2

Limit representations

07.44.09.0001.01

z 1 1 z
M, (@ =e2Z72|lim Fy|u—v+—, p2u+1; —
pooo 2 p

Continued fraction representations
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07.44.10.0001.01

z 1
M2 =e2Z"2|1+

(—+;1—v) z
2u+l
R
1+ 2(2p+2)
e
3+ ) 32<zu+3>
(2u+2) 7(;},4)2
[E“‘ ’V] ‘ 4(2p+4)
3(2u+3) [gw_v) ,

1+

4(2p+4) (gﬂkv) ;

+...
5(2u+5)

(32 “sews
ECC
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07.44.10.0002.01

v+ )

_ z(k+y—v+%) z(k+y—v+%) +l)m]

z 1
M, (D=e2Z"2|1+

Qu+1|1+Ky

(K+1) (K+2 u+1) " (k+1) (K+2 p+1)

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

07.44.13.0001.01
(Z-4vz+42- 1w

w’(2) - =0/, W2 =cM,,(D+cW, (2
47
07.44.13.0002.01
rRu+1
WM, (D), W, ,(2)) == — —
F(/J —-V+ E)

07.44.13.0003.01
(Z-4vz+42-1)w()

w’'(2) - =0/,aM,, @D+ W, (-2
42
07.44.13.0004.01
et ot T@u+D
WM, (2, Wy (-2)) = (-2) " 22" ————
l"(y +v+ %)
07.44.13.0005.01
(Z-4vz+42-1)w)
w’'(2) - =0/,aW, D+ W, (-2

47

07.44.13.0006.01

Wo(W,,(2), Wy, (~2)) == CSC(2 7 1) ((—Z)“‘g 2 cos(m (1 —v)) - (—2)‘”‘% ] cos(m (u + v)))

07.44.13.0007.01

R-dvz+42-1
w’'(2) - . w2 =0/wz=c.M,(D+C:M,_,(D/;2u¢Z

07.44.13.0008.01
WM, (2, My,_,(2)) = -2

07.44.13.0009.01
/7

1, vg@® (1-44%)g@?
wW@-—wW@+|-—-d@ + +
g@ 4

g2 49(2°

07.44.13.0010.01
g@r@u+1

Wo(M,,(9(2)), W, .(9(2)) == — 1
Du-v+3)

W2 =0/,W?2) =¢; M, ,(9(2) + W, ,(9(2)
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07.44.13.0011.01

2h@ ¢'@ 1 vg@? (1-4499@° 2n@° hW@9'@ W@

V\/'(Z)—( + )V\/(z)+ -—gd@ + + + + -
h@ J@ 4 92 49(2)° h(2)? h@2 9@
W(2) = ¢, h@) M, ,.(92) + ¢ h(2) W,,.(9(2))
07.44.13.0012.01
h@’ 9@ T@u+1)
W(h(2 M, .(9(2), (2 W, ,(9(2))) = —
F(ﬂ -v+ %)

07.44.13.0013.01
AW -4z(r+2s-DW (@) +((davZ —a® 2" - 4° + 1) r° +4sr+ 4 )w(@) = 0/;
w2 =¢ M, (aZ) +c, ZW,, (@)

07.44.13.0014.01

rva z"'Vaz rQu+1)

F(p—v+%)

WA M, (@Z), ZW,  (aZ)) = -

07.44.13.0015.01
AW @2 -4z(r+2s-DW (@) +((davZ a2 2" -4 + 1)1 +4sr+ 49 )w(@) =0/,
W2 =¢ M, (aZ) +c, ZW,, (aZ)
07.44.13.0016.01

ar’sZlog(NTr@u+1)

1"(,u—v+%)

W(s* M, ,(@r?), s’ W, ,(ar?) = -

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.44.16.0001.01

M, (2 = 2 (—z)‘“‘§ M, .(-2)
07.44.16.0002.01

M, (-2) = (—z)’“§ ] M, (2
07.44.16.0003.01

M., (-2 = (—z)’“§ 73 M, .(2)

Products, sums, and powers of the direct function

Products of the direct function

07.44.16.0004.01

i 1 1 1
My (-2 My, (2) = (-Z) 2 oFa|u—v+ S HTYE St Dot L 2ut L

h(2)

wW(2) =0/,
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07.44.16.0005.01

c+d 1 12
My, (€D My, ([d2) =¢ =2 *(c2"'2 ([d2""2 ) 2o /;

k=0
K 1
d(y_ﬂz)kF(k k-2 S C)\/
Go=—————— 3P|~k —k=2y, p—v+ = —k—y+ A+ =, 2u+1; ——
Kl@y+D), = - 2 2 d
1
o) F( K —k—2 - P d]
= oF| -k k=2, y—A+ - —k—p+v+—,2y+1, ——
Kl@u+1), - ° 2 2 c

07.44.16.0006.01

c+d 1 1.2
Myu(CD M, ([d2) = e = *(c2""2 (dD""2 ) Z /s

k=0
K 1
d(y‘“i)k k2 L L c\/
&k=——"""— F(— v —K=2y, u—v+ - K=y +2A+ -, ;1+1;——]
Kl@y+D, = ° 2 2 d
1
Ck(’““”z)k F[ k2 1 ) 1 yit d]
= K, —k-2u, y-A+—; -K—u+v+—-,2y+1, ——
Kl@u+1), - ° 2 2 c

07.44.16.0007.01

crd 1 1o K (’y_l_'_%)k—m(ﬂ_v_‘_%)m
My, (A2 M, (cD =e 2 *(c2"*2(d2)"2 Z Z oM gk-m
S —m)Im! 2y + Dy R+ Dy,

07.44.16.0008.01
L (~(c+dyz +2 2 o1 :H—V+l'7—?t+l'
My, (d2) M, ,(C2) = e2 2"z (d2"2 Fypy 2’ 2’ ¢z, dz
- 2u+1;2y+1;
Sums of the direct function

07.44.16.0009.01
rewr(ions) o rfiuny

z 1 l
M,,(2) + M, (= ———"¢22"2 u(u v+ > 2u+1, z) [ 2ue?

