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RESEARCH

Introductions to InverseJacobiND
Introduction to the inverse Jacobi elliptic functions

General

The inverses of the Jacobi elliptic functions cdX(z| m), cn~1(z| m), csi(z| m), dci(z| m), dn~(z| m), ds Lz | m),
nc-t(z| m), ndY(z| m), ns"X(z| m), scX(z| m), sd"Y(z| m), and sn~(z| m) can be represented through elliptic
integrals. They first appeared in a paper by N. H. Abel (1826) who studied the so-called hyperelliptic and Abelian
integrals. Later A. G. Greenhill (1892) paid some attention to these functions. This interest was continued by L. M.
Milne-Thompson (1948).

Definitions of the inverse Jacobi functions

The inverses of the twelve Jacobi elliptic functions cd™X(z| m), cn=(z| m), cs1(z| m), dc™*(z| m), dn~(z| m),
dsz| m), nctz| m), nd™(z| m), nsX(z| m), sc(z| m), sd"1(z| m), and sn~(z| m) are defined by the following

formulas:

z==cd(w|m)/;w==cd‘l(z|m) cd_l(z|m)::le%clt/;—l<z<l/\m<l
vV 1-t Yy 1-mt

z=cn(w|m)/; w==cn(z| m cn*l(z|m)::fj%dt/;—1<z<1/\m(22—1)>—1
V 1-t2 y mt?-m+1

z=csw|m /;w=csHz|m) csi(z|m)= fmmdt/;zeuz/\zz—m>—1

z==dcw|m) /; w=dc *z| m) dc_l(z|m)::ffmdt/;ze[R/\22>l/\22—m>0/\m<1
z==dn(w|m) /; w==dn"‘(z| m) dn’l(z|m)::leﬁ\/mdt/;—l<z<l/\zz+m>l
z::ds(w|m)/;w==ds’l(z|m) ds’l(z|m)::fzmmdt/;zeﬂk/\zz+m>l

z=ncw|m)/; w==nc(z| m) nc*l(z|m)::flzmdt/;ze[l{/\zz>1/\(1—m)22+m>0
z==ndw|m) /; w==nd (z| m) nd’l(z|m)::flzmdt/;ze[R/\22>1/\(1—m)22<1/\m>0
zZ=nsw|m/w=nstz|lm nsz|m-= f \/_\/_dt/ zeRAZ>1AZ>m
z==sc(w|m)/;w=sci(z|m sci(z|m)= fm — dt/;zeRANA-mZ>-1
z=sdw|m) w=sdz|m sd@zlm=fj———"——dt/;zeRAMZ>-1AA-mZA<1

V mt2+1 \/1—(1 m) 2
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z=sn(w|m)/;w=sn1z|m sniz|m)= dt/;-1<z<1AmZ<1

z 1
fo V1-2 V 1-me?

It is obvious that the inverses of the twelve Jacobi elliptic functions are actually the definite elliptic integrals and
can be expressed through the Legendre elliptic integrals.

A quick look at the inverse Jacobi functions

Hereisaquick look at the graphics for the inverse Jacobi functions along the real axis.
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Connections within the group of inverse Jacobi functions and with other related function
groups

Representationsthrough more general functions

The inverses of the Jacobi elliptic functions cd™t(z| m), cn=(z| m), csX(z| m), dc™(z| m), dn~(z| m), ds™1(z| m),
nc(z| m), ndX(z| m), ns"X(z| m), sc™(z| m), sd~*(z| m), and sn~(z| m) can be represented through hypergeomet-
ric functions of two variables (including the Appell F; function) by the following formulas:

L11
cd'zlm) =Km-zFH A g 2 22 m2, 2 cntz| m) = K(m) - zZFi
2 1-m
1 .1 1
1 20| 23 1w -1 1x1x1 5
cs(z|m) =3 leOxl 3.4 T2z dc(z| m) = K(m)__leOXO
o1 2
1.1, 1) 2
1, = = (_) 72K
_ 1-2 '2' 2’
dn iz m = —1— K(ﬁ)— z Fobal 2% Am dsz|m) = 1 5, 25— Fi
Jma 21 3 (3)
R k
1.1 1,1 3 3.1
_. = - = 1. > O = 1. \/—
- 1 2'2'2"2"77 m 1 2'2’2"7  m -1 . 1-2 :
nc izl m =K@m - =|F3:3:5 -3 S|+ 3P -2 m|| ndlzIm=iK@d-m+
’ R B 27 2%% V21
111, 111
nsl<z|m>---pi§é§é[§_2 ¥ 2 ;J 1<z|m>——zFi:é:é[§__2 i
2% 2
111, 111,
sdl(z|m>--zFi:é§é[§_,,2 2 <1—m>zz,—mzz] s zim “ZF%iéil[i...z ’
it 2

1113
cd Yz m) = K(m)—zFl(E; > 5; 5;22, mzz)/;—1<z< 1Am<1
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1113
enlzim=v1-72 Fl(? > E; 5;1_zz,m(1—22))/;—1<z< IN-1<m<1

1 11 1 3 1 m-1
= =—Fy - -, - = —— :zeR -Z<1
csS (z|lm 1[2 222 22 2 )/ zZe /\m <
. 1 ( (1 1113 2
dc™(z| m) = — K[—)—zFl —— = =2 —=|lrz>1Am<1
vm m 2222 m
1 1113 z
dniz|m) = [K(—)—zFl[—; - - = 7, ]J/ —1<z<1/\22+m>1/\m>0
—7 | 1-m 2'2'2' 2" 1=

. 1 (11131-m m
ds (z|m)==—F1(
z

i 1 iz 1113 1
nci(z| m = K[l——]— FI(E; > E; E;zz, (1——)22)/;—1<z<1/\me[R
m

1 3
nd” (Zlm)==u(K(1 m) — zFl(2 5;22,(1—m)22))/;—1<z<1/\—1<m<1

1

'
1 11 l 3 1 m

ns‘l(zlm)::—Fl( ————— ]/ (z>1\/z<—l)/\22>m
z

1

sc iz m) ==ZF1(E; - - = -7, (m—l)zz)/; ZE[R/\(m—l)ZZ <1
1

sd iz m) ==zF1(5; - — — -mZ, (1—m)22)/; ze[R/\(l—m)z2 <1

1
sn‘l(zlm)::zFl(E; 2;zz,mzz)/; —l<z<l/\m22<l.

Representationsthrough related equivalent functions

The twelve inverses of the Jacobi elliptic functions cd™(z| m), cn1(z| m), cs~X(z| m), dc™*(z| m), dn~(z| m),
dsz| m), nc(z| m), nd™Y(z| m), ns(z| m), sc™X(z| m), sd"1(z| m), and s1~%(z| m) can be represented through
incomplete and complete elliptic integrals F(si nt2 | m) and K(m) by the following formulas:

od(z| m) = K(m) - F(sin™" (2 | m) /; m¢ (1, o)

cn izl m==F(cos’(2)|m) /; -1<z<1AmeR

1
cs Xz m)=—i F(isinh’l(—] 1- m) /;z>0AmeR
z

d—l L 1 1 s-1
c (z|m)__F K a —Flsin “(2

m
1 1 1
(K)o e tame s
1-m 1

1
—)]/;—1<z<1/\m> 1Vvz>1Am<1
m

dn‘l(z| m) ==

m-1
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m
—|/iz>1Am>1

m-1

1 1-m
ds‘l(z | m) = F[si n‘l[ ]
v1-m z

m-1 m-1
—)—K(—))/;z> 1Am>0
m m

nc(z| m) == IF [F[sin"l(z)
m

ndzlm=i(F§n'@|1-m-Ka-m)/z>1Am>1

1
nsi(z| m) = F(sin"l(—) m) /i (z<-1Vz>1)Am<1

z

slzlm=-iF(isnh '@ |1-m) /|2 <1

m-1
—)/; 1Z<1AIm <1
m

sd iz m)=- IF F(i snh™{(vVm z)
m

s iz|m=F(sn '@ |m) /2 <1AIm <1

The twelve inverse Jacobi functions can also be expressed through the elliptic logarithm elog(z, 2; a, b) and the
complete eliptic integral K(m) by the following formulas:

cdXz| m) = K@m) +

elog(z1, z; &, b) /;
Z

{a, b, 21}::{—m—1, m, ;}/\zﬁ+az§+bzl—z§::0/\(0<z<1/\me[R)\/z<—1/\m>1

NE

1
eniz|m=- [K[l— —)+e|og(zl, Z; a, b)) /i
Vm m
1 1
@bzl={--21-=2} \F+aZ+bzn-F=0/\o<z<1/\o<m<1
m m
sz m=- dog(z;, z;a, b) /;{a, bz} ={2-m 1-m, f}/\zﬁ+az§+bzl—z§::0/\z>0/\m<l

%

dctz| m) = Km) + dog(zy, z;a, b) /;{a, bz} = {-m-1,m, 22}/\zf+az§+bzl—z§::0/\z> 1/\m< 1

%

i

dn’l(z| m) == — (K@ -m) +€elog(z, 2; a, b)) /;

2z

{a,b,z}={m-21-m, 22}/\zi+azf+bzl—z§==0/\0<z<1/\m>1

ds(z|m)=- dog(z, z;a b) /; {a, b, z} = {2m-1, m(m- 1), 22}/\23+az§+bzl—z§ = 0/\z> O/\m> 1

Z
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m
nc(z|m) == eog(z, z; a, b) - K(—) /;
1-m Z m-1
2m-—
{a,b,zl}:{ - —m 1 22}/\23+a22+bzl— __0/\0<z<1/\m>1
i
nd 'z m=- (KA -m) +elog(z, z; &, b)) /;

%

{a b z}= {m 2,1- m—}/\zﬁ+a22+bzl— O/\z>1/\m>1

nsi(z| m)=- dog(z, 2;a b) /;{a, b, z} = {-m- 1m22/\zi+a22+bzl— 0/\z>0/\m<1

o)

1

sciz|m=- eog(z, 2; a, b) /; {a, b,zl}::{Z—m,l—m, ;}/\zf+a22+bzl— 0/\z>0/\m<1

%

1

sd iz m)=- elog(z, z; a, b) /; {a, b, zl}::{Zm—l,m(m—l), ;}/\zﬁ+az§+bzl—z§::0/\z>0/\m>1

¥4

sz m = —zelog(l, Va+b+1;a, b) /ita, by = {-Zm+1,mZ} \ |2 <1

Relationsto inverse functions

The twelve inverses of the Jacobi elliptic functions cdX(z| m), cn=(z| m), cs(z| m), dc™X(z| m), dn~(z| m),
ds Y| m), nctz| m), nd 1(z| m), nst(z| m), sc1(z| m), sdt(z| m), and sn~1(z| m) are connected with the
corresponding direct Jacobi functions by the following formulas:

cd(cd (z|m)|m =z cnfent(z|m)|m)=z cscst(z| m) | m)=
dcfdc (z|m)|m =z dn(dn” (z|m)\m =z ds(ds‘l(zlm)| m) =
nc(nc Xz m) | m) =z nd(nd | m) | m) =2z ngnsiz|m)| )::

se(sct(z|m) | m) =2z sd(sd” (z|m)|m——z sn(sn iz m) | m)=z
Representations through other inver se Jacobi functions

The twelve inverses of the Jacobi elliptic functions cd(z| m), cn1(z| m), cs~X(z| m), dc™*(z| m), dn~(z| m),
dsz| m), ncX(z| m), nd™t(z| m), ns"X(z| m), scX(z| m), sd~(z| m), and sn~(z| m) are interconnected by
formulas that include the complete dliptic integral K(m), rational functions, simple powers, and arithmetical

operations of the arguments of other inverse Jacobi functions. These formulas can be divided into the following
eleven groups:

Representations of cd‘l(z | m) through other inverse Jacobi functions are:

cdl(z|m ::K(m)—cn’l(\/ 1-7 ‘m)/;0<z< 1Am<1
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B 1 (1
cd 7 (z| m) = —(K[—)Hcs*l(—i/z

1
l——])/;0<z<1/\0<m<1
m m

m

1
cdY(z] m)::dc’l(— ‘ m)/;z< 0Am<0Vz<lAm<1
z

m-1

ot . I 71(
(z| m)__—Fdn z

)/;—1<z<1/\m>1
m

m

1

cd? - ! -1
(z] my == K(m) - ds
Vi-m

m
1 /;z>0AmeR
Vi-mz| M-

cd’l(zl m) == —n‘nd’l(z| 1-m/;zeRAmM<0

1 1
—)—K(—))/;—1<z< 1Am<0
m m

wram= (o
(z|m)==——|ns |z
Vm

cdlzIm=Km-isci(—iz|1-m)/;ze RAmeR

cd Yz m) = K(m) -

m
sd"l(Z\/1—m ‘—)/;—1<z< 1Am<1
1-m m-1

cd(z| m) =K@m) -sn"i(z|m) /; zeRAmeR.
Representations of cn~(z| m) through other inverse Jacobi functions are:

cn‘l(z|m)==K(m)—cd"1(\/ 1-7 ‘m)/;0<z< 1Am<1

1
centz|my=ics?

1—m]/;z>1/\m>1
VA-1

1 1
cn’l(z|m)==K(m)——dc’1(\/ 1-7 ’—)/;0<z< 1A0<m<1
m m

_1 _ 1 —1 1 .
cn s (zlm=——dn "|z|—|/;-1<z<1lAm<1

m m
o _ 1 1 1 m '
cn(z| m) = ds /iz>1Am>1
Vi-m Z-1)m-1 | M~

entzlm=-inclz|1l-m/;-1<z<1lAmeR

enY(z| m) == K(m)+ind_1(\j 1-7 ‘1—m)/;z> 0OAmeR

cent(z|m)=ns?

m|/;0<z<1AmeR

1-27
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en(z|m)= —isc‘l(i\/ 1-7 ’1—m)/;0<z< 1AmeR

j 1
cn‘l(z|m)::—\/l_sd"l(\/(m—l)(l—zz) P )/;O<z<1/\0<m<1
—-m

1-m

o)

Representations of cs™1(z| m) through other inverse Jacobi functions are:
-
1-m

1—m]/;z>0/\m>0

m

enX(z| m) == ))/;—1<z<l/\m<1.

1-m m-1

csiz|m =iK@L-m- Cd—l(l. ,

Vi-m

VZ+1

z

csYz|m)==icn

cs‘1(2|m)==i[ ! dc‘l(f i)—K(l—m))/-0<z<1A0<m<1

1-m

csi(z| m) = n[ ! dn"l(i
z

m
—)—K(l—m) /iz>0Am<0
m-1 m-1

iz |m-1

Vm

i
cs Xz m)= ds_l[ ]/;ze[R/\m<0
m

m

1
1——)/;ze[R/\m<l

i
csHzim=iK@l-m- — nc‘l(n' z
m

m

i

cs Xz m) = nd’l[— m]—n'K(l—m)/; z>0AmeR
z

csiz|m)=-ins(-iz|1-m)

1
csi(z| m) = sc‘l(— m)
z

—1 _ 1 —1
cs(z|m)=——sd
m

[m

1
—]/;z>0/\me[R

z m

i
cs iz m) = —isn‘l(— ‘ 1—m)/;z> 0OAmeR.
z

Representations of dc Xz m) through other inverse Jacobi functions are;

1
dc iz m) = cd‘l(— ‘ m)
z

1 1 1
dc iz m) = —(K[—)—cn‘l(\/ 1-7 ‘ —))/;O<z< 1Am>1

m m m
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» 1 1 N i
dc~(z|m) = —(K[—)—ics’ (—

1
1——))/;z< 1Am>1
m m z

m

dc izl m =2iK@L-m-idntz|1-m)

1
—|/;0<m<1
1-m

o B i o iz
dc " (z| m) = K(m) + ds |-
1-m 1-m

L1 moy
dc(z| m) == nc -z /iz>0Am>1
1-m m-1
-1 o -1 1y
dc"(zlm=-——nd|z|1-—]|/;z>0Am>0
m m
. 1 (1 111
dc (z|m)==—[K[—)—ns‘l(— —D/;z<1/\m>1
\/H m zZ|lm
. 1 (1 m-1
dc (z|m)==—[K[—)+isc‘l(rLz D/;m>1
\/H m m

m

» 1 1 1 4[zv1i-m
dc ~(z|m) = —K[—]— s
1-m vm

m m

m-1

1
—))/;—1<z< 1Am>1Vz>1Am<1l

octaim=—— (7)o
(z|m)=——|K|—|-sn""|z
m m

m

Representations of dn~%(z| m) through other inverse Jacobi functions are:

1
dn"l(z|m):: cd"l(z )/;—1<z< 1Am>1
m-1 1-m
. 1 1
dn (z|m)==—cn‘1(z —)/;—1<z<1/\m>1
m m
o 1 1 i m
dn"(z| m) = (iK( ]+cs‘l(— —))/;—1<z<1/\m>1
1-m 1-m zZ|m-1

dn iz m =2Km+idclz|1-m) /i -1<z<1Am<0VzeRAmM>1

1 1 1 1 4fVm-1 11
dn " (z| m) == K[ )— ds —|/0<z<1Am>1
m-1 ‘1-m/ m Vvmz |M
. i 1 1
dan " (z|m=-——nc|z|1-—|/;z<1Am>1
m m

1
dn"l(z|m) == nd_l(— ‘ m)/; -1<z<0Am<0Vz<lAm>1
z

]/;—1<z<1/\m>1
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. 1 1 1 1
dn"(z| m) = (K(—)—ns’l(— —))/;—1<z< 1Am>1
m 1-m z|1l-m
» 1 1 m
dn"(z| m) = (K(—)—isc’l(—iz —))/;—1<z<1/\m>1
Vm-1 ' \1-m m-1
1 1 1 i 4 ivmz 1
dn""(z| m) = K( )+ s 1-—1|/;i-1<z<1Am>1
m-1 ‘1-m/ m m-1 m

1
dniz|m = (sn‘l(z
Vvm-1

1-m 1-m

Representations of ds‘l(z | m) through other inverse Jacobi functions are:

1 1 m 4fVv1i-m m
ds “(z| m)= K(—)—cd —11/;z>0Am>0
vi-m m-1 z m-1
1 VZ+m-1 m
ds(z|m) = cnt /iz>1Am>1
1—-m VA m-1
1 i 1 iz
ds “(z| m) == cs /izeRAm>1
Vi-m  \Yi-m [1-m

1 i m-1 [ iz
ds (z|m)==F K(—)—dc

m-1
—]]/;m>1
m m Vm

m

» 1 m 1 4fV1iI-m 1
ds “(z| m)= K( )+ dn —1/;z>0Am>1
Vi-m \m-1 o z |m
. m — Vvi-m
ds “(z| m)= K( )an 1-m|/;z>0Am<1
1-m M- z
» m 4 V1-m 1
ds “(z| m)= K( )+ind —|l/;z>0Am>0
1-m m-1 z 1-m
1 1 z m
ds ™ (z| m) = nst /;z>0Am>0
vi-m Vi-m [m-1
1 i ivli-m 1
ds “(z| m) == sl - /;z>0Am>0
Vi-m z 1-m
-1 _ -1 1 .
ds "z|m=sd |- |m|/;z>0Am>1
z
. 1 1-m m
ds ™ (z| m) = snt /;z>0Am>0
1-m z m-1

! )_K(i))/;zeﬂ(/\zz+m<l/\m>0.
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10

Representations of nc™(z | m) through other inverse Jacobi functions are:

i m-1

nc iz m)= cd’l(z )/;—l<z< 1Am>0

m m

nclzlm=icnz|1l-m/;-1<z<1lAmeR

m 1
nc izl m) = (K(—)—ics‘l(iz )) iz>1Am<1
1-m m-1 1-m
1 -1
nc iz m)=- dc (z )/;0<z<1/\m>1
1-m m-1
1 —1
nc izl m)=- dn (z )/;—1<z<1/\0<m<1
m-1 1-m

. i m-1y = (Vm
nc (z|m)==—K[—)—wds —
vm m z

1—m]/;z>0/\m>0

11
ncX(z| m)= —— nd (z —)/;—1<z<1/\m>0
m m
m m
nc iz m)= (K(—)—ns‘l(z )) iz>1Am<1
1-m m-1 m-—
1

—))/;—1<z<1/\m>0
m

1 -1
nc iz m) = = [n? K(m—) - sc‘l[—u‘z
m m

1 i m-1 [ iz
nc=(z| m= K(—) -«
m m Vm

m]/;—1<z<1/\m>0

m-1

)]/;O<z<1/\m>0.

7 _1
nciz|m = i (K[m—] - sn’l(z
vm m

m m

Representations of nd~t(z| m) through other inverse Jacobi functions are:

ndY(z|m =icdz|1-m

nd"l(zlm)zz—m'(cn‘l(\/ 1-2 ‘1—m)—K(1—m))/;0<z< 1Am>0

i
ndX(z| m) ::L‘K(l—m)+cs’1(— ‘ m)/; ~1<z<1Am>0
z

nd’l(zl m) ==

dc’l(z )/;—1<z<1/\0<m<1

1-m 1-m

1
nd‘l(z|m ==dn‘l(—‘m)/;z<—1/\m<0\/z> 1Am>1
z
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m-1

1
ndz|m) =i [K(l -m- dsl[
m

]]/;0<z<1/\me[R
m

1
vm z

1 1
nd(z| m) = —nc’l[z —)/; “1<z<1lAm>1

m m
o i 1 . 1
nd “(z| m)= (K(—)—ns (z ))/;—1<z<1
Vvi-m 1-m 1-m

ndzlm=iKQl-m+sci-iz|m/-1<z<1lAmeR

1 1
nd Yz m=iKl-m- — Sd_l[i zvVm ‘ —)
vVm m

nd 'zl m=—i(snlz|1-m-K1-m)/z>1Am> 1

Representations of ns™%(z | m) through other inverse Jacobi functions are:

1 1
nst(z| m) = K(m) - —cd'l(z —) /i—1<z<1Am<0
m

m

N

nsi(z|m=cn?

m|/;z>1Am<1

nst@z|m=icsi(-z|1-m)
1 (11

ns™i(z| m) = K(m) - —— dc_ [— ’ —]/; -1<z<1Am<0
m m

i (1 1
ns™i(z| m) == K(m) + —— dn (—‘1——)/;z>—1/\m>1
m z m

V4 m

m_

1
nsi(z|m = dsl[ ]/;0<z<1/\m<1
1-m 1 1

-m

nst(z| m) = K(m) +

1
nc’l( -

1
—)/;z>1/\me[R
z

1-m

1-m

1
1——)/;—1<z<1/\m<0

nst(z| m) = K(m) + L nd‘l(z
m

m

i
ns(z| m) = —u'sc‘l(— ‘ 1—m)/;z> 1AmeR
z

m-1 1

1-m

i 1
nsi(z| m) == sd”
1-m z

]/;z>0/\m>l

1
ns(z| m ::srrl(— ’ m]/;ZE[R/\m< 1
z
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Representations of sc™1(z| m) through other inverse Jacobi functions are:

sci(z| m) ==n'(cd_l(iz|1—m)—K(1—m))/;ze[R/\me[R
sc‘l(z|m)==n'cn‘1(\/zz+l ’1—m)/;0<z< 1Am>1

1
sc iz m) = cs‘l(— m) /;z>0Am<1

z

sc‘l(zlm)zzi{K(l—m)— dc"l(—iz )]/;ze[R/\O<m<1
v1-m 1-m
1 1
sci(z| m) == dn (iz 1——)—L7K(1—m)/;z<1/\m<0
1-m 1-m
i . i m-1
sciz|m=-——ds |- —|/iz>0Am>1
m zvm m
1 1
sc‘l(z|m)==—nc‘l(n'z —)—E‘K(l—m)/;—1<z< 1Am>0
m m

sci(z| m) = nd_l(z?z|m)—u‘K(l—m)/;ze[R/\me[R

i

sci(z| m) = —ins’l[— 1—m]/;0<z< 1Am>0

z

1 1
sc iz m) = —sd’l(zx/ﬁ‘ —J/;z< 1Am<0
m m

sciz|m = —isnYiz| 1-m).

Representations of sd‘l(z | m) through other inverse Jacobi functions are:

sd iz m = ! (K(l)—cd’l(mz

m
))/;ze[R/\m>1
1—-m m-1 1

m_

sci(z| m) = —icn’l(\/zz+1 ‘1—m)/;0<z< 1A0<m<1

1
sci(z| m) = cs‘l(— ‘ m)/; z>0AmeR
z

sc‘l(z|m)==u'[ dc’l(zfz )—K(l—m)]/;ze[R/\O<m<l
Vv1i-m -
m
scl(zlm)::u'[ dn*l(iz )—K(l—m)]/;—1<z<1/\m>1
Vvm-1 m-1

-1 . -1 1 .
sd (z|m=ds|—-|[m|/;z>0Am>1
z
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1
scizlm=iKd-m- — nc’l(z

1
—)/; -1<z<1Am>1
m m

1 1 1
sdizim = —(nd*l(iz«/m ‘—)—ﬁK(l——))/;zeR/\mu
m m m

i
sciz| m) = —ins’l(—— ‘ 1—m)/;z> 0AmeR
z

sci(z|m=—isnt@z|1-m)

sdizim=- L sn’l(\/ -m z

m

m-1

)/;—1<z< 1Am>0.

m
Representations of sn~%(z| m) through other inverse Jacobi functions are:

s iz|m=Km-cdz|m/;zeRAmeR

1 m
sn3(z| m) = K(m) - cn’l(z )/; -1<z<1lAm<1
1-m m-1
L i (| m-1
sn(z| m) =K(m+ ——adn (z —)/;z< OAm>1
m m

1 (1
snY(z| m) = K(m) - —— dc [z —)/;z>1/\m>1

m m
i |m-1
sn(z| m) = K(m) + —— dn (z —)/;z<0/\m>1
vVm m

sn(z| m)::dn"l(\/ 1-mZ ‘m)/; z>1Am<0

1 m

1 -1
sn izl m)= ds
1-m 1 m-1

)/;z>0/\m>l
-m

1

sni(z| m) = K(m) + ' nc’l(z

)/;—1<z<1/\m<1
1-m

1-m
srizIm=Km+indz|1-m)/;zeRAmeR
1
sn‘l(z|m)==ns‘1(—‘m)/;—1<z<0/\m<0\/z>0/\m<0
z

sniz|m)=-iscl@z|1-m)

sniz|m)=- sd’l(\/ m-1z

)/; -1<z<1Am<1

1-m

The best-known properties and formulas for inverse Jacobi functions

Simplevaluesat zero
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The inverse Jacobi functions cd(z| m), cnt(z| m), cs~X(z| m), dc Xz m), dn~1(z| m), ds | m), nc(z| m),

nd~t(z| m), ns1(z| m), scX(z| m), sd"X(z| m), and sn~1(z | m) have the following simple values at the origin:

cd(010)=% cnl0]0)=3 csX0|0=12
dc(0]0)=& dn*(0]0) ds0]0) =&
ncl(0]|0)=& nd (0|0 ns1(0]0) =&

s1(0]0)==0 sd'(0]0)=0 sn}0]0)==0.

Specific values for specialized parameter values

The inverse Jacobi functions cd™1(z| m), cn=1(z| m), cs~X(z| m), dc Xz m), dn~t(z| m), dsi(z| m), nci(z| m),
ndX(z| m), nsX(z| m), scX(z| m), sd"X(z| m), and sn~(z| m) can be represented through elementary functions
when m==0 or m==1. In these cases they degenerate into inverse trigonometric and inverse hyperbolic functions.
If m== % they can be represented through the elliptic integrals F(w(z) | n) and K(n):

cd (2] 0) = cosL(2) cd_l(z| %) = K(%) - F(sin_l(z) ‘ %) cdlz|) =
cn~1(z] 0) == cos () cn‘l(z| %) = F(cos‘l(z) ‘ %) eni(z| 1) = sech (2)
csi(z| 0) = cot1(2) cs*l(z| %) =—i F(z?sinh_l(%) | %) csiz]| 1) = csch i)

-V2 (K@ -F(En'@]2)/z>1

8ar i \2 F(sin@|2)

2

dc(z]0) =sec k() dc

N

|
[N
—_—
—_ —

Nl NP

dn"l(z| 0) =% dn

N

ds™(z] 0) = csc (2 ds‘l(zlg =V2 F[sin_l[ \/i ]

2z

—1)/;z>1

==,zx/?(F(sin‘l(z) |-1)- 4\/127 F(%)z] fiz>1

::i\/?F(%|2)—\/7iF[sin"1[%]‘2]/;—1<z<1

ncl(z| 0) =secl(2) nc*l(z| %
nd(z|0) =& nd (2|

ns(z| 0) == cscX(2) ns‘l(z‘% =2 F(sjn‘l(z)\z)+ i"(i}
2T( -

4
scl(z| 0) = tan"1(2) sc*l(z| %) —_ivV2 F(isinh_l( \/Z_]‘z]

2

sdz]0)=snY(2 sd‘l(z %) - —i\/?F[isinh_l[\/z_)‘—l]/;z>—l

2

s1i(z|0)=sn @2 sn*l(z

At the points z== -1, —1/2, 0, 1/2, 1, and i, the inverse Jacobi functions cd™(z| m), cn~1(z| m), cs1(z| m),

dclz| D) =&

dn"l(z| 1) = sech"l(z)
ds"l(z| 1= csch"l(z)
ncl(z| 1) = cosh }(2)
nd"l(zl 1) = cosh"l(z)
nsi(z| 1) = coth™'(2)
s i(z| 1) =sinh™(2)

sd izl =snh (2

s1i(z| 1) = tanh }(2).

dc iz m), dn~tz| m), ds~z| m), nctz| m), nd"X(z| m), ns~(z| m), sc1(z| m), sd"%(z| m), s1~(z| m) have the

following representations through the elliptic integrals F(W(z, m) | n) and K(u(m)):
cd (=1 m)=2K(m) cd’l(—% | m) = F(% | m) +Km) cd™0]m)=Km

cd"l(% ‘ m) =K(m) - F(%

m) cd"1(1| m) =0

cd (@ | m) == K(m) - F(sin™"() | m)
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cn (=1 m) = 2K(m) cn‘l(—% ‘ m) = F(z?”

m) cnt0|m=Km/meRAmM<1

cn‘l(% ‘ m) = F(g ‘ m) cnilim=0 cniG | m) == r:_l (u(K(%) - F(si nG) ‘ %)))

csi(=1|m) = \/i_m (K(Wl) zF(zsnh (1)‘ —)) cs‘l( = ‘ = —iF(isinh” Y2 |1-m)- \/f_m (isinh‘l(%)| ﬁ) c
(‘S%%‘m):: ~iF(isinh™* @|1-m) l(l|m)——\/m( (nsmh (1)‘ —)+K( o )) C
de(-11m = 2 K(5)im>1 de(-5 | m)= = (K(3)+F(5 [ 5)) im>1 deorm = L k(3)im>
dc’l(i ‘ m) = Lm (K(%) - F(% %)) sim>1 dcid|m=0 de G| m) = % (K(%) - F(s
dn (-1 m) = \/% K() im>1 dn’l(—%‘m):—\/i(F(% )+ K()) so<m<1 dntolm-
dn‘l(% ‘ m) = \/ﬁ (K(ﬁ)— F(% ﬁ)) m>1 dntd|m=0 dn i | m) =
dsi-1|m) = ﬁ[K(%)H‘F[sin"l[\/ll_im] m_Tl]] /im>1 ds_l(—% ‘ m) = }—i\ F[Sin_l(zx/i_im] ”‘"Tl)+ \/11-7m F(sin 1(
ds(% | m) = Jll_T F(sin*(2vi-m)| 2Z)/;m>1 ds (L m = ﬁ[K( )—u‘F[sin‘l[ 1l_m ) %1))/; m>1
nci(-1|m= % K(%l) nc‘l(—% ‘ m) = ﬁ (K(%l) + F(% %1)) nc 0| m= ﬁ K(%l)

nc‘l(% ‘ m) = ﬁ (K(”‘"Tl) - F(% "’"Tl)) ncl1|m=0 nc G | m) = ﬁ (K(m_?l) - F(sm (@)
nd (=1 m=2iK(1-m nd (-3 ‘ m) = i(F(% ‘ 1- m) +K(1- m)) nd (0| m) =i K(1-m)

nd (3 |m)=i(Ka-m-F(z|1-m) nd*@im=0 nd G | m) = i K(L—m) — i F(isinh (D)

{2 2)K(2) 0 kim- i
s (3 [ m) = = (F(5 [ 5) =K (5) + ke nsidm) =Kam) ns 4 1 m) = K(m - = (K(2)

scl(-1|m) =i F(isinh (1) | 1-m) sc—l(—% ‘ m) =i F(isinh’l(%) ‘ 1- m) 30| m) =0

(3| m)=—iF(isnn™(3)[1-m) scl@im=—iF(snh @) [1-m) sl m =iKa-m

i (0] ) a4 ) 2 im0 i
o0 (3 [m) = - = Flisinn () | =) im0 a7 m == Fisinn (Vi )| ) im0 s m) = =

2 m

F

sni(=1|m) = -K (m) sn*l(—%‘m) :_,:(%

m) sn}0|m)=0
S”_l(% ‘ m) = F(% ‘ m) s (1| m) = K(m) sl | m) = F(i snh™ (1) | m).
At the points m== = co Or == % co, the inverse Jacobi functions cd™(z| m), cn~(z| m), cs™X(z| m), dc(z| m),

dn~H(z| m), dsH(z| m), nciz| m), nd " (z| m), ns~Y(z| m), scX(z| m), sd(z| m), and s1~%(z| m) have the follow-
ing values:
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cd (z] 0) =0 cd H(z] —0) =0

ed (oo [ M) = = K(%) cd*(-c0 | m)=2K(m) - = K(2)

cn}(z] 00)==0 cni(z] —o0) =0

Cn’l(oo|m)==—\/% K(l—%) enL(—oo [ M) == —2 K(1)+ ‘ K(E)

csH(z]o0)=0 cs(z]|-0)==0

cs (oo | M) =0 s L(—o00 | M) == \/12_7 K(l)
dc(z] 00)==0 dc(z| —0) =0
de oo | M) == K(M) dc H(=co | M) = —2i K(1—m) + % K(%) —Km) /;m>1

dn'(z] ) == 0 dn (2| —00) = 0
dn (oo [ M) =i K@ -m) dn" (—co|m)=—2 K(i)-m(l-m) fms 1

1-m
m-1

dsl(z] ) =0 ds(z]-c0)=0

-1 . -1 2 1) .
ds “(co|m)==0 ds (—oo|m)__ﬁK(E)/,m>1

nc(z| 00)==0 ncl(z| —c0) =0

nc (oo | M) = — \/ll—_m K(%) nc(—co | M) = —= K(l) + % K(%l)
nd(z| c0)==0 nd }(z] —c0) =0

nd‘l(oo | m)=- \/% K(ﬁ) nd‘l(—oo | m) =
ns(zlo)=0 ns}(z|-c0)=0

- - 2 1
ns(co|M)==0 nsi(—co|m)==2K(@m)— v K(E)

K(ﬁ)Jrzu'K(l—m)

-

sc}(z| 00) == 0 sci(z] —0) =0
oo | M) = K(M) sci(—oco | M) == —K (M)

A z| ) =0 sd(z| —00) =0
i Yoo | M) = anl K(Z)im>1 s ool m) = —\/i K()m>1
s i(z| c0) =0 sT(z| —c0) =0

_1 _ 1 1 . _1 _ 1 1 .
s (oolm)__K(m)—ﬁK(E)/,m>l sn (—oolm)__ﬁK(a)—K(m)/,m>l.

Analyticity

The inverse Jacobi functions cd™X(z| m), cn=t(z| m), cs~(z| m), dc Xz m), dn~t(z| m), ds"z| m), nc(z| m),
nd~1(z| m), ns"t(z| m), scX(z| m), sd"1(z| m), and sn~1(z| m) are analytical functions of z and m that are defined
over C2.

16
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Poles and essential singularities

The inverse Jacobi functions cd™(z| m), cnt(z| m), cs~X(z| m), dc"(z| m), dn~t(z| m), ds"z| m), nc-(z| m),
nd~1(z| m), nsX(z| m), sc1(z| m), sd"*(z| m), and s1~%(z| m) do not have poles and essential singularities with
respect to z and m.

Branch pointsand branch cuts

For fixed z, the point m = & isthe branch point for all twelve inverse Jacobi functions. Other branch points are the follow-
ing: m = % for cdX(z|m), m = é for cni(z|m), m =1+ 2 for csi(z| m), m = 22 for dc X(z|m), m =1- 2 for

dnXz|m), m=-2 and m=1-2 for ds*z|m), m = é for ncX(z|m), m = % for nd‘(z| m), m = 2 for

ns(z|m), m= % for sci(z|m), m = -+ and m== 2=%

—1 _1 1
= = for sd™*(z| m), and m_zzfor sn~H(z| m).

For fixed m, the point m = c is the branch point for all twelve inverse Jacobi functions. There are four or five other branch

points that include the following: z =+ 1, z==+ % for cdz|m), z=+i,z===Vm-1for cniz|m),
m

z==%iz==2Vm-1 for csXz|m),z=0,z=+1,z=+Vm for dc‘l(zlm),z==0, z=+17z==v1-m for
dniz|m), z=0,z=+V-m,z=xV1-m for ds'z|m), z==x1z=2%, " for nclz|m),

L for ndz|m), z=+1z=+Vm for nsiz|m), z=+i,z==x+ L
1-m m-1

1 -1 1
, for sd ,and z=x1,z2=4+ —
— or (zlm)y,and z==x1,z==% =

z=+127z=4+ for sc™i(z| m),

for sn~1(z| m).

Parity and symmetry

The inverse Jacobi functions cd1(z| m), cn=1(z| m), cs~X(z| m), dcXz| m), dn~tz| m), dsi(z| m), nciz| m),
nd~1(z| m), ns1(z| m), sc"L(z| m), sd"1(z| m), and sn~1(z| m) have mirror symmetry:

cdlz|m=cdlz|m cniz|m=cniz|m csiz|m=csz|m)
dclzim=dclz|m dntz|m=dnlz|m dsiz|m=dsz|m

nciz|m=nctz|m ndz|m=ndtz|m nsiz|m=nsiz|m

sclzim=sclz|m sdi@z|m=sdz|m sriz|m=sriz m).

Nine inverse Jacobi functions cd™(z| m), cn(z| m