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Introductions to BesselJ

Introduction to the Bessel functions

General

The Bessel functions have been known since the 18th century when mathematicians and scientists started to
describe physical processes through differential equations. Many different-looking processes satisfy the same
partia differential equations. These equations were named Laplace, d”Alembert (wave), Poisson, Helmholtz, and
heat (diffusion) equations. Different methods were used to investigate these equations. The most powerful was the
separation of variables method, which in polar coordinates often leads to ordinary differential equations of special
structure:

W@ Z+W (@D z+(Z - V)W) =

This equation with concrete values of the parameter v appeared in the articles by F. W. Bessel (1816, 1824) who
built two partial solutionsw;(2) and w»(2) of the previous equation in the form of series:
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Substituting the seriesinto the differential equation produces the following solutions:
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O. Schliémilch (1857) used the name Bessel functions for these solutions, E. Lommel (1868) considered v as an
arbitrary real parameter, and H. Hankel (1869) considered complex values for v. The two independent solutions of
the differential equation were notated as J,(2) and J_,(2).

For integer index v, the functions J,(z) and J_,(2) coincide or have different signs. In such cases, the second linear
independent solution of the previous differential equation was introduced by C. G. Neumann (1867) as the limit
case of the following special linear combination of the functions J,(z) and J_,(2):

cos(u ) I(2) — I_,(2)

Y,(2) =lim - /iveZ.
Hv Sin(u )

J. Watson (1867) introduced the notation Y, for this function. Other authors (H. Hankel (1869), H. Weber (1873),
and L. Schi&fli (1875)) investigated its properties. In particular, the general solution of the previous differential
equation for al values of the parameter v can be presented by the formula:

ZW'(2)+2W (2 +(Z - v} )W(2) = 0 /; W(2) == €1 J,(2) + C; Y,(2),
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where ¢, and ¢, are arbitrary complex constants.

Inasimilar way, A. B. Basset (1888) and H. M. MacDonald (1899) introduced the modified Bessel functions |,(2)
and K,(2), which satisfy the modified Bessel differential equation:

ZW'(2)+2zW(2) - (Z +v*)W(2) = 0/; W(2) == ¢1 1,(2) + C K, (D).

Thefirst differential equation can be converted into the last one by changing the independent variable zto i z.
Definitions of Bessel functions
The Bessel functions of thefirst kind J,(2) and |,(2) are defined as sums of the following infinite series:

0 (=1 7\ 2k+v
Wo=2, Tk+v+1)k! (5)

k=0

L 1 Z\2k+v
=3t ("
’ k;r(kwﬂ)kzz

These sums are convergent everywhere in the complex z-plane. The Bessel functions of the second kind K, (2) and
Y,(2) for noninteger parameter v are defined as special linear combinations of the last two functions:

mese(mrv

)
K, (2 == (@-LV@)/ivez

Yy(2) = cse(rr v) (cos(v ) Iy(D) — (D) /; v ¢ Z.

In the case of integer index v, the right-hand sides of the previous expressions give removabl e indeterminate values
of thetype g. In this case, the Bessel functions K,,(2) and Y, (2) are defined through the following limits:

K\(@=1limK,(2/,veZ
UV

Y,@=limY,(2/,veZz.
HoV

A quick look at the Bessel functions

Hereisaquick look at the graphics for the Bessel functions along the real axis.
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Connections within the group of Bessel functions and with other function groups
Representationsthrough mor e general functions
The Bessdl functions J,(2), 1,(2), K,(2), and Y,(2) are particular cases of more general functions. hypergeometric

and Meijer G functions.

In particular, the functions J,(2) and 1,(2) can be represented through the regularized hypergeometric functions oF1
(without any restrictions on the parameter v):

3@ =(3) oﬁl(i v+l - é) L@ =(3) 0,51(; v+ 1 é) .
Similar formulas, but with restrictions on the parameter v, represent J,(2) and 1,(2) through the classical hypergeo-
metric function oF:

J,(2) = ﬁ (g)y OFl(; v+1; —é) i-veNt 1, (2= ﬁ (%)V OFl(; v+1; é)/; —-veNT

The functions J,(2) and 1,(2) can also be represented through the hypergeometric functions ;F; by the following
formulas:

L@=—2 Fl(v+ L2v+ 1;2u'z) l, (2) ==

1
- F (v+—;2v+1;22)
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J, (2= liMasseo 1F1(a v+1; iﬁ) I, (2 = liMgse0 lFl(a v+1; )

2y F( +1) 2 F( +1)

Similar formulas for other Bessel functions K, (2) and Y, (2) aways include restrictions on the parameter, namely
velZ.