[(-2p) r(y—v+ 3) T(=2p)

Identities

Recurrence identities

Consecutive neighbors

07.44.17.0001.01

M 22—4v—4|vI 2,u+2v+3M
= —M 1, @D+ —— u(D
T oy Ty
07.44.17.0002.01
-2z+4v-4 2u-2v+3
Myu@=—"—"""M 1, @D+ ————— M, 2,(?

2u+2v-1 2u+2v-1
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07.44.17.0003.01
42 +8u—2zv+3 Qu-2v+3)2u+2v+3)
MV'#(Z) = Mv,p+1(z)+ Mv,y+2(z)
zZRu+1)2u+3 16(u+1)(u+2) 2u+3)72
07.44.17.0004.01
16(u-pu@u-1)(4p?>-8u-22v+3) 16(1-2w?u-pu
Mv,p(z) =- Mv,y—l(z)+ Mv,y—Z(Z)
ZQRu-3R2u-2v-1)Q2u+2v-1) QRu-2v-1)Q2u+2v-1)
Distant neighbors
07.44.17.0005.01
M M 2n+2pu+2v+1 M / 1/\
1D =Cn(v, 4, 2 1D — ———————Cr 1V, 1, D Mnyy11,(2) /5 Cov, 1, 2) =
im nlV, 1 n+v,u n—2u+2v—1 n-1V, 4 n+v+1,u oV, U
—22+4v+4/\ 22n—-z+2v) 2n+2u+2v-1 /\ .
vy, )= — /\Cr", 4, ) = ———Cpa(v, t, ) = —————Cp2(v, 1, 2 /\ NN
1 K oproven ! N S v Y T S ey g

07.44.17.0006.01

2n+2u-2v+1
Mv,,u(z) =Cn(v, 1, 2) Mv—n,p(z) -— Ch.1, 11, 2 Mv—n—l,p (Z) /i

2n-2u-2v-1

2(z-2v+2)

2u+2v-1 /\
2(2n+z-2v) 2n+2u—-2v-1

Co = — T D — T Co 2 \neN*
e o 2u—2v—1 T T ey K A

Cov D=1\ Crlv. . 9=~

Functional identities

Relations between contiguous functions
07.44.17.0007.01
@2v-2u-DM,_1,0+2(z-2vIM,,(D+QRu+2v+1)M,;1,2=0
07.44.17.0008.01
2Qu+DE+2) M@ -VZ @u+2v+ DM 2 1@ -4VZ p@u+DM 1 (=0
2" 2 2

.
07.44.17.0009.01
224+2p-2v =DM, @D +Qu+2v+ DM, -4VzZ M 1 1@=0
2

:
07.44.17.0010.01
~@p+ DM@+ R+ DMy, @+ VZM 1 @ =0
2" 2

07.44.17.0011.01
(—2u+2v=-DM, 1@ +(2u-2v+ DM, (2 +4Vz M_: 1@=0
2772

07.44.17.0012.01
Qu+DQRu-2v+ DM, 1,@-QRu+1)Q2z+2u-2v+ DM, @+Vz Qu+2v+1) M1 1@=0
22

07.44.17.0013.01
-4z Qu+1)z-2v-1HM, (2 -
(4/12+8(v+1),u+4v2+8V+3)MV+§ﬂ+1(Z)+(2u—2v+1)(22+2y—2v—1)MV 1u+1(z):0
2772 T2
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07.44.17.0014.01
-4VzZ (u+ D QRu+1)2z+2u-2v+HM, (2 +
VZ Qu+2v+ D) @Ru+2v+IMy1, @ +4u+1D) @Z+2u+1)2u-2v+1) M s @)=
2

=\
Relations of special kind
07.44.17.0015.01
1 1
M@= (=2""22"2 M, (-2
Division on even and odd partsand generalization

07.44.17.0016.01
M, (2 = A [zl + A'[Z] /;

1 1 1 1 1 1
A= (22" M2 27 s M) \ AT = . (M@ - 2272 2" M2

07.44.17.0017.01

M2 = Al + Az A = e 2 P D L B L A
LD =A[Z+A[Z/;A[Zl=e 222 + -, +— - U+ — u+l —
”’ e a2 TwtTytThy
z 3
e22"2Qu-2v+1) u-v 3 u-v 53 3 2
Alzl = 2F3 +— +— oLt o —
22u+1 2 4 2 4 2 2 4
07.44.17.0018.01
z 1
M, (2=e22"2
( v+1)zk
n1{HTVE D) k+u-v 1 k+u-v n-1 k+1 k+n k+2u+1 K+2u+n
——naFon| L e + ) Yooy , .
o K!'@u+1), n 2n n 2n n n n n

Differentiation

Low-order differentiation

With respect to v

07.44.20.0001.01
o [a (DT 2K v+ 3) oli+ v+ )

1
MS;JO’O)(Z) — ¢[# —-vV+ 2) vy(z) Z Z

i= k=D!(@u+1);jY)

