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Introductions to Cos

Introduction to the trigonometric functions

General

The six trigonometric functions sine sin(z), cosine cos(2), tangent tan(z), cotangent cot(z), cosecant csc(z), and
secant sec(2) are well known and among the most frequently used elementary functions. The most popular func-
tions sin(z), cos(2), tan(z), and cot(2) are taught worldwide in high school programs because of their natural appear-
ance in problems involving angle measurement and their wide applications in the quantitative sciences.

The trigonometric functions share many common properties.

Definitions of trigonometric functions

All trigonometric functions can be defined as simple rational functions of the exponential function of i z:

. e»’z _ e—x‘z
Sin(z) == -
2i
eéz + e—iz
C0S(2) =
2
i (eri z_ e—s’ Z)
tanz) = -——
el emiz
i (ei 2y Z)
cot(2) ==
ez — e—iz
2i
csc(2) =
el — g7iz
2
sec(2) == - —.
eiZ 4 e iz

The functions tan(z), cot(2), csc(z), and sec(z) can also be defined through the functions sin(z) and cos(z) using the
following formulas:

sin(2)
tan(z) ==
cos(2)
C0s(2)
cot(2) = —
sin(2)
1
Z) = —
sin(2)
1
2) == .
C0s(2)

A quick look at the trigonometric functions
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Hereisaquick look at the graphics for the six trigonometric functions along the real axis.

VU T T
1 /' / /

« 0
_1 / / \ v

7—371 -2n -m 0 n 2n 3w cSsC(X)
X

sin(x)

Connections within the group of trigonometric functions and with other function groups
Representationsthrough more general functions

The trigonometric functions are particular cases of more general functions. Among these more general functions,
four different classes of special functions are particularly relevant: Bessel, Jacobi, Mathieu, and hypergeometric
functions.

For example, sin(z) and cos(2) have the following representations through Bessel, Mathieu, and hypergeometric
functions:

SN = 2 Jp@ Sn@=-i,| 2% Lpi2) Sn@ =2 Y2 sn@s= \/_

— (Viz Ky 9) - =iz Kyol-i 2)
2n

052 =y Z J1p@ cosD = I1piD) cosD=—Z Vi@ cos@= |1 Kiplid)+ | - Kyp(-i2)

sin(z) ==S«(1, 0, 2 cos(z) == Ce(1, 0, 2)

sin(z) = ZoFl(; g; —é) cos(2) == OFl(; %; —é) .

On the other hand, al trigonometric functions can be represented as degenerate cases of the corresponding doubly
periodic Jacobi elliptic functions when their second parameter is equal to O or 1:

sin(z)==sd(z| 0) =sn(z|0) siN(2 ==-isc(iz|1l)==-isd(iz|1)
cos(2)==cd(z|0)==cn(z|0) cos(z2)==nc(iz|1)=nd@Ez|1)
tan(z) == sc(z| 0) tan(2) == —isn@@z| 1)

cot(z) == cy(z| 0) cot(z) ==ins(iz| 1)

csc(2) ==ds(z| 0)==ns(z| 0) csc(2)==iciz|1)==ids(iz| 1)
sec(2) ==dc(z| 0) ==nc(z| 0) sec(z2)==cn(@z|1)=dnGEz|1).

Representations through related equivalent functions

Each of the six trigonometric functions can be represented through the corresponding hyperbolic function:

sin(z) == -isinh(iz) sin(i 2 ==isinh(2)
€0S(2) == cosh(i 2) cos(i ) == cosh(2)
tan(z) == —itanh(i2) tan(i z) == i tanh(2)
cot(z) ==icoth(iz)  cot(i z) == —i coth(2)
csc(z) ==icsch(iz)  cscli 2) == —i csch(2)
sec(2) == sech(i 2) sec(i z) == sech(2).

Relationsto inver se functions
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Each of the six trigonometric functions is connected with its corresponding inverse trigonometric function by two
formulas. One is a ssimple formula, and the other is much more complicated because of the multivalued nature of
the inverse function:

snin'@)=z sn'sn@)=z/;-%<Re@<i\/Re@=-2 \iIm@=0\/Re@ =% /\Im2 <0
cos(cos™(2)) =z cos}(cos(2) =2/; 0<Re(2) <7V Re(2) ==0AIM(2) = 0VRe(2) == A Im(2) < 0

ten(tan"(2)) =z tan"\(tan@) == 2/; IRed| < = \/ Re@ = -2 /\ Im@ <0\/Re@ = £ /\ Im(@) > 0
cot(cot X(2)) =z cot™(cot(2)) = z/; |Re(2)| < g \/ Re(z) == - g /\ Im(2) < 0\/ Re(z) == % /\ Im@2) =0
cso{esc(2) =z esci(eso(2) = z/; IRe@| < § \/Re@ = -2 /\Im2 <0\/Re = % /\ Im2 = 0
sec(sec () =z sec(sec(2) =z/; 0 < Re() <7V Re() =0AIm(2) = 0V Re(2) == 7 A Im(2) < 0.
Representations through other trigonometric functions

Each of the six trigonometric functions can be represented by any other trigonometric function as a rational func-
tion of that function with linear arguments. For example, the sine function can be representative as a group-defining
function because the other five functions can be expressed as follows:

cos(2) =sin(3 - 2) cos2(2) == 1 - sin’(2)
sin(2) sin() 2 sné(2)
tan(z) == = tan“(2) ==
2 cos(2) sin(%—z) @ 1-sin’(2)
__cosd) __ Si“(%‘) 2., 1-sii@
D= 5 T S D= s’
1 1
Z) == — Z) ==
€s0(2) = g5 csc(2) e
1 1 1
SeC(2) == = sec?(2) =

cos(2) gn(g,z 1-sir?@

L

All six trigonometric functions can be transformed into any other trigonometric function of this group if the
argument zisreplaced by pr/2 + qzwithg? =1A pe Z:

Sin(-z-2nm)==-siN(2) sin(z—2n) ==sNn(2)

s’n(—z— 37") == c0S(2) sin(z— 37”) == C0Y(2)
sin(-z-n) ==sin(2 sin(z— ) = —sin(2)

sin(-z- g) =—cos(z) sin(z- g) = —c0s(2)
sin(z+ %) == C0Y(2) sin(% -2)=cos(2)
sin(z+ ) == —-sin(2 sin(r — 2) == sin(2)

sjn(z+ 37”) == —C0s(2) sin(%” -

z) = —c0s(2)

sin(z+2n) =sin(2 sSin(2r —2) == -sin(2
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CoS(—2— 2 1) == C0S(2)
cos(—z— 37”) =sin(2)

COS(—Z— 1) = —COS(2)

cos(-z- %) = —sin(2)
cos(z+ %) == —sin(2)
coS(z+ 1) == —C0S(2)

cos(z + 37”) ==13in(2)

COS(z+ 2 1) == c0S(2)

tan(-z— ) == —tan(2)
tan(—z- g) = Cot(2)
tan(z+ g) = —cot (2)

tan(z + ) == tan(2)

cot(—z—m) == —cot (2

cot(—z— ’Zi) = tan(2)
cot(z+ g) = —tan(2)

cot(z+ ) == Cot(2)

CcSC(—z—2m) ==
csc(—z— 37”) - se0(2)
CSC(—Z— ) == CSC(2)
cse(-z- 3) == —sec(2)
cse(z+ 5) = sec(2)
CSC(z+ 1) == —CSC(2)
csc(z+ 37”) —- —sec(2)
CSC(z+ 2 1) == €sc(2)

Sec(—z-2m) == sec(2)

se-2- ¥) =02

Sec(-z- ) = —sec(2)

seq(-z~ 7) = —csc(2)
seq(z+ 7) == —cso(2)
SeC(z+ 71) == —SeC(2)
sec(z+ 37”) - cs0(2)
Sec(z+ 2 1) == sec(2)

The best-known properties and formulas for trigonometric functions

CcoS(z— 2 1) == c0Y(2)

3
cogz- )
COS(z— 1) = —C0S(2)
cos(z- %) =sin(2

=-sin(2

cos(g -2)=sin(2)
COS(m — 2) ==
005(37” - z) = -sin(2

COS(2 7 — 2) == c0S(2)

—C0s(2)

tan(z— ) == tan(2)
tan(z— g) == —cot (2
tan(g - 2) = cot(2)

tan(r — 2) == —tan(2)

cot(z— m) == cot(2)
cot(z— g) = —tan(2)
cot(5 - 2) = tan(2)

cot(r — 2) = —Cot(2)

—CsC(2) csc(z—2n7) == CcsC(2)

cso{z- ) = sec(2
CSC(Z— 71) = —CSC(2)
csc(z— g) = —sec(2)
csc(% -2) =sec(2)

CSC(r — 2) == CSC(2)
oso{ 3 - 2) = —sec(2)
Ccsc(27 — 2) == —CSC(2)
Sec(z— 27) = sec(2)
sedfz- ¥) = -cc(@
SEC(Z— 1) == —SEC(2)
sz~ ) = o0
%—z) = csC(2)

Sec(nr — 2) == —sec(2)
(% -9 =-cw00
Sec(2m — 2) == sec(2).

Real valuesfor real arguments

For real values of argument z, the values of all the trigonometric functions are rea (or infinity).
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In the pointsz=2xn/m/;ne Z A me Z, the values of trigonometric functions are algebraic. In several cases

they can even be rational numbers or integers (like sin(x/2) = 1 or sin(x/6) = 1/2). The values of trigonometric
functions can be expressed using only square rootsif n € Z and misa product of a power of 2 and distinct Fermat
primes{3, 5, 17, 257, ...}.

Simplevalues at zero

All trigonometric functions have rather simple values for argumentsz==0and z==7/2:

sin0) =0 sin(})=1
cos(0) =1 cos(g) =0
tan(0)==0 tan(3)=c
cot(0) = & cot(g) =0
cse(0) =& cse(3) =1
so0) =1 soqf3)=&.
Analyticity

All trigonometric functions are defined for all complex values of z, and they are analytical functions of z over the
whole complex z-plane and do not have branch cuts or branch points. The two functions sin(z) and cos(2) are entire
functions with an essential singular point at z = 0. All other trigonometric functions are meromorphic functions
with simple poles at points z== 7k /; k € Z for csc(2) and cot(2), and at pointsz==n/2+ nk /; k € Z for sec(z) and
tan(z).

Periodicity
All trigonometric functions are periodic functions with areal period (27 or x):

sin(z) =sin(z+2x) sn(z+2rk)==sin(2 /;keZ
COS(2) == CoS(z+ 2m) cos(z+2nk)==co(2) /; ke Z
tan(z) ==tan(z+n) tan(z+nk)=tan(2)/;keZ
cot(z) ==cot(z+m) cot(z+nk)==cot(z2) /; ke Z
CsC(2) ==csc(z+27m) csc(z+2nk)==csc(2) /; ke Z
sec(2) ==sec(z+2m) sec(z+2nk)==sec(2) /; ke Z.

Parity and symmetry

All trigonometric functions have parity (either odd or even) and mirror symmetry:

sin(-2) == -sin(2) sSiN(2) == sin(2)
CoS(—2) ==C0S(Z)  COS(Z) == COS(2)
tan(—-2z) == —tan(2) tan(z) == tan(2)
cot(—2) == —cot (2) cot(Z) == cot(2)
CSC(—2) = —CSC(2)  CSC(2) == CSC(2)
se0(-2) =se0(2)  Se0(?) = SeC(2).

Simplerepresentations of derivatives
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The derivatives of al trigonometric functions have simple representations that can be expressed through other
trigonometric functions:

osi %) ; t
<sanz(z) . COS(Z) 0cos(2) - —din (Z) Jdtan(z) . 2(2)

oz oz
ac;tz(z) == —cs2(2) ﬁc;(z) == —Cot(2) cSC(2) as:jz) == se0(2) tan(2).

Simpledifferential equations

The solutions of the simplest second-order linear ordinary differential equation with constant coefficients can be
represented through sin(z) and cos(2):

W’ (2) +W(2) == 0/; W(2) == cos(z2) AW(0) =1 AW (0)=0
W (2 +W(2)=0/; WwZ) ==sin(z2 AwW0)==0AWwW(@0)=1
W’ (2) +W(2) == 0/; W(2) == €1 COS(2) + C, SIN(2).

All six trigonometric functions satisfy first-order nonlinear differential equations:

W@ -V 1-W2)? =0/ w@=sn@ \ w0 =0/\ Re@| <%
W@ -V 1- @) =0/, w@=cosd [\wo) =1\ IRe2)| < ]
W(2) -W(2)2—1=0/; W2) == tan(2) AW(0) =0

W (2) +W(2)? + 1==0/; W(2) = cot(2) /\ W(’z—r) =0

W (2% = wW(2* + W(2)? = 0 /; W(2) = csc(2)
W (22 = W(2* + W(2)% = 0 /; W(2) = Sec(2).

Applications of trigonometric functions

Triangle theorems

The prime application of the trigonometric functions are triangle theorems. In atriangle, a, b, and c represent the
lengths of the sides opposite to the angles, A the area, R the circumradius, and r the inradius. Then the following
identities hold:

a+B+y=nm
sin(a) __ sin(B) B sin(y)

a b c
sin(a) sin(B) sin(y) == ﬁ sin(a) = E_i
2.2 a2 22
COS(Q’) == o ZCSCa COt(CX) == b :ZA &

sin(3) sin(g) sin(%) = 4r—R cos(@) + cos(B) + cos(y) = 1 + rﬁ
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a2+ b?+c?
4A
tan(e) + tan(B) + tan(y) = tan(e) tan(B) tan(y)
cot(a) cot(B) + cot(a) cot(y) + cot(pB) cot(y) ==
co(@) + Co0(B) + Co(y) = 1 — 2 cos() cos(3) cos(y)

tan(3) tan(g) r

cot(a) + cot() + cot(y) =

tan(3) +tan(§) ¢

For aright-angle triangle the following relations hold:

S =2/y=} wsm="Ay=}
tan(a ::%/;7::3 cot(a ::g/ 'y::g
csoa)=Sfy=1 seda)=7/y="1.

Other applications

Because the trigonometric functions appear virtually everywhere in quantitative sciences, it is impossible to list
their numerous applications in teaching, science, engineering, and art.

Introduction to the Cosine Function

Defining the cosine function

The cosine function is one of the oldest mathematical functions. It was first used in ancient Egypt in the book of
Ahmes (c. 2000 B.C.). Much later F. Viéte (1590) evaluated some values of cos(n z), E. Gunter (1636) introduced
the notation "Cosi" and the word "cosinus" (replacing "complementi sinus"), and |. Newton (1658, 1665) found the
series expansion for cos(2).

The classical definition of the cosine function for real arguments is: "the cosine of an angle « in aright-angle
triangle is the ratio of the length of the adjacent leg to the length of the hypotenuse." This description of cos(e) is
valid for 0 < a < /2 when the triangle is nondegenerate. This approach to the cosine can be expanded to arbitrary
real values of « if consideration is given to the arbitrary point {x, y} in the x,y-Cartesian plane and cos(«) is defined

astheratio x / (x2 + yz)l/ 2, assuming that « is the value of the angle between the positive direction of the x-axis and

the direction from the origin to the point {x, y}.
The following formula can aso be used as a definition of the cosine function:

A ) (_1)k22k
cos(2)==1-—+——...= .
2 24 w0 2K!

