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Introductions to Floor
Introduction to the rounding and congruence functions

General

The rounding and congruence functions have a long history that is closely related to the history of humber theory.
Many calculations use rounding of the floating-point and rational numbers to the closest smaller or larger integers.
J. Nemorarius (1237) was one of the first mathematicians to use the quotient of two numbers m and n in amodern
sense, but the word quotient appeared for the first time around 1250 in the writings of Meister Gernadus.

Specia notations for rounding and congruence functions were introduced much later. C. F. Gauss (1801) suggested
the symbol mod (k = mmod n) for the notation of the property that the ratio (m— k) /n is an integer. He observed
that k and m are the congruent modulo n. The number nis called modulus.

C. F. Gauss (1808) and J. Liouville (1838) widely used the floor and round functions in their investigations. They
and other mathematicians used different and sometimes confusing notations for those functions. The modern
notations of |z] and [Z] for floor and ceiling functions, respectively, were suggested by K. E. Iverson (1962). The
notation | Z] for the rounding function was proposed by J. Hastad (1988).

Definitions of the rounding and congruence functions

The rounding and congruence functions include seven basic functions. They all deal with the separation of integer
or fractional parts from real and complex numbers: the floor function (entire part function) | z], the nearest integer
function (round) |.Z], the ceiling function (least integer) [Z], the integer part int(z), the fractional part frac(z), the
modulo function (congruence) mmodn, and the integer part of the quotient (quotient or integer division)
guotient(m, n).

The floor function (entire function) | z] can be considered as the basic function of this group. The other six func-
tions can be uniquely defined through the floor function.

Floor

For real z, the floor function | z] isthe greatest integer less than or equal to z.

For arbitrary complex z, the function | z| can be described (or defined) by the following formulas:
[X|=n/;xeRAneZAn=x<n+1

[z] = Re(2)] + i [Im(2)].

Examples: [32]==3, [3]=3, |-02]=-1, |-23]=-3, |%|=0, [-7]=-4,]-4-2
HEIHEE

Round

i|=-4-2i,
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For real z, therounding function | Z] isthe integer closestto z (if z+ + % + g )

For arbitrary z, the round function | Z] can be described (or defined) by the following formulas:

1
= X R yA — —
X=n/;xeR \nez /\Ix <

[Z] = Re(2)1 + i [Im(2)]

1 n
{n+— =n/,-e€”Z

2 2

1 n+
{n+— =n+l/;—eZ

Examples: [32]=3, |3]=3, [-02]=0, [-23]=-2, | 5] =1, |-71=-3, |-4- 2i]=-4-2;, | 2]

7]=4

Ceiling

For real z, the ceiling function [Z] isthe smallest integer greater than or equal to z.

For arbitrary z, the function [Z] can be described (or defined) by the following formulas:
[X]==n/;xeRAneZAn-1<x=<n

[Z] =[Re&(2)] + i [IM(2)].

Examples: [32]=4, [3]=3, [-02]=0, [-23]=-2, [2]=1, [-n1=-3,[-4- 2i]=-
[5]1=4.

Integer part

For real z, the function integer part int(2) isthe integer part of z

For arbitrary z, the function int(z) can be described (or defined) by the following formulas:
intx)=n/;xeRANeZAO0O=<sgn(X)(x—-n) <1Ax+0

int(2) == int(Re(2)) + i int(Im(2)).

Examples: int(3.2)==3, int(d =3, ini(-0.2)==0, int(-2.3)=-2, int(%) =0,

ini(—m) = =3,ini(~4- 2 i) = —4— i, in(2) = 2,ini() = 3.

Fractional part

For real z, the function fractional part frac(z) isthe fractional part of z.

For arbitrary z, the function frac(z) can be described (or defined) by the following formulas:

frac(x)==x—-n/;xeRAneZA0=sgn(x) x—nN)<1Ax+0

4-i, [3]

3;
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frac(z) == frac(Re(2)) + i frac(Im(2)).

Examples.  fraq32) =02, fracd) =0, fraq(-02)=-02, fra(-23)=-03, frac(%)=2,

frac(-m) =3 -, frac(-4 - 3 i) = — 2 fra(3) = 2, frac(2) = 3.

Mod
For complex n and m, the mod function mmaod n is the remainder of the division of m by n. The sign of mmod n for

real m, nisalwaysthe same asthe sign of n.

The mod function mmod n can be described (or defined) by the following formula:

m
mmodn==m- n{—J.
n

The functional property mmodn==n (7 mod1)==n (3 — | = |) makes the behavior of mmodnsimilar to the

n
behavior of | T|.
Examples: 5mod2==1, 8mod3==2, -5mod3==1, (77)mod3==-21+7x, (27-3i)ymod4 =3+,
frac(=m) =3 -m,(27-3i)ymod5=2.7 + 21.
Quotient
For complex n and m, the integer part of the quotient (quotient) function quotient(m, n) isthe integer quotient of m

and n.

The quotient function quotient(m, n) can be described (or defined) by the following formula:

m
quotient(m, n) == {—J
n

Examples: quotient(5, 2) ==2, quotient(13, 3) ==4, quotient(—4, 3)==-2, quotient(r, 2) == 1,
quotient(27 — 3, 5) == 5 — i, quotient(—, 2) == —2, quotient(2.7 — 3i, 5) == —i.

Connections within the group of rounding and congruence functions and with other
function groups

Representationsthrough related functions

The rounding and congruence functions | z|, | Z], [Z], int(2), frac(z), mmodn, and quotient(m, n) have numerous
representations through related functions, which are shown in the following tables, where the symbol ya(a) means
the characteristic function of aset A (having the value 1 when its argument a is an element of the specified set A,
and avalue of 0 otherwise):
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x/;xeR Floor Round
(or(mn)/;melRANeR)
Floor [x] = {X_ﬂ/;%ﬁzz

x+1

x] == {x—%-‘+l/; TEZ
0= o= ()

Round X] == {x+ %J /; 22—‘1 ¢7Z
X=|x-3| 2t ez

Ceiling X=Xl +1/:x¢Z M= |x+3|/n 5t ez
[X]=|X]/; xeZ _ 17 4 0 1
IX] = LX) - 60xz(0) - 1) + 1 pa= [ 3] -1 55 ez