07.44.20.0002.01

3.1. 1.
-vV+ 5,1, 1,[.1—V+ 5,

ML00(z) = — . 22

2,2u+2;,u—v+ 3

z 3 M
e
2u+1 "

With respect to u

'n
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07.44.20.0003.01
oo [ (CDT2H [y Z) (i 4=y ) - 200+ 20+ 1)

MO0z = 72 Pl
g kZ:(; i=0 k-pH@u+D;j

1
(Iog(Z) +29Q2u+1) - t//(u -v+ 5)) M, .2

07.44.20.0004.01

MOHO(2) =
z z ,u—v+§'l'1 ,u—v+3' 3.14:12 1: 1
e a2 2 2 2| @Eu-2v+ ) FRY KT T LR ZJ 7277+
,0, 1 ,0,
2u+1 2,2u+25 p-v+3; Qu+1)y? 2,2u+2;,2u+2
log(2) My,.(2)

With respect to z

07.44.20.0005.01

oM, ,(2) (1 v 2u+2v+1

=l--=-(M,, @+ ——M (z
0z 2 z) @ 2z w142

07.44.20.0006.01
PM, (D P-Advz+4ap®-1

- Mv,y(z)
07 47
07.44.20.0007.01
BM, (2
07
1
¥ (B-6vZ2+(4p”+8V2+8v-1)2-2(412 - 1) (v + )My, (D + Ru+2v+ 1) (Z = 4vZz+ 417 = 1) M1 ,(2)
8
07.44.20.0008.01
M@ 1
T (Z-8vZ2+2(4p2+8v*+8v-1)Z-8(v+ 1) (4p”+4v—1)z+(4p® - 1) (44 + 16v + 23)) M, ,(2) —
] 16

8Ru+2v+1)(4p”-22zv-1)M,,1,(2)

Symbolic differentiation

With respect tov
07.44.20.0009.01
i o Mu—-v+ 1)
1 @ k (_1)k—J ZJ_k (/.l 7).
M0 =22 3N —— . H&nen
' (k—j)!(2,u+1)jj! ov"

k=0 j=0

With respect to u
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07.44.20.0010.01

by 2
N —
(=1 21k @pu+1),
MO =Vz Z Z L |X/neN
k=0] j=0 (k_J)’]' a'un

With respect to z

07.44.20.0011.01
"M, (D DD D Onk kg (K Ko+ K K, Ko, Ka) ( 1)k1 s

D) . ( —k2+§)k (,u—v+%)k M oy w@/neN

K;=0Kk;=0Kkg=0 @p+ 1y, 2 2), e
07.44.20.0012.01
(M, ,(2)
or
Zn: Zn: an Drkrterts da ot e b9 (_E)kl Fko kj (;1 v+ 1) (a + =Ky + E) M @/;neN
ky=0kp=0 k;=0 @p+1), 2 2k, 272 K v—k;;n% ’

Fractional integro-differentiation

With respect to z

07.44.20.0013.01

M, (2

az("( =Z

1 a+pt 1
)zFl(—k,,u—v+E;2y+1;2) [k+,u+ )f ”2/ p—EeN’f
2

07.44.20.0014.01
&M, .(2) ( 1)k 1 .
Vil S\ 2 1
= F(—k, -v+—;2 +1;2]7’C(")(z,k+ +—)£<“”“+E
oz g R U Y ep( = THTS
07.44.20.0015.01
oM 1)k 21 k(,u v+—)
FM, (2) = K (-
— Z , . TC&L(Z K+p+— )f @ty
S5 k-Dleup+; !
Integration

Indefinite integration

Involving one direct function and elementary functions

Involving exponential function
07.44.21.0001.01

z 3 3 ~ 1 3 5
fe_i MW(Z)dZ=Zu+5F(y+E)F(2p+1)2F2[p+v+E,,u+E;2u+l,p+£;—z
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07.44.21.0002.01

3 3 N 1 3 5
er/ZMV,y(Z)dZ:Z’HE F(ﬂ+ 5)F(2y+l)2F2[,u—v+ 5,/.[+ E; 2u+1, u+ 5; Z]

Involving exponential function and a power function
07.44.21.0003.01
ez 1 1 _ 1 1 3
#te 2 M, (c)dz= 2" (c2 Zr(a+ﬂ+E)F(2#+1)2F2(ﬂ+v+E,a+ﬂ+£;2#+lla+ﬂ+E;_CZ)

07.44.21.0004.01

cz 1 1 . 1 1 3
fz“"le? MV,,J(CZ)JZ=Z‘Y(CZ)”+5F(Q+;1+5)F(2y+l)2F2(p—v+E,a+y+§;2p+l,a+y+§;cz)

Definite integration

Involving the direct function
07.44.21.0005.01

00 1 7“7“7% 1 1 1 2
f 1l ct nyy(—t)dt:u‘(—l)“(c——) F(a+/.1+—)2Fl(ﬂ—v+—,a+p+—;2ﬂ+l; )/;
0 2 2 2 2

1 1
Re(a+p)>—§/\Re(c)>£

Integral transforms

Laplace transforms

07.44.22.0001.01

1\#72 3 3 1 2 1 3
Lt[Mw(t)] 2= (z— E) F(/J + E)ZFl(qu 5 n+v+ 5; 2u+1; E) /; R&(2) > 5/\ Re(u) > _E

Operations

Limit operation
07.44.25.0001.01
Mv,y(z) 1 1-n
[ )
n

— -V
2

lim —— = z
- T@u+1)  n!