This series converges for al finite numbers z.

A quick look at the cosine function
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Here isagraphic of the cosine function f(x) = cos(x) for real values of its argument Xx.

2 F

VANYANYA

-3 -2 - 0 n 2 3n

Representation through more general functions

The function cos(2) is a particular case of more complicated mathematical functions. For example, it is a special

case of the generalized hypergeometric function oF;(; & w) with the parameter a == % aw==—2:

2
. 1 2
cos(2) = c—i——|.
(2) == oF1 272

Itisalso aparticular case of the Bessel function J,(2) with the parameter v == — % multiplied by +/ %Z :

|nz
cos(2)=_./ — J 1(2.
2 72

Other Bessel functions can also be expressed through cosine functions for similar values of the parameter:

2n

cos2) = | %2 1 1(i2) c0s2) =~ 2 Yi(2) cos(d)= Jl_ (x/E Kii2+V-iz Ki(—riz)).
2 2 2 2

Struve functions can also degenerate into the cosine function for similar values of the parameter:

c0sD=1-Z Hi (@ cosd =1+, =% L, (2.

But the function cos(2) is also a degenerate case of the doubly periodic Jacobi eliptic functions when their second
parameter is equal to 0 or 1.

cos(z) == cd(z| 0) == cn(z| 0)
coS(z)==nc(iz| 1) =nd(iz| 1).

Finally, the function cos(2) is the particular case of another class of functions—the Mathieu functions:

cos(2) == Ce(1, 0, 2.
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Definition of the cosine function for a complex argument

In the complex z-plane, the function cos(2) is defined using the exponential function % in the points w = i z and
w = —i z through the formula:

€£Z+€—LZ

c0S(2) =

The key rolein this definition of cos(z) belongs to the famous Euler formula that connects the exponential, the sine,
and the cosine functions:

€'?== co(2) + i Sin(2).

Changing z to —z, the Euler formula can be converted into the following modification:
e% == cos(2) — i sin(2).

Adding the preceding formulas gives the following result:

et2+€732

CoS(2) ==

Here are two graphics showing the real and imaginary parts of the cosine function over the complex plane.

The best-known properties and formulas for the cosine function
Valuesin points

Students usually learn the following basic table of cosine function values for special points of the circle:

wx0 =1 wff) =T wodf)= = oof5)-2

\/?
off)=0 on{F)=-} eof¥)=-L ofF)=-F
cos(m) = -1 cos(%”)::_g co %):_% cos(%”)::_%

005(37”) =0 cos(%") == % cos(%") == % cos(llT”) == @
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cos2m) =1 cos(rm) = (-1)"/;meZ cos(n(%+m)) =0/meZ.

General characteristics

For real values of argument z, the values of cos(z) arereal.

Inthe pointsz=2nn/m/;ne Z \ me Z, the values of cos(z) are algebraic. In several cases they can even be
rational numbers, 0, or 1. Here are some examples:

cos(0) =1 cos(%) = % cos(%) =0.

The values of cos( %) can be expressed using only square roots if n € Z and mis a product of a power of 2 and
distinct Fermat primes{3, 5, 17, 257, ...}.

The function cos(2) is an entire analytical function of z that is defined over the whole complex z-plane and does not
have branch cuts and branch points. It has an essential singular point at z = co. It is a periodic function with the
real period 2 r:

COS(Z+ 2 71) == coY(2)

cos(2) == cos(z+27k) /; ke Z cos(z) == (-1 cos(z+7k) /; ke Z .

The function cos(2) is an even function with mirror symmetry:

COS(—2) == C0Y(2) COS(2) == COY(2) -

Differentiation

The derivatives of cos(z) have simple representations using either the sin(z) function or the cos(z) function:

9cos(2)
az

. on
= —sin(2) % == cogz+ %) ineN* .

Ordinary differential equation

The function cos(2) satisfies the simplest possible linear differential equation with constant coefficients:
W (2) +W(2) = 0/; W(2) == cos(2) Aw(0) == 1 A w'(0) == 0.

The complete solution of this equation can be represented as a linear combination of sin(z) and cos(z) with arbitrary
constant coefficients ¢, and c;:

W’ (2) +W(2) == 0/; W(2) == ¢; C0S(2) + C, SiN(2).

The function cos(2) also satisfies first-order nonlinear differential equations:

W@ -V 1-W2)? =0/ w2 = cosd) \ w0) =1 /\ Re() < g

Seriesrepresentation

The function cos(2) has a simple series expansion at the origin that converges in the whole complex z-plane:
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z Z =, (-1 2K
Cos(2)=1-—+——... ::Z
2 24 par 2k)!

For real z == x this series can be interpreted as the real part of the series expansion for the exponential function e**:

2 A -2 -3 o (i vk
COS(Z)==1—E+£—...==Re[1+u’x+(IX) +(EX) +...]==RE[Z i ]==Re(e"x).

21 3 k!

Product representation

The following famous infinite product representation for cos(z) clearly illustrates that cos(z) == Oat
z=nk- %/\kel:

= 47
C0S(2) == l_[[l— 7]

kil 72(2k-1)°
Indefinite integration

Indefinite integrals of expressions involving the cosine function can sometimes be expressed using elementary
functions. However, special functions are frequently needed to express the results even when the integrands have a
simple form (if they can be evaluated in closed form). Here are some examples;

f co(2) dz==5sn(2)

fmdz:zE(g‘z)

fz‘”l cos'(az)dz==

27V (1-vmod?2) \Y
— i)
@ 2

1]
2VE Z (\j/)(l“(a, ia2j-v2(@aRj-vW2)™+ (e, iav-2))2GEav-2))2"" /;a+0AveN".
=0

The last integral cannot be evaluated in closed form using the known classical special functions for arbitrary values
of parameters @ and v.

Definiteintegration

Definite integrals that contain the cosine function are sometimes ssimple. For example, the famous Dirichlet type
and Fresnel integrals have the following values:

o cos(t) -1
f dt=-y
0 t

fw t?) dt ! |2
co =—_[—,
0 2V 2

wherey is the Euler-Mascheroni constant y == 0.577216 ....
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12

Some special functions can be used to evaluate more complicated definite integrals. For example, elliptic integrals
and gamma functions are needed to express the following integrals:

f cos%(z) dz=2E2)

0
s T

f 2 tcos(z)dz= cos(T] I'la)/; 0< Re(e) < 1.
0

Integral transforms

Integral transforms of expressions involving the cosine function may not be classically convergent but can be
interpreted in a generalized functions (distributions) sense. For example, the exponential Fourier transform of the
cosine function cos(z) does not exist in the classical sense but can be expressed using the Dirac delta function.

Flcost)] (2 == ,/g Sz-1)+ /g Sz+ 1),

Among other integral transforms of the cosine function, the best known are the Fourier cosine and sine transforms,
and the Laplace, Mdllin, Hilbert, and Hankel transforms:

Felcosat)] (2 = .| g (b(a-2+d6(a+2z2)/;aeR

2 z
Fsilcos@nl (2) = -, — ;aeR
T oa-7

Li[cost)] (2) =

1+

nz

Mi[cos(t)] (2) =T(2) cos(?) /i0<Re(2) <1

Hi[cos(t)] () == —sin(x)

Hy, [t cos(t)] (2) ==

1 1 1 1 1 1
(Z’V z"2 cos(—n(2a+2v+1)] F(a+v+ —)zFl(—(2a/+2v+1), —QRa+2v+3);v+1 22]] /;
rv+1 4 2 4 4

1
Re(a+v)>—§/\Re(a)<1.

Finite summation

The following finite sums from the cosine can be expressed using the trigonometric functions:

kZ:c;cos(a k) == cso(g) sin( a(n2+ Y ) cos(?)

n 1 a 1
Z(—l)k cos(ak) == coq — (a+ n(awr)))sec(—) cos(— n(a+n))
2 2 2

k=0




http: //functions.wolfram.com

kZ:(;COS(ak+Z) = csc(g)sin(% ain+ 1)] cog(? +z)

n

1 a 1
Z(—l)" cosak+2) == COS(E (a+n@+ ”)))9&(5) COS(E n@+nm) + z)

k=0

n z(costan) 2! — cosna+a) z' - z+ cos(a))
Z Zcos(ka) == )
k=1 Z-2coga)z+1

Infinite summation
The following infinite sums can be expressed using elementary functions:
< cos(@a k) l 1
> = (4]/;O<Re(a)<27r
2 2 (1 - cos@))

k=1

« (—1* 1 cogak)

ZT |Og(2005(a))/ |Re(@)| <7

k=1
< cos(ak

Z X2l = ¢%%¥ cog(sin(a))

k=0

» ZKcosak

Z xak = 2% cog(zsin(a))

k=0 !

o0 1-zcos(a

> # costak) = _mzese /i1 < 1.
k=0 Z-2coga)z+1

Finite products

The following finite products from the cosine can be expressed using trigonometric functions:
2n-1 Kk

]_[ cos[—) =212"(-1)"-1)/;neN*

k=1 n

n-1

2 k w1l 1
ﬂ cos[ﬂ—] = 217 (5 L-(-D"+ 5 L+ (=DM x/F) ineN*
n

k=1

n-1 21—n T
l—lcos{—Jrz] sin(n(z+ —)) /;neN*t
kel n cos(2) 2

nk nm
HCO{— + Z] == (_2)141 %(Z) (Cogn Z) - CO{?)) /’ ne N
_ n

Infinite products

The following infinite product that contains the cosine function can be expressed using the sine function:
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& z sin(2)
ﬂcos[—) _
_ z

Addition formulas

The cosine of a sum can be represented by the rule: "the cosine of a sum is equal to the product of the cosines
minus the product of the sines." A similar ruleisvalid for the cosine of the difference:

cos(a + b) == cos(a) cos(b) — sin(a) sin(b)
cos(a— b) == cos(a) cos(b) + sin(a) sin(b).

Multiple arguments

In the case of multiple arguments z, 2z, 3z, ..., the function cos(z) can be represented as the finite sum of terms
that include powers of the sine and the cosine:

c0S(22) == coX(2) — SiN*(2)
cos(32) == 4¢0s3(2) - 3cos(2)
] Y N
cos(nz :;(_1) (Zk)sm (20 cos*“%(2) ; neN*,

The function cos(n 2) can also be represented as the finite sum including only the cosine of z

[gJ —1DK(n—k—1)!2n2k-1
cos(nz) = nz D ) cos" 2K /i neN*.
k:O Kt (n-2k)!

Half-angle formulas

The cosine of the half-angle can be represented by the following simple formulathat is valid in some vertical strips:

z 1+ cos(2)
COS(E) == ‘[ > /i IR&2| <nVREZ) == —nAIm(2) = 0V Re(z2) == Alm(2) < 0.

To make this formula correct for all complex z, a complicated prefactor is needed:

1+ co Re2)+n Re(2)+n Re(@)+1
CO%S) =c(2 i > 2 /i ¢(2) = (_1)lTJ (1 — (1 + (- 1)[TJ+[7TJ) 9(—Im(z))),

where ¢(2) contains the unit step, real part, imaginary part, and the floor functions.

Sums of two direct functions

The sum of two cosine functions can be described by the rule: "the sum of the cosines is equal to two times the
cosine of the half-difference multiplied by the cosine of the half-sum." A similar rule is valid for the difference of
two cosines:
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a-b a+b
cos(a) + cos(b) == 2 cos{ T] cos{ T)

a+b a-b

cos(a) — cos(b) == —ZSin(—] sin[—].
2 2

Productsinvolving thedirect function

The product of two cosine functions and the product of the cosine and sine have the following representations:

1

cos(a) cos(b) = 5 (cos(a—b) + cos(a+ b))
1

cos@) sin(b) == 5 (sin(b — a) + sin(a+ b)).

Power s of the direct function

The integer powers of the cosine functions can be expanded as finite sums of cosine functions with multiple
arguments. These sums include binomial coefficients:

&
Z( )cos((n—Zk)z)/; neN*.

k=0 K

cos'(z)=2" { 2 ) (1-nmod?2) +2+™"
2

Inequalities

The best-known inequalities for cosine functions are the following:

lcosx)| =1/; xeR

sin(x)
Cos(X) <

/; 0 < X < 4.493409.

Relationswith itsinver se function

There are simple relations between the function cos(z) and itsinverse function cos™(2):
cos1(cos(z)) ==z cos(cos(z)) ==z/;0<Re(z) < 1 VRe(2) ==0A Im(2) = OV Re(2) == 7 A Im(2) < 0.

The second formulais valid at least in the vertical strip 0 < Re(2) < 7. Outside of this strip, a much more compli-
cated relation (that contains the unit step, real part, and the floor functions) holds:

cos }(cos(2)) == i (1 - (—1)[_$J) + (—1)[_@J ((1 + (—1)l@J+l_$J) 6(Im(z)) - 1) (Z+ n

2 =)

T

Representationsthrough other trigonometric functions

Cosine and sine functions are connected by avery ssmple formulaincluding the linear function in the argument:

(T
cos(2) == §n| — - z|.
%2 (2 Z)

Another famous formula, connecting cos(z) and sin(z), is shown in the well-known Pythagorean theorem:
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cos2(2) = 1 - sin’(2)
0082 =V 1- sl /: Re(2)] < — \/ Re(z) = I /\Im@ =0\/Rez) = f /\Im@ =o.
2 2 2

The last restriction on z can be removed, but the formulawill get a complicated coefficient ¢(z) with |c(2)| == 1, that
contains the unit step, real part, imaginary part, and the floor function:

cos2) =c(V 1-sn’2) /;c@2 = (—1)[3 RjZ)J(1'(“(—1)@’3*[;3?2%)9(lm<z)))'

The cosine function can also be represented using other trigonometric functions by the following formulas:

. 1—tan2(§) . cotz(g)—l
D= ety P i

1 L
cos(2) == e COS(2) = oo

Representations through hyperbolic functions

The cosine function has representations using the hyperbolic functions:

€0S(2) == cosh(i z) cos(i z) == cosh(z) cos(2) == —i sinh("?'5 —i z)

) Letanh?(Z €2 cothz(iz)ﬂ € ; o 1
cos(2) == — C09(2) = _ cos(2) == — CoS(2) = ——.
1-tanh?( %) coth?( )1 osch(Z-i2) sech(é2)
2 2 2
Applications

The cosine function is used throughout mathematics, the exact sciences, and engineering.

Introduction to the Trigonometric Functions in Mathematica

Overview

The following shows how the six trigonometric functions are realized in Mathematica. Examples of evaluating
Mathematica functions applied to various numeric and exact expressions that involve the trigonometric functions
or return them are shown. These involve numeric and symbolic calculations and plots.