_ zZ 5 2
K,(2) == m csc(v ) [2V1 zv oFl[; 1-v; Z] —2vty oFl[; v+1; Z]] LiveZ
2 Z
K2 =27 Tz oF4|; 1-v; N 277 (=) 2 oF | v+ 1 " iveZ
1 1
K,(2=2"1Twz" e’lel(E —-v;1-2v; 22] + 277 I0(-v) 2 €2 1F1(E +v; 14+ 2v; 22) liveZ

2 2
Y,(2) =27 Z cot(v 7)) Olfl(; v+1; - Z] — 2" 77V csc(v ) Olfl[; 1-vy, - Z] LiveZ

2" 7' T() 2\ 272 cos(vn)[(-v) 72
Yy (2 = ———oFq|; 1-v;—— |- oF1|iv+L ——|/ivez
bg 4 n 4
27 cos(vm) T(-v) e i22 1 2TW) 7" e™i? 1
Y, (2 = — 1F1(v+ 5; 2v+1; 2n'z) - 1F1(£ -v;1-2v; 2iz) Livel.
/e /e

In the case of integer v, the right-hand sides of the preceding six formulas evaluate to removable indeterminate
expressions of the type co, —oo. The limit of the right-hand sides exists and produces complicated series expansions
including logarithmic and polygamma functions. These difficulties can be removed by using the generalized Meijer
G function. The generalized Meijer G function allows represention of all four Bessel functions for all values of the
parameter v by the following simple formulas:

z 1
3(2) = 6332[5, -

1,(2=n Gls

The classical Meijer G function is less convenient because it can lead to additional restrictions:

Z
J,(2=27"7 Gé:g[z ‘ 0, —V]
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Representations through other Bessel functions

Each of the Bessel functions can be represented through other Bessel functions:

J, (2 = ﬁ L2 3i2="21,

h@ =236 L62="230

i2)” 2

Jy(2) = cse(rr v) Y_,(2) — cot(rr v) Yy(2)

ZV
1,(2) == (esc(rr v) Yo, (i 2) — cot(zr v) Y, (i 2))
(i)
Jr[(i'z)zvcos(ﬂv) ] iz’
K@= - ————-1|cstrv) |, (2 - Y,i2/,veZ
2 22V z
7w ((i2) cos(mv) z n(iz)”
KV(Z) = = ( - )Cg:(ﬂ V) Jv(l Z) - Yv(l Z) /1 Ve VA
2 z’ izY z’
2v
Y,(2) = (22 K(=i2)(-i2) —n (D cse(mv) (-i D> +n 27 I (2 Cot(nv)) /v ¢ Z
(2™
Y, (2) = Z” (nesc(mv) (27 cosimv) = (i 27”) 1(i2) —=2(i2D*" K (i2) /; v & Z.

The best-known properties and formulas for Bessel functions
Real valuesfor real arguments

For real values of parameter v and positive argument z, the values of al four Bessel functions J,(2), 1,(2), K,(2), and
Y,(2) arereal.

Simplevalues at zero

The Bessel functions J,(2), 1,(2), K,(2), and Y, (2) have rather ssimple values for the argument z == 0:
Jo(0) =1

lo(0) ==

Ko(0) = 0
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Yo(0) == —
J,(0)==0/; Re(v) > 0
,(0) = 0/; Re(v) > 0
K, (0) = &

Y,(0) = &.