/ineN

v

N D

07.44.25.0002.01
z

lim (——)%E MW(— ;) =7415,(2VZ)T@u+1)

V=00 v

Representations through more general functions

Through hypergeometric functions

Involving 1F;
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07.44.26.0001.01

1 z 1
Mv,u(Z) = Z“*E e 2 lFl(/J —y+ 51 2/1 + l, Z)

Involving 1F1

07.44.26.0002.01

1z B 1
M, (2=2"2e2TQ2u+1) 1F1[,u -v+ E; 2u+1; z)

Involving ,Fq
07.44.26.0003.01

z 1
Mw(z)zz‘”%e_i pFa(a1, ..., ap; by, ..., by 2) /s p= 1/\q:l/\a1=,u—v+ E/\b1=2,u+l

07.44.26.0004.01

1z 1
M, (2d=2"2¢" 2F2(H —v+ > a2u+1, a; z)
07.44.26.0005.01

e 1 1 1
My DMy (=2) = (=Z) 2 pFa|u—v+ PULARAIT At 1L2p+1; "

Involving ,Fq

07.44.26.0006.01
1 N 1 1 1 z
M, DM, (-2) =4+ x (—ZZ)IH2 FQu+1)7? 2F3[;1 v+ > U+V+ 5; "+ > U+l 2u+1; Z]

Through Meijer G

Classical casesinvolving exp

07.44.26.0007.01

alQu+1)
Gl,l[

M, (2 = 11

B+ 55—+l

v+l u+1
23[Z ]

1

r(/,l -vV+ E)
07.44.26.0008.01

1

rRu+1)z*: 4l

M@= — G | T
r(ﬂ—V‘FE) 0’_2ﬂ

07.44.26.0009.01

3
1 alu+1) ,u+§,v+1,/,t+1
%2 My, (2) == Zﬂ+2—71 HHE: 3 11
F(u—v+§) Mt S+ 5 s —p+l

07.44.26.0010.01
1 11
1 alRu+1)772 1, -pu+v+3, =
M@ = 277 - — Gyl z N
r(ﬂ_wi) 1,0, -2u, 3
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07.44.26.0011.01
_z Cu+1
ez2M,,(2= 1
F(u +Vv+ E)

11
12

&

Classical casesinvolving cosh

07.44.26.0012.01

z ATQu+l) ., vl p+l rQu+l) 1-v
cos ) M@ =~ Gz 1 1 ] T OB a2
2 ZF(u—v+—) U 7HH 2F(,u+v+—) HE3 37 H
2 2
Classical casesinvolving sinh
07.44.26.0013.01
_(Z aT@Ru+1) . v+l pu+l rQu+1 1-v
“%JMMD:————T‘*Z | T k. L [P
2 21"(,u—v+§) U 7HH 21"(,u+v+§) U337 H

Classical casesfor productsof WhittakerM M

07.44.26.0014.01

2V T@u+17 Lf 2| vtLil-v
My (2 My,u(=2) = - el PP
F(ﬂ+v+5)l"(p—v+§) 4| Htz b H
07.44.26.0015.01
44 72 T2+ 1)? w12 —#+V+%:—ﬂ—"+%:%
M@ My, u(~2) = - o (-7) Gy . .
F(u—v+5)F(ﬂ+V+§) A1 0 - -2p

07.44.26.0016.01
2Ty + DT (e +1)

MO,}/(_Z) MO,/J(Z) =
T

07.44.26.0017.01

11
Mo, (=2) Mg ,(2) = vial Ve Ty +1)T(u+1) (-2*2 73 Géé -

07.44.26.0018.01

44N TRu+ 1?22t

2,4

M—v, Mv, =
S P T

07.44.26.0019.01

. 2
(-2 7@%2

3

Ly ey
2 ! 2
0! YK Y, —H

|

1
O, -y—m =y, 1. 3

—UtVE S v+t
H 5 TH >

01 —H, %_ﬂl —Zﬂ

41 g2 T2 u + 1)% 2+t ?Z —u+v+%, —ﬂ—v+%, %
M—v,y(z) Mv,p(z) = 35|
F( 1 1 41 o0 -pt-py -2t
p—v+5)r(u+v+5) VTR T el G
07.44.26.0020.01
2T (y + DT + 1) 244+ Ley—p+1, -2
Mo, (2) Mo,,(2) = cy-—|2 77" 2
N 41 0, —y—u -y, -

|
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07.44.26.0021.01

1 pty 1
sCY—u+r D =53
Moy (@ Mo (2 = 2" Vit T(y + DT (u + 1) 2+ Gy 2 22

1
0, -y =, =y, s 5

07.44.26.0022.01

2V TQRu+ 1) z v+1l,1-v
Myu(i VZ )My (- VZ ) = Gyal=| 11,1
Alutzplz-

1 1
r(ﬂ+V+ E)F(/J—V‘i‘ E)
07.44.26.0023.01

Mou(VZ ) Myu(VZ ) =

4

1

v+l 1-v,u+1 ]
' 3

3,5

1
1, E—ﬂ

2132 T2+ 1) e
U+ E,y+l

F(,u—v+%)l“(y+v+%)

Classical casesinvolving exp and 1F;

07.44.26.0024.01

1
40T TQu+1722": 12[ 2 —u+v+§,—u—v+§]
24| T

1
72 . . _
e 1F1[,u—v+ —2u+1; —Z) M, (2 = 1
2 I“(/J—V+%)F(ﬂ+v+%) 4 0,—/-1,5—/1,—2}1