Notations
Mathematica for ms of notations

All six trigonometric functions are represented as built-in functions in Mathematica. Following Mathematica's
general naming convention, the St andar dFor mfunction names are simply capitalized versions of the traditional
mathematics names. Hereisalistt ri gFunct i ons of the six trigonometric functionsin St andar dFor m

trigFunctions = {Sin[z], Cos[z], Tan[z], Cot [z], Sec[z], Cos[z]}

{Sin[z], Cos[z], Tan[z], Cot [z], Sec[z], Cos[z]}

16
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Hereisalisttri gFuncti ons of the six trigonometric functionsin Tr adi t i onal For m
trigFunctions // Traditional Form
{sin(2), cos(2), tan(2), cot(2), sec(2), cos(2)}

Additional forms of notations

Mathematica also knows the most popular forms of notations for the trigonometric functions that are used in other
programming languages. Here are three examples: CFor m TeXFor m and For t r anFor m

trigFunctions /. {z-»2mxz}// (CForm /e #) &

{Sin (2«Pi »z), Cos (2xPi xz), Tan (2xPi xz),
Cot (2%Pi «z), Sec (2«Pi »z), Cos (2«Pi «z)}

trigFunctions /. {z-»2nz} // (TeXForm /e #) &

{\'sin 2\, \'pi \, z), \cos (2\, \pi \, z), \tan (2\, \'pi \, z), \ cot
(2\, \'pi \, z), \'sec (2\, \'pi \, z), \cos (2\, \pi \, 2)}

trigFunctions /. {z>2mnz} // (FortranForm /e #) &

{Sin (2«Pi »z), Cos (2«Pi »z), Tan (2«Pi xz),
Cot (2«Pi xz), Sec (2«Pi xz), Cos (2«Pi xz)}

Automatic evaluations and transformations
Evaluation for exact, machine-number, and high-precision arguments

For a simple exact argument, Mathematica returns exact results. For instance, for the argument 7 /6, the Si n
function evaluatesto 1/ 2.

Sin[g]

1
2
{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]} /. z-»z

{Eﬁiﬁzi}
2" 2 33

For a generic machine-number argument (a numerical argument with a decimal point and not too many digits), a
machine number is returned.

Cos [3. ]

-0. 989992

{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]} /. z -» 2.

{0.909297, -0.416147, -2.18504, -0.457658, 1.09975, -2.403}
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The next inputs cal culate 100-digit approximations of the six trigonometric functionsat z= 1.

N[Tan[1], 40]

1.557407724654902230506974807458360173087

Cot [1] // N[#, 50] &

0.64209261593433070300641998659426562023027811391817

N[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]} /. z~-1, 100]

{0.841470984807896506652502321630298999622563060798371065672751709991910404391239668 .

9486397435430526959,

0. 540302305868139717400936607442976603732310420617922227670097255381100394774471764 -

5179518560871830893,

1. 557407724654902230506974807458360173087250772381520038383946605698861397151727289 -

555099965202242984,

0. 642092615934330703006419986594265620230278113918171379101162280426276856839164672 -

1984829197601968047,

1.188395105778121216261599452374551003527829834097962625265253666359184367357190487 -.

913663568030853023,

1.850815717680925617911753241398650193470396655094009298835158277858815411261596705-

921841413287306671}

Within a second, it is possible to calculate thousands of digits for the trigonometric functions. The next input

calculates 10000 digits for sin(1), cos(1), tan(1), cot(1), sec(1), and csc(1) and analyzes the frequency of the occur-

rence of the digit k in the resulting decimal number.

Map [Function[w, {First[#], Length[#]} &/@Split [Sort [First [Real Digits[{w]]]l]ll,
N[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]} /. z-1, 10000]]

{{{0, 983}, {1, 1069}, {2, 1019}, {3, 983}, {4, 972}, {5, 994},

{6, 9943}, {7, 988}, {8, 988}, {9, 1010}}, {{0, 998},
{3, 1015}, {4, 1013}, {5, 963}, {6, 1034}, {7, 966},
{{0, 10243}, {1, 1025}, {2, 1000}, {3, 969}, {4, 1026},

(7, 1001}, {8, 1008}, {9, 1004}}, ({0, 1006}, {1, 1030},
(3, 954}, (4, 1003}, (5, 1034}, (6, 999}, {7, 998}, {8, 1009},

({0, 1031}, {1, 976}, {2, 1045}, (3, 917}, {4, 1001},

{7, 10123}, {8, 982}, {9, 1076}}, {{0, 978}, {1, 1034},
{3, 974}, {4, 987}, {5, 1067}, {6, 943}, {7, 1006}, {8, 1027},

Here are 50-digit approximations to the six trigonometric functions at the complex argument z= 3+ 5.

N[Csc[3 +5 4], 100]

{9, 1004},

{9, 96811}

0. 0019019704237010899966700172963208058404592525121712743108017196953928700340468202 .

96847410109982878354 +

0. 013341591397996678721837322466473194390132347157253190972075437462485814431570118-

67262664488519840339 i

N[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]} /. z-»3 +5 14, 50]



http: //functions.wolfram.com 19

{10. 472508533940392276673322536853503271126419950388 -
73.4606216956736763667911925050817504072139228144751,
-73.467292212645262467746454594833950830814859165299 -
10. 471557674805574377394464224329537808548330651734 1,

-0. 000025368676207676032417806136707426288195560702602478 +
0. 99991282015135380828209263013972954140566020462086 1,

-0. 000025373100044545977383763346789469656754050037355986 -
1. 0000871868058967743285316881045218577131612831891 1,

0. 0019019704237010899966700172963208058404592525121713 +
0.013341591397996678721837322466473194390132347157253 1,
-0.013340476530549737487361100811100839468470481725038 +
0. 00190146615169515130895192700132542778675889781334991 }

Mathematica always evaluates mathematical functions with machine precision, if the arguments are machine
numbers. In this case, only six digits after the decimal point are shown in the results. The remaining digits are
suppressed, but can be displayed using the function | nput For m

{Sin[2.1, N[Sin[2]], N[Sin[2], 16], N[Sin[2], 5], N[Sin[2], 207}

{0.909297, 0.909297, 0.909297, 0.909297, 0.90929742682568169540}

% // | nput For m

{0.9092974268256817, 0.9092974268256817, 0.9092974268256817, 0.9092974268256817,
0. 909297426825681695396019865911745" 20}

Preci si on[%%]
16

Simplification of the argument

Mathematica uses symmetries and periodicities of all the trigonometric functions to simplify expressions. Here are
some examples.

Sin[-z]

-Sinfz]

Sin[z + ]

-Sinjz]

Sin[z +2 ]

Sin{z]

Sin[z + 34 ]

Sin[z]

{Sin[-z], Cos[-z], Tan[-z], Cot [-z], Csc[-z], Sec[-z]}

{-Sin[z], Cos[z], -Tan[z], -Cot [z], -Csc[z], Sec[z]}
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{Sin[z +x], Cos[z +x], Tan[z +x], Cot [z + n], CsC[z +x], Sec[z + rx]}

{(-Sin[z], -Cos[z], Tan[z], Cot [z], -Csc[z], -Sec[z]}
{Sin[z+2x], Cos[z+2x], Tan[z +2 x], Cot [z +2 x], Csc[z +2 x], Sec[z +2 xn]}
{Sin{z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}

{Sin[z +342 n], Cos[z +342 x], Tan[z + 342 n], Cot [z + 342 n], Csc[z + 342 x], Sec[z +342 n]}

{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}

Mathematica automatically simplifies the composition of the direct and the inverse trigonometric functions into the
argument.

{Sin[ArcSin[z]], Cos[ArcCos[z]], Tan[ArcTan[z]],
Cot [ArcCot [z]], Csc[ArcCsc[z]], Sec[ArcSec[z]]}

{z, z, z, 2, z, Z}

Mathematica also automatically simplifies the composition of the direct and any of the inverse trigonometric
functionsinto algebraic functions of the argument.

{Sin[ArcSin[z]], Sin[ArcCos[z]], Sin[ArcTan[z]],
Sin[ArcCot [z]], Sin[ArcCsc[z]], Sin[ArcSec[z]]}

{z, 1-22%, z , ! E ll_i}
\/1+22 \/1+1Z ’ z*

z2

{Cos[ArcSin[z]], Cos[ArcCos[z]], Cos[ArcTan[z]],
Cos [ArcCot [z]], Cos[ArcCsc[z]], Cos[ArcSec[z]]}

, 1 1 17i E}
\/1+22 \/1+1 z2 z

z2

{Tan[ArcSin[z]], Tan[ArcCos[z]], Tan[ArcTan[z]],
Tan[ArcCot [z]], Tan[ArcCsc[z]], Tan[ArcSec[z]]}

z 3 1-22 1 1 [ 1
{ , , 2, — — 1——2}
\J1-22 z z 22

1
/l—z—z z

{Cot [ArcSin[z]], Cot [ArcCos[z]], Cot [ArcTan[z]],
Cot [ArcCot [z]], Cot [ArcCsc[z]], Cot [ArcSec[z]]}

\J1-2z2 z 1 [ 1 1
{ , , — Z, 17—22, 7}
z \J1-22 z z
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{Csc[ArcSin[z]], Csc[ArcCos[z]], Csc[ArcTan[z]],
Csc[ArcCot [z]], Csc[ArcCsc[z]], Csc[ArcSec[z]]}

1 1 1+22 1 1
= L PR
4 [ z 22 17i

B 22

1-2?
{Sec[ArcSin[z]], Sec[ArcCos[z]], Sec[ArcTan[z]],
Sec[ArcCot [z]], Sec[ArcCsc[z]], Sec[ArcSec[z]]}

S W rve-J PO R S
Ji-22 ¢ z 1.1

In cases where the argument has the structure nk/2+zor nk/2-2z and rk/2+iz or mk/2—i zwith integer k,

trigonometric functions can be automatically transformed into other trigonometric or hyperbolic functions. Here are
some examples.

Tan[g—z]

Cot [z]
Csc[i1z]
-1 Csch[z]

. 7t 7t 7t 7t 7 7t
{Sln[z—z], Cos[E—z], Tan[g—z], Cot[E—z], CSC[E—Z], Sec[z—z]}
{Cos[z], Sin[z], Cot [z], Tan[z], Sec[z], Csc[z]}

{Sin[iz], Cos[iz], Tan[iz], Cot [2z], Csc[iz], Sec[iz]}
{1 Sinh[z], Cosh[z], 1 Tanh[z], -1 Coth[z], -1 Csch[z], Sech[z]}
Simplification of simple expressions containing trigonometric functions

Sometimes simple arithmetic operations containing trigonometric functions can automatically produce other
trigonometric functions.

1/Sec[z]

Cos [z]

{1/sSin[z], 1/Cos[z], 1/Tan[z], 1/Cot [z], 1/Csc[z], 1/Sec([z],
Sin[z] /Cos[z], Cos[z] /Sin[z], Sin[z]/Sin[x/2-2], Cos[z]/Sin[z]"2}

{Csc[z], Sec[z], Cot [z], Tan[z], Sin[z], Cos[z], Tan[z], Cot [z], Tan[z], Cot [z] Csc[z]}

Trigonometric functions arising as special cases from more general functions
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All trigonometric functions can be treated as particular cases of some more advanced special functions. For exam-
ple, sin(2) and cos(2) are sometimes the results of auto-simplifications from Bessel, Mathieu, Jacobi, hypergeomet-

ric, and Meijer functions (for appropriate values of their parameters).

Bessel J [% z]

/ % Sin(z]

Vz
Mat hi euC[1, 0, z]
Cos [z]

Jacobi SC[z, 0]

Tan[z]

1
In[14]:= {BesseIJ[E, z], Mat hi euS[1, 0, z], Jacobi SN[z, 0],

2

: 3 z? . 1 z
HypergeomatrlcPFQ[{}, {5} _T] NbljerG[{{}, {}}, {{E} {O}}, I]}

ﬁsin[z] Sin[\/zT] 22 Sin[Z]}

, Sin[z], Sin[z], ,

Vz P Vo z

—

out[14]=

1
In[15]:= {BesseIJ[—E, z], Mat hi euC[1, O, z], Jacobi CD[z, 0],

2 z2

HypergeomatricOFl[; —ZI] MaijerG[{{}, {1}, {{O}, {%}} T]}

|2 Cos(z] Cos 21
out[is)= {T Cos[z], Cos[z], 003[«/22 } }
z

Vo
in[16:= {Jacobi SC[z, 0], Jacobi CS[z, 0], Jacobi DS[z, 0], Jacobi DC[z, 0]}

outii6]= {Tan[z], Cot [z], Csc[z], Sec[z]}

Equivalence transformations carried out by specialized Mathematica functions

General remarks



http: //functions.wolfram.com 23

Almost everybody prefers using sin(z) /2 instead of cos(rr/2 — 2) sin(/6). Mathematica automatically transforms

the second expression into the first one. The automatic application of transformation rules to mathematical expres-

sions can give overly complicated results. Compact expressions like sin(2 z) sin(r / 16) should not be automatically
1/2

expanded into the more complicated expression sin(z) cos(z) (2 -(2+ 21/2)1/2) . Mathematica has special com-

mands that produce these types of expansions. Some of them are demonstrated in the next section.
TrigExpand

The function Tri gExpand expands out trigonometric and hyperbolic functions. In more detail, it splits up sums
and integer multiples that appear in the arguments of trigonometric and hyperbolic functions, and then expands out
the products of the trigonometric and hyperbolic functions into sums of powers, using the trigonometric and
hyperbolic identities where possible. Here are some exampl es.

Tri gExpand[Sin[x -y]]

Cos[y] Sin[x] -Cos[x] Sin[y]
Cos[4z] // Tri gkxpand
Cos[z]*-6Cos[z]2Sin[z]2+Sin[z]*

Tri gExpand[{{Sin[x +y], Sin[3Zz]},
{Cos[x +y], Cos[32z]},
{Tan[x +y], Tan[3z]},
{Cot [x +y], Cot [32]},
{Csc[x +y], Csc[32z]},
{Sec[x +y], Sec[3z]}}]

{{Cos[y] Sin(x] +Cos[x]Sin[y], 3Cos[z]®Sin[z] -Sin[z]%},
{Cos[x] Cos[y] -Sin[x]Sin[y], Cos[z]®-3Cos(z] Sin[z]?},
Cos[y] Sin[x] Cos[x] Sinly]
{Cos[x] Cos[y] -Sin[x]Sin[y] " Cos [x] Cos[y] -Sin[x] Sin[y]’
3Cos[z]2Sin[z] Sin[z]® }

Cos[z]®-3Cos[z] Sin[z]? . Cos[z]®-3Cos[z] Sin[z]?

Cos [x] Cos Y] Sin[x]Siny]
{Cos[y] Sin[x] +Cos[x] Sin[y] - Cos[y] Sin[x] +Cos[x] Sin[y] '
Cos|[z]® 3Cos[z] Sin[z]?

