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Introductions to EllipticE2

Introduction to the incomplete elliptic integrals

General

Elliptic integrals were encountered in the work of J. Wallis (1655-1659) who investigated the integral in modern
notation:

/2
E® ==f V1-msnt) dt/;0<m<1.
0

Broader interest in such integrals was stimulated by the appearance and development of integral calculus in the
18th and 19th centuries. Mathematicians found that integrals, containing quadratic polynomials under a square root

of the form:
+1
f(at2+bt+c)’2dt
can be evaluated through elementary functions by formulas such as:
s
f(at2+bt+c)’2 dt=
1+l (b+2atyyatt+bt+c 1 ((b*-4ac) as1 b+2at
—— | —C A+ + log +2yat?+bt+c |.
8a va 16a 2 a

But these early mathematicians could not find simple formulas for similar integrals containing higher-degree
polynomials:

N

dt

f(at3+ bt? +ct+d)i

NI

f(at4+bt3+ ct?+dt+e) 2 dt.

Many important applications of these integrals were found at that time. The problem of evaluating such integrals
was converted into the problem of evaluating only three basic integrals. They were later denoted by their special
notation and named the incomplete elliptic integrals of the first, second, and third kinds—F(z| m), E(z| m), and
I1(n; z| m) (A. M. Legendre):

z 1
F(z| m)==f ——dt/;0<m<1

1- msinz(t)

E(z|m)==f\/1—msin2(t) dt/;0<m<1
0
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z 1
I(n; z| m) == f dt.

° (1- nsinz(t)) vV 1-msin’(t)

The corresponding definite integrals (for z== %) were named the complete elliptic integrals of the first, second, and
third kinds denoted by the symbols K(2), E(2), and IT(n | m):

z 1
K@ = F(g z) f S
® V1-msin¥t)
E(2) == E(g z) ==f5\/ 1—msin2(t) dt
0
b z 1
I(n | m == n[n; > ‘ m) = dt.

° (1-nsir’() ¥ 1- msin()

These integrals were extensively studied for another important reason—devel opment of the theory of the double
periodic functions. These functions were called dliptic functions. The elliptic integrals and elliptic functions were
studied simultaneously on severa occasions throughout history and a deep connection exists between these two
areas of mathematics. The following chronology reflects the main steps in building the theory of eliptic integrals.

L. Euler (1733, 1757, 1763, 1766) derived the addition theorem for the incomplete elliptic integrals F(z| m), and
E(z| m).

J-L. Lagrange (1783) and especialy A. M. Legendre (1793, 1811, 1825-1828) devoted a lot of attention to the
study of the different properties of those two elliptic integrals. C. F. Gauss (1799, 1818) also used these integrals
during his research.

Simultaneously, A. M. Legendre (1811) introduced the incomplete elliptic integral of the third kind and the com-
plete versions of all three elliptic integrals.

C. G. J. Jacobi (1827-1829) introduced inverse functons of the elliptic integrals F(z| m) and E(z| m), which led
him to build the theory of dlliptic functions. In 1829, C. G. J. Jacobi defined the following function:

E(m)
Z(z|m) = E@Z|m - ——F(z| m),

K(m)
which was later called the Jacobi zeta function. J. Liouville (1840) also studied élliptic integrals F(z| m) and
E(z| m).

N. H. Abel, independently from C. G. J. Jacobi, got some of his results and studied the so-called hyperelliptic and
Abelian integrals.

Definitions of incomplete elliptic integrals

The incomplete elliptic integral of the first kind F(z| m), incomplete elliptic integral of the second kind E(z| m),
incomplete elliptic integral of the third kind T1(n; z| m), and Jacobi zeta function Z(z| m) are defined by the follow-
ing formulas:
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z 1
F(z|m)::f -t

° v 1—msin2(t)
E(z| m ::f\/l—msinz(t) dt
0

z 1
II(n; z| m) ::f dt

° (1-nsinf®) V 1-msin’(t)

E(m)
Z(z| m)=E(z| m)— —— F(z| m).
K(m

The previous functions are called incomplete elliptic integrals.

A quick look at the incomplete elliptic integrals

Hereisaquick look at the graphics for the incomplete dliptic integrals along the real axis.
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Connections within the group of incomplete elliptic integrals and with other function
groups

Representationsthrough more general functions

The incomplete dliptic integrals F(z| m), E(z| m), II(n; z| m), and Z(z| m) can be represented through more general
functions. Through the hypergeometric Appell F1 function of two variables:

11 1 3 Vs
F(z| m) =sin(2 Fl[—; —, —; —;sin (z) msin (z))/ IRe(2)| < —
2'2"'2' 2 2
11 l 3 n
E(z| m) ==sin(2) Fl(—; —, ——; —;sin (z) msin (z))/ IRe(2)| < —
2'2" 2" 2 2
© §n?k(z 111 3
I(n; z| m) ::Z @ Fl(k+ —: 2 Zik+ - §in(2), msinz(z)) nk
o 2k+1 2'2'2" 2
1 - 2k
o (), sn*@ 11 3
I(n; | M) == sin(2) 7F1[k — 2, L k+ —: §n%@®, nsin (z))mk
& 2k+Dk! 2" 2 2

11 1 3 E(m) 11 1 3 T
Z(z| m) = sm(z)(Fl(— —, ——; —; 8n (z) msin (z)) Fl(—; —, —; —;8n (z) msin (z))]/; IRe(2)| < —.
22" 2'2 K(m) 2'2°2° 2 2

Through the generalized hypergeometric function of two variables:

1.