Specific values for specialized parameters

3

In the case of half-integer v (v= + ; 3, * 2, ...) al Bessel functions J,(2), 1,(2), K,(2) and Y,(2) can be expressed

through sine, cosine, or exponential functions multiplied by rational and sguare root functions. Modulo simple
factors, these are the so-called spherical Bessel functions, for example:

2 cos(2 2 cosh(2) 2 sm(z)
z | 1 (2= Yi(@=_=
1i@= - B L@=\7 T Y. N
2 sm(z)

2 sinh(2) 2 cos(2
2)= [ = Yi@=~[°
vz % @ T Nz % @ T Nz

e’
Kl(Z) == K 1(2) == - .
2 = N2 y7

The previous formulas are particular cases of the following, more general formulas:

B Fi 0 (2i+m+ 2@
J 2=, - — cos( (v——) ) Z -
T \z 2 ; ;

0 @j+D(-2j+-3)!

Jl 2=

r0 1y el cD2ism-1) 1
sin(—(v——)—z) Z “|v-s€eZ
2V 2 T3 @pr(-2j+m-2)rea?) 2

1 ni (E,V) 2 mi(l \;2“:17% (|V|+2k—%)'
L@ =3 i) [ = sinh[—(——v)—z) ;
212 ko (2|<)!(|v|—2k—§)!(2z)2k

|.2|v| 3

mi(l J(Ivl+2k+ )V(zz)-Zk-l 1
COSh(_(__V)‘Z) Liv--€eZ
212 0 @k+ Dt (M -2k- 21

2 (—1)”% _ [n( 1] )lz';—lJ (-1 (|v|+2j_%)y(22)—21
Sn| +2Z +
T Nz 2 i-0 (2j)!(|v|—2j—%)!

LZM 3

R [0 (m+2j+ Hi@p2it 1
cos(—(v+—)+z) Liv—-—€Z
242 o @i+D(v-2i-2) 2
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M ez 3l (jm=2)
K,(2) = T Z M(za—i /;v—}eZ.
2 vz i j(-i+m-3) 2

It can be shown that for other values of the parameters v, the Bessel functions cannot be represented through

elementary functions. But for values v equal tor%, J_r%, i%, ...,and i%, J_rg, i%, ..., dl Bessel functions can be

converted into other known specia functions, the Airy functions and their derivatives, for example:

v b o)
e b )
. R B
e

233 ¥z
_(g]z/s 22/3] _3 Bi[_(g)z/s 22/3]]

3Ai

1
Y.@== T[«/? Ai
P V3 Vz

3 2/3 3 2/3
T
3 22/3\7?\3/; 2 2
V2 /3 3)23
Kil(z) - @Ai [_) 22/3)_
3 \‘7? 2
Analyticity

All four Bessel functions J,(2), 1,(2), K,(2), and Y,(2) are defined for all complex values of the parameter v and
variable z, and they are analytical functions of v and z over the whole complex v- and z-planes.

Poles and essential singularities

For fixed v, the functions J,(2), 1,(2), K,(2), and Y, (2) have an essential singularity at z== co. At the same time, the
point z == o isabranch point (except in the case of integer v for the two functions J,(2) and 1,(2)).

For fixed integer v, the functions J,(2) and I,(2) are entire functions of z

For fixed z, the functions J,(2), |,(2), K,(2), and Y, (2) are entire functions of v and have only one essential singular
pointat v = co.

Branch pointsand branch cuts
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For fixed noninteger v, the functions J,(2), |1,(2), K,(2), and Y,(2) have two branch points: z==0, z== &, and one
straight line branch cut between them.

For fixed integer v, only the functions Y,(2) and K, (2) have two branch points: z== 0, z== co, and one straight line
branch cut between them.

For cases where the functions J,(2), 1,(2), K,(2), and Y,(2) have branch cuts, the branch cuts are single-vaued
functions on the z-plane cut along the interval (—oco, 0), where they are continuous from above:

lim J,(x+ie)=J,(X)/; x<0
e—+0

lim l,(x+ie)==1,(X)/; x<0

e>+0

lim Y,(X+ie)=VY,(X)/; x<0

e—>+0

lim K,(x+i€)==K,(X)/; x<O.

e—>+0

These functions have discontinuities that are described by the following formulas:

lim J,(x—i€)=e 2" J,(x) /; x< 0
e->+0

lim l(x—i€) ==e 2™ 1,(x) /; x<0

e>+0

lim Y,(x—i€) == cot(v 7) e 2% J,(X) — csc(v M) €2 I_,(X) [ v ¢ Z A x < O

e—>+0

limY,x-ie)=VY,(X)-4iJ,(X)/;veZAx<0

e—>+0

T CSC(v )

lim K,(Xx—ie€) =
e->+0

(™ 1,0 - e 2™ 1,(X) ;v € Z Ax<0

lim K,(x—i€)==(-1)"2inl,(X)+K,(X) /;veZAx<O.

40
Periodicity

All Bessel functions J,(2), 1,(2), K,(2), and Y,(2) do not have periodicity.

Parity and symmetry

All Bessel functions J,(2), 1,(2), K,(2), and Y,(2) have mirror symmetry (ignoring the interval (-co, 0)):
Y@= /,2¢(-0,0 Y;@=Y,2)/;2¢ (-, 0)

Iy @ =12 /;2¢(-,0 Ky@ =K@/ z¢ (-, 0) .

The two Bessdl functions of the first kind have special parity (either odd or even) in each variable:

3 (29=(-2"2"3,@ In@=(-1D"h®@/nez

L(-2=(-2"2"1,@ lW(@=@/ineZ
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The two Bessdl functions of the second kind have special parity (either odd or even) only in their parameter:
Y@= (-D"Ya@/ineZ

K., (2 =K\(2.

Seriesrepresentations

The Bessel functions J,(2), 1,(2), K,(2), and Y,(2) have the following series expansions (which converge in the
whole complex z-plane):

; 1 z\v L Z z _ 0
V(Z)ocr(wl) (5) Ta0+D  BRorhorn [iz=0

o (-1 Z\2k+v
=), T(k+v+1)k! (5)

k=0

| 1 z\v L b bl ' 0
V(Z)ocr(v+1) (5) a0+ Roshor2 [z=0

°° 1 Z\2k+v
h@ =), Ik+v+1Dk! (5)

k=0

1 zZ\ 2 z zZ\v 2 z
K, (2) o« — F(v)(—) 1+ + +... +F(—v)(—) 1+ + +...\l/
2 2 41-v) 32A-v)(2-v) 2 4v+1) RW+DHv+2)

z-0AveZ
nese(nv) | & 1 Z\2k-v @ Z\2k+y
Ky(2) == - ; z
o= "5 S S O
cos(mv)T(—=v) ;z\v 2 z T(v) ;z\~ 2 z
el f PR S A PR r
bd 2 4v+1) 3R+ v+2) T \2 4(1-v) 32A-v)(2-v)
Z-0AveZ
00 (-1 Z\2k+y @ (-1)K Z\2k-v
Y,(2) == csc(n v) | cos(v ) 7(—) Z ( ) LiveZ.
S Tk+v+1k! \2 S T(k-v+1k!

The last four formulas have restrictions that do not allow their right sides to become indeterminate expressions for
integer v.

In such cases, evaluation of the limit from the right sides leads to much more complicated representations, for
example:

K 11 b2 ! 3-2y9)7 | z 1 z.z : 0
O(Z)oc(—y+z( -7y) +EB( -27) +...]—og(£) +Z+a+... /i (z—0)

1 z 1 1 10 z z 2z 7
Ki(2) o« — + —[2)«—1+ [Zy— —)22+ —(Zy— —)z4+...]+ —Iog(—) 1+ —+—+...|/1(z>0)
z 4 8 2 192 3 2 2 8 192
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can=car ) 3 S
2 k! (k+n)!
1,2\ (K (n—k-1)! k(=" © yk+1 k 1 k
I e I D e VLT

Y, 2|212224 1(21222213224)-0
o(z)--; og(E) —Z+a+... —7—T — y+Z(— +27y) +a( -2 +...|/;(z-0)

v ZI212224 2221152221(102]24 200
1(z)oc7—T og(E) -+ —+... ———2—(— Y+ +g(—5+ y] +——=-2y +...]/,(z—>)

8 192 1z 2n 192\ 3
1,z nEl(n—k-1)! z\2k
=) F
" x\2 kzo ki \2

z)n o (DX Wk + 1)+ y(k+n+1) (z 2k

2 © (=K 2k 1
;'°9(§)(§)n§m(§) G2 k! 3) fnen

Interestingly, closed-form expressions for the truncated version of the Taylor series at the origin can be expressed
through the generalized hypergeometric function ;F, and the Meijer G function, for example:

(—1)k 2lery _1)N 9-20-v-2 2neve2 2
32 =Fu(z ) [}|[Fn(z V):—ZL:JV(ZH( ) 1F2[1;n+2,n+v+2;——] /\neN
o T(k+v+1)k! rm+v+2)(n+1! 4
Ky@=Fu(z )/,
z\2k z\2k
1 z\-v M = Z\v M = 2-2M-v=3 Z2M+v+2
Fm(z v) = — F(V)(—) Z & +F(—v)(—) ) = + = " {
2 2) & a-vk! 2) &+ 1kt snvmm+1)! | Tm+v+2)
Fo| 1, m+ 2 2 2| A e 2 - [\ meN z
Tm+2,m = TM+2, m— — m :
1F2 + +v+ 2 Tm—vs2 2 + v+ 2 eNl/ive
Kn(@ =Fu(z, n) /;
D" rzyn M (k+ 1) +y(k+n+1) z\2k z 101 (—DK(—k+n=1)! ;z\2kn
Fr(z, - - -1 logl - |1 -y — |- =
[[ mla = (2) g; k! (k+n)! (2) +ED 09(2) @)+ 2% k! (2)

-1 n2—2wn—3 ZZ(rml)m Z2
2Kn(\/;) [4]( ) 1F2[1;m+2,m+n+2; Z]Jr

m+1)!'(m+n+1)!
o z . z (=D)" ;z\n 22 Z| m+1,m+1
(=)™ 1,(2) log 5)+—( 1) Iog In@ - — (5) & 7| met me10n A\nen|

Asymptotic series expansions
The asymptotic behavior of the Bessel functions J,(2), 1,(2), K,(2), and Y,(2) can be described by the following

formulas (which show only the main terms):
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2 2
J (D) oc — 7 4

n V7 )
e e oo Yl (552 ol

4

TN R PO ) PRI
2 \/7( [z
(szcos(nv)cos{ = (1+2v)7r)_ COS( Z_ 1- 2V)71))[ o[;]]—

2 2v+1
Y, (2 o .| — 7' (Z) 4 csclny)
T

j\}; (zzvcos(ﬂv)sin(\/;— (1+jvm)—(zz)vsin(\/;— (1_jv)ﬂ))[1+o[§]]

1, (12 = o0)

o7 f )

\/?

/i (124 - o0).

The previous formulas are valid for any direction approaching the point z to infinity (|2 —oco)n particular cases,
when |Arg(2)| < g or |Arg(2)| < =, the second and fourth formulas can be simplified to the following forms:

1 Vi
(1+ O(;)) ;AT < INCED)

z

1,(2)

V2nz

2 1 [41/2—1 A+2vn 1 A+2vn 1
Y (2) o .| — — cos(z— )(1+O(—))+sin(z— )[1+O(—)) /i IArg@| <7 A (|12 = o0).
Nz yz | 8z 4 2 4 Z

Integral representations

The Bessel functions J,(2), 1,(2), K,(2), and Y, (2 have simple integral representations through the cosine (or the
hyperbolic cosine or exponential function) and power functionsin the integrand:

2y 1 y-2 1
(D= —m— f (1-t%) 2 coszt)ydt/; Re(v) > — =
Vr F(v + %) 0 2
21—v Vid 1 v—l 1
Iy(2) = —— f (1-t?) zcosh(zt)dt/; Re(v) > ——
Vr F(v + %) 0 2
Vr 2 o0 o 1
K@ = —— f e (?-1)"7dt/;Re0) > -~ \Re >0
2 F(v + %) 1 2
2v+1 zv . —v—l 1
Y,(2) = _7f (t2~1)""2 cos(zt) dt /; IRe)| < = /\ z> 0.
Vr F(% - v) 1 2

Transformations
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The argument of the Bessel functions J,(2), 1,(2), K,(2), and Y, (2) sometimes can be simplified through formulas
that remove sguare roots from the arguments. For the Bessel functions of the second kind K, (2) and Y,(2) with
integer index v, this operation is realized by special formulas that include logarithms:

JV(\/? ) =z (zz)v/2 J,(2
Iv(\/?) =z (zz)v/2 1,(2)

K(‘/? ) — 2 () K@ - csz(ﬂ . (Zﬁy @) -2 (22)_2) W@ [y ez

v

(KV(Z) -1’ ('09(\/?) - |09(Z)) |v(2)) iveZ

Y,,(\/; ) =7 (zz)‘g Y,(2) + cot(rr v) (z-v A" -2 (zz)"g) @ livez

’ 2 (Iog(\/; ) - Iog(Z))

Y,(2) + J@|/ivez.
/e

vz

4

V7

If the argument of a Bessel function includes an explicit minus sign, the following formulas produce Bessel
functions without the minus sign argument:

I(-2=(-2"2"3,(2

L(2=2"2"1,(2
K(-2=Z'K,(D (-2 + g (=272 -(=D" ), (Dcsc(nv) ;ve Z
Ky (-2 = (-1)"K,(2 + (log(2) - log(-2) 1,(2) /v Z
YV(-2=2Y,@ " +(-2"2" - (-7 2Z)J,(»cot(nv) /;v ¢ Z
2
Y, (-2 = (-1’ (YV(Z) - —(log(2) - log(-2) JV(Z)) Lve”.
Ve

If the arguments of the Bessal functions include sums, the following formulas hold:

<l\/veZ

> Z
L@+ = Y d@) k@) ‘2—2
1

k=—c0

<1\/veZ

0 z
l(z1 +2) = Z l—(z2) (2 /; ‘2—2
1

k=—o0

Kz +2)= )" (-DFK, @) @) /s |=[ <1

k=—c0

%
Z
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V@+z) = ) Y@ @) /| —| <L

k=—00

Z
z

1

If arguments of the Bessel functions include products, the following formulas hold:

Maz =43 (G- s (2]

0 Z K
Iv(zl 22) == Z;/_ Ik+y(22) -
2 (3
& (1) 2k
K@z =2 — (z%—l)kKk+y<zz>(52) 12 -1 <1
k=0 :
(- DX

Zo\K
(@-1) Vet (S) £E-1 <2

| dentities

The Bessel functions J,(2), 1,(2), K,(2), and Y, (2) satisfy the following recurrence identities:

2v+1)
‘]V(Z == ‘]v+1(z) - Jv+2(Z)
2v-1)
JV(Z == Jv,l(Z) - JV—Z(Z)
2v+1)
(2= — 1,412 + 1,42(2)
2v-1)
Iv(z) = lv—Z(Z) - |,,_1(Z)
2(v+1)
Kv(2) =K, 2(2) - K,+1(2)
2(v-1)
Kv(2 =K,2(2 + K,-1(2

2(v+1

)
Y,(2) = Yv+l(z) - Yv+2(z)

2(v-1)
Y,(2) ==

Y,-1(2) = Y,_2(2).

The last eight identities can be generalized to the following recurrence identities with jump length n:

3,(2) = Cn(v, 2 Jy4n(2 — Cn1(v, 2 ‘Jv+n+l(z) /
2(v+1)

2(N+v)
Cov, =1\ Catv, 2 = J\Cntv, 2= Cna(r, 2= Coa(, 2 \neN
z
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‘]V(Z) =Cn(v,2 Jv—n(z) - Cn—l(Vy Z) ‘]v—n—l(z) /i
2v-1)

2(-n+v)
Cov,2=1\Civ, 2 = \Cnv, 2= ———Cra(n 2= Coal,2 [\nen

1,(2) = Cn(v, D ly4n(D + Cn1(V, D |y 1ni1(D
+1
) \Cnv, 2=

1,(2) = Cn(v, 2 |,_n(D + Cn- 1(v Z)lv—n 1D /
-1

2(n+v)

2(
o 2= 1 )\ Catv, 2 = — Cra, D +Caa(v, 2 [\neN'

Cov,9=1/\C1(v, 2 =

2(-n+v)
NG, 2= - ——Cos(, D+ Co(v, 2 [\ neN
z

K (2) = Cn(v, 2 Ky1n(2) + Cn-1(v, 2 Kv+n+1(z) /;
2(v+1

2(n+v)
Cov, 2 =1/\Catv, 2 = A\ Cnv, 2=~ Cna(v, 2+ Coov, 2 \neN*
V4

K\(2) = Cn(v, 2 Ky-n(2) + Cn- 1(V 2 Kv 1@ /;

Cov. =1 \Civ, 9= — /\ Colv, 2) =

2(-n+v)
e Cha0h D+ Coa(r, D [\nEN

Y, (2) = Cn(v, 2 Yyun(2 = Cn- 1(v 2 Y,n1(2) /;
+1

2(N+v)
Cov, =1 \Civ, 2 = A Catv, 2= i, 2= Coal, 2 [\nen

Y,(2) == Cn(v, 2) Yy_n(2) — Cn- 1(V DYyn1(d /;
v-1
/\ Cn(v, 2 =

Simplerepresentations of derivatives

2(-n+v)

Cov,2=1/\C1(v, 2 = Cra(r, 2~ Coa(v, 2 [\nEN".

The derivatives of al the four Bessel functions J,(2), 1,(2), K,(2), and Y,(2) have rather simple and symmetrical
representations that can be expressed through other Bessel functions with different indices:

(2 1
= -1 -3J,,1(2)
0z 2
L 1
=—(l,_12+ |v+1(z))
0z 2
M@ 1
== — (Yv,l(Z) - Yy+1(z))
0z 2
K@ 1
== — — (Kv 1(2) + Ky+l(z))
0z

But these derivatives can be represented in other forms, for example:

03,(2)
0z

4 v
=3.142--%@=-32-3u@
4 z

a1, (2)

v v
=,_1@--1L@=-1L@+1,112
V4 z
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Y, (2 v v
=Y, 1D - -2 =-Y,(2 -V,
0z z z
0K, (2 v v
=-K,_.1(20 - = K\(2 = — K\(2) = K,,1(D.
0z z z

The symbolic n"-order derivatives have more complicated representations through the regularized hypergeometric

function ,F3 or generalized Meijer G function:

a"J,(2) (v+1 v+2 v-n+1l v-n+2 Z
T =2\ 2T (v + 1) oF 5 : ; : v+1——|/ineN
07" 2 2 2 2 4
(2 _(v+1 v+2 1-n+v 2-n+v Z
::Zn’zvx/;zv’”r(v+1)2F3 , ; , ,v+1, —|/ineN

oz" 2 2 2 2 4
MK, 1 z 1|55 -3

. ::_G§:§ 55 vfn f+n 1 LineN

07" 2 2 o -a E’O
N N .

PERIRCE PYPY A Rre Ll

2 2 2 2

Differential equations

The Bessel functions J,(2), Y,(2), 1,(2), and K, (2) appeared as special solutions of two linear second-order differen-
tial equations (the so-called Bessel equation):

ZW (2 +2W (2 +(Z = v*)W2) = 0/; WD) = ¢, J,(2) + C; Y,(2)
ZW (@) +2zW (2 - (Z +V*)W2) = 0/; WD) = ¢, 1,(2) + ¢, K\(2),
where ¢; and ¢, are arbitrary constants.

Zeros

93,(2)
0z

When v isredl, the functions J,(z) and ( ) each have an infinite number of real zeros, al of which are simple

with the possible exception of the zero z= 0:
‘]V(Z) ::O/;Z:zzk/\keN/\VE[R/\Re(Zk)::Zk

43,(2)
0z

=0/;z=z ANkeNAveR.

When v > -1, the zeros of J,(2) are all red. If v < —1 and v is not an integer, the number of complex zeros of J,(2)
is 2|—v]; if |-v] isodd, two of these zeros lie on the imaginary axis.

983,(2)
Jz

va>0,a||zerosof( )arereal.

The function K, (2) has no zerosin theregion |Arg(2)| < g for any real v.
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When v isredl, the functions Y, (2) and (ﬁ\gz(z) ) each have an infinite number of real zeros, all of which are ssimple

with the possible exception of the zeroz= 0:

YV(Z)::O/;Z:zzk/\keN/\VE[R/\Re(Zk)::Zk

Y, (2)
0z

::0/;2::Zk/\kEN/\VER.

Applications of Bessel functions

Applications of Bessel functions include mechanics, electrodynamics, electroengineering, solid state physics, and
celestial mechanics.
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