3Cos[z]%Sin[z] -Sin[z]® i 3Cos([z]%Sin[z] - Si n[z]S}’
1 1
{Oos[y] Sin(x] +Cos(x]Sinlyl 3Cos[z]2Sin(z] -Si n[zﬁ}'
1 1
{OOS[X] Cos[y] -Sin[x]Sinfy]’ Cos[z]3-3Cos[z] Si n[z}z}}

Tabl eFor m[ (& == Tri gExpand[#]) & /@
Flatten[{{Sin[x +Yy], Sin[3z]}, {Cos[x+Yy], Cos[3z]}, {Tan[x +y], Tan[3z]},
{Cot [x +Yy], Cot [32]}, {Csc[x+Vy], Csc[3z]}, {Sec[x+Vy], Sec[3z]}}]11]
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Sin[x+y] ==Cos[y] Sin[x] +Cos[x] Sin[y]
Sin[3z] ==3Cos[z]2Sin[z] -Sin[z]®
Cos[x+y] ==Cos[x] Cos[y] -Sin[x] Sin[y]
Cos[3z] ==Cos[z]®-3Cos[z] Sin[z]?
e Cos[y] Sin[x] Cos [x] Sin[y]
Tan[X + Y] == oo coslyl SnixSinly] * Gosix] Gosy] Sinix Sinly]
2 qj q 3
Tan[3z] __ 3Cos[z]“Sin[z] B Sin[z]
Cos[z]3-3Cos[z] Sin[z]? Cos[z]3-3Cos[z] Sin[z]?
e Cos [x] Cos[y] _ Sin[(x]Sin[y]
Cot [x +y] == Cos[y] Sin[x]+Cos[x] Sin[y] Cos[y] Sin[x]+Cos[x] Sin[y]
3 q 2
Cot [32] __ Cos (2] _ 3Cos(z] Sin[z]
3Cos[z]2Sin[z]-Sin[z]® 3Cos[z]2Sin[z]-Sin[z]®
Csc[X +y] == 1

Cos[y] Sin[x]+Cos[x] Sin[y]

Csc[3z] == !
3Cos(z]2Sin[z]-Sin[z]®

1

Sec [X +y1 == Cos [x] Cos[y]-Sin[x] Sin[y]
Sec[32] == !

Cos [z]3-3Cos[z] Sin(z]?
TrigFactor

The function Tri gFact or factors trigonometric and hyperbolic functions. In more detail, it splits up sums and
integer multiples that appear in the arguments of trigonometric and hyperbolic functions, and then factors the
resulting polynomials in the trigonometric and hyperbolic functions, using the corresponding identities where
possible. Here are some examples.

TrigFactor [Sin[x] +Cos[y]]

cos[-7 +s.n[”§])( s[2.7 +s.ng+,”
Tan[x] - Cot [y] // Tri gFact or
-Cos[x +y] Csc[y] Sec [X]
TrigFactor [{Sin[x] +Sin[y],
Cos [x] + Cos [y],
Tan[x] + Tan[y],
Cot [x] + Cot [y],
Csc[x] +Cscly],
Sec[x] +Sec[y]}]
{2o0s[> - Z]sin[ - 2], 2008[ > - 7] os [+ 7], secix) Secly] Sinix-yl,
Csc[x] Cscly]Sin[(x+VY], %Cos[gfg}Csc{g}Csc[g}Sec[g}Sec{g}Sin{g+g],

2Cos[%-2] Cos [+ 7]

J) (cos[3]-sin[3]) (Cos[7] +Si”[§})}

(Cos [3] -sin[3]) (Cos]

TrigReduce



http: //functions.wolfram.com 25

The function Tri gReduce rewrites products and powers of trigonometric and hyperbolic functions in terms of
those functions with combined arguments. In more detail, it typically yields a linear expression involving trigono-
metric and hyperbolic functions with more complicated arguments. Tri gReduce is approximately inverse to
Tri gExpand and Tri gFact or . Here are some examples.

Tri gReduce[Sin[z]"3]
1
" (3Sin[z]-Sin(3z])

Sin[x] Cos[y] // Tri gReduce

1

5(Sin[xfy]JrSin[Xer])

Tri gReduce[{Sin[z]"2, Cos[z]"2, Tan[z]"2, Cot [z]"2, Csc[z]"2, Sec[z]"2}]

1-Cos[2z] -1-Cos[2z] 2 2
1+Cos[2z] -1+Cos[2z] -1+Cos[2z]’ 1+Cos[22]}

1 1
{5 (1-Cos[22]), ) (1+Cos[22]),

Tri gReduce[Tri gExpand[{{Sin[x +y], Sin[3z], Sin[x] Sin[y]l},
{Cos[x +Yy], Cos[3z], Cos[x] Cos[Yy]l},
{Tan[x +y], Tan[32z], Tan[x] Tan[y]},
{Cot [Xx +Yy], Cot [3z], Cot [x] Cot [Y]},
{Csc[x +y], Csc[32z], Csc[x] Csc[y]l},
{Sec[x +Yy], Sec[3z], Sec[x] Sec[y]}}]1]

1
{{Sin[x+y], Sin(3z], E (Cos[xfy1fcos[x+y})},
1
{Cos[x+y], Cos[32z], E (Cos[xfy}+Cos[x+y})},
Co - - Co
{Tan[x+y], Tan[3z], SIx -yl s[x+y1}
Cos[x -y] +Cos[X +VY]
Co - Co
{OOt[x+y],c:ot[3z}, Sxoyls S[)Hy}}
Cos[x-y] -Cos[X +VY]
2
{Csc[x+y], Csc[32z], }
Cos[x -y] -Cos[X +VY]
2
{Sec[x+y], Sec[3z], }}
Cos[x-y] +Cos[X +VY]

Tri gReduce[TrigFactor [{Sin[x] +Sin[y], Cos[x] +Cos[y],
Tan[x] + Tan[y], Cot [x] + Cot [y], Csc[x] +Csc[y], Sec[x] +Sec[y]}1]
) ) 2Sin[x+y]
{Sln[x}+S|n[y], Cos [x] +Cos Y], ,
Cos[x -y] +Cos[X +VY]
2Sin(x+y] 2 (Sin[x]+Sin[y]) 2 (Cos[x] +Cos[y])

Cos [X -Y] —Cos[x+y1’ Cos[x -y] - Cos [x +y]' Cos [X -Y] +Oos[x+y]}

TrigToEXp
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The function Tri gToExp converts direct and inverse trigonometric and hyperbolic functions to exponential or
logarithmic functions. It tries, where possible, to give results that do not involve explicit complex numbers. Here
are some examples.

Tri gToEXp[Sin[2z]]

‘ 1 .
]-le—ZJLZ _ _]-leZJLZ

2 2
Sin[z] Tan[22z] // Tri gToExp

(efiz 7eiz> (efziz 7(82]12)

2 (672jz+e2ﬁz>
Tri gToExp[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}]

1 I . 1 ‘ e,iz (e” j(efizfeﬁz> j(e—iZJrejZ) 23 2

2 2 2 e 12, giz e 12 _giz e 12 _giz e iz
ExpToTrig

The function ExpToTr i g converts exponentials to trigonometric or hyperbolic functions. It tries, where possible, to
give results that do not involve explicit complex numbers. It is approximately inverse to Tri gToExp. Here are
some examples.

ExpToTri g[e**#]
Cos [X B] +1 Sin[x ]

eixa _ e:ﬁ.x[s
// ExpToTrig

eixy+eixé

Cos[Xxa] -Cos[xpB]+1Sin[Xa] -1Sin[X /3]
Cos[Xy] +Cos[Xx6] +1Sin[Xy] +1Sin[Xxo]

ExpToTri g[Tri gToExp[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}]]
{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}
EXpTOTrig[{ae'ixﬁ.,.aeiXB, ae'“’3+7e“3}]

{20 Cos[xB], aCos[xB] +yCos[xB] -iaSin[xB]+1iySin[xA]}
ComplexExpand

The function Conpl exExpand expands expressions assuming that all the occurring variables are real. The value
option Tar get Functi ons is a list of functions from the set {Re, Im Abs, Arg, Conjugate, Sign}.
Conpl exExpand triesto give resultsin terms of the specified functions. Here are some examples

Conpl exExpand[Sin[x +iy] Cos[Xx -1Vy]]
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Cos [x] Cosh[y]?Sin[x] -Cos[x] Sin[x] Sinh[y]?+
i (Cos[x]?Cosh[y] Sinh[y]+Cosh[y]Sin[x]?Sinh(y])

Csc[x +iy] Sec[x -iy] // Conpl exExpand

4 Cos [x] Cosh[y]2Sin[x] 4 Cos[x] Sin[x] Sinh[y]?

. 4 Cos[x]2 Cosh[y] Sinh[y]
1 +

(Cos[2x] -Cosh[2y]) (Cos[2x] +Cosh[2y])

4 Cosh[y] Sin[x]?Sinh[y]
(Cos[2x] -Cosh[2y]) (Cos[2x] +Cosh[2Yy])

7= 1il={Sin[x+1y], Cos[x+iy], Tan[x +iy], Cot [x +1Yy], Csc[Xx +1y], Sec[Xx +iy]}
oufr7l= {Sin[x+1y], Cos[x+1y], Tan[x +1y], Cot [x +1y], Csc[Xx+1y], Sec[Xx+1Yy]}
in[18]:= Conpl exExpand[li 1]

out[18]= {Cosh[y} Sin{x] +1Cos[x] Sinh[y], Cos[x] Cosh[y] -1Sin[x] Sinh[y],

Sin[2Xx] iSinh[2y] Sin[2X] iSinh[2y]
Cos [2x] + Cosh[2Y] +(:os[2x1 +Cosh[2y]  Cos[2x]-Cosh[2y] +Oos[2x1 ~Cosh[2y]’
2 Cosh[y] Sin[x] 21 Cos[x] Sinhly] 2 Cos [x] Cosh[y] 21Sin(x] Sinh{y]
7Cos[2x] - Cosh[2y] +Cos[2x] 7005h[2y]' Cos[2x] +Cosh[2y] +Oos[Zx} +Cosh[2y}}

inf1o1:= Conpl exExpand[Re[#] & /@l i 1, Target Functions » {Re, | m}]

oo s o osh Sin[2Xx]
_ s i n[x], Cos[x S ’ ’
out[19] { [y] [x] [x] y] Cos [2x] +Cosh[2y]

Sin[2X] 2 Cosh[y] Sin[x] 2 Cos [x] Cosh[y]
7C03[2x] 7Oosh[2y]’ 7003[2x} 7Oosh[2yJ' Cos[2x] +Cosh[2Yy] }

inf20:= Conpl exExpand[I m[#] & /@l i1, Target Functi ons » {Re, I m}]

Co Si nh Si Si nh Sinhi2y]
- s[x] Sin , -Sin[x]Sin , ,
oufz0= {Cos [x] Sinhy] X S Y ), s Cosh 2y
Sinh[2y] 2 Cos [x] Sinh[y] 2Sin[x] Sinh[y] }

Cos [2 X] 7003h[2y]' Cos [2 X] 7003h[2y]' Cos[2x] +Cosh[2y]

in(21):= Conpl exExpand[Abs [#] & /@l i 1, Target Functions » {Re, I m}]

(Cos[2x] -Cosh[2y]) (Cos[2x] +Cosh[2y]) " (Cos[2x] -Cosh[2y]) (Cos[2x] +Cosh[2y]) "
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out[21]= {\/Oosh[y}ZSi nix]2+Cos[x]?Sinh[y]?, \/Cos[x]ZCosh[y}2+Si nix12Sinhiy?,

+ 1

Sin[2x]? Sinh[2y]?
(Cos[2x] +Cosh[2y])? (Cos[2x] +Cosh[2y])?

+ ,

Sin[2x]2 Sinh(2y]?
(Cos[2x] -Cosh[2y])? (Cos[2x] -Cosh[2y])?

+ 1

4 Cosh[y]?Sin[x]? 4 Cos [x]2 Sinh[y]?
(Cos[2x] -Cosh[2y])? (Cos[2x] -Cosh[2y])?

4 Cos [x]2 Cosh[y]? 4Sin[x]?Sinh[y]? }
(Cos[2x] +Cosh[2y])? (Cos[2x] +Cosh[2y])?

n2l= % //Sinplify[#, {X, y} eReals] &

/-Cos[2x] +Cosh[2y] +/Cos[2x] +Cosh[2Y] JSin[2x12+Sinh[2y}2

out[22]= { , .
NP 2 Cos[2x] +Cosh[2y]
Cos [2x] + Cosh[2y] V2 V2 }
Cos[2x] - Cosh[2y] \/=Cos[2x] +Cosh[2Y] ’ /Cos[2x] +Cosh[2Yy]

in23;:= Conpl exExpand [Arg[#] & /@l i1, Target Functions » {Re, | m}]

out[23]= {ArcTan[Oosh[y] Sin[x], Cos[x] Sinh[y]], ArcTan[Cos[x] Cosh[y], -Sin[x] Sinh[y]],

ArcTan[ Sin[2x] , Sinh[2y] }
Cos[2x] +Cosh[2y] Cos[2x] +Cosh[2Yy]
ArcTan{— Sin[2X] , Sinh{2y] ]
Cos[2x] -Cosh[2y] Cos[2x] -Cosh[2y]
ArcTan{f 2 Cosh[y] Sin[x] ' 2Cos[x] Sinh[y] ]
Cos[2x] -Cosh[2y] Cos[2x] -Cosh[2y]
ArcTan{ 2 Cos [x] Cosh[y] ’ 2Sin[x] Sinh[y] ”
Cos[2x] +Cosh[2y] Cos[2x] +Cosh[2y]

in[24:= Conpl exExpand[Conj ugat e[#] & /@l i 1, Target Functions » {Re, Imy] // Sinplify

Out[24]= {Oosh[y} Sin[x] -1Cos[x] Sinh[y], Cos[x] Cosh[y] +1Sin[x] Sinh[y],
Sin[2x] -1Sinh[2y] Sin[2x] +1Sinh[2y]
Cos[2x] +Cosh[2y] = Cos[2x] -Cosh[2y]
1 1
Cosh[y] Sin[x] - i Cos[x] Si nh[y]' Cos [x] Cosh[y] +1Sin[x] Sinh[y] }

Simplify
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The function Si npl i fy performs a sequence of agebraic transformations on its argument, and returns the simplest
form it finds. Here are two examples.

Simplify[Sin[2z]/Sin[z]]

2 Cos[z]

Sin[2z]/Cos[z] //Sinplify

2Sin[z]

Hereisalarge collection of trigonometric identities. All are written as one large logical conjunction.

Sinplify[s] &/@|Cos[z]?+Sin[z]® ==1 /\

1- 005[22] 1+Cos[22]

Sin[z 2== Cos [z == —
[z] /\ Cos21? > A\

1 Oos[22] 1+Cos[22z]

Tan [z 2== Cot [z == —
21 1+Cos[22]/\ [] 1-Cos[22]/\

Sin[2z] =2Sin[z] Cos[z] /\ Cos[22] == Cos[z]?-Sin[z]” =2 Cos[z]?* -1 /\
Sinf[a+b] =Sin[a] Cos[b] + Cos[a] Sin[b]/\Sin[a-b] == Sin[a] Cos[b] - Cos[a] Sin[b]/\
Cos[a +b] == Cos[a] Cos[b] -Sin[a] Sin[b]/\Cos[a-b] = Cos[a] Cos[b] + Sin[a] Sin[b]/\

Sinfaj +Singb] ==28in[a;b]Oos[a;b]/\Sin[a] -Sin[b] ==2005[a+b]5in[a_b]/\
2 eos[22] Aostar -costoy =25 n[ 22| sia[ 2] A

Sin[a+b Sin[a-b
Tan[a] + Tan[b] == L/\Tan[a] -Tan[b] == L/\
Cos[a] Cos[b] Cos[a] Cos[b]

ASin[z] +BCos[z] ==Aq’1+i—§ Sin[z +ArcTan[;]]/\

Cos[a-b] -Cos[a+b]

a
Cos[a] + Cos [b] ==2Cos[

Sin[a] Sin[b] = 5 /\ | |
Cos [a] Cos [b] = Cos[a_b];COS[a+b]/\Sin[a]COS[b S'”['°‘+b];3ln[a—b]/\

Sin[§]2==l_co+[z]/\(bs[g]2=l+025[z]/\

R R

True

Thefunction Si npl i fy hasthe Assunpt i on option. For example, Mathematica knowsthat —1 < sin(x) < 1 for all
real x, and uses the periodicity of trigonometric functions for the symbolic integer coefficient k of k.
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Sinplify[Abs[Sin[x]] =1, x € Real s]

True

Abs[Sin[x]]1 <1 //Sinplify[#, xeReals] &

True

Sinplify[{Sin[z+2kx], Cos[z +2k x], Tan[z +k x],
Cot [z +k ], Csc[z+2kn], Sec[z+2kn]}, kelntegers]

{Sin[{z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}

Si rrplify[{Sin[z+k7r]/Sin[z], Cos[z +k ] /Cos[z], Tan[z +k n] /Tan[z],
Cot [z +k ] / Cot [2z], Csc[z +k x] /Csc[z], Sec[z+k7r]/Sec[z]}, kelntegers]

{-Df Dk 11, 0% -0l

Mathematica also knows that the composition of inverse and direct trigonometric functions produces the value of
the inner argument under the appropriate restriction. Here are some exampl es.