>y

N =

F(z| m) = sin@@ Fig5 msin(2), sinz(z)]

NlWw N

N |-

E(z| m) = sin@@ F{g5

1.
2’ si nz(z), msi n2(z)]

Nlw N

111
100

T(n; z| m) == sin(2) Z

1
(5) sin’ (Z) k+%; %;1;
= 2k+Dk!

s§n?2), n sinz(z)] mk

3...
k+ PXi

1

le

T(n; z| m) == sin(2) F(S)( - msin’(2), Sn%(2), nsin (z))

I\JIH
N[ -
N[ -
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1.
5

N

1.1,
2’ 2

N

Z(z| m) = sin(@) F1iL " msinX2), sinX)]|.

3.

, E(m
Sr’(@), msrP@ |- o singz) FLL
K(m) w S

Nlw NI

Through eliptic theta functions, for example:

E(m n AF@Ez|m
E(Z|m)=:—F(Z|m)+ = (9:‘( ‘q(m)
Kim 2K(m) 04( 5 ,éf'nr;) , q(m)) 2K(m)
Alog(d4(m F(z| m)/(2K(m)), q(m
Zzim =V 1-msn) Ia(m Fz] ;/( (m)), q(m)
z

Through inverse Jacobi elliptic functions, for example:

F(sin’l(z) |m=snlzlm/-1<z<1Am<1

F(cos* (@) |m)=cn(z|m) /;-1<z<1AmeR

Flisnh™@|m)=isciz|1-m) /;m>0AmeR.

Through Weierstrass élliptic functions and inverse elliptic nome q~(t), for example:

w1 F(z| m)

1
Ez|m) = ——|EM F(z|m
(z| m) K( )( (m) F(z| )+773w1+w1§( K(m)

w1 M
- ws; G2, 93)) -——F@zlmy/
K(m)?

1 I T w3
m=q [exp( ))/\ {w1, w3} = {w1(92, G3), W3(T2: Ga)} /\ {1, M3} = {{(w1; G2, Ga), {(w3; G2, Ga)}

w1

w1 F(z| m)

wy
Z(z|m=—— [K(m) (773 +§[ K

e — w3; U2, 93)) -F@zlm 771) /;
m

I T w3

m== ql[exp( )) /\ {w1, w3} = {w1(92, G3), W3(T2, B3)} /\ {1, 13} = {{(w1; G2, Ga), {(w3; G2, Ga)}-

w1

Through some éelliptic-type functions, for example:

2z 2V a-4b 1
F|cot™? =—2— elog(zl, VZ+aZ+bz ;a, b).
2 2
a+vya —-4b a+vya —-4b 2(a—\/ﬁ]
b

Representationsthrough related functions

The incomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z| m) can be represented through some related func-
tions, for example:

(V1-n cot(d)+E@| m))K(m)—\/l—n cot(¢) TI(n | m) -
F(¢|m) == /;¢==sin‘1[/—]/\0<n<1/\0<m<1
m

E(m)

E(m) F(¢ | m)+ v 1-n cot(¢) II(n| m)— K(m) 1 n
E(¢ | m) = < fo=sn”| [~ /\o<n<1/\o<m<1
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ZE(m)
E@am(z| m) | m) == Z@am(z| m) | m) +

zZE(m)
Z@am(z| m) | m)==E@n(z|m)|m - ——

K(m)

ZE(m) msin(2am(z | m))
K(m) "

Z(am(z| m) | m) = (1 - m) I(m; am(z | m) | m) —

2\/ 1- msinz(am(z| m))

E(am(z| m) | m) = f dn(t | m? dt
0

E(si n~Y(sn(z| m)) | m) ::f dn(t | m? dt.
0

Relationsto inver se functions

The incomplete elliptic integral F(z| m) is related to the Jacobi amplitude by the following formulas, which demonstrate
that the Jacobi amplitude is within arestricted domain, the inverse function of elliptic integral F(z| m):

Famz|m|m=z/m=<1A-2<z<2

3
am(F(z| m) | m) =z/: m< 1\/—5 <z<

N w

Representationsthrough other incomplete elliptic integrals

The incomplete elliptic integrals F(z| m), E(z| m), and Z(z| m) can be represented through incomplete elliptic integral
I1(n; z| m) by the following formulas:

FzIm =1II0; z| m)

msin2 2)
Ezlm=QA-mImzm+ ———
2y 1—msin2(z)
E(m) I1(0; z| m) msin(22)

Z(z| m) == + (L -mII(m; z| m) +

K(my 2V 1- msinz(z) |
The best-known properties and formulas for incomplete elliptic integrals
Simplevaluesat zero
Theincomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) are equal to O at the origin points:
F(|0)=0 EW0|0)==0 I1(0;0]0)==0 Z(0|0)==0.
Specific values

The incomplete eliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) for particular argument values can be evaluated
in closed forms, for example:
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F(z|0)=z F(z|1) == tanh"l(sin(z)) /i |Rez < g

FOIm=0 F(3|m=Km F*

m) =kKm) /;keZ
E(z|0) =z E@z|1)==sin?/, IRz <

x
2

EQIm=0 E(}|m=Em E%

m)::kE(m)/; kez

Z(z]0)=0 Z(z|1) ==sin(2 /; |R&2)| < g
ZOIm=0 Z(3|m=0 Z(* |m=0/kez
tanh_l(\/ n-1 tan(z))
II(n; z| 0) ==
n-1
Vn tanh ™ (vn' sin(z))—tanh’l(sin(z)) x
In; z| 1) = /i IR&2)| < =
n-1 2
1 [ nsini2z ]
II(n; z| n) == 1— EZIn)- —m—
- 2V 1- nsinz(z)

g
H(n; — ‘ m) =TII(n| m)
2

knm
H[n; ? ‘ m):: KIIin|m) /; ke Z

HO; z| m) == F(z| m)

Vi- msinz(z) tan(z2) — E(z| m)

I1(1; z| m) = T m + F(z| m).

At infinities, the incomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) have the following values:

%K(%)—K(m)/;0<m<1

F(z|00) =0 F(z|-c0)==0 F(ioolm)::K(m)—%K(%)/;O<m<l F(=ico|m)==
E(z]| 0) =& E(Z|-00) =0

M(co |M =0 T(—co|M=0 T(N|c0)=0 I(N|—-c0)=0

[M(co; z| M) =0 TI(—oco; z| M) ==0 TI(N; Z| c0) ==0 TI(N; Z| —c0) =0

Z(Z| 0) == Z(Z| —0) ==& .

Analyticity
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The incomplete elliptic integrals F(z| m), E(z| m), and Z(z| m) are analytical functions of z and m, which are
defined over C2.
The incomplete eliptic integral TI(n; z| m) is an analytical function of n, z, and m, which is defined over C3.

Poles and essential singularities

The incomplete eliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z| m) do not have poles and essential singularities
with respect to their variables.

Branch pointsand branch cuts
For fixed m, the functions F(z| m), E(z| m), and Z(z| m) have an infinite number of branch points at
z== isin‘l(#) +27k/;keZand z== &.
They have complicated branch cut.
For fixed n, z, the function TI(n; z| m) has two branch points at m== csc?(z) and m== &. For fixed n, m, the function

(n;z|m) has an infinite number of branch points at Z::isin_l(%)+27rk/;kel,
m

Z== isin‘l(%) +2nk/; ke Z and z== . For fixed z, m, the function I1(n; z| m) does not have branch points.
Periodicity

Theincomplete elliptic integrals F(z| m), E(z| m), and TI(n; z| m) are quasi-periodic functions with respect to z:
Fz+rnk|m=Fz|m+2kK(m /; keZ
E(z+nk|m)=E(z|m+2kE(m) /;keZ
In; z+ k| m)=T1I(n; z| M) + 2kTI(n| M) /; ke ZAN-1<n<1.

The incomplete eliptic integral Z(z| m) is a periodic function with respect to z with period 7 :
Z(z+x | m)=Z(z| m)
Z(z+rk|m=2Zz|m/ ke Z.
Parity and symmetry

The incomplete eliptic integrals F(z| m), E(z| m), ITI(n; z| m), and Z(z | m) have mirror symmetry:
FzIm=Fzlm Ez|m=Ezlm 0Mmz|m=I00Mnz[m Zz|m=2Zz/m.

Theincomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) are odd functions with respect to z.
Fi-zlm=-F@zIm EC-z|m=-E@Im N -z|m=-II{;z|m Z(-z|m=-Z(z|m).
Seriesrepresentations

Theincomplete elliptic integral II(n; z| m) has the following series expansions at the point n == 0:
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N W

) 111 5 5
I(n; z| M) o SiN(2) Fl(—; =, =, =;SIN"(2), msin (Z))+
2 2 2

sn'@ (3115 , s"@ (5117 , ,
Fi=; = —; —; sin(2, msin“(2) |n+ Fi =; =, —; —; Sin“(2, msin“(2) N +.../;(n-0)
3 2222 5 2222
. 2k+1
SBESTgl 2 111 3
(n; z| m) ::Z Fl(k+ — 2 Zik+ - §in(2), msinz(z)) nk.
o 2k+1 222 2