07.44.26.0025.01

1
—u 302 2 s _ L —y+il
41 7RI u+ 1?22 1,2[22 pAv+ 3, —u v+2,2]
35

1
e7? 1F1[,u —v+ E; 2u+1; —z) M, .(2) =

I“(,u—v+%)l"(y+v+%) 4100 -p 3 -2 5

07.44.26.0026.01

1
203 r(c+ %) M+l
2”2 1F1(C; 2¢;, -2 Mo (2 = 72" Gy
3

2| 2(-2c-2u+3), %(—2C—2u+1)]

11
0, —C—p+3, 5-C—H

07.44.26.0027.01
. 1(-2C-2u+3), 7 (-2c-2p+1), 3

1 1 2
e?2 1F1(C; 2¢, —) Mg (2 = 22V 22 r(c+ —) T(u+1) Gyg| — L )
2 4 0,—0—/1"'5,5—0,—#,5

07.44.26.0028.01

1
2 1 a#Nr TRu+122"2 [ 2 —u+V+§,—u—V+§
e 2 Ffp+v+—=2u+1;2|M, (D = G| -
2 r I\ r L
(/.z—v+§) (/.1+V+§)

07.44.26.0029.01

12
35|

1
L 1 AHrRTRu+ 122" (2| —u+ve g -u-veg 3
e lel(,u+v+ 5; 2u+1, z) M, (2 = n .

F(y—v+ E)F(,u+v+ 5)

07.44.26.0030.01

1 1
2°*"’5F(C+ %)F(u+1)2*‘+E 2| 3(-2c-2p+3), 3 (-2c-2p+1)

e 21F(C;2¢; Mo, (2 = G| —— -
Vr 4 0, —C—u+3,5-C—p
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07.44.26.0031.01

1

z 1 1 22
e 21F1(6 26,9 Mg =272V F(c+ E) T(u+1)7" Gy2 "

1 1 1
$(-2c-2p+3), 7 (-2c-2u+1), z]

11 1
O, —C—u+ > E_C' —M, >

Classical casesinvolving exp and 1F,

07.44.26.0032.01

1
i 1 T TRu+ D2 2| -prveg -p-vis
eﬂlel(#-H —2u+1 —z) M, . (2) = Gyl -—
2 l"(/.z—v+1)l"(,u+v+l) 4
2 2
07.44.26.0033.01

. 1
e?? 1F1(# -Vv+ 5; 2p+1; —Z) M, (2 =

1
—u 32 +3 - P
GHrPTRu+DZ"2 2| —utv+ 5, —p V+2.2]
35| =

1 1y >4
F(,u—v+§)1"(,u+v+5)

07.44.26.0034.01
1
_ 2w+l 1 2 E(_ZC_2#+3),1(_20_2N+1)
e??1F1(c; 26 -2) Mo, (= ————— Ao |4 2

2,4
(o 0,—C—p+3, 5-C —u

07.44.26.0035.01
1 1
2 2 T (u+ 1)

€ 1F1(C; 2¢ —2) M, (2) = GL?
r(c) '

1
2

1 1 1

Z2 Z(—ZC—2ﬂ+3), Z(—ZC—2ﬂ+1), E

0, —C—u+%, %—C, -u,
07.44.26.0036.01

z ~

1
e 2 1F1(ﬂ +Vv+ 5, 2/.1 +1; Z) Mv,u(z) =

1
T TRu+ 2" 2| -p+veg -p-ves
1 1 62:4 n
l"(y—v+ 5)F(;¢+v+ E)
07.44.26.0037.01
1
412 TQu+ 122

F(y—v+%)l“(p+v+%)

12
3,5

. 1
e 2 1Fl(/~l +v+ E, 2,Ll +1, Z) Mv,y(z) =

11
i “HEAVE S, —p-VE S, 5]

07.44.26.0038.01

1 1

e 2 T (),

e 21F1(c;2¢,2 Mg (2 = Gya
I'(c

0, —C—,u+%, %—C, —u

[ 2| ;(-2c-2u+3), %(—2C—2/.t+1)]
07.44.26.0039.01

1 1
2 a2 T(u+ 1)

(o)

12
3,5

e 2 1F1(C; 2¢; 2 Mg ,(2) = — )
2

[22 1(-2C-2p+3), 2 (-2¢-2p+1), %]

11
4 0, —C—p+3,5-C 4,

Classical casesinvolving exp and hypergeometric U
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07.44.26.0040.01

1
1 22T Qu+ 2" (2| —utve g v+
42 U(y v 2u+1, —z) M, (2 = 31 2 2l

\/;I"(,u—v+%) “la

1
41 0 —p 5-u —2p

bis n
§<arg(z)s7r/\—7r<arg(z)s—5

07.44.26.0041.01

z 1
e? U(,u+v+£,2,u+l, Z] M, .2 = 4| — /;—E<arg(z)s —

1
22T 2u+ 12 31[22 _#_”%'—fw”%] ; ;
2

1
vV 1'(/.1+v+%) 4 0,5 —m -, =2p
07.44.26.0042.01

vz

eiTU(,u—v+%,2y+1, \/;)MW(—\/?)=

1
—2 Kty
2-2u 1(_\/2) 2TQRu+1 e _#+V+%,_#_V+%
2.4 ~
v 1"(,u—v+%)

1
41 0 -p ;- 24

07.44.26.0043.01

4 L " 3

\a 1 2'er@u+ z Z(2u—-4v+3), - +v+=>

@_TU[M+V+—,2#+1,\/Z]MW(\/Z):— 1= . 4 ) i 2 14
2 Vra Mu+v+z) (4] 3@-20 53-240, 3@u+ D, 3(1-6p)