Sinplify[{ArcSin[Sin[z]], ArcTan[Tan[z]], ArcCot [Cot [z]], ArcCsc[Csc[z]]},
-n/2<Re[z] <n/2]

{z, z, z, z}

Sinplify[{ArcCos[Cos[z]], ArcSec[Sec[z]]}, O0<Re[z] < ]

{z, z}

FunctionExpand (and Together)

While the trigonometric functions auto-evaluate for ssmple fractions of , for more complicated cases they stay as
trigonometric functions to avoid the build up of large expressions. Using the function Funct i onExpand, such
expressions can be transformed into explicit radicals.

7T

005[5]

Cos{%}

Functi onExpand[ Cos [%]]

\/2+ 2+ 2+\/2—

T
Cot [—] // Functi onExpand
24
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{sin[Z]. cos[ 2] Tan[ ], oot [ ], so[ ], sec[])
(sl g cos [ 5] Tan[ ) e [ L] cse| . see[ )

Functi onExpand[ %

{isz lJ%WE
JT JZF JhF

{Sln[—] [% , Tan[60], % , Csc %] Sec %]}
fsin[ ) oo ] tan[ 1 ot [ 1] e[ ] o 1]

Toget her [Funct i onExpand[%] ]
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{% ﬁveﬂmwﬁumzm,
i6 V2 -+/6 -+/10 + 130 + 2545 2 [3 (5495 |,
1ﬁ+ﬁ+ﬁ+J2 (5+ﬁ) J(& 5+ﬁ)
1_ﬁ_ﬁ+ﬁ+Jz 5.5 +J6(5+\G) |

_1+ﬁ+€_ﬁ_J2 (5+ﬁ) _Js (5+ﬁ)

\E) +J6(5+ﬁ) |

/2 -6 +/10 ++/30 +2/5+/5 -2 |3 5+

Jz - r_mwﬁumdﬁ

If the denominator contains sgquares of integers other than 2, the results always contain complex numbers (meaning

1+ﬁ-ﬁ—\/ﬁ—J2 5

that the imaginary number i = vV —1 appears unavoidably).

{Sin[g], Oos[g], Tan[g], Oot[g], Csc[g] Sec[g]}
{Sln[g} Oos[g} Tan{g}, Cot {g} Csc{g} Sec{%”

Functi onExpand[ % // Toget her
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{% (_1122/3 (_1_jﬁ)1/3+

22/3ﬁ(—1—i1ﬁ)1/3+]122/3 (_1+jﬁ)1/3+22/3ﬁ(_1+jﬁ)1/3],
%(22/3 (_1_].1\5)1/3”122/3\5(_1_jﬁ)1/3+22/3 (_1”1@)1/3_
12254/3 -1+ ﬂﬁ)“),

(r-ivE) P iivE ((1-ivE) e (i) i vE (1eivE)Y

_jl(—1—1’1\/?)1/3+\/?(—1—11\/?)1/3—11(—1+iﬁ)l/3—ﬁ(—l+iﬁ)l/3,

((1-1v8) e ivE (-1-1v3) e ((141v3) Ve [f1eivE)Y

i Hqﬁ)”ﬂﬁ (717]1@)1/21 (71+w?)1/3+ﬁ (71+w?)1/3'

_j 22/3 (71711\/?)1/3+22/3ﬁ(7171ﬁ)1/3+
i 22/3 (—1+J‘1\/?)1/3+22/3\/3_(—l+j\/3_)l/3J,
—(811)/(—1122/3 (7171ﬁ)1/3+22/3vs_(44%3_)1/37

8/

122 (14143 )7 222 v (fmﬁ)l/f*]}

Here the function Root Reduce is used to express the previous algebraic numbers as numbered roots of polynomial

equations.
Root Reduce [Si mpl i fy[%]]

{Root [-3 +3611% - 96 11" + 64 111° & 4], Root [-1-6n1 +811° & 3],
Root [-3 +27 1% -3311* +n1° & 4], Root [-1+33n1%-2711*+311° & 6],
Root [-64 + 96 #1% - 36 11* + 3111° & 6], Root [-8+611% + 11° & 3]}

The function Funct i onExpand also reduces trigonometric expressions with compound arguments or composi-

tions, including hyperbolic functions, to simpler ones. Here are some examples.

Funct i onExpand[Cot [\/ -z2 ”

\/ -z Coth[z]
vz

Tan[\/ i z? ] // Functi onExpand

0¥ -1z V(1% z Tan](-1) V2]

z
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{sin[z2 ], cos[Vz2 ], Tan[V22 ], oot [Vz? |, osc[Vz? | sec[\2% |} // Functi onExpand

V-1z iz Sin[z] . V-1z Viz Tan[z]
, s[z], )
{ . (2] .
\V-1z ~iz Cot[z] -1z ~iz Csc[z] Sec| ]}
, , Sec(z
z z

Applying Si npl i f y to the last expression gives a more compact result.

Sinplify[%]
z2 Sin[z z2 Tan|[z z2 Cot [z z2 Csc|z
{7[}, Cos (2], =l 2l =l Sec(z]
z z z z

Here are some similar examples.

Sin[2 ArcTan[z]] // Functi onExpand
2z

1+22

Cos

ArcCot [z] )
[—] // Functi onExpand

1+ V-z Vz
\ -1-z2

V2
{Sin[2ArcSin[z]], Cos[2ArcCos[z]], Tan[2 ArcTan[z]],
Cot [2 ArcCot [z]], Csc[2 ArcCsc[z]], Sec[2ArcSec[z]]1} // Functi onExpand

2z
{2\/1—2 zV1+z, -1+222, -— "% |

(-1+2z) (1+2)
1 1 1 z2 V-iz Viz z z2
— 11+ —|z -
2( 22] 1-22
ArcSin[z
{Sin[—[]]

ey

, 2/ (-1+2z) (1+2) 2-2?

-1-22

N [ARaSRICER U PV palalaili2l

// Functi onExpand

ArcCot [z] ArcCsc[z] ArcSec([z]
tH{—=—] oe[——F—] see[——]}
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{2\/1 Vi-z J1+z \/1+z z
VIVEZ NIz VT 1eiien) VA den)

L. 71— 2 rv ( \ﬁ\/?}
z ,

ez Ve | (-1+2) (1+2) V-1-z
1o Vtez) (Aez)

Sinplify[%]
{Z 1-v1-22 1+z z , \E\/ﬁ V2. 272 \/?}

V2 22 V2o g 122 vz JlJz_zzlzz \/1+;
FullSimplify

The function Ful | Si npl i fy tries awider range of transformations than Si npl i f y and returns the ssimplest form
it finds. Here are some examples that contrast the results of applying these functions to the same expressions.

1 1
Cos[ziLog[l-:iz] -EﬁLog[lniz]] //Sinmplify
1
Oosh[E (Log[l-1i2z] 7Log[1+iz])}
1 1
Oos[EiLog[l—:iz] —EiLog[lniz]] // Full Sinplify

1

\1+2z?
{Sin[—:’xLog[1‘12+\/1—z2 ” Oos[—iLog[iz+\/1—22 ”
Tan[—iLog[iz+\/1—22]], Oot[—:iLog[iz+\/1 z? ]]
Csc[-iLog[:iz+\/1-zZ]], Sec[—iLog[ﬁz+\/1 2?2 ]]}//Sirrplify
{Z 1-22+i21_ 22 z[zfjxllfzz) 2 i1 (1z+\/ )
iz +41-22 ~i+12z%2+2z 1722 1z2+z41- z 14+ iz+v/1 )

;)

{Sin[—ﬁLog[iz+m]], Cos[—iLog[iz+\/l—22 ]]
Tan[—iLog[iz+m”, Oot[—iLog[iz+ 1—22”,
Csc[—iLog[iz+\/;”, Sec[—iLog[iz+m”}//FuIISi mplify
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1-2z2 z z \/122}

Operations carried out by specialized Mathematica functions
Series expansions

Calculating the series expansion of trigonometric functions to hundreds of terms can be done in seconds. Here are
some examples.

Series[Sin[z], {z, 0, 5}]

z3 Z5
Z- — +

+0[z18
6 120

Nor mal [%]

z3 z5

y—
6 120

Series[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}, {z, O, 3}]

z3 z2 z3
{z L 40[z]% 1-"+0[z]% z+— +0[z]%
6 2 3

1 z z3 . 1oz 7 28 . z? .
— - —-—4+0[2]7, —+ —+ +O[Z},1+—+O[Z}}
z 3 45 z 6 360 2

Series[Cot [z], {z, 0, 100}] // Tining

1 z 238 225 z7 22° 1382 z11
{1. 442 Second, — - — - — - —— - - - -
z 3 45 045 4725 093555 638512875
4213 3617 215 87734 217 349222 719
18243225 162820783125 38979295480125 1531329465290625
310732 z% 472728182228 2631724 2%
13447856 940643125 201919571963756521875 11094481976030578125
13571120588 2?7 13785 346 041 608 229
564653 660170076 273671875 5660878 804 669 082674070015 625
7709321041217 z3 303257395102 233
31245110285511170 603633203125 12130454581 433 748587 292890625
52630543 106 106 954 746 235 616 840 823 966 644 237
20777977 561 866 588 586 487 628 662 044921 875 2403 467 618 492 375776 343276 883984 375
522 165 436 992 898 244 102 2%
20080431172 289 638 826 798 401 128 390 556 640 625
6080390575 672 283 210 764 2%
2307789189818 960 127 712 594 427 864 667 427 734 375
10121188937 927 645 176 372 z*3
37913679547 025773526 706 908 457 776 679 169 921 875
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207 461256206578 143 748 856 z*°
7670102 214 448 301 053 033 358 480 610 212 529 462 890 625
11218806 737 995635 372 498 255094 z*7
4093 648 603 384 274 996 519 698 921 478 879 580 162 286 669 921 875
79209152838572743713996 404 z4°
285258 771 457 546 764 463 363 635 252 374 414 183 254 365 234 375
246512528657 073833030130766 724 25
8761982491474419 367550817 114626 909 562 924 278 968 505 859 375
233199709079078899371344990501528 253
81807 125729 900 063 867 074 959 072 425 603 825 198 823 017 351 806 640 625
1416795959 607 558 144 963 094 708 378 988 z5°
4905 352 087 939 496 310 826 487 207 538 302 184 255 342 959 123 162841 796 875
23305824372104839134357 731308699592 25
796392 368 980 577 121 745974 726 570 063 253 238 310 542 073 919 837 646 484 375
9721865123870044576322439952638561968 331928 25°
3278777586 273629 598 615 520 165 380 455 583 231 003 564 645 636 125 000 418 914 794 921 875
6348 689256302894 7313306012167243283362°%
21132271510 899 613 925 529 439 369 536 628 424 678 570 233 931 462 891 949 462 890 625
106 783830147 866529 886 385444979 142 647 942 017 253
3508062 732 166 890 409 707 514 582 539 928 001 638 766 051 683 792 497 378 070 587 158 203125
267745458568424664373021714282169516771254382265>/

86812790293 146213360651966 604262937105495141563588806888204273501373291015-
625—(250471004320250327955196022920428000776938267)/
801528196428242695121010267 455843 804062822 357897831858125102407 684326171875
—(172043582552384800434637321986040823829878646884269)/

5433748964 547053581149916185708338218048392402830337634114958370880742156 -
982421875—(11655909923339888220876554489282134730564976603688520858271)/
3633348205269879230856840004304821536968049780112803650817771432558560793 -

458 452606201171875 -
(3692153220456342488035683646645690290452790030604273)/
11359005221796317918049302062760294302183889391189419445133951612582060536 -

346435546875—(5190545015986394254249936008544252611445319542919116275)/
157606197 452423911112934066120799083442801465302753194801233578624576089 -

941806793212890625 -
(255290071123323586643187098799718199072122692536861835992277)/
76505736228426953173738238352183101801688392812244485181277127930109049138 -

257655704 498291 015625 -
(92075685989589152938711499380380936995885157455025778393137342”)/
27233582984 369795892070228410001578355986013571390071723225259349721067 988 -

068852863296 604 156494 140625 -
(1636111365058678865193321472962214536788035148849027721835722m)/
4776089171877348057451105924101750653118402745283825543113171217116857704 -

024700607 798175811767578125 -
(8098304783741161440924524640446924039959669564792363509124335729908283)/
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2333207846 470426 678843707 227 616 712214 909 162 634 745 895 349 325 948 586 531 533393 -
530725143500 144 033328342437 744140625 -
(122923650 124 219 284 385 832 157 660 699 813 260 991 755 656 444 452 420 836 6482°°) /
349538086 043843717584 559 187 055 386 621 548 470 304 913596 772 372737 435524 697 231 -
069047713981 709 496 784 210 205078 125 -
(476 882359517 824 548 362 004 154 188 840 670 307 545554 753 464 961562 516 323 845 1082°7) /
13383510964 174348 021 497 060 628 653 950 829 663 288 548 327 870 152 944 013 988 358 928 114 -
528962242087 062453 152690410614 013671875 -
(1886491646 433732479814597 361998 744 134040407 919471435 385 970472 345164 676 056
2) /
522532651330 971490226 753 590 247 329 744 050 384 290 675 644 135 735 656 667 608 610471 -
400391047 234539824 350830981 313610076 904 296 875 -
(450 638590680882 618431105 331665591912 924 988342 163 281788877 675244114763 912
%) /
1231931818039911948327 467370123 161265684 460571086 659 079 080437 659 781 065 743 -
269173212919832661 978537311246 395111083984 375 -
(415596 189473955564 121 634 614 268 323814 113534 779643471190 276 158 333713923 216
2 /
11213200675 690 943 223 287 032 785 929 540 201 272 600 687 465 377 745332 153 847 964 679 254 -
692602 138023498 144562090 675557 613372802 734 375 -
(423200899 194533 026 195 195 456 219 648 467 346 087 908 778 120 468 301 277 466 840 101 336 -
699974518 2%%) /
112694926530 960 148 011 367 752417 874 063 473 378 698 369 880 587 800 838 274 234 349 237 -
591647453413 782021538 312594 164 677 406 144 702 434 539 794 921 875 -
(5543531 483502489 438698050411 951 314 743 456 505 773 755 468 368 087 670 306 121 873229 -
244 2°7) /
14569479 835935377894 165191 004 250 040 526 616 509 162 234 077 285 176 247 476 968 227 225 -
810918346 966 001491701 692846 112140419483 184814453125 -
(378392151276 488501 180 909 732277 974 887 490 811 366 132 267 744533542784 817 245581 -
660788990844 2%) /
9815205420757 514710 108 178 059 369 553 458 327 392 260 750 404 049 930 407 987 933 582 359 -
080767225644716670683512153512547802166033089160919189453125+CMz]ml}

Mathematica comes with the add-on package Di scr et eMat h® RSol ve' that allows finding the general terms of
series for many functions. After loading this package, and using the package function Ser i esTer m the following
n' term for odd trigonometric functions can be eval uated.