The incomplete eliptic integrals F(z| m), E(z| m), II(n; z| m), and Z(z| m) have the following series expansions at the point

z==0:

mzZ mE4+9m?2°

Fzlmoxzt+ —+————+...[;(z>0)
6 120
2k - ) . i
oo () (5 Jnr e 1o m
F(z|m)=z+ 2z <1
@m ;é; Kl Q2i+1)! fild <
mzZ m@Bm-4)
EzlmMoecz—- — ———2+.../:(z>0)
6 120
2KY, o
o e (3§ v ot
E(z|m) =z+ ZZ _ 2z <1
i is k!'(2i+ 1!
m+2n

1
I(n; z| m) oc 2+ z3+E(gmz+4(m+2n)(3n—1))25+.../; (z-0)

25y n 1
II(n; z| M) oc — - 1+
2[+/ 1-m +1 1-m
[m—(\/mm )] i
© (-192201 29k ok (1)l jini m | - i
Sy A(E )[7] (vi=n +1)'l—(1—\/1—n)’l)
o Ca+D! i o l“(j—k+%) “11-vV1I-m
11 3 11 1 2(Vi-m+y
Fil=i = —=j—k+ = = - , 2% 4<1
2'2" 2 2'2 oyim m
E(m) m ( E(m) m 9Om-4)E(m)
srm(1 S T(EM ) M (o g SMOEMY
K(m) 6 \K(m) K(m)
E(m) z o oo k-1 _1i—j+k22i—2k+l '_k2irﬁ( 1 Em /1 )
Z(z|my==z- m + Z (?k)( ) u-x ((——) —Q(—))ZZ'+1/;|Z|<1.
Km —SEE k! (2i +1)! 2k Kk \2k

The incomplete eliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z| m) have the following series expansions at the point

m==0:
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2z-sin(22) 3
F(z|m) o z+ — m+ %(122—83in(22)+sjn(4z))mz+ e /i (m>0)

F(zlm)::i ! (%) [(Zk)+i( 1)]( )sm(ZJz)]mk/ |m|<1/\——< sz
i

oo 22%k! 2

2z-sin(22) 1
E(z|m) < z- —a m-— ﬁ(122—85in(2z)+sin(4z))m2+ ... /; (M- 0)

NN

E(z|m==i ! (_E)k[ (2k)+i( b (k_J)sm(ij)]mk/ |m|<l/\ g z<
i=

oo 22 k!

II(n; z| M) o F 5 E 1; E ;sin (z) nsm(z)

tanh_l( vn-1 tan(z)) sin3(z) [3 1 5 ]
+ 1

n-1 6

3sin5(z)F 51 y 7 i o
—: —, 1, —; 9n“(2, nsin“(z +.../;(m
20 1(22 > ’(2), ()) /; (M- 0)

- (3), sn*@ 11 3 x
H(n;z|m)==sin(z)Z—F1[k — = L k+ - sm(z) nsm(z))mk/ |m|<1/\——< zZ< —
o 2k+Dk! 2' 2 2

N

1 1 1
Z(z| m) « —sin(22)m+(—sin(22)— —sin(4z))mz+ . i (M= 0).
4 16 64

Theincomplete elliptic integrals F(z| m), E(z| m), and I1(n; z| m) have the following series expansions at the point m==1:

1
F(z| m) o log(sec(2) + tan(2)) + Z (sec(2) tan(2) — log(sec(2) + tan(2))) (m—1) +

3
56( 5sin(32) sec’(2) + 3tan(2) sec®(2) + 12log(sec(2) + tan(2)) (M- 1)? + ... /; (M- 1) /\lRez|<g

1
- (3), 5”@ 1 s k
Fiz|m = sm(z)z 2k DK oF (k+5,k+l;k+5;sm(z))(m—l)

1
Ez| m) « V cosX(2) tan(2) + 2 (sec(z)( cos%(2) (COS(22) + 3) sec(2) — 2) tan(z) — 2tanh™(si n(z))) (m-1)+

1 2(cos(22) + 7 tan’(2) i n
- 3(cos(22) — 3) tan(z) sec(2) + +6tanh™(sin@) [(m-12%+... /;(m> 1) /\ IRe(2)| < >

V cos’(2)

E(z| m) ==

. 1 j+ . +
) (4J+cos(22)+3)(5)j @@ r(j+ Lsan’ e 1 3 ., i
cos'(2) tan(@) + ) | - zFl(j ty Al e (Z)) (m-1

i=0 4y coX(2) (j +1)! Va i
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Vn tanh (v sin(z)) —tanh (gin(2))
I1(n; z| M) « 1 -
n —

((n+ 1) tenh *(sin@) - 2/ tanh™(¥'n sin@) + (n- 1) seo(@) tan()) (M- 1) +
4(n-1)°
3 (1 o =
— (E (N—1)(-=3n+(n-5)cos(22) - 1) tan(?) sec’(2) + (n? — 6n - 3) tanh " (sin() + 8V n tanh(v'n sm(z)))