=[] -l

| nteger Part int() = x| ; x>0VxeZ int(x)::[x_ﬂ/;xzo/\X;—lez
intx)=|x]+1/;x<0Axe¢Z . . 1 . x+l
im0 Ixi+ 1- sncz(0+600) | MO0 3] rix<0V ez

int(0 = x= 3|+ 1+ xz(%52) - sanCrz (0 + 600)

Fractional Part frac(x) = x— x| /; x>0V xe Z ffac(x):x—[x—ﬂ/?xzo/\xz_lffl
frac) = x— x| -1/;x<0Axe¢ Z _ 1 _ x+1
frac(x) = x— x| — 1+ sgn(xz( X) + 6(X)) frac = x- [x— 51 X< 0\/ B
frac(x) = X — lx— %-‘ - 1—)(z(%)+59n()(z(x)+9(x

Mod mmodn::m—nHJ mmodn::m—nm—%]/;%el

1
mmodn==m-n-n P——W/; mh ez
n 2 2n

mmodn = m- n()(z(%) + H - %])

Quotient quotient (m, n) == HJ quotient(m, n) == {
quotient(m, n) == {
{

quotient(m, n) ==
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intx) ==x+1-xmodl/;x<0AXx¢Z
int(x) == X+ 1 —xmod 1 — sgn(yz(X) + 6(X))

x/ixeR Mod Quotient

(or(mn)/;melRANeR)

Floor [X] == x—xmod 1 Lx] == quotient(x, 1)

Round (X1 = x—frac(x+ %) +3h 8 ez [X] == quotient(x+ % 1) ez
X1 =x-fraqx+ 3) -3 ; %t ez 1] = quotient(x + 3, 1) -1/, 22 e 7
= ot - o(5) |0 = qmtenfes 33)- {5

Ceiling [X] == X+ —xmod 1 [X] = —quotient(—x, 1)

I nteger Part int(x) =x—xmod1/;x>0VxeZ int(x) == quotient(x, 1) /; x>0VxeZ

int(x) == quotient(x, 1) + 1 /; x<OA X ¢ Z
int(x) == quotient(x, 1) + 1 — sgn(xz( X) + 6(X))

FractionalPart

frac(x) ==xmod1/; x>0VxeZ
frac(x) =xmod1-1/;x<0Axe¢Z
frac(x) == xmod 1 — 1 + sgn(yz(X) + (X))

frac(x) == x — quotient(x, 1) /; x>0V xe Z
frac(x) == x — quotient(x, 1) - 1/; x<OAx¢ Z
frac(x) == x — quotient(x, 1) — 1 + sgn(yz( X) + 8(X).

Mod

mmod n == m- nquotient (m, n)

Quotient

quotient (m, n) == T-mmedn
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i sgn (xz(IM(2) + 6(Im(2)))

sgn(xz(Re(2) + 6(Re(2)) -
i sgn (xz(Im(2)) + 6(1M(2)))

z(or (m, n)) Floor Round Ceiling
Floor 2= 55|+ w22 ) + 2] = 2]+ 6(xz(Re(@) = 1) -
. Im(2)+1 i0(-xz(Im2)) -1
fxe( 72 |2 = -2
iXZ(ZImiz)—l)_ iXZ(ZImZz)+l)
(ZRe(z)—l)
4
Ceiling 2= 2] - 0z (Re@) - D+ (2= |2+ 2| - g (P8222) -
i 6(— y,(IM@2)) + 1 o (mas
[Z] = —|-2z] EXZ( 2 )
IntegerPart  |int(2) == [z + int(2) = {z— %] +l4it int(2) = [Z] - sgn(xz(Re(2)) + O(Re(2))) +
1+i-s9n(xz(Re(2) + Re@+1) , . (Im@+l) i (—sgn(xz(IM(2)) + 6(1M(2))) —
0(Re(2) - e ) e ) 0 x 2 (IM@) +

xz(Re2)-1D+1)

FractionalPart

frac(2==z-1z]-1-i+
son(xz(Re(2)) + 8(Re(2))) +
isgn (xz(Im(2) + 6(1m(2)))

1+i

frac(z)==z- {z— 7-‘ -1-i-

Re(2+1 . Im(2+1
(B2 ) - i g (2 +

sun(xz(Re(2) + 6(Re(2))) +
isgn (xz(IM(2)) + 6(1mM(2)))

frac(2) = z- [Z] + sgn(xz(Re(2) +
0(Re(2)) — i (1L - sgn(xz(Im(2)) +
6(Im(2))) - 6(- xz(Im(2)) +
0(xz(Re(2)) - 1))

6(Im(2))) - sgn (xz(Re&(2)) + 6(Re&(2)))

Mod mmodn::m—n[?J mmodn::m+n({¥—ﬂ— mmodn==m+n—n[m—
ve(3(Re(F)+ 1)) = | mélra(RT)) - 1)+ nig(—a(m:
i)(z(%(lm(%)+l))) mmodn==m+n[—ﬂ

Quotient quotient (m, n) == HJ quotient (m, n) == [? - %1 + quotient (m, n) == [m +9(Xz( Re(?)) - lt

x5 (Re(T) + 1))+ 0 xz(1m())) - 1
in(% (Im(?) + 1)) quotient(m, n) = —[— %-‘

z(or (m, n)) Mod Quotient

Floor lz]==z-zmod 1 |z| == quotient (z, 1)

Round 121= 2+ z- (% + z) mod 1 - iXZ(Z'm;Z)’l) - XZ(ZRiZ)’l) |Z] = quotient(z+ =, 1) - XZ(—ZRGZZ)’l) —ixz

Ceiling [Z] ==z+—-zmod 1 [Z] == —quotient (—z, 1)

Integer Part int(2=z+1+i-zmod1l—-isgn(yz(Im(2) + int (2) == quotient(z, 1) + 1+ i — i sgn(yz(Im(2)

6(Im(2))) - sgn (xz(Re(2)) + H(Re(2)))

FractionalPart

frac(z)==zmod 1 - 1—-i + i sgn(yz(Im(2) + 6(Im(2)) +

sgn(xz(Re(2)) + 6(Re(2)))

frac(z) == z— quotient(z, 1) — 1 — i + i sgn(y z(l
son(xz(Re(2)) + 6(Re(2)))

Mod

mmod n == m— nquotient (m, n)