Classical casesinvolving exp and Laguerre L

07.44.26.0044.01

2L _1(-2M, o2 = 24|~ —
2

Cos(ﬂv)\/?el,Z[ 2lv+ 1,%—1/]
7

07.44.26.0045.01

= zZ
@Z/Z Lv—l(_Z) nyo(z) = T COS(;T V) A/ 7 Gg:é Z
2

07.44.26.0046.01

U=V

BN

1
47172 co -v)FQRu+1 2| —p+v+
L (“DM @ = ST (u=v)I'2u )Gl,Z[
—prv=>

241 7
Vr

NI
~—————

O, —py 5 -, =2p
07.44.26.0047.01
) 1 1222 —/1+V+%,—ﬂ—v+%,%
2L (~9M, (@ =4V costn (u-v)TQRu+1) 272 Ggi| — : ]
—pv=3 4 0, —u, > H -2u, >
07.44.26.0048.01

2 Z
€2l 1@M, o2 =Vr cosiav)Vz Gyg| —
7y 41 0,00

07.44.26.0049.01

z 1 22
€L (@M (D=4 V7 costm (u+v)TRu+1)7"2 Gy2
e

SV VS, 2
H 2’ H 2’2]

1 1
0, —py 5 -1, =2, 3

Classical casesinvolving Whittaker W
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30

07.44.26.0050.01

v+1l,1-v

rQu+1) al? n 7

M., @DW, (D= —-G4|—| 1 1 11 Li——<ag? = -

\/;l"(/z—v+%) 4| pbH*T 55~ 2 2

07.44.26.0051.01
1

2’2”’1F(2,u-t-l)(—zz)wrz 31 ia —/.1+V+%,—/J—V+% T T
Mv,,u(_z) WV,,u(Z) = 2:4 _— 1 /1 -—< arg(z) = -
\/;F(N—V‘F%) OIE_Mv —H _2/1 2

07.44.26.0052.01

va,ﬂ(‘/;) WVvH(\/;)

r2u+1)

V4
et
\/FF(/J—V+%) 4

1
2

1,

07.44.26.0053.01
+2

3,1
24

Mv,u(_ \/?) Wm(‘/;) = N F( 1)
mllu=—v+3

Generalized casesinvolving exp

07.44.26.0054.01

z 21—V 71'3/2 F(Z/.l + 1) 2 1
M@+ €T M@ = — G35 5
Mu-v+3)
07.44.26.0055.01
z 21—V 7.(.3/2 F(Z# + 1) 2 1
e FiF
Mfu-v+3)

Generalized casesfor products of WhittakerM M

07.44.26.0056.01
272 T2 u+1)? Lz 1
M—V,u(z) Mv,u(z) = GS:S o
F(u—v+i)r(ﬂ+v+£) 22
2 2

07.44.26.0057.01
4N 2T p+ 1)

12[u’z 1
Goa| = =
1"(,u—v+%)l"(y+v+%) 2 2

M—v,u(z) Mv,u(z) =

07.44.26.0058.01
Mo (2 Mg, (2) =

2272\ Ty + DT (p + 1) Gya

NI N
NI -

07.44.26.0059.01
2Ty + DI(u+1) iz 1
MO,,u(Z) MO,y(Z) = G2:4 ] 5

N 2

2T @ut ) (-Vz)"? [

o+

sO+u+d),

v+1,1-v
11 ]

Ht 3 5 —H

_K

31
SHV+ o Z(—Zﬂ—4v+3)

1 1 1 1
1(1—2#). 2(3—211), 2(2#"‘1), 1(1—6#)

v+l v+2 1
2 2 GrrI

1 1 1 1 1
2(2#"'1), 2(2#"'3), 2(1—2#), 1(3—2,11), 2(2/“'3)

v+l v+2 1
- 1(2#"‘5)

1 1 1 1 1
2(2#*‘3), 2(2#"'1), 4-(2#"'5), 3(1—2,“), 2(3—2#)

v+1,1-v,u+1

1 1 1
E’ﬂ"'l' 511. E_IJ]

11
L3 30+u+2)

%(—7—/”1), %(—)’+ﬂ+l), %(7—/”1), Sy +u+?

ly-u  v+p
2 2

0, -y—u -y, —
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07.44.26.0060.01

1
4y (<2 T @+ 12 1,2[“ 1 —/,t+v+%,—,u—v+%]

R T TSR A I S

07.44.26.0061.01

1 1
22 32 (" 2T u+1)? 2
3,5 Ev

1
Mv, - Mv, = -
(DM, (2 T p— ;

07.44.26.0062.01

1 1
(-2 2 Ty + D(u+1) ,(iz 1
Mo, (-=2) Mg ,(2) = Gy >3

Vr

1 1
sCEy-—p+D), 3 (—7—#)]
0, -y—u ~y, —

07.44.26.0063.01

. . s 1 3_r 1_ v k.38
Ma,(~2 Mo, (@ = 22 V0 <—z>”2r<v+1>r<u+1>G%:§[E'5 R T AR 3]
2t YTt Yttt a2 2 g
Generalized casesinvolving exp and F1
07.44.26.0064.01
1 220\ 7 T@u+ 17 iz 1| —utveiop-v+:
P F|p-v+—2u+1;-2z|M, (2 = Gl —, = 2 2
2 WM 24 2 2 1
0, —u, 5(—2/4—1)+1, -2u

L c2uD F(u—V+ %)F(u+"+ %)

07.44.26.0065.01

1
4rp2Z272TRu+1? Lz 1 —HEVE G VS
220

1
¥ 1F1[,u -v+ = 2u+1; —Z) M, (2 = 1 1
2 mH 5 (2= +1, =24, 5

F(/J—V+%)I“(ﬂ+v+%)