64(n-1)

Ve
(Mm-1%+.../;(m-1) \ Re@)| = 5

« (3), @ 3
om z|m=sin@ y ————— Fl(k+ —k+1 L k+—; sin’(2, nsinz(z)) (m- 1)k
S 2K+ k! 2 2

Other seriesrepresentations
Theincomplete elliptic integrals F(sin™*(2) | m) and E(sin*(2) | m) have the following series expansions at the point z== 0:

» m+1 3+2m+3n?
FSn™"@|m«z+ 5 2+ ™ 2+../@z->0

1 1
S|n_1(z)|m ::Z [—,—k ——k )22k+1/ 7 <1
(2k+ l)k' 2 m

E(sin™ o z 2+.../ 0
($n”@ | m) o z+ s Z Y s +.../,(Z-0
nﬁ(—l)
E(Sin’l(z)|m) ::ZJ Fl[—, k- -k )22k+1/ <1
£ 2k + 1) k! 2

The incomplete elliptic integrals F(sin"(2) | m) and E(sin""(2) | m) have the following series expansions at the point m== 0:

1 3
F(sin_l(z) | m) o dni(2 - Z(Z\/ 1-7 —sin’l(z))m— ” (2(222+3)\/ 1-7 —SSin_l(z))mz+ .. /i (m->0)

. ( )sz+1 1 1 3
(z)|m==Z [— k+—k+—22)rrf</;|m|<1
2k+ k! 2 2" 2

k=0

1 1
E(sin"l(z) | m) o sin 2+ Z(Z\/ 1-7 —s'n"l(z))m+ &(Z\j 1-7 (222+3)—33in"1(z))mz+ e /i (m>0)

- ( ) 2kl 1 3
E(sin” (z)\m::Z (— k+—k+—22)m"/;|m|<1.
= (2k+ 1)k' 2 2
The incomplete eliptic integrals F(z| m), E(z| m), T1(n; z| m), and Z(z| m) can be represented through different kinds of
series, for example:

11
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12

1
- 'ﬁ((z)k 11 3
Fzlm) = K(m) - cos2) )’ 2F1(—, ~ -k =; cosz(z)) /; lcos2) < 1
2 k! 2'2 2
SN (2
°°() m 1(1)'(_(]2'(
Fizlm) = —K(m) DX (—) S oo
k=1 4 j=0

111 .
[Fl(—— sl m) )cosz'(Z)/; lcos(z)| < 1

E(z| m) = E(m)——+z cos(zz 22 2

<

o (‘§)k G)k k1 (-

2z 2k
E(z| m)= — E(mM) + (
@lm = — & kZ SR S

j

]s‘n(zu'—k)z)

0 17
v myk+1 1 m
n; z|m——Zn 1+— ——(—) 2F1(1,k+—;k+2;——J
F(%—k)(k+1)! n 2 n
\/71‘(k+5) 1 1 3
2 /4
—cos(Z F(—,——k;—;coszz) :0=m<1/\0=<n<1/\0=<z=<—
[ ™ 522y 5, 5~k Sios@|/ <tN\os=n<1/\ .

nk l &) (l) i oin2i+2j+2k+1
Sl ( 2)i+j(2' ijsm @

II(n; z| M) o ZZZ

k=0 i=0 j=0 (2k+l)(k+;)__i!j!
1+]
© nksin**(z) 111 3
H(n;z|m)ocZ—F1[k+—; —, = k+ —;dn (z) msm(z))
w0 2k+1 2'2' 2 2
1 1 i ) .
® E)k o (2)j+kn 1 I 1irgn?'(2)
H(n;zlm)ocz Z - zZ—-—Sin22 Z
pary k! i=0 (j+ k! 2 = (g)
I

2r & qmX ,[(kn)F(zlm)]
an| y

Z(z|m) =
KM {7 1 - qm)?* K(m)

where q(m) is an elliptic nome and K(m) is acomplete elliptic integral.

Integral representations

Theincomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) have the following integral representations:

z 1
F(zlm)::f — dt

° Vi- msinz(t)
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1 n Vg
dt/,—-—<z< —

Sin(z)

FElm f 2 2
Vi1 Y1-me

E(z| m) ==f\/1—msin2(t) dt
0

fs‘n(z) V 1-mt? s P s

E(z|m) = dt/,—-—<z< —

0 2

1-t2

z 1
II(n; z| m) ==f dt

0 (1-nsin’®) V 1 - msin’(t)

sin(z) 1 /e v/
H(n;zlm)::f dt/;—gszsg
° (1-n)Y1-2 Y1-me
F@m 1
H(n;z|m)::f S
0 1-nsn(t| m?