<< Di screteMat h” RSol ve®

SeriesTerm[{Sin[z], Tan[z], Cot [z], Csc[z], Cos[z], Sec[z]}, {z, 0, n}]
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i-1*" KroneckerDel ta[Mbd[-1+n, 2]] UnitStep[-1+n]
Gamma [l +n] ’

it 2t (-1 4 2%") Bernoul i B[1+n] i i" 21" Bernoul | i B[1 + n]
Ki {Odd[n], 0 .
(L+n)!

(
i 1" 21" Ber noul | i B[l +n, %

1+n)!
] i" KroneckerDelta[Mod[n, 2]] 1" Eul erE[n}}
(L+n)! Gamma [l +n] n!
Differentiation

Mathematica can evaluate derivatives of trigonometric functions of an arbitrary positive integer order.
D[Sin[z], z]

Cos [z]

Sin[z] // D[#, z] &

Cos [z]

8, {Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}

{Cos[z], -Sin[z], Sec[z]? -Csc[z]? -Cot([z]Csc[z], Sec[z] Tan[z]}

87,2y {Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}

{-Sin[z], -Cos[z], 2Sec[z]?Tan[z], 2Cot [z] Csc[z]?,
Cot [z]? Csc(z] +Csc(z]% Sec([z]®+Sec(z] Tan[z]?}

Tabl e[D[{Sin[z], Cos[z], Tan[z], Cot [z], Csc[z], Sec[z]}, {z, n}], {n, 4}]

{{Cos[z], -Sin[z], Sec[z]? -Csc[z]? -Cot[z]Csc(z], Sec(z] Tan(z]}, {-Sin[z], -Cos[z],

2Sec([z]*Tan[z], 2Cot [z] Csc[z]? Cot [z]*Csc[z] +Csc[z]®, Sec[z]®+Sec[z] Tan[z]?},
{-Cos[z], Sin(z], 2Sec[z]*+4Sec([z]?Tan[z]? -4 Cot [z]*Csc[z]?-2Csc(z]",
-Cot [z]®Csc(z] -5 Cot [z] Csc[z]® 5Sec(z]®Tan[z] +Sec[z] Tan[z]%},

J4

{Sin[z], Cos[z], 16 Sec[z]* Tan[z] + 8 Sec[z]* Tan[z]®,
8 Cot [z]%Csc[z]%2+16Cot [z] Csc[z]%, Cot[z]*Csc[z] +18 Cot [z2]? Csc[z]® +5Csc[z]®,
5Sec(z]®+18Sec(z]®Tan[z])? + Sec[z] Tan[z]*}}

Finite summation
Mathematica can calculate finite sums that contain trigonometric functions. Here are two examples.
Sum[Si n[a k], {k, 0, n}]

1

 oos[ ] -cos [~ +an]| s ]

Z (-1)*Sin[ak]

k=0
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%Sec[g] (—Sin[g] +Sin{2+an+n7r”

I nfinite summation

Mathematica can calculate infinite sums that contain trigonometric functions. Here are some examples.

sz Sink x]
k=1

i (-1 e2ix)z

2 (ejx —Z) <—l+esz)

@ Sin[k x]

" ogla <) - Log[a- <]

Finite products

Mathematica can calculate some finite symbolic products that contain the trigonometric functions. Here are two
examples.

Pr oduct [Sin[nn—k], {k, 1, n—1}]
21" n

n-1 wk
lOos[z + T]

=~

1
—(-1)" 21" Sec[z] Si n[gn (nm-22)

Infinite products

Mathematica can calculate infinite products that contain trigonometric functions. Here are some examples.

In[2]:= nExp[z" Sintkx]]
k=1
i (’7l+e2 jx/\ z

(zmz iX gz eiX {1+22H
{

outz)= e’ /]
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e [T 2251
k=1 ‘

-2+e® " +e

2
out3l= €2
Indefinite integration

Mathematica can calculate a huge number of doable indefinite integrals that contain trigonometric functions. Here
are some examples.

jSin[7z]dlz
1
-—Cos[72z]
7
j{{Sin[z], Sin[z]®}, {Cos[z], Cos[z]%}, {Tan[z], Tan[z]%},
{Cot [2], Cot [2]%}, {Csc[z], Csc[z]®}, {Sec[z], Sec[z]®}}dz

1 li1a
{{7005[2}, -Cos [z] Hyper geonet ri CZFl{E' , Oos[z]z} Sin[z]'? (Sin[z]?)? ot )},

Oos[z]l*aHypergeorTetricZFl[lga, 1 3;‘, Oos[z}z]Sin[z]

{Sin[z], -
(1+a)/Sin[z]?

Hyper georet r i c2Fl{1;a, 1, 1+ 1;‘, 7Tan[z]2} Tan[z]'*?

l+a }’

{-Log(Cos [2]],

Cot [z]1® Hyper geonet r i cZFl[lga, 1, 1+ 12, —Cot [2]2}

{Log[Sin[zH, -

l1+a
{_Log{@s[gu +Log{smg”,
-Cos[z] Csc[z] 1@ WpergeonetriczFl{%, 1;a’ g Oos[z]z} (Sin[z]z)é“l*a)}'
{~tog[cos || -sin[ || +Log[cos| 2] - sin[ 7],

Hyper geomet r i cZFl{lzi‘ 1

Do 3Ta Oos[z}z]Sec[z]’l*aSin[z}

(1-a)+Sin[z]?
Definiteintegration

Mathematica can calculate wide classes of definite integrals that contain trigonometric functions. Here are some
examples.

7r/2
j \3/Sin[z] dz
0
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7r/2
j {\/Sin[z] , VCos[z], VTan[z], VCot [z], VCsc[z], VSec[z] }dlz
0

r on 2+r Gamma[2]  2+/x Gamma[®]
T eml] ] |

{2E||ipticEE, 2], 2EIIipticE[£, 2}

jz{{Sin[z], Sin[z1®}, {Cos[z], Cos[z]%}, {Tan[z], Tan[z]%},
0
{Cot [z], Cot [2]®}, {Csc[z], Csc[z]%}, {Sec[z], Sec[z]"}}dz

\/FGamTa[ha}

2

aGarma[2] a Gamma [ 2 |

{

{LETan[ﬂ dz, If [Re[a] <1, %nSec{az—W, L;Tan[zfdlzn,

Limit operation
Mathematica can calculate limits that contain trigonometric functions.

Sin[z
Lim't[ []+Cos[z]3,z->o]
z

Li mit [[TanX[X] )*_2, X _>o]

el/3
Solving equations

The next input solves eguations that contain trigonometric functions. The message indicates that the multivalued
functions are used to express the result and that some solutions might be absent.

Solve[Tan[z]?+3Sin[z +Pi /6] =4, z]

Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.
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{{z > ArcCos[Root [4 -40:1% + 12 51° + 73 1% - 60 1#1° + 36 11° & 1] ]},
{z > -ArcCos [Root [4 - 40517 +1211% + 73 11% - 60 111° + 36 1#1° &, 2] ]},
{z > -ArcCos [Root [4 - 40517 + 12113 + 73 11" - 60 1% + 36 11° & 3] ]},
{z > ArcCos [Root [4 -4011% +1211% + 73 51" - 6011° + 36 11° &, 4]]},
{z > ArcCos [Root [4 -4011% +1211% + 73 11* - 6011° + 36 11° &, 5]]},
{z - ArcCos [Root [4 -4011% +12#1° + 73 11" - 60#1° + 36 11° &, 6]]}}

Complete solutions can be obtained by using the function Reduce.

Reduce[Sin[x] ==a, x] // Tradi ti onal Form

// I nput For m=
Cl[l] elntegers& (x =Pi -ArcSin[a] +2+Pi «C[1] || x=ArcSin[a] +2«Pi «C[1])

Reduce[Cos [x] ==a, x] // Tradi ti onal Form
// InputForm=C[1] el ntegers & (x == -ArcCos[a] +2+Pi «C[1] || x =ArcCos[a] +2«Pi «C[1])
Reduce[Tan[x] ==a, x] // Tradi ti onal Form

// InputForm=C[1l] elntegers &1 +a”2 + 0&&x == ArcTan[a] + Pi «C[1]

Reduce[Cot [x] ==a, x] // Tradi ti onal Form

// Input Form=C[1] el ntegers &1 +a”2 + 0&&x == ArcCot [a] + Pi »C[1]

Reduce[Csc[x] ==a, x] // Tradi ti onal Form

1 1
C eZ/\a¢ 0/\(x== —sin_l(—)+27rcl+7r\/x==sin"1[—)+27rcl)
a

a

Reduce[Sec[x] ==a, x] // Tradi ti onal Form

// Input Form=C[1] el ntegers &&a + 0 &&
(X == -ArcCos[a” (-1)] +2%Pi «C[1] || X =ArcCos[a” (-1)] +2«Pi «C[1])

Solving differential equations

Here are differential equations whose linear-independent solutions are trigonometric functions. The solutions of the
simplest second-order linear ordinary differential equation with constant coefficients can be represented through
sin(z) and cos(2).

DSol ve[w' ' [z] +W[z] =0, w[z], z]
{{w[z] - C[1l] Cos[z] +C[2]Sin[z]}}
dsol 1 = DSol ve[2w[z] +3w’[z] +W* [z] == 0, w[z], Z]

Hw[z} 5 C[3] Cos [z] +C[1] @s[ﬁz] +C[4]Sin([z] +C[2] Si n{ﬁz”}

In the last input, the differential equation was solved for w(2). If the argument is suppressed, the result is returned
as apure function (in the sense of the A-calculus).
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dsol 2 = DSol ve[2w[z] +3 W’ [z] +W* [2] ==0, W, Z]

Hw» Funct i on{{z}, C[3] Cos[z] +C[1] Oos[\/z_z

+C[4]Sin[z] +C[2] Si “W?ZHH

The advantage of such a pure function isthat it can be used for different arguments, derivatives, and more.
w' [g] /. dsol1

{wigl}

w' [€] /. dsol 2

{cra) cos (1 ++/2 cl2] Cos[V2 ¢| -cr31siniz) - V2 c1ysin[V2 ¢}

All trigonometric functions satisfy first-order nonlinear differential equations. In carrying out the algorithm to solve
the nonlinear differential equation, Mathematica has to solve a transcendental equation. In doing so, the generically
multivariate inverse of a function is encountered, and a message is issued that a solution branch is potentially
missed.

DSol ve[{V\/[z =V1-w[z]?, w[0] = } w[z], z]

Sol ve::ifun: Inverse functions are being used by Solve, so sonme solutions nay not be found.

{{w[z] >Sin[z]}}

DSol ve[{V\/[z =V1-w[z]?, w[0] = } w[z], z]

Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.
{{w[z] > Cos[z]}}

DSol ve[{w' [z] -w[z]?-1 =0, w[0] =0}, w[z], Z]

Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.

{{w[z] > Tan[z]}}

7
DSol VE[{V\/[Z] +w[z]?+1 =0, w[—] = } w[z], z]
2
Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.

{{w[z] > Cot [Z]}}

DSol ve[{V\/[z =\ wz1* -w[z]12, 1/w[0] = 0}, wiz], z] //7Simplify[s, 0 <z <Pi/2]&

Sol ve::verif: Potential solution {C[1] > |ndeterm nate} (possibly
di scarded by verifier) should be checked by hand. May require use of limts.

Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.

Solve::verif: Potential solution {C[1] —|ndeterm nate} (possibly
di scarded by verifier) should be checked by hand. May require use of limts.

Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.
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{{w[z] »-Csc[z]}, {w[z] >Csc([z]}}

Dol ve [ {w (2] =\ wiz)* - wiz1? 1/w[g] =0}, wizl, z] //simplity[s, 0 <z <Pi /2]&

Sol ve::verif: Potential solution {C[1] > I|ndeterm nate} (possibly
di scarded by verifier) should be checked by hand. May require use of limts.

Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.

Solve::verif: Potential solution {C[1] —|ndeterm nate} (possibly
di scarded by verifier) should be checked by hand. May require use of limts.

Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.
{{w[z] » -Sec[z]}, {w[z] »Sec[z]}}

Integral transforms

Mathematica supports the main integral transforms like direct and inverse Fourier, Laplace, and Z transforms that
can give results that contain classical or generalized functions. Here are some transforms of trigonometric functions.

Lapl aceTransform[Sin[t], t, s]

1

1+s?

FourierTransform[Sin[t], t, s]

VA JT
i /5 DiracDeltaj-1+s] -1 /5 DiracDelta[l +s]

FourierSinTransform[Sin[t], t, s]

VA Tt
/E DiracDelta[-1+s] - /E DiracDelta[l +s]

Fouri erCosTransform[Sin[t], t, s]

1 1

- +

V2 (-1+s) V2m (1+8)

ZTransform[Sin[xt], t, s]

0

Plotting

Mathematica has built-in functions for 2D and 3D graphics. Here are some examples.

rofsnf3] = - N

k=0
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-1t

Pl ot 3aD[Re[Tan[x +1Yy]], {X, -m =}, {y, O, =},
Pl ot Poi nts » 240, Pl ot Range -» {-5, 5},
CipFill - None, Mesh - Fal se, AxesLabel -» {"x", "y", None}];

Cont our Pl ot [Arg[Sec[X+1iy”, {x, —;, %} {y, —%, %}

Pl ot Poi nts » 400, Pl ot Range » {-x, x}, FrameLabel - {"x", "y", None, None},
Col or Functi on » Hue, ContourLi nes -» Fal se, Contours - 200];
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Introduction to the Cosine Function in Mathematica

Overview

The following shows how the cosine function is realized in Mathematica. Examples of evaluating Mathematica
functions applied to various numeric and exact expressions that involve the cosine function or return it are shown.
These involve numeric and symbolic calculations and plots.

Notations

Mathematica for ms of notations

Following Mathematica's general naming convention, function names in St andar dFor mare just the capitalized
versions of their traditional mathematics names. This shows the cosine function in St andar dFor m

Cos [z]

Cos [z]

This shows the cosine function in Tr adi t i onal For m
% // Traditional Form

cos(2)

Additional forms of notations

Mathematica a so knows the most popular forms of notations for the cosine function that are used in other program-
ming languages. Here are three examples. CFor m TeXFor m and For t r anFor m

{CForm[Cos[2mz]], FortranForm[Cos[2xz]], TeXForm[Cos[2xZz]]}

{Cos (2+Pi xz), Cos (2«Pi xz), \cos (2\, \'pi \, z)}

Automatic evaluations and transformations
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Evaluation for exact, machine-number, and high-precision arguments

For the exact argument z = /4, Mathematica returns an exact result.