Quotient

quotient (m, n) == T=mmodn

The rounding and congruence functions | z|, [Z], int(2), frac(z), mmod n, and quotient(m, n) can also be represented

through elementary functions by the following formulas:
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tanl(cot(r2) 1
LZJ::Z+7—E/;ZER/\Z$Z
/s

tanl(cot(r2) 1
f21==2+7+5/;ze[R/\z¢Z
/e

_ tan~! (cot (7 2)) 1
int(z2) ==z+ —— —sgn(6(2)) + E /izeRAz¢Z
Vs

tan™ (cot (7 2)) 1
frag(z) == - ——— + sgn(6(2)) — E /izeRANz¢Z
/e

n n am m m
mmodn== — — —tan’l(cot(—)) /i —eR /\ —e¢Z
2 n n n

. m 1 amy 1 m m
quotient (m, n) == — + — tan’l(cot(—)) -—/i—€eR /\ —e¢Z.
n n n 2 n n

The best-known properties and formulas of the number theory functions
Simplevaluesat zero
The rounding and congruence functions | z|, | Z], [Z], int(2), and frac(z) have zero values at zero:
[0]==0
[01==0
[0]==0
int(0)==0
frac(0) == 0.
Specific valuesfor specialized variables

The values of five rounding and congruence functions |z, | Z], [Z], int(2), and frac(z) at some fixed points or for
specialized variables and infinities are shown in the following table:
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z Lzl LZ] [Z] int(2) frac(2)
0 0 0 0 0 0
1 1 1 1 1 0
-1 -1 -1 -1 -1 0
i i i i i 0
- —I —i —i —i 0
1 1
5 0 0 1 0 5
1 1
-3 -1 0 0 0 -3
5 0 0 i 0 3
-3 —i 0 0 0 -5
3 1
5 1 2 2 1 5
3 1
-3 -2 -2 -1 -1 -5
3i . . . . i
> i 2i 2i i >
3i . . . . i
- -2i -2i —i —i -3
23
% 2 2 3 2 o
-3 -3 -3 -3 -3 0
- -4 -3 -3 -3 3-n
27 7
-5 -3 -3 -2 -2 T
-34 -4 -3 -3 -3 -0,4
23 . . . . 3 .
oie 2-3i 2-3i 3-2i 2-2i E—(@—Z)l
0o 00 00 00 00 frac(co) € (0, 1)
—00 —o00 —00 —o00 —00 frac(—o0) € (-1, 0)
ioco ioco i oo ioco i oo frac (i o0) € (0, ©)
—ico —joo —i oo —ioo —i oo frac(—i c0) € (=i, 0)
& & & & & frac(s) € (0, 1)
n/ineZ [n]=n [nT==n [nT==n inttn) ==n frac(n)==0
in/ineZ lin]=in |lin]=in [in]=n intin)=in frac(in) =0
X+iy/, [X+iy|= [IX+iYy]= [X+iy]= [int(X+iy)= frac(x+iy) ==
xeRAyeR | [x]+ilyl XT+2 Lyl | IXI+ilyl| intx)+iint(y) | frac(x) +ifrac(y)
oo 00 00 00 00 frac(eo) € (0, 1)
—00 —o0 —00 —o0 —00 frac(—o0) € (-1, 0)
ioco ioco i oo ioco i oo frac (i o) € (0, ©)
—ioo —l oo —ioo —l oo —ioo frac(—i o) € (i, 0)
& & ) & & frac(s) € (0, 1)

The values of mod function mmod n, and quotient(m, n) at some fixed points or for specialized variables are shown

here:
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m\n |1 213|4|5|6(7|8|9(10|n

0 0 0(0|0|0|0(0|0|0|0 |OMOdn==0/;n+0

1 0 1{1|1|1|1({1{1|1{1 {1modn=n+1/;-neN*
Imodn=1/;neZAn>1

2 0 01212 |2(2|2|2(2|2 |2modn=2/;neZAn>2

3 0 11013 (3|3(3(|3|3|3 |3modn==3/;neZAn>3

4 0 0|1(0|4(4|4|4|4|4 |4modn=4/;neZAn>4

5 0 1(2(1|0|5|5|5|5|5 [5modn=5/;neZAn>5

6 0 0|0(2|1/0|6|6(6|6 |6modn=6/;neZAn>6

7 0 1(12(31(2(1|0|7|7|7 |7modn=7/;neZAn>7

8 0 01|2(0|3(2|1|0(8|8 |8modn==8/;neZAn>8

9 0 1(0(11(4|3|2{1|0|9 [9modn=9/;neZAn>9

10 0 01(1{2]|0|4|3]|2|1|0 |10modn==10/;neZAn>10

m mmod1=0/, nmodn=0

meZ

m (2nymodn==0

m\n |1 213|41|5|6(7|8(9(10|n

0 0 0(0|0|0|0(0|0|0O|0 |quotient(0,n)==0/;n+0

1 1 0 0({0|0|0({0|0|0 |quotient(l,n)==-1/;neZAn<0
quotient(l, N)=0/;neZAn>1

2 2 1|/0|0|0(0|0|0|0|0 |quotient(2,N)=0/;neZAn>2

3 3 1|1|0|0(0|0|0|0|0 |quotient(3,N)==0/;neZAn>3

4 4 2(1|/1]|0|0(0|0|0|0 |quctient(4,N)==0/;neZAn>4

5 5 2|1{1|1(0|{0|0|0|0 |quotient(5,n)=0/;neZ An>5

6 6 3(2|1]|1{1(0|0|0|0 |quctient(6,n)==0/;neZAn>6

7 7 3(2|1)|1|12(1|0|0|0 |quotient(7,n)==0/;neZAn>7

8 8 412(2(1|1{2(1]|0|0 |quotient8,nN)==0/;neZAn>8

9 9 4 13(2(1|1{1(1|1|0 |quotient(9,n)==0/;neZAn>9

10 10 5(3|2|2|1(1|1|1|1 |quotient(10,n)==0/;neZAn> 10

m quotient(m, 1) == quotient(n, n) =1

m/;meZ
m guotient (2n, n) == 2

mmodn=m/;meNAneZAm<n
mmodn=m-n/,meN" " AneN* An=m<2n
mmodn=m-kn/;meN" " AneN* AkeN" Akn=m<(k+21n

(p-D!modp=p-1/peP

2p-1 3
( 1 )modp =1/,pePAp>3
2n+ll 2n 1
|BZn|modl==6Emod1’O+(—l)” Z EXZ(k_l]X")(kHE mod 1
2 k=3

quotienttm,N)==0/;meNAneN* Am<n
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quotienttm,N) =1/, meN* AneN* An<m<2n
quotienttm, nN) ==k /; meN* AneN* AkeN* Akn=m< (k+1)n

(p-D!+1-p

quotient(p—1)!, p) == /ipeP

dend{[2P71) p?) = 2 ((2P T2 a) s per 3
o271 )= 22754 pmce o
Analyticity

All seven rounding and congruence functions (floor function | z], round function | Z], ceiling function [Z], integer
part int(2), fractional part frac(z), mod function mmod n, and the quotient function quotient(m, n)) are not analytical
functions. They are defined for all complex values of their arguments z € € and (m, n) € C2. The functions | z|, | Z],
[Z], and int(2) are piecewise constant functions and the functions frac(z), mmod n, and quotient(m, n) are piecewise
continuous functions.