07.44.26.0066.01

1 1
e e D iz 1| Homn- 3t Kot )
62/2 1F1(C; 2C, —Z) MO’”(Z): C':‘2’4 —_—, —
N 1272 0,—C—p+3, 3-C —u
07.44.26.0067.01

2?2 F1(C; 2¢;, -2 Mo ,(2) =

. , 1 1-35, 25, 2@u+3)

2c+2p ﬁr[c+ —)F(u+1)G§j§ Pl 1 ° ! o E L
2 22| 3@u+1), 3(-4c-2u+3), 3 (-4c+2u+3), ;(1-2p), ;2u+93

07.44.26.0068.01

1
gy 2ir@u+1?fiz 1 —ﬂ+V+1,—u—V+%]

z 1
e 2 F(,u+v+—;2y+1;z)M,(z)= N
o 2 i F(#—v+%)l"(,u+v+%) “l2"2 0,—#,%—#,—2#

07.44.26.0069.01

z 1
e 2 1F1(/J +v+ 5; 2u+1,; Z) Mv,y(z) =

1
2 rRrRu+1? Lz 1 vl (-2u-4v+3), 1 2u+3)
35| ' A
la-v+ Hrfusve ) 122 T@u+D, 2A-2p), 33-2p), ;(1-6p), ; 2u+3)
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07.44.26.0070.01

e 231F1(c2¢, 9 My, (2D = 1

°+“"z”+2F( )F(,u+1) iz 1
2‘4 1
0,-C—pu+3,5-C—pu

1(-2C-2p+3), 2 (-2¢-2u+1)
Vr 2'2

07.44.26.0071.01
e 1F1(c; 26,2 Mg (2 =
z 1 1-5, 25, 2@u+3)
2'2 ]

1 1 1 1
7@u+1), 7(-4c-2u+3), Z(‘4°+ 2p+3), 7(A-2p), 72u+3)

2421\ F(c+ 2) T(u+1) G35[

Generalized casesinvolving exp and 1F1

07.44.26.0072.01

220Nr TQRu+1) 12
G2

v 1 iz 1 —y+v+ - v+§
e 1F1(;1—v+5;2,u+1;—z)Mw(z): ;E

0~ 3 (-2u-1)+1,-2p

Lc2u r(,u—V+ %)r(y+V+ 5)

07.44.26.0073.01

Nll—‘
N

1
1 4R TRu+) L[z 1
—2u+1; —z) M, (2 = n . Ggsl = =
2 r(/J—V‘FE)F([J‘FV‘FE) 2 2

—y+v+ LU=V +

0, - 3 (-2pu-1)+1,-2p, g]

@Z/Z 1ﬁ1(/.1 -V+

07.44.26.0074.01

_ Lot 1 1
3 2 2+ iz 1] 3(-C-u-3)+L 3 (-Cc-u+;
ez/lel(C;ZC; -2 MO,M(Z)Z - G%fl E:E 2( 2) . i( 2)
© 0, —C-p+ 3 2-c —p

07.44.26.0075.01

2?2 1F1(c; 26, -2 Mg (2 =
2—c+2u+1ﬂr('u+1) G12 z 1 1- %, %, %(2/1+3)
I'(c) 2'2 TQ@uAD), F(-4C-2u+3), 2 (-4C+2u+3), 7 (1-2p), 3 2u+3)

07.44.26.0076.01

—U+v+

I~ NIH

1
LU=V E]

O —py 35—, =2

. 1
e 2 1Fl(/~l +Vv+ E, 2,Ll +1, Z) Mv,/z(z) =

1
41N 2 r@u+1) L[iz 1
I P

l"(y v+ )F(ﬂ+v+ >
07.44.26.0077.01

: 1
e 2 1F1(u +v+ 5; 2u+1; Z) M,,u(2) =

1
22 aR2T2u+1) 12[2 1 ~Eaved l2u-4v+3), t@u+3 ]
2'2

I“(p—v+ l)F(,u+v+ ;)

1 1 1 1 1
Z(ZI’H']')' Z(l—zﬂ)l 1(3—2#), 1(1—611), Z(2ﬂ+3)

07.44.26.0078.01

1 1
E 22T+ Lliz 1
e 21F1(c;2¢,2 Mg (2 = G| —

1(-2C-2u+3), 7 (-2c-2p+1)
T 2'2

0, —C—,u+%, %—C,—,u



http: //functions.wolfram.com

07.44.26.0079.01
z
e 21F1(C; 2¢, 2 Mg (2 =

—c+2pu+l _ ¢
27 et (u + 1) 12 1 >
. 35

1 L TQu+3
r(e) 2 2] eu+ D, E-ac-2u+93,

1-c
2
l(-4c+2u+3), 2(1-2p), 22u+3
Z(_ Cteop+ )’Z( - #)15( H+3
Generalized casesinvolving exp and hypergeometric U

07.44.26.0080.01

1
z 1 2'2r@eu+ny [z 1 T(-2u-4v+3), L4yl
e2U(,Lt+v+—,2,u+l,z]MW(z)=—G2:4 S . . .
2 Vr fp+vez) (2 2] 53-20,36-2p, ;@2u+1), 3(1-6p

07.44.26.0081.01

z 1
e 2 U(,u -v+ E, 2u+1, Z) M, (-2) =

1
ZHNTIT@uAD (2 L] g uoveg
5 1
21 0,;-p - —2p

Varu-v+l) 2

Generalized casesinvolving exp and Laguerre L

07.44.26.0082.01

1
cos(rv)Vz 1 1({v+35, 5V
L 1(-2) Mv,o<z)=763;2[—5@2),E 22 ]

2

T

07.44.26.0083.01

11 1
z 1|{v+35 5=V
2L (-2 M, 02 = Vr Vz cosinv) Gyl -—, - 22
i "l 22| 00033
07.44.26.0084.01
] Lz 1] al-a;
e?1F1(@ 1,2 Lo y(2) =V sinar) Gy -, —
|2 2]0003 3

07.44.26.0085.01

4925 costr (u-MT@u+D iz

L (DM@ = Gys
2

e+ \/7 E

07.44.26.0086.01

1

4173 costm (u—v) TR + 1) 1 1| —p+ve s, —p—v+s
2 .