Z E(m
Z(z|m ::f[\/ 1-msin’(t) - (m ]d’t
0
)

Km vy 1- msinz(t

sin(z) 1 E
Z(z|m):=f [\jl—mt2 —L]zﬂt/;—g<z< f
0

2
1-t2 K@m) vy 1-mt?
Transformations

The incomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) with linear arguments can sometimes be simpli-
fied, for example:

F(-zlm=-Fzlm E(-z|m=-E@|m) I, -z|m)=-I1(Mn;z|m Z(-z|m)=-Z(z|m)
Fz+rk|m=Fz|m+2kK(m / keZ

E(z+nk|m)=E(z|m+2kE(m) /;keZ

In; z+ k| m)=T1I(n; z| M + 2kII(n|m) /; ke ZA-1<n<1
Zz+nk|my=2Z(z|m)/;keZ.

In some cases, simplification can be realized for more complicated arguments, for example:

F(si n{(vVm s n(z))

1
—)::\/m F(Zlm)/;—z<z<f
m 2 2

1 1[ Vm tan(2) + \/ (1-m)tan*(2) + tan?(2) 4vVm Vm +1
n

El Zg = Fzlm/;0=m<1AO0=<z<1
2 tan(2) + 1 (Vm + 1)2
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Sums of the incomplete eliptic integrals F(z| m), E(z| m), I1(n; z| m), and Z(z| m) with different valuesz==z; and z=-2
can be evaluated by the following summation formulas:

[ ) 1[ cos(z) YV 1- msinz(zz) sin(z;) +cos(zy)) V 1— msinz(zl) sin(zz)] ]
F(z; | m)+ F(z | m)=F|sin m|/;

1-ms nz(zl) s nz(zz)

O=sm<1Alz1]l<1Alzl<1
E(zy | m) +E(z | m) = E(si n~tw) | M)+ mwsin(z;) sin(z) /;

c0s(z) Y 1-msin (22) sin(z;) + cos(z;) V 1—msin (21) sin(z,) /\
= <m<1/\|21|<1/\|22|<1

1-msin (zl)sm ()

n V(@-nnn-m sin(2 sin(z) sin(z)
T zg | m) + 1IN, 2, | m) = TI(n; z| m) —_ | tan™? /;
(1-nm(n-m 5 N .

-Nnsin“(z2) + ncos(2) Y 1-msin“(2) sin(zy) sin(z) +1

€0S(z;) C0S(2,) — sinN(z;) Sin(z,) 1—msin2(z) 1—msin2(z)
z==cos?! ! ; : 2\/( )l 2) /\0<m<n<1/\0<zl<1/\0<22<1
1- msinz(zl) sinz(zz)

Z(zg | M)+ Z(z, | M) = Z(z| m) - msin(zy) Sin(z,) Sin(2) /,

sin(z 1-msin“(z) —sin(z 1-msin“(z))
7= 2tan [ @) (z) —sne) @ ]/\O<m<l/\|zl|<1/\|zz|<1
€0S(z;) — COS(Zp)

| dentities

Theincomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) satisfy numerous identities, for example:

b1 b
)/ -—<Z< -
2 2

F(z| m) == o F[sin Y(Wm sm(z))
N

m

1 [vVm tan(z)+\/ (1 - m) tan*(2) + tan(2) avm
F(z| m) == F| —sin /i0=m<1AQ0=<z<1
m+1 |2 tan’(2) + 1 (\/ﬁﬂ)?
1 Vg s
(n; z|m)::—H(— sn” (\/_sm(z)) )/ —<z<—
Vvm 'm 2 2

I(n; i sinhY(tan(2)) [1-m)= 1E— (Fz| m)-nII1-n; z| m)
-n

E(@ | M F@| m) + cot(®) (T(msin®@); ¢ | m) — F(@ | m) ¥ 1-msin’() =
cot(@) V 1-msin’(¢) (T(msin’(¢); 6| m)— F@| m)+E@| m F@|m)

aF(z| m)

ZZ|m=idn(-iF@Z|m)|1-mysc(—i Fz|m|1-m) —iZ@m(-iFz|m|1l-m|l-m- — MM .
2K(m K@ -m)
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Representations of derivatives
Thefirst derivative of the incomplete elliptic integral T1(n; z| m) with respect to variable n has the following representation:

ATI(n; z| m) 1 m-n n2-m ny 1-msin’(2) sin2)

== Ez| m) + F(z| m+ I(n; z| m -
an 2(m-n(n-1) n n 2(1-nsin’(2)

The previous formula can be generaized to the p" derivative:

P, [ m) o ki(nsn’() 111 3 , ,
-n psm(z)z Fl[k+ = =, = K+ =, sin"(2), msin (Z)) /ipeN.
oo H@2k+DTkk-p+1) 222 2

The first derivatives of the incomplete liptic integrals F(z| m), E(z| m), II(n; z| m), and Z(z | m) with respect to variable z
have the following simple representations:

oF(z| m) 1

9z v l—msinz(z)
OECIM =V1- msinz(z)