Periodicity

The rounding and congruence functions |z, | Z], [Z], int(2), frac(z), and quotient(m, n) are not periodic functions.
mmaod nis a periodic function with respect to mwith period n:

(m+nymodn=mmodn

(m+knymodn==mmodn/; ke Z.

Parity and symmetry

Four rounding and congruence functions (round function |Z], integer part int(2), fractional part frac(z), and mod
function mmod n) are odd functions. The quotient function quotient(m, n) is an even function:

[-Z]=-17]

int(-2) = -int(2

frac(—-2) == —frac(2)

—mmod —n = —(mmod n)

quotient(—m, —n) == quotient(m, n).

The rounding and congruence functions |z, | Z], [Z], int(2), and frac(z) have the following mirror symmetry:
[zl =12] =i (1~ xz(Im(2))

1Z21=121

(21 =TZ1+i (1~ xz(IM(2)))

int(2) = int(2

frac(z) == frac(2).
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Sets of discontinuity

The floor and ceiling functions |z| and [Z] are piecewise constant functions with unit jumps on the lines
Rez=kVIm@2=1/k lez.

The functions | z] (and [Z]) are continuous from the right (from the left) on the intervals (kK — i oo, k + i 00), k € Z, and from
above (from below) on the intervals (i k — oo, i K+ 00), k € Z.

The function | Z] is a piecewise constant function with unit jumps on the lines Re(2) + % = k\/ Im(2) + % =l/klez.
The function | Z] is continuous from the right on the intervals(Zk— % —ioo, 2k - % +zzoo), k € Z, and from the |eft on the
intervals (2k+ 5 —i o, 2K+ 3 +i ), ke Z.

The function |Z] is continuous from above on the intervals (—oo +2ik— % oo+ 2ik- %) k € Z, and from below on the
intervals (—co + 2ik+ 7, 0o+ 2ik+ 1), ke Z.

The function int(z) (and frac(2) is a piecewise constant (continuous) function with unit jumps on the lines
Rez=kVIm@=1/klez k+0,1+0.

The functions int(2) and frac (2) are continuous from the right on the intervals (k — i oo, kK + i 0), k € N*, and from the left
ontheintervals (—k — i co, =k + i 00), k e N*,

The functions int(z) and frac (z) are continuous from above on the intervals (—oco + i k, oo + i k), k € N*, and from below on
theintervals (—co — i K, 00 — i k), k e N*,

The functions mmodn and quotient (m, n) are piecewise continuous functions with jumps on the curves
Re(T) = k\/ Im(T)=1/;k 1 €Z. The functional properties mmodn==n(=mod1)=n(=-|7|) and
quotient(m, n) == quotient("*, 1) = | T | make the behavior of that functions similar to the behavior of floor function

7]

The previous described properties can be described in more detail by the formulas from the following table:
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12

Z+e (orm=e)/, e > +0

Z+ie(orm=ie€)/;e > +0

lime,oint(z+e)=int(2) £1/; FRe(2) e N*

Floor lime,.o lz+el =12 - =2 /; lime o Lz i€l =12 - 224,
Re(z ez Im@2ez
Round lime,,olz+ €1=12]/; ; QRe@ =) € Z lime,,olzziel=121/; ; QIM@ 1) eZ
lime,,olz+€l=121=1/; ;Re2zF ) e Z lime,o lzi€]l=|Z1xi/; ;RIMDF D eZ
Ceiling lime,o [z €] = r21+E/ lim,,.o [z+i€] = rz1+ﬁ,z/
Re(9 ez Im@2 ez
Integer Part lim_, o int(z+€) = int(2) /; +Re(z) e N* lim_,,qint(z+ie) =int(2) /; xIm(2) e N*

lim_,qint(z+ie)=int(2) +i/; FIm(2) e N*

FractionalPart

lim., .o frac(z+ €) == frac(2) /; +tRe(z) e N*
lime,o frac(z+xe) ==frac(2 ¥ 1/; FRe(2) e N*

lim._,,o frac(z+ie€) == frac(z) /; +Im(2) e N*
lime,o frac(z+ie) =frac(z) i /; FIm(2) e N*

11

1¥1

Re(?)el/\ne[R/\n>0

Mod lime_ .0 (m+e)modn::mmodn+n—/ lime .o (m+zze)modn::mmodn+nn—/
Re(;)eZ/\ne[R/\n>O m(F)eZ/\ne[R/\n>0
Quotient lim._,,o quotient(m + €, n) == quotient(m, n) — = /, lim._,,o quotient(m+ i €, n) == quotient(m, n) — % /i

m(%)el/\ne[}{/\n>0

Seriesrepresentations

The rounding and congruence functions | z|, | Z], [Z], ini(2), frac(z), mmod n, and quotient(m, n) have the following
series representations:

X m

n
Floor [X] = X— + Z"" 5”2”'”‘ ixeRAXe¢Z EJ ::? = Zk_lsln(z’rkm)cot(”n—k)—%/; meZz |/
Round Lx}::x+;2§°1M/xe[R/\x+ ¢Z H+%]::T+—Zklsn(z”km)cot("?k)+%/;me
Ceiling rx1==x+1+12§":lm/;xe[R/\X$Z [ﬂ:z?+%§‘dﬂglsn(2”km)cot( )+1/;meZ/
IntegerPart | int(9 = x+ £ 323 ICIN _ g9+ 2/ xe R Axg Z |infT) = 2= 2 sgn( %)+ = 3} sin{ 227 cot Z¥),