7T
Cos[z] /. z>» —
4

1

V2

For a machine-number argument (a numerical argument with a decimal point and not too many digits), a machine
number is also returned.

Cos [5. ]
0. 283662

Cos[z] /. z» 3.

-0.989992

The next inputs cal culate 100-digit approximationsat z= 1 and z = 2.
N[Cos[z] /. z » 1, 100]

0. 5403023058681397174009366074429766037323104206179222276700972553811003947744717645.
179518560871830893

N[Cos [2], 100]

-0.416146836547142386997568229500762189766000771075544890755149973781964936124079169 -
0745317778601691404

Cos[2] // N[#, 100] &

-0.416146836547142386997568229500762189766000771075544890755149973781964936124079169-.
0745317778601691404

Within a second, it is possible to calculate thousands of digits for the cosine function. The next input calculates
10000 digits for cos(1) and analyzes the frequency of the digit k in the resulting decimal number.

Map [Function[w, {First[#], Length[#]} &/@Split [Sort [First [RealDigits[{w]]]]l]l,
N[{Cos[z]} /. z~»1, 10000]]

({{0, 998}, (1, 1034}, (2, 982}, {3, 1015}
(4, 1013}, {5, 963}, (6, 1034}, (7, 966}, (8, 991}, (9, 1004}}}

Here isa50-digit approximation of the cosine function at the complex argument z= 3 + 21i.
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In[1]:=

Out[1]=

N[Cos[3 +2 1], 50]

-3.7245455049153225654739707032559725286749657732153 -
0. 51182256998738460883446384980187563424555660949074 1

(N[Cos[z] /. Z»3+24, 50], Cos[3+2i] // N[# 50] &)

{-3.7245455049153225654739707032559725286749657732153 -
0.51182256998738460883446384980187563424555660949074 1,

-3.7245455049153225654739707032559725286749657732153 -
0.51182256998738460883446384980187563424555660949074 1 }

Mathematica automatically evaluates mathematical functions with machine precision, if the arguments of the

function are machine-number elements. In this case, only six digits after the decimal point are shown in the results.
The remaining digits are suppressed, but can be displayed using the function | nput For m

{Cos[2.]1, N[Cos[2]], N[Cos[2], 16], N[Cos[2], 5], N[Cos[2], 201}

{-0.416147, -0.416147, -0.416147, -0.416147, -0.41614683654714238700}

% // | nput Form

{-0.4161468365471424, -0.4161468365471424, -0.4161468365471424, -0.4161468365471424,
-0.416146836547142386997568229500762" 20}

Simplification of the argument
Mathematica knows the symmetry and periodicity of the cosine function. Here are some examples:
Cos [-3]

Cos [3]

{Cos[-z], Cos[z +x], Cos[z +2n], Cos[z +342n], Cos[-z +21 ]}

{Cos[z], -Cos[z], Cos[z], Cos[z], -Cos[z]}

Mathematica automatically simplifies the composition of the direct and the inverse cosine functions into its
argument.

Cos[ArcCos[z]]

z

Mathematica also automatically simplifies the composition of the direct and any of the inverse trigonometric
functionsinto algebraic functions of the argument.

{Cos[ArcSin[z]], Cos[ArcCos[z]], Cos[ArcTan[z]],
Cos [ArcCot [z]], Cos[ArcCsc[z]], Cos[ArcSec[z]]}

{ 1-2?2, z, , . 1o — =
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If the argument has the structure 7 k/2+zor nk/2-2z and nk/2+ iz or mk/2— iz with integer k, the cosine
function can be automatically transformed into trigonometric or hyperbolic sine or cosine functions.

Cos[g-4]

Sin[4]
{Oos[g—z], Cos[§+z], Cos[—g—z], Cos[-g+z], Cos[rx-2], Oos[7r+z]}
{Sin[z], -Sin[z], -Sin[z], Sin[z], -Cos[z], -Cos[z]}

Cos[1 5]

Cosh[5]

Cos [ Co Z i Co Z i Co i Co i
{ Ss[az], S[E—nz], S[E+nz], S[r-12], S[7r+nz]}
{Cosh[z], 1Sinh[z], -1Sinh[z], -Cosh[z], -Cosh[z]}

Simplification of simple expressions containing the cosine function

Sometimes simple arithmetic operations containing the cosine function can automatically produce other trigonomet-
ric functions.

1/ Cos[4]

Sec [4]

{1/Cos[z], 1/Cos[n/2-2], Cos[n/2-2]/Cos[z],
Cos[z]/Cos[n/2-2], 1/Cos[n/2-2], Cos[n/2-2]/Cos[z]"2}

{Sec[z], Csc[z], Tan[z], Cot [z], Csc[z], Sec[z] Tan[z]}

The cosine function arising as special cases from more general functions

The cosine function can be treated as a particular case of some more general specia functions. For example, cos(z)

can appear automatically from Bessel, Mathieu, Jacobi, hypergeometric, and Meijer functions for appropriate
values of their parameters.

1
{BesseIJ[-E, z], Mat hi euC[1, 0, z], Jacobi CD[z, 0],

2

. 1 z . 1 z2
HypergeometncOFl[E, _I] I\/EI]eI’G[{{}, {}}, {{0}, {E}} I]}

ﬁCos[z] -
{7, Cos[z], Cos[z], COSNZT}, s[z]}
vz Vo

Equivalence transformations carried out by specialized Mathematica functions

General remarks
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Almost everybody prefers using cos(z) /2 instead of sin(zr/ 2 — z) cos(rr / 3). Mathematica automatically transforms

the second expression into the first one. The automatic application of transformation rules to mathematical expres-

sions can give overly complicated results. Compact expressions like cos(2 z) cos(r / 16) should not be automatically
1/2

expanded into the more complicated expression (cos*(2) - %) (2 +(2+ 21/2)1/2) . Mathematica has special func-

tions that produce such expansions. Some are demonstrated in the next section.

TrigExpand

The function Tri gExpand expands out trigonometric and hyperbolic functions. In more detail, it splits up sums
and integer multiples that appear in arguments of trigonometric and hyperbolic functions, and then expands out
products of trigonometric and hyperbolic functions into sums of powers, using trigonometric and hyperbolic
identities where possible. Here are some examples.

Tri gExpand[Cos [X -Y]]

Cos[x] Cos[y] +Sin[x] Sin[y]
Cos[4z] // Tri gkxpand
Cos[z]*-6Cos[z]2Sin[z]2+Sin[z]*
Cos[2z]? // Tri gExpand

Cos[z]4 Sin[zy4
+%73005[z]28in[z]2+%

N| -

Tri gExpand[{Cos[x +y +2], Cos[3z]}]

{Oos[x} Cos[y] Cos[z] -Cos[z] Sin[x]Sin[(y] -Cos[y] Sin[x]Sin[z] -Cos[x]Sin[y]Sin[z],
Cos[z]®-3Cos(z] Sin[z)?}

TrigFactor

The function Tri gFact or factors trigonometric and hyperbolic functions. In more detail, it splits up sums and
integer multiples that appear in the arguments of trigonometric and hyperbolic functions, and then factors the

resulting polynomials into trigonometric and hyperbolic functions, using trigonometric and hyperbolic identities
where possible. Here are some examples.

Tri gFact or [Cos[x] +Cos[y]]

TrigReduce
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The function Tri gReduce rewrites the products and powers of trigonometric and hyperbolic functions in terms of
trigonometric and hyperbolic functions with combined arguments. In more detail, it typically yields a linear
expression involving trigonometric and hyperbolic functions with more complicated arguments. Tri gReduce is
approximately inverseto Tri gExpand and Tr i gFact or . Here are some examples.

Tri gReduce[Cos [x] Cos[Yy]]

Iy

E (Cos[x-y] +Cos[x+Yy])

Sin[x] Cos[y] // Tri gReduce

[EY

5 (Sin[x-y]+Sinix+y])

Tabl e[Tri gReduce[Cos[z]"n], {n, 2, 5}]

1 1
{5 (1+Cos[22]), . (3Cos[z] +Cos[32]),

1 1
g (3+4Cos[2z]+Cos[4z]), E (10Cos[z] +5Cos[32z] +Oos[52}>}

Tri gReduce[Tri gExpand[{Cos[x +Yy +2], Cos[3z], Cos[x] Cos[y]1}]]

{Oos[X+y+z},Cos[32}, (Cos[x—y}+Cos[x+y})}

N|

Tri gFactor [Cos[x] +Cos[y]l] // Tri gReduce
Cos [x] + Cos [Y]
TrigT oExp

The function Tri gToExp converts trigonometric and hyperbolic functions to exponentials. It tries, where possible,
to give results that do not involve explicit complex numbers. Here are some examples.

Tri gToExp[Cos[z]]

Cos[az] +Cos[bz] // TrigToExp

T e taz

2

. . 1.
iaz efle_*_ie]le
2

N| =
®
N| -

ExpToTrig

The function ExpToTri g converts exponentials to trigonometric and hyperbolic functions. It is approximately
inverseto Tri gToExp. Here are some examples.

ExpToTrig[Tri gToExp[Cos[z]1]]

Cos [z]
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{ae'“ﬁ +aelXf geixh +7e“’3} // ExpToTrig
(2aCos[xB], aCos[xB] +yCos[XB] -iaSin[xpB]+iySin(xa]}
ComplexExpand

The function Conpl exExpand expands expressions assuming that al the variables are rea. The value option
Tar get Functions is a list of functions from the set {Re, I m Abs, Arg, Conjugate, Sign}.
Conpl exExpand triesto give results in terms of the functions specified. Here are some examples.

Conpl exExpand[Cos[X +1Y]]

Cos [x] Cosh[y] -1 Sin[x] Sinh[y]

Cos[x+iy] +Cos[x -1y] // Conpl exExpand

2 Cos [x] Cosh[y]

Conpl exExpand[Re[Cos [x +1Yy]], Target Functions » {Re, I m}]
Cos [x] Cosh[y]

Conpl exExpand[I m[Cos[x +1iYy]], TargetFunctions » {Re, | m}]
-Sin[x] Sinh[y]

Conpl exExpand[Abs [Cos [x +1Yy]], Target Functi ons » {Re, 1 m}]

\/005[x12003h[y]2+5i n[xJ]2Sinh[y]?

Conpl exExpand[Abs [Cos[x +1Yy]], Target Functions » {Re, I m}] //
Sinplify[#, {X, y}eReals] &

/Cos[2x] +Cosh[2V]
V2

Conpl exExpand[Re[Cos[x +iy]] + I m[Cos[x +1iYy]], Target Functions » {Re, | m}]

Cos [x] Cosh[y] -Sin[x] Sinh[y]

Conpl exExpand[Arg[Cos[x +1Yy]], Target Functions - {Re, 1 m}]

ArcTan[Cos [x] Cosh[y], -Sin[x] Sinh[y]]

Conpl exExpand[Arg[Cos[x +1Yy]], Target Functions » {Re, I m}] //
Sinplify[#, {X, y}eReals] &

ArcTan[Cos [x] Cosh[y], -Sin[x] Sinh[y]]

Conpl exExpand[Conj ugate[Cos[x +4y]], Target Functions -» {Re, Im}y] // Sinmplify

Cos [x] Cosh[y] +1Sin[x] Sinh[y]

Simplify
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The function Si npl i fy performs a sequence of agebraic transformations on its argument, and returns the simplest
form it finds. Here are some examples.

Cos[2ArcCos[z]]/(-1+22%) //Sinmplify

1

{Si mplify[Cos[22] - Cos[z]?], Cos[22] +Sin[z]? //Si rrplify}
[-Sin[z]? Cos[z]?%}

Hereisalarge collection of trigonometric identities. All are written as one large logical conjunction.
Sinplify[#] &/e |Cos[z]1? +Sin[z]® == 1/\

1+Cos|[2
Cos[z]2 == L[Z]/\

2
COS[ZZ ::CDS[Z]Z—Sirl[Z]2 ::2@3[2]2—1/\

Cos[a+b] == Cos[a] Cos[b] -Sin[a] Sin[b]/\
Cos [a - b] == Cos[a] Cos[b] +Sin[a] Sin[b] /\

a;b](bs[a;b]/\ms[a] - Cos [b] ::28in[a;b]5in[b;a]/\

ASin[z] +BCos|[z ==A4/1+E—z Sin[z +ArcTan[;]]/\

Cos[a-b] +Cos[a+Db]

Cos[a] + Cos[b] ==ZOos[

Cos[a] Cos[b] ==
[a] Cos [ > A\
, Sin[a+b] +Sin[a-b] z.2 1+Cos[z]
Sin[a] Cos[b] == . /\Oos[—] . ———
True

The function Si npl i fy has the Assunpt i on option. For example, Mathematica knows that —1 < cos(x) < 1 for
all real x, and knows about the periodicity of trigonometric functions for the symbolic integer coefficient k of k.

Sinplify[Abs[Cos[x]] <1, x € Real s]

True

Abs[Cos[x]]1 <1 //Sinplify[#, x eReals] &

True

Sinplify[{Cos[z+2kx], Cos[z+kn]/Cos[z]}, kelntegers]

{Cos(z], (-1)%}
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Mathematica also knows that the composition of the inverse and direct trigonometric functions produces the value
of the internal argument under the corresponding restriction.

ArcCos[Cos[z]]

ArcCos[Cos[z]]

Sinplify[ArcCos[Cos[z]], 0 <Re[z] < ]

z

FunctionExpand (and Together)

While the cosine function auto-evaluates for simple fractions of x, for more complicated cases it stays as a cosine
function to avoid the build up of large expressions. Using the function Funct i onExpand, the cosine function can
sometimes be transformed into explicit radicals. Here are some exampl es.

{oos[ 5] eos[ 51}

{oos 5 ). oos [ ]}

Funct i onExpand[ %

Toget her [%]

{% 0 \J2.42 % VZ -8 10 V30 -2\5+/5 2 |3 (5. VE]

J

If the denominator contains squares of integers other than 2, the results always contain complex numbers (meaning

that the imaginary number i = v -1 appears unavoidably).
T
{cos[5]}
JT
{cos[ 1}

Functi onExpand[ % // Toget her

1
{_ (22/3 (_1_ﬁﬁ)1/3 +
8
i22/3+/3 (-1-ﬁ\§)1/3+22/3 (_1+jﬁ)l/3-1122/3ﬁ (-1”1\@)1/3]}
The function Root Reduce allows for writing the last algebraic numbers as roots of polynomial equations.

Root Reduce [Si mpl i fy[%]]
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{Root [-1-6u1+8u1%&, 3]}

The function Funct i onExpand also reduces trigonometric expressions with compound arguments or composi-
tions, including inverse trigonometric functions, to simpler ones. Here are some examples.

{Cos[\/z_z], Oos[%], Oos[3ArcOos[z]]} // Functi onExpand

V1+z
{Cos[z}, ,z3—3z(1—22)}
V2

Applying Si npl i fy to the last expression gives a more compact result.