0z

aII(n; z| m) 1

9z vV 1-msin’(2) (1—nsin2(z))
0Z(z| m) _ m_ E(m)

0z .2
K(mV 1- msin’(2)

The previous formulas can be generalized to the arbitrary-order symbolic derivatives:

B”F(zl n Ik ok K L i (jen—k—2kp)+2 (- j+ky 42k 2 [ | — Ka
F(z|m)6n+z Z( )26( D4 2471 SN (2) (ky + 2k — )" 2 (kz )
- 1-Da iy vy (1 . i-L
- Z(I )(—) (—) m™1 cos?174(2) (1 - msin (z)) h 2/ neN
j—2i-1 I 2)i \2)i_i
i=0 (j—i—=D!(2sin(2) i1=0 1 =l
a“E(zI n Ik Lion . i —k
E(Zlm)6n+Z Z( )26( Dk 24T (@) (kg + 2k — ) @72 TR A WKZ)Z)(I]@ 1)

1 i+i +3
(—E] m™1 cos?17Y(2) (1 - msin (z)) Y2 rneN

e

i (j—i—-D!@sin@) 2 iy

iy
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OPTI(n; z| m)
0z B
pq it i ik i —k
nn; z| m)6p+z-_y Z(k )Z( 1 2471 S () kg + 2k, — )P 72 TOTP 2RI ]+kl+2k2)2)(lj< l)
~ i ) 2
-1 j)2(j—i)—2 i
Z( 1) o i+i+ip+ig ('l+|2+|3 I1 I2 '3)n1m|3
20 (j—i—1)!(2sin@) 2" {oim0ism0
; 1 1 in2n) L —2i,-1 2
(=i, 5 5) (1—nsm(z)) ! cos 212 @ (1-msin (z)) /; peN
i is
Z(z| m) nop it
7::6nZ(z|m)—Z_— ( )
— J' — kl
j=1 ky=0
i—k i—1 92i-2j+k i - R :
]Zj( D sin (@) (k + 2k, — ) e 3 Hr (kg =2k +2(- kg +2K) z)(J—kl Nk HE Ve 2(' )
k=0 ko i (j—i-D!sn 2 i 11

1 1 5 —i+i1—3 o E(m )
(—) m~i1 cos 211~ l(z)( ) (1-msin“(2) 2 ((1—msm @)- —— (i - 2i +1)) /ineN.
2Ji, 2Jisij-1 K(m)

The first derivatives of the incomplete elliptic integrals F(z| m), E(z| m), II(n; z| m) and Z(z | m) with respect to variable m

have the following representations:

doF(z| m) E(z| m) F(z| m) sin(22)

om 21-mm 2m )
4(1-mYV 1l-msni(2

J0E(z| m) E(z| m) - F(z| m)

om ) 2m
oIl(n; z| m) 1 1 msin22)
= E(z| m)+II(n; z| m) —
om 2(n-m)| m-1 D)
2(m-1)V 1-msin(2
0Z(z| m) 1 E(m) E(m)sin(22)
S UL N AP |
om 2m (m-1) K(m) . 2
4m-1)V 1-msin° @ K(m)

The previous formulas can be generalized to the arbitrary-order symbolic derivatives:

FFEIm (- D"V sn*™( 11 1 3 L
= Fl[n+ —; — N+ —; N+ —; SIN"(2), msin (z)) /ineN
ont' (2n+1)r(5—n) 2 2 2
MEzImM  (~D"Vr §n”™(2) 11 1 3 L
== Fl[n+—; —, N——; N+ —; Sin“(2), msin (z))/;neN
ont' 2(2n+1)r(g-n) 22 2 2

1 .2 K
P zim (5) (msin“2)

=mPsinz
am ()Z(2k+1)r(k p+1)

11 3
1[k+— — 1L k+—; sn’(2), nsm(z))/; peN.
2' 2’ 2
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Integration

The indefinite integral of the incomplete elliptic integral TI(n; z| m) with respect to variable n has the following representa-
tion through the infinite series that includes the Appell F1 hypergeometric function of two variables:

k
o (nsinz(z)) 111 3 ., )
fH(n; zlmdn=snzn ) ——— Fl(k+ —; —, — k+ —; sin“(2), msin (z)).
k:0(2k+1)(k+1) 2 2 2 2

The indefinite integrals of al incomplete elliptic integrals F(z| m), E(z| m), TI(n; z| m), and Z(z | m) with respect to variable
z have the following representations:

2 1 (-DX(1-cos(2k2) (1 1 1 myk
fF(zlm)dz:: — K(m) +—Z( i X ) (—) zFl(k+—, k+—;2k+1,; m)(—)
n 2 k! k? 2k 2 2 4