FractionalPart

frac0g = -2 3j2y 20 4 g - L i xe R Axg Z | frad )

%sgn %) > Tk 1sn(2”km)cot( )/ 1§

Mod mmodn:—g ﬂZklksn(z”km)/'—eQ/\—e
mmodn =7 - %Zﬂjsn(z’rkm)cot(”k)/ mez )\
Quotient quotient(m, n) == %Zﬁ‘;lésn(z”nkm) %/; -

my
n
m 1 n-1 2nkm nk 1
=T+ Dkl sm( S )cot(n) >

Transformations and argument simplifications (argumentsinvolving basic arithmetic oper ations)

The values of rounding and congruence functions |z, |Z], [Z], ini(2), and frac(z) at the points —z, +iz

Z+n/;ne Z can dso be represented by the following formulas:
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z -z iz -iz zZ+n
Lzl [-zl=-1z]/Re(@ e ZNIMD e Z lizl==ilzl+ xz(IM@) -1 ||-iz] = -ilz] -i(1 - xz(Re(2) |2+

[-z] = ~[z] - sgn(Re))) — i sgn(lIm(@]) /; | liz] == |-IM@)]| +i|Re@)] |l-iz]==1Im@)]+i|-Re]
Re2gZANIm@2 ¢ Z
[-zl=-lz|+ xz2(d-1/;zeR
-2zl = -z] - i (1 - xz(Im(2))) sgn(lIm(2)]) —
(1- xz(Re(2))) sgn(|Re(2)])
LZ] [-Z]=-12] liZ]==ilZ] [-iZ]=-ilZ] lz+
Re(
[Z] [-Z]=-[Z]/;Re(d e ZNIm(2) € Z [iZ]=ilZ] — xz(M@)+ 1 |[-iZ]=-i[Z]+i(1- yz(R&2)) |[z+1
[-Z] =-[Z1+isgn(lIm(2))) + sgn(IRe(@)]) /; | i Z] == ~LIm(2)] + i [Re(2)] |[-iZ] == [IM()] - i [Re(2)]
Re@¢ZN\NIm@ ¢ Z
[-Z] = -[Z] +i (1 - xz(Im(2))) sgn(|Im(2)]) +
(1- xz(Re(2)) syn(IRe(2)])
int(2 |int(-2 =-int(2 int(iz)==iint(2 int(-iz)==-iint(2 int(n
frac(2) |frac(-2) == —frac(2) frac(iz) = ifrac(2) frac(—iz) = —ifrac(2) frac(

The values of the functions mmodn and quotient(m, n) at the points (xm, —n), (—m, n), (i M, £n), (xim, n),

(m, +in), and (%, 1) have the following representations:

(m, n) mmod n quotient(m, n)
(=m, =n) | (=m) mod (—n) == —(mmaod n) quotient (—m, —n) == quotient (m, n)
(m, —n) mmod—n::mmodn+)(z(%)n—n/; meRANneR quotient (m, —n) == —quotient(m, n)+)(z(?)—l/; 1g
mmod —n == mmodn — n(l— XZ(Re(?))) sgn(|Re(?)|) - quotient(m, —n) == —quotient(m, n) — (1—XZ(Re(§):
in(2- xz(1m( ) son im(Z)) i1 xz{im( 7)) somim( 2
(=m, n) —mmodn::n—mmodn/;me[R/\ne[R/\?eZ quotient(—m, n) ==XZ(%)—l—quotient(m, n)/;me
—mmodn = —Xz(%) n+n-mmodn/;meRAneR quotient(—m, n) == —quotient(m, n) — (1—)(Z(Re(g)
S e I I
in(2- xz(1m( ) son(im( )
(@m,in) |(m mod(n)==:(mmodn) quotient (i m, ¢ n) == quotient (m, n)
Gm,n) |Gmmodn=n-— nXZ(Im(?)) +i (mmodn) quotient (i m, n) == i quotient(m, n) + )(Z(Im(%)) -1
(=im,n) |(~imymodn==—-in (XZ(Re(g)) - 1) — i (mmod n) quotient (—i m, n) == —i quotient(m, n) + i (XZ(Re(?)
(m,in) |mmod(@n)==mmodn + ()(Z(Re(%)) - 1) n quotient (m, & n) == —i quotient(m, n) + i (XZ(Re(?))
(m, —in) |mmod(—in)==mmodn+ (XZ(Im(g)) - 1) in quotient (m, —i n) == )(Z(Im(?)) + i quotient(m, n) —
(% 1) % mod 1 == mmedn quotient(%, 1) == quotient (m, n)

Transformations and argument simplifications (argumentsinvolving related functions)
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Compositions of rounding and congruence functions | z|, | Z], [Z], int(2), frac(z), mmod n, and quotient(m, n) with
the rounding and congruence functionsin many cases lead to very simple zero results:

z Floor Round Ceiling I nteger Part

Floor Lzl ==1z] LLZ1] = Z] L1Z1] =17 Lint(2)] = int(2)
lz—1z)]=0

Round LLz]1=z] LLZ11== [Z] L1211 =12 Lint(2)1==int(2

lz— [Z11=0
Ceiling Mzl =1z [z11== 171 [MZ11==T17 [int(2)] == int(2)
[z—[2]1=0
I nteger Part int(lz) ==z int(LZ]) == 2] int([Z]) ==[Z] int(int(2) = int(2)
int(z—int(2)) =0

FractionalPart | frac(|z]) == 0 frac(|Z]) == 0 frac([Z]) =0 frac(int(2) =0

Mod lm]modn==m]| —n{%J Lm]modn == |m] —n{%J [m] modn == [m] —n{@J int(m) modn==int(m)—n
lmjmod1==0 lmlmod1==0 [mlmod1==0 inttmmod1==0

Quotient  (quotient (mj, m = | | | quotient (i, my = | 11| | quotient (1, my == | | | quotient dntm), my =
quotient(m], 1) == |m| quotient(|m], 1) == | m] quotient(fm], 1) == [m] quotient(int(m), 1) == int(r

[nx]
—J::ij/;xe[R/\neZ
L n

[nxi
—}:fx]/;xeumnez.
n

(m, n) Mod Quotient

Floor [mmodn] == {m -n EJJ Lquotient(m, n)] == HJ
Immod1]==0 H — quotient(m, n)J =0