L (DM@ = Gzal-= (2, = : ?
v N 2 2] 0 -py-m-2p

07.44.26.0087.01

11
1 z 1| —u+v+,—u—-v+s:, =
2L (DM@ =47 Vr 23 costm (u-v) T@u +1) G| =, = 2 22
=3 2.2 0, —p 5—p-2p 5
07.44.26.0088.01
1 z 1 —,u+v+1 —,u—v+1 :
R (M, @) = 47V 27 costr (1 - V) T@u+ 1 GEY - =, = ; 3
T 22| 0,-p 54245
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07.44.26.0089.01

1 1
A+p+= _p+ = .
2 2T T(u+ 1) z 1
LN -2 M, (2 = Gys '3

TQA-2u+3), %(2/\—2/1+1)]

r@a+1) O d=p+2,A+3, -

07.44.26.0090.01
21 —-21A-1
e L -2 Mg (2 =

2424+ 7 (y + 1) o z 1 )2—L+1, %, %(2p+3)
- . 35| '
r(A+1) 22| 2@u+1), ;@N-2p+3), @A +2u+3), 1 (1-2p), ; 2u+3)

07.44.26.0091.01

z
_Zo2
e 2L

40 s cos(m (u+ )T u+1) iz 1
LOM,@ = Gy '3
2

Vr

07.44.26.0092.01

—p=v—-=

z 1
2L (@M@ =22" V7 costn(u+v)T(2p+1) Gye
2

07.44.26.0093.01

>

e LM M2 = 24

2/1+;1+E Zy+£ .
2 2F(ﬂ+1)Gl’2 iz 1
T +1) 2

2QA-2u+3), %(2/\—2,u+1)]

1 1
O,A—/J‘FE,A-FE,—II

07.44.26.0094.01
g g S AT D 2 s+l T@u+y
e 2 o, - 3:5 , =
N " r+1) 2| ZQu+1), zAA-2u+3), ;AN +2p+3), 7 (A1-2p), 7 2u+3)

Generalized casesinvolving Whittaker W

07.44.26.0095.01

1 1
M (<2 T@Ru+1) L[z 1 “Laved tcou-4v+3
M, (=2 W, ,(2) = 31 =~ 2 4’4
B Y 1 22" 2 Yoo t@-2w, L@u+1), Ld-6p
ﬂf(,u—v+§) 2 s 7 ), 7 (2p 12 u
07.44.26.0096.01
_1 1 u 31
272 (=227 T(1-2p) z 1 SHV+S, = QRu—-4v+3)
M, (-2 W, ,(2) = S 2 4’ 4
=D W@ = ) 2" 2 Leurn, teued), ta-2w, teu+t
Vr D(-u-v+3) 7 Qu+1D, 7Qu+3), ;(1-2p), 76u+1)
07.44.26.0097.01
ru+1) 34 2 1 v+1,1-v
Mopu@Wou@ = —————Gal o1, 11
\/71“(;1—V+5) 2 2 2’ M 2' 2 H
07.44.26.0098.01
ru+1 a2 1 v+1,1-v
M., @QW, &= —""""""—"GCG)4|= -| 1 11
2 2 2111ﬂ+51 E_IJ

bis F(u—v+%)
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35

07.44.26.0099.01
T(1-2u) z 1
M, W, ()= ———— ng};[a. >

v+1,1-v
nF(—y—v+%) ]

1 1 1
>La-mpt;

Representations through equivalent functions

With related functions
07.44.27.0001.01
Loz 1
M, (2 =2"2¢ 2 1F1(u—v+ 5; 2u+1; z)
07.44.27.0002.01

z 1
e 27" 1"(2/1+1)l"(—,u+v+ %)

M2 = A L @f2uez
F(ﬂ+v+ E) 2
07.44.27.0003.01
z 1
ne 22"
Mv,y(z) = 5
(=2 cos(z (1 = v)) = ¥ Cos(m (p + ) (=2 1)
< U( ! 1-2 ] ! U( ! 1-2 ) 2
—U|l-pu+v+—-,1-2u,-2| - ——U|-pu—-v+—-,1-2u,2(|/; 2u ¢ Z
F(u—v+5) 2 F(u+v+5) 2
2 2
07.44.27.0004.01
z 1 1
e 22" TQu+ ) r(—y v+ E) ,
M,.,.(2) = - L @
I"(y+v+ 5) 2
07.44.27.0005.01
1
1772

Mv,p(z) =

(22 cos(x (i + v)) - (~2%* cos(m (1 — ) (=2 1) F(,u v+ %) r(u v %)

1 1 1 1
(F(u +V+ 5) 22 W, _, (-2) + F[u -v+ 5) z": Wv,—u(z)) i2pez

Theorems
History

—E. T. Whittaker (1904);
—C. S. Meijer (1936)
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