2 12 (-Df@A-cos(2kz) ( 1 1 1 myk
fE(z| m)ydz=— E(m) + —Z (——) zFl(k— — k+—;2k+1; m)(—)
bis 25 k! K2 2/k 2 2 4

fl‘[(n; zlmdz=

2

iii (= 1)KL pf pk p-2-2k-2] (1) (1] jk+ (_1)pCOS((2j+2k+2|—2p+1)z)(2j+2k+2|+1)
j=0 1=0 k=0 @j+2k+21+1)j!H! j I 2j+2k+21-2p+1 p

2 .
fZ(z| mydz==

1 (-DK(L-cos2k2) [ 1 1 1 (2k-1) E(m) 1 1 mik
— (——) [zFl(k— —, k+ = 2k+1, m)+ 72Fl(k+ — k+ = 2k+1; m)](—) .
2 k! K2 2k 2 2 K(m) 2 2 4

p=0

The indefinite integrals of incomplete eliptic integrals F(z| m), E(z| m), and I1(n; z| m) with respect to variable m can be
expressed in closed forms by the following formulas:

fF(zl mydm=+2cos22 m-2m+4 cot(2) + 2E(z| m) + 2(m- 1) F(z| m)

2
fE(z| mydm== 5[(m+ DEzZ|Im-A-m F(z| m)—cot(z)(l—v 1—msin2(z) ))

fH(n; zlmdm==v2cos2zm-2m+4 cot(z) + 2E(z| m) — 2F(z| m) + 2(m— n) TI(n; z| m).
Differential equations
Theincomplete elliptic integrals F(z| m), E(z| m), I1(n; z| m), and Z(z| m) satisfy the following differential equations:
8% w(m) aw(m)  w(m) sin22)

+(1-2m) il 32/:W(m)==F(ZIm)
om 8(1- msinz(z))

OW(2) WD)\ (OW(2) WD)\ PV
[ _1)[ ] [ +1) (m—1)[ ) +1l- =0/;w@ = F(@z|m
0z oz 5z P e

1I-mm
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82w(m) aw(m)  w(m) sin22)
+(1-m + = /; w(m) == E(z| m)

om 4 5
8V 1-msin(2

w2\ 82W(2) 2 W)\
[ ) + +m—2[ ) =m-1/,w(2) =Ez|m

(1-mm

0z 07 0z

8Pw(m) 82w(m) aw(m) 3sin(22)
+4(11n? - 6nm-7m+2n) +6(7Tm-n-2) p
m

8(M-1)m(m-n)
e .
2,/ (1-msin“(2))

w(m) == TI(n; z| m)

3Pw(n) 82w(n) AW(n) V1-msin’2 sn22)
+(-13n+8mn+8n-3m) +4M-4n+1) —— —2w(n) = /;
an® on? an (nsin’(2) - 1)3

w(n) == II(n; z| m)

2(n-=1)(m-n)n

(W@2 - 1) (AW @ (m-m2 + 272 n)° ((m=1) (- D*W (2P + YW (@2° + (8(M—-1) (M- (n— D nw (@° -
2m-n?(4M-)@Bn-2n*+n@nG-11n)+ 8 -3(-9n*2n-1nf +2(n-10)n° m+4n*)w'@* -
9P n((6n(3n->5)+16)nt +3n(n(3n-16) + 4 n? - 3(n- 12)n’ m- 10n°) W' (2)* - 243’ n?) W’ (2 W (2)* +
n(-27nnt — (m-n2M©@n-8) - 10N W @°n? + (m-1) (m-n*nw@") W' @* W2’ -
m* 2w’ (2® == 0 /; W) == TI(n; z| m)

m? cos(2) sin’(2) WOz, m)2 + (msinz(z) -1)

(4 P cos’(2) sin’(2) + (msin(2) — 1) w29z, m)° +msin22 w9z, m w29z, m)) =0/ Wz m) =Z(z| m)

16 E(M)® + 8(W (2 + W' (2)° + 4m- 8) K(m) E(m)® +
(w’(z)"' +2(W(2° +16(M- )W (2P + (W' (27 +4m) —16(W'(2 + 6m-— 6)) K(m)? E(m)* +
2(5(M-2W@*+(3(M-2W'(2* +4(M- 14 m+ 14)) W (2* - 4(m- 1) (W' (2* + 4(m~ 2))) K(m)* E(m)* +
(M=-2W@° +(M-2W'(2*+(M-54 m+54) W (2" - 2(m-1) (9W'(2)* + 16 (M- 2)) W (2)° + 16 (M- 1)?)
Km*E(m? - 2(m- 1) Km®* W (@2?* (6W 2" + (4W’(2° + 5m-10) W (2)° — 4m+ 4) E(m) -
M-DHKM*W@* (W@*+ (W@ +m-2)W (@ -m+1) =0/, W) = Z(z| m).

Applications of incomplete elliptic integrals

Applications of incomplete elliptic integrals include geometry, physics, mechanics, electrodynamics, statistical
mechanics, astronomy, geodesy, geodesics on conics, and magnetic field calculations.
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