Round Lmmod n] = {m -n Hﬂ Lquotient(m, n)] == HJ

Ceiling fmmodn] = [m -n Hﬂ [quotient(m, n)] = HJ

Integer Part int(mmod n) == int(m— n HJ) int (quotient(m, n)) == [TJ

n

FractionalPart | frac(mmod n) == frac(m— n HJ) frac (quotient(m, n)) == 0

Mod (mmod n) mod n==mmodn quotient(m, n) mod n == [?J —n[i l—”

n
(mmodn)modn=m-n|?| | quotient(m, 1)mod1 =0

mmedt | | quotient (quotient(m, m), m) = | 1| 2| |

Quotient quotient (mmod n, n) ==l -

quotient(tmmod1, 1) =0 quotient(quotient(m, 1), 1) == | m|

Addition formulas

The rounding and congruence functions | z], | Z], [Z], int(2), and frac(z) satisfy the following addition formulas:
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zZ+n Z+2
Floor [z+n]=|z]+n/;ne”Z lzZ1+2]=zs+ - 71| - | ]|+ |Z1] + | ]
Round lz+n]=[Z]+n/;neZ

\Re@+i¢z \Im@+ie¢z
Ceiling [z+n]=[Z]+n/;neZ 1+ =[]+ [+ 21+ 2 - [21] - [2]]
Integer Part intz+n)=int(2+n-0z+nN+602/,ncZN\Nz¢Z
FractionalPart |frac(z+n) =frac(2) +0(z+nN) -0 /;ne ZN\Nz¢ Z

(m+knymodn==mmodn/; ke Z
quotient(m+ kn, n) == quotient(m, n) + k /; ke Z.
Multiple arguments

The rounding and congruence functions | z|, [Z], int(2), frac(z), mmod n, and quotient(m, n) have the following
relations for multiple arguments:

nz(orkm)
Floor Inz) =nlz) + gko(zmod 1 &) (1-¢(zmod1- 22)) ineNAzeR
Round
Ceiling nz] ::nfz1—2§;§k9(—§—zmod1+ 1)(1—9(—k;—1—zmod1+ 1)) neNAzeR

I nteger Part int(nz) =int(@n+nsgn(xz(2 +0(2) — sgn(xyz(n2 + 6(2)) +
Zﬂ;éké)(zmodl— E)(l—@(zmodl— '“Tl))—n+l/; neNAzeR

FractionalPart |frac(n2z) == frac(z n—nsgn(xz( 2 + 6(2) + gn(xz(Nn2) + 6(2)) —
Zﬂ;éka(zmodl— E)(l—@(zmodl— k+—1))+n—1/; neNAzeR

n

Mod (km) modn = k(mmodn) — nz'j‘;(l) j 6(? - JE — quotient(m, n)) (1_ 9(% - % _
quotient(m, n))) /ikeN /\ g R
Quotient quotient (km, n) == k quotient(m, n) + 375 j (0(? mod 1 — J;) (1— 0(% mod 1 - %))) /keN /\ M eR

Sums of the direct function

Sums of the floor and ceiling functions | z] and | Z] satisfy the following relations:

lzl+z]=za+2|-z2+2%-|z]-2]]

E km+ x IrIrZﬂj{kn+x ) A ‘A N
= ;XxeRAneN meN
kol N k=0

[+ 2] =[z+25]-[z1+2 - [21] - [2]]

”ij—kmw ::”i{x—mkn

kol N k=0

/ixeRAneNt AmeN*,

| dentities

All rounding and congruence functions satisfy numerous identities, for example:
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n n+2 n+4 n n+3
{—J+{— +{— ::{—J+ —J/;neZ
3 6 6 2
1 1 1 1
n+— +—|= n+- +-|//ne”Z
2 2 4 2

[Vn +Vn+1|=|V4n+2|/inez

(@a+cymodn=(b+d)ymodn/;amodn=bmodnAcmodn=dmodnAacRAbeRAceRAdeRANneR.

Complex characteristics

Complex characteristics (real and imaginary parts Re(z) and Im(2), absolute value |z], argument Arg(z), complex
conjugate z, and signum sgn(2)) of the rounding and congruence functions can be represented in the forms shown in

the following tables:

z Floor Round Ceiling Integer Part
Re Re(lz]) == [Re(2)] Re(|Z)) = |Re(2)] Re([2]) == [Re(2)] Re(int(2) = int (Re(2))
Im Im(z]) = [Im(2)] Im(Z]) = [Im(2)] Im(Z]) = [Im(2)] Im(int(2)) == int (IM(2))
Abs Lzl =V Im@J2 + [Re 2 |1121l = 21l = lint(2)] ==
VIR +Im@T | \Im@P+Re@? |  intim@)? + intRe)?
Arg Arg(lz)) = Arg(LZ]) = Arg([Z]) = Arg(int(2) =
tan"'(LRe(2)], LIm(2)]) tan"'(|[Re2)1, Im@1) | tan*(TRe@1], [Im@1) | tan (int(Re(2)), int(Im(2)))
Conjugate |[z] = |Re(z)] — i LIm(2)] 121 == |[Re@]-i[Im@] |[Z] = [Re(@] +i[IM(2)] |int(2) == int(Re(2)) — i int (IM(
Sign son(lz)) = & son(z2) = % son (12 = 7 SN (int(2) =
X+iy/; Floor Round Ceiling Integer Part
xeRAyYyeR
Re Re(Ix+iy]) = [x] Re([x+ i y]) == |X] Re([x+ i y]) == [X] Re(int(x+iy)) ==int(
Im Im(x+iyl)==1yl Im(IX+2yl) =LY Im(X+iyl) =Yl Im(int(x + i y)) = int
Abs Ix+iyll==V [XP+Ly? |Ix+iyll=v XP°+ LyP® [[x+iyll=v[X?+y® |lintx+iy)| =" int(x)
Arg Arg(Ix+iyl) == Arg(Lx+iyl) == Arg(Ix+iyl) == Arg(int(x +iy)) ==
tan (L), LyJ) tan (L1, LyD) tan(Ix1, y]) tan~L(int(x), int(y))
Conjugate [X+iy]=|x]—ily] [X+iy]=|X]-i Ly] [X+iy]=[X]-i[y] int(x+iy)==int(x) — i
: byl o LA Lyl ) e ] i i) == 1
Sign SN (Lx+ iyl = o N ([X +i y) == Fona son(fx+iyl) = pomr [sgndnt(x+iy)) = Tn
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(m, n) Mod Quotient
Re Re(mmod n) == Re(m) + {WJ Im(n) — Re (quotient(m, n)) ==
m”+Re(m \‘Re(m) Re(n)+|m(m)|m(n)J
[Im(m) Im(n)+Re(m) Re(n)J Re(n) —Im(n)2+Re(n)2
Im(n)2+Re(n)?
Im Im(mmodn) = Im(m) — {WJ Im(n) — Im (quotient(m, n)) ==
| R | R Im(my*+Re(n) {Im(m) Re(n)-Im(n) Re(m)J
l m(m) e(nz)f m(n)2 e(m)J Re(n) Im(n)%+Re(n)?
Im(n)=+Re(n)y
Abs | immodn| = /{{1m(m) - | UMD |y lquotient(m, )] =
Im(n)%+Re(n)?
I.Im(m) Re(n)—Im(n) Re(m)J Re(n)) (l Im(m) Re(n)—Im(n) Re(m)J Im(n) + \‘Re(m) Re(n)+|m(m)|m(n)J2 )
Im(n)?+Re(n)? Im(n)%+Re(n)? Im(n)?+Re(n)?
2
Im(m) Im(n)+Re(m) Re(n)
Re() - | MM Fem e |y )
e(m) Im(n)%+Re(n)? e
Arg Arg(mmod n) == tan’l(Re(m) + [WJ Im(n) — Arg(quotient(m, n)) ==
I et R Im(n) +R’Ie(r(1) s R R tan_l(llm(m)Im(n)JrRe(m)Re(n)
m(m) Im(n)+ mj n m(m) Im(n)+ m; n - 5 - 5
—Rn,lmm—{—Jlmn— Im(n)?+Re(n)?
{ Im(n)?+Re(n)? J ) (m) Im(n)%+Re(n)? (") M Rem
{ Im(m) Re(n)—Im(n) Re(m) J Re(n))
Im(n) +Re(n)
Conjugate | mmod n == Re(m) + LWJ Im(n) — {WJ Re(n) - quotient(m, n) ==
Im(n)“+Re(n) Im(n)“+Re(ny m(m) Im(n)+Re(m) Re(n)
. _ mim)Imn)+REm Ren) | _ ;
(im0 |y | | |
Im(n)%+Re(n)? Im(n)?+Re(n)?
E
Sign sgn (mmod n) == ({—'m(m) Re(m-Im(n) Re(m)J Im(n) + Re(m) — l—'m(m)'m(")me(m) Re(n J Re(n) + |sgn (quotient(m, n)) == ——
Im(n)?+Re(n)? Im(n)?+Re(n)?
Im
. Im(m) Im(n)+Re(m) Re(n) Im(m) Re(n)—Im(n) Re(m) {*
i{Im(m —[—Jlmn —{—JR n))/
( (m) Im(n)2+Re(n)? (" Im(n)2+Re(n)? &
. n
(\/ ((Im(m) _ LIm(m)lm(n)ﬁ—Re(m) Re(n)J Im(n) — {Im(m) Re(n)-Im(n) Re(m)J Re(n)) sgn(quotient(m, n)) = sgn(—r
Im(n)%+Re(n)? Im(n)?+Re(n)?
2
Im(m) Re(n)—Im(n) Re(m) Im(m) Im(n)+Re(m) Re(n)
({ Im(n)2+Re(n)? J Im(n) + Re(m) - { Im(n)2+Re(n)? J Re(n)) ))
sgn(mmodn) ==sgn(n) ; me RAneR

Differentiation

Derivatives of the rounding and congruence functions | z|, | Z], [Z], int(2), frac(z), mmod n, and quotient(m, n) can
be evaluated in the classical and distributional sense. In the last case, al variables should be real and results include
the Dirac delta function. All rounding and congruence functions also have fractional derivatives. All these deriva-
tives can be represented as shown in the following tables:

%(in classical sense) i(in distributional sensefor real x)
Floor % =0 am == Dkt O(X = K) a;_zEYZJ = #?1:)
Round 24 "(ﬁf = 2hzoo 5(X— K+ %) 0;5 = 511:7)
Ceiling I P = 0 (x—K) =
| nteger Part 6i2tz(z) =0 O'm(x) = 3% Ok O(X—K) ad{;g‘ 2 - ”:g)j:
FractionalPart % =1 m = X= 2} Ok 6 (X=K) 602;“ “= ra(ij) fr?c((lzf)u
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K K 9 9 KAl
am on am an am*
(inclassical (in classical (indistributional sense | (indistributional sensefor real | (infractional sense
Sense) sense) for real m, n) m, n)
d(mmodn) __ d(mmodn) __ d(mmodn) __ d(mmodn) __ s MY d*(mmodn) __
Mod = 1 = prs =m+ = sgn(n) (lnt( n) —
-5 2t O(m =k my m_ ami=  (mmodnm
{ n J n2 o0 Ok 6( n k)) r(2-a) r(l-a)
. dquotient(mn) oquotient(mn) dquotient(mn) dquotient(mn) d“quotient(mn)
Quotlent am =0 an =0 om - on - omt -
sgn(n) Y., 6(m—kn) _Sgnmm oo m quotient(m,n) m~®
« n? U k00 ( n k) I(1-a)
Indefinite integration
Simple indefinite integrals of the rounding and congruence functions |z, | Z], [Z], int(2), frac(z), mmodn, and

guotient(m, n) have the following representations:

[f@dz
Floor [lz)dz=1z|2]
Round [l21dz=12 7]
Ceiling [121dz=1z[Z]
Integer Part [int(2) dz==zint(2)

FractionalPart

[frac(z) dz== zfrac(z) - é

Mod fzmodndz::z(zmodn)—é
fmmodzdz== % z(m+mmod 2)
Quotient [auotient(z, n) dz== zquotient(z, n)

fauotient(m, 2) dz == zquotient(m, 2)

Definiteintegration

Some definite integrals of the rounding and congruence functions |z|, |Z], [Z], int(2), frac(z), mmod n, and
quotient(m, n) can be evaluated and are shown in the following table:
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aeR Jfodt/ineN J o dt St fodt
Floor Lt dt= @ Fudt= % (2a-lal-1|al Fetiydt=
2 (lala® - {(-a) + (-, |
Round Pindt= % Findt=1@a- (a) La] Fetindt=2 ({a+ %J a
(1-2L-a) +{(-
Ceiling Rrtat= 100 frtdt=1@a-ral+1ral Petmdt= w
IntegerPart | [Mint®ydt=""2/neN | [fint)d t==; (2a-int@ - 1int (@) Fretin at = MR

n — nquotient(a, n))

FractionalPart | [['fract)dt=7 /ineN | [Pfract)d t = 3 (frac(@)” - frac(a) + a) Jotetracty dt=2— - 2
{(~a)+{(-a,a-
Re(a) > -1
Mod Jytmodndt = % (@modn)® -~ n(@modn) +an) Jo et tmodn) d't = ZTi -
Jrmmodtdt = ; (—wl)(%am"da) n? +am-+ e+l f(—a) + nott
a(mmod a)) Re(a) > -1
foat"‘l (mmodt) d't == a21+a (r
m+l o {(a' +1, 20
Quotient Jy quotient(t, n) d't = 2 quotient(a, n) (2a - Jyte=* quotient(t, myd't = = (

n® ({(—a, quotient(a,
J to~t quotient(m, t) d't ==

quotient(m,a) a*+m* {(a,quotient(n

a

Re(a) > 1

Integral transforms

All Fourier transforms of the rounding and congruence functions |z|, |Z], [Z], int(2), frac(z), mmodn, and
guotient(m, n) can be evaluated in adistributional sense and include the Dirac delta function:
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FIf®] Falf®] @ Fs:[f (] (2
Floor o, Bk 2inkd _ Fallt]] (@) = - oo} )-yZs@ |Fsilul@=
iv2n 82 !
NPT
Round FLT] (@) = \/_ (DX (k- kz) d2rk+2) Fe[1t1] () == — 21” : csc(g) Fsillt]] (@) =
ivan & (2
Ceiling AN @ =5 6@+ Falltll @ =\ £ 6@ - J_#cot(g) Falltl] @ =
o  02kr-2-52rkiD) , 2z
‘/—Zkl k iV2r 6(2) Ly
2 K-
Vor
IntegerPart | Flint()] (2) = ——— + Felint(®)] (2) = - cot(g) - Fslint(t)] (2
21 z 27 z
‘/_ S0, k-2 6(27rk+z) iNZr 5@ \/?6(2) \/1_
2 2
FractionalPart | Fi[frac(t)] (2) = - Felfrac(t)] (2) = ——— (zoot(2) - 2) + | Fsilfract)] ¢
2n z 2
\/2_ o 6(2k7r—z)k5(2nk+z) \/? 5@ \/z_” 5
Mod Fi[tmodn] (2) == n\/? 8(2) - Fetmodn] (2) = ——— (n zcot(%) - Fsi[tmod n]
2n 2
ELES T F) L) L )
\/; Zk-l K ( ( n ) ( n )) 2) + \/? né2) \/2_
Quotient Frlquotient(t, n)] (2) == — @ §'(2) - \/? 6(2) + | Fer[quotient(t, n)] (2) == — — cot(%) — | Fsi[quotient
S (o5 =705 +2) : 1o
n = 0z ;
r NERE U

Laplace and Méllin integra transforms of the rounding and congruence functions |z|, |Z], [Z], int(2), frac(2),
mmod n, and quotient(m, n) can be evaluated in the classical sense:

LJdfM]1 (2 M f®] @
Floor L@ = - /;Re@ > 0 Mt @ =~ /;Re2) < -1
Round LI @ = = /; Re@) > 0 MM @ =-3(¢(-2 3)+27) /i Re@ < -1
Ceiling LM @) = — 1)2/ Re(2) > 0
IntegerPart | Li[int(t)] () = /:Re(2) > 0 Mint®)] @ = -2 /; Red < -1

(Zl)

FractionalPart | £Li[frac(t)] () = ;( - L_l) LR >0 | Lifract)] @ = = (1- —) /iRe(2) >0

Z( 2)

Mod L{tmodn] @ = 3 (1 - l)/ Re(N2) >0 | Mtmodn] (@ = =<2 /; ~1<Re2) <0
Mimmodt] @ = -T2 1 < Rez) <0

Quotient Lilquotient(t, ] @) = —— 1) /: Re(N2) > 0 | My[quotient(t, n)] (2) = —" ‘2 ) Re(z) < -1
M[quotient(m, t)] (2) == “Z) /i Re2) > 1
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Summation

Sometimes finite and infinite sums including rounding and congruence functions have rather simple representa-
tions, for example:

Y1k
>, S+ T LA xeRAYERAY>0
k=0t
Plikgl 1
_J:E(p_l)(q‘l)/;PeN*Aqu*Agcd(p,q):
kel
1k |k| 1y(km |mk| 1 11 kn mkx
_—l—J——][——l—J——):—Zcot(—]cot( ]/;meN*/\neN*/\gcd(m, n=1
k\n o Ln] 2)(n nl 2) 4ng n n
p-1p-1) ] p_lz
ZZ{—J:(—] (p-2)/;peP
=1 k1l P 2
bt ot
2 | gk 2 | pk 1
_J+ {_J:_(p_l)(q‘l)/?P€N+/\qu+Agcd(p,q)==1
kb P ol a 4
Y k
ZX“}:fxy—rx_l]()”f—ym/;XE[R/\ye[R/\0<x<1/\0<y<1
k=0
irl)k pmin-mp\[ln
oo S e e
kol PLM 2 L pm pLtm
= 4] ’
Z =————/;/keN" AmeN*,

= K (k-1)(K"-1)

Zeros of rounding and congruence functions are given as follows:
[z]==0/;0=Re(2) < 1A0=<Im(z <1

1 1, 1 1
121=0/;—- <Re@ =~ [\~ =Im@ = -
2 27\ 2 2

[Z1==0/; -1<Re(2 = 0A-1<Im(2 <0
int(2==0/; |IRe(@| < 1A|Im2)| <1
frac(z2==0/;Re(2 e ZV Im(2) e Z
mmodn=0/;m=0An=+0

m m
quotient(m, n)=0/; 0 < Re(—) < 1/\0 < Im(—) <1l
n n
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Applications of the rounding and congruence functions

All rounding and congruence functions are used throughout mathematics, the exact sciences, and engineering.
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