Sinplify[%]

{Cos[zl, ;LZ : (—3+422)}
2

FullSimplify

The function Ful | Si npl i fy tries awider range of transformations than Si npl i f y and returns the ssimplest form
it finds. Here are some examples that contrast the results of applying the functions Si npl i fy and Ful | Si npli fy
to the same expressions.

setl—{Cos[ nLog[nz+\/—_z” Oos[—+nLog[nz+\/_”,

Cos [%nLog[l—nz] —EnLog[l+nz]], Oos[%nLog[l——] —%nLog[1+—”,

cos -2 tog[[1- =+ 2]]. os[Z v Log] /121 =)

) 2
1+(jz+ﬁll_zz) i —1+(12+ 1—22)] L

1 , .
{ o ,Cosh{ELog[lfnﬂ75Log[1+121],

2(1’12+\/1—22] 2[1‘12+\/1—22J

1+ l—% +;] [ {« % % ]
1 i 1 i z
Oosh{ELog[lfg]fgLog 1+;H, )
2 ll—z% +%J —% %]

setl//Sinplify
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1-z2+1z+/1-22
1z +41-22

1
, Z, Cosh[E (Log[l-12z] —Log[1+jz])},

{

-i+z

Log {

- Log

1
Oosh{E

z

setl// FullSinplify

1 1 1 1

. , PR
V4
\/1+22 Jl+12 i

{ 1-22,

Operations carried out by specialized Mathematica functions
Series expansions
Calculating the series expansion of a cosine function to hundreds of terms can be done in seconds.

Series[Cos[z], {z, 0, 3}]
2

172—+O[z]4
2

Nor mal [%]
22

1-
2

Series[Cos[z], {z, 0, 100}] // Tim ng

22 Z4 26 28 210
{8. 53484 x 1071 Second, 1 - — + — - — 4 - N
2 24 720 40320 3628800
212 214 216 218

- + - +
479001600 87178291200 20922789888000 6402373705728000
220 222 224

_ " _
2432902008176640000 1124000727 777607680000 620448401733239439360000

Z26 28

+ -
403291461126 605635584000000 304888344611713860501504000000
30

z

32

4 z

+ ,
265252859812191058636308480000000 263130836933693530167218012160000000

234

+
295232799039604 140847618609 643520000000
236

371993326 789 901 217 467 999 448 150 835 200 000 000
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Z38

"
523022617466601111760007224100074291200000000
240

815915 283 247 897 734 345 611 269 596 115 894 272 000 000 000
242

+
1405006117 752879898543142 606244511569 936 384000000000
744

2658271574788 448 768 043 625811 014 615 890 319 638 528 000 000 000

246

.
5502622 159812088949 850 305428800254 892961651752 960000000000
248

12413915592 536 072 670 862 289 047 373 375 038 521 486 354 677 760 000 000 000
250

+
30414093201713378043612608166064 768844 377641568960512000000000000
252

80658 175 170 943 878 571 660 636 856 403 766 975 289 505 440 883 277 824 000 000 000 000

Z54

+
230843697339241380472092742683027581083278564571807941132288 000000000000

256/

710998587 804863451 854045647 463724949736497978881 168458687 447 040000000000000

258/
2350561331282878571829474910515074683828862318181142924420699914 240000000 -
000000 +

ZGO/
8320987112741390144276341183223364380754172606361 245952449277 696409 600000 -
000 000 000 - z°2 /
31469973260387937525653122354 950764 088012280797 258232192163 168247 821107 200 -
000 000 000 000 +z%* /

126 886 932 185884 164 103 433389335161 480802865516 174545192198 801894 375214704 .
230400000 000000000 - z%° /

544 344939 077 443 064 003 729 240 247 842 752 644 293 064 388 798 874 532 860 126 869671 081 -
148416 000 000 000 000 000 + 2% /

2480035542436 830599 600990418569 171581 047 399201355367 672371710738018221 445 -
712183296 000 000 000 000 000 -z /

11978571669 969891796 072 783721 689 098 736 458 938 142 546 425 857 555 362 864 628 009 582 -
789845319 680 000 000 000 000 000 + 2" /

61234458376 886 086 861524 070385274672 740778091784 697 328983823014 963 978 384987 -.
221689 274 204 160 000 000 000 000 000 - z"* /

330788544 151938641 225953028221 253782 145683251820934971170611 926835411235 -
700971565459 250 872 320 000 000 000 000000 + "¢ /

1885494 701666 050 254 987 932 260 861 146 558 230 394 535 379329 335672 487 982 961 844 043 -,
495537923117 729972 224 000 000 000 000 000 000 - ™8 /

11324281178206297 831457521158 732046 228 731 749579488 251 990 048 962 825 668 835 325 -
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234200766 245 086 213 177 344 000 000 000 000 000 000 + z8° /

71569457 046 263 802294 811533723186 532165584657 342365752577 109 445 058 227 039 255 -
480148 842 668 944 867 280 814 080 000 000 000 000 000 000 - 252 /
475364333701284174842 138206989404 946 643813294067 993328617 160934076743994 -
734899148613 007 131808479 167 119360 000 000 000 000 000 000 + 28 /

3314240134565353 266999387579 130131288000 666 286 242 049 487 118 846 032383059131 -
291716864 129885722968 716 753 156 177 920 000 000 000 000 000 000 - 288 /

24227095383 672732381765523203441259715284870552429381750838764496720162249 -
742450276789 464 634 901319 465571660 595 200 000 000 000 000 000 000 + 2% /

185482642 257 398 439 114 796 845 645 546 284 380 220 968 949 399 346 684 421 580 986 889 562
184028199 319100 141 244 804501 828 416 633 516 851 200 000 000 000 000 000 000 - z%° /
1485715964 481761497 309522 733620825737 885569 961284688766 942216863 704985393 -
094 065876 545 992 131 370 884 059 645 617 234 469 978 112 000 000 000 000 000 000 000 + z°2 /
12438414054 641307 255475 324325873553077 577991715875 414 356 840239582938 137 710 -
983519518 443046 123837041347 353107 486 982 656 753 664 000 000 000 000 000 000 000 -

294/

108 736 615 665 674 308 027 365 285 256 786 601 004 186 803 580 182 872307 497 374 434 045199 -
869417927 630229 109 214 583 415 458 560 865 651 202 385 340 530 688 000 000 000 000 000 000 -
000 + 2% /

991677 934870949 689 209571401541 893801 158 183 648 651 267 795 444 376 054 838 492 222 -
809091499 987 689 476 037 000 748 982 075 094 738 965 754 305 639 874 560 000 000 000 000 000 -
000000 - 2% /

9426890448 883 247 745626 185 743057 242 473 809 693 764 078 951 663 494 238 777 294 707 070 -
023 223798882976 159 207 729 119 823 605 850 588 608 460 429 412 647 567 360 000 000 000 000 -
000000000 + 2% /

93326 215443944152 681 699 238 856 266 700 490 715 968 264 381 621 468 592 963 895 217 599 993 -
229915608941 463 976 156 518 286 253 697 920 827 223 758 251 185 210 916 864 000 000 000 000 -

000000000000+cxz]m1}

Mathematica comes with the add-on package Di scr et eMat h™ RSol ve'™ that alows finding the general terms of
the series for many functions. After loading this package, and using the package function Ser i esTer m the follow-
ing n'" term of cos(z) can be eval uated.

in2:= << Di screteMat h” RSol ve’

in3:= SeriesTerm[Cos[z], {z, 0, n}]z"n

i" z" KroneckerDel ta[Mdd[n, 2]]
Gamma [l +n]

Out[3]=
Thisresult can be checked by the following process.

in[4:= Functi onExpand[Z Eval uat e[%]]
n=0

outjal= Cos [Z]

Differentiation
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Mathematica can evaluate derivatives of the cosine function of an arbitrary positive integer order.

8, Cos [z]

-Sin[z]

92,23 Cos [2]

-Cos [z]

Tabl e[D[Cos[z], {z, n}], {n, 10}]

{-Sin[z], -Cos[z], Sin[z], Cos[z], -Sin[z], -Cos[z], Sin[z], Cos[z], -Sin[z], -Cos[z]}
Finite summation

Mathematica can calculate finite symbolic sums that contain the cosine function. Here are some examples.

iCos[ak]

k=1

~1-cos[ "2 ese[ ] sin[ > - T

i(—l)kCos[ak]
k=1

1.:Co an n ot a an nt
-1+ S[7+—] S{

I nfinite summation

Mathematica can calculate infinite sums including the cosine function. Here are some examples.
Z zX Cos [k x]
k=1

z <l+e2“—2eﬁxz)

2 ((e“ —Z) (—l+e“2>

(-Log[1-e "] -Log[1-e"*])

Finite products
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Mathematica can cal culate some finite symbolic products that contain the cosine function. Here is an example.

n-1 7t k
Co -
11 S [Z + ; ]

—(-1)" 2" Sec[z] Si n[in (r-22)
2

Indefinite integration

Mathematica can calculate a huge number of doable indefinite integrals that contain the cosine function. Here are
some examples.

jms[z] dz

Sin{z]

Jbos[z]%lz

l+a 1 3+a
2" 2" 2

Cos [z]1*® Hyper geonet ri c2F1

(1+a)\/Sin[z]?
Definiteintegration

Mathematica can calculate wide classes of definite integrals that contain the cosine function. Here are some
examples.

7r/2
J vV Cos[z] dz
0

2EIIiptiCE[£, 2]

J.ECOS[Z]adlZ
0

X/;;'c;inTna[ 1+a]

2
aGarma[%}

Limit operation
Mathematica can calculate limits that contain the cosine function. Here are some examples.

Lim't[&zz]_l, z—>0]
VA

-2
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Cos [ (22)"*] -1

In[573]:= Limt[ , 20, Direction-»l]

z

1
out[573]= —
ut[573] 5

Cos[(zz)l/4] -1

In[574]:= LirTit[ , 20, Direction-»—l]

z

1
out574]= - —
ut[574] 5

Solving equations

The next inputs solve two equations that contain the cosine function. Because of the multivalued nature of the
inverse cosine function, a printed message indicates that only some of the possible solutions are returned.

Sol ve[Cos[z]? +4 Cos[z -Pi /6] == 4, z]

Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.

{{z»ArcCos{\/?iJZSOJr; (22112—288\/@)1/3+§22/3 (691+9\/§)1/3 .

1 40 1 1/3 2 1/3
- ?75(221127288\/85)/ 7522/3 (691+9\/85)/—

16

it

J; [%M% (221127288\/g)1/3+§22/3 (691+9ﬁ)1/3]

{zamcoos{-ﬁ_ijzsoi (22112_288ﬁ)1/3+§22/3 (691+9v§)1/3 +

1 40 1 1/3 2 1/3
5 ?—§(22112—288x/85>/ _522/3 (691+9x/85)/—
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16

it

J; [%"% (2211&288@)1/3%22/3 (691+9\/§)1/3]

{z»ArcCos{\/?JristoJr; (22112—288@)1/3+§22/3 (691+9\/§)1/3 B

1 40 1 1/3 2 1/3
- ?7§(22112—288\/85)/ 7522/3 (691+9\/85)/+

16

J; [20 1 (22112_288M)1/3+§22/3 (691+9ﬁ)1/3]

{z»—ArcOos[—ﬁ+%\/?+% (22112_288@)1/3+§22/3 (691+9\/E)1/3 N

[EnY

40

1 1/3 2 1/3
, 5 —5(22112—288x/85)/ _522/3 (691+9x/85)/ .

16

I

3

J; (@% (221127288\/E)1/3+§22/3 (691+9W)1/3)

Sol ve[Cos [X] =a, X]

Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.

{{x > -ArcCos[a]}, {x—>ArcCos[a]}}

A complete solution of the previous equation can be obtained using the function Reduce.

Reduce[Cos [x] ==a, X] // | nput Form

// Input Form=C[1] el ntegers & (x == -ArcCos[a] +2*Pi «C[1] || x=ArcCos[a] +2«Pi «C[1])

Solving differential equations

Here are differential equations whose linear independent solutions include the cosine function. The solutions of the
simplest second-order linear ordinary differential equation with constant coefficients can be represented using
sin(z) and cos(2).
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DSol ve[w' ' [z] +W[z] =0, w[z], Z]
{{w[z] - C[1] Cos[z] +C[2] Sin[z]}}
o= dsol 1 = DSol ve[2w[z] +3w’[z] + W [2] ==0, w[z], Z]

out[o]= Hw[z} 5 C[3] Cos [z] +C[1] Cos[ﬁz] +C[4]Sin[z] +C[2] Si n{ﬁz”}

In the last input, the differential equation was solved for w(2). If the argument is suppressed, the result is returned
as apure function (in the sense of the A-calculus).

infioj= dsol 2 = DSol ve[2 w[z] + 3w’ [z] +Ww® [2] ==0, W, Z]
Out[10]= Hw» Funct i on{{z}, C[3] Cos[z] + C[1] Oos[ﬁz} +C[4]Sin[z] +C[2] Si n{ﬁz“}}

The advantage of such a pure function isthat it can be used for different arguments, derivatives, and more.
in[11:= W' [€] /. dsol 1
ouf11]= {W[L]}

In[12:= W' [€] /. dsol 2

outizl= {C[4] Cos [£] + V2 C[2] Cos[/2 ¢| -C[3]1Sin[c] -V2 C[1]Sin[V2 ¢}

In carrying out the algorithm to solve the following nonlinear differential equation, Mathematica has to solve a
transcendental equation. In doing so, the generically multivariate inverse of a function is encountered, and a
message is issued that a solution branch is potentially missed.

In[13]:= DSol Ve[{W[Z] == \’ 1—W[Z]2 y W[O] == l}, W[Z], Z]

Sol ve::ifun: Inverse functions are being used by Solve, so some solutions nay not be found.
oufe3j= {{w[z] - Cos[z]}}

Integral transforms

Mathematica supports the main integral transforms like direct and inverse Fourier, Laplace, and Z transforms that
can give results that contain classical or generalized functions.

Lapl aceTransform[Cos[t], t, S]

S

1+s2

FourierTransform[Cos[t], t, S]

JT JT
/E DiracDelta[-1+s] + /E DiracDelta[l +s]

FourierSinTransform[Cos[t], t, s]
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1 1

+

V2 (-1+s) N2 (1+s)

Fouri er CosTransform[Cos[t], t, s]

JT JT
/5 DiracDelta[-1+s] + /E DiracDelta[l +s]

ZTransform[Cos[nt], t, S]

S

1+s

Plotting

Mathematica has built-in functions for 2D and 3D graphics. Here are some examples.

2 2]

Pl ot [Cos[gzk], {z, i

Pl ot 3D[Re[Cos [x +1 Y]], {X, -m, =}, {y, O, x},
Pl ot Poi nts » 240, Pl ot Range -» {-5, 5},
ClipFill » None, Mesh - Fal se, AxesLabel -» {"x", "y", None}];

1 1 1
Cont our Pl ot [Arg[Oos[X +iy]]' {x, —E, E} {y, _E' E}
Pl ot Poi nt s » 400, Pl ot Range -» {-x, =x}, FrameLabel - {"x", "y", None, None},
Col or Functi on » Hue, ContourLi nes -» Fal se, Contours -» 200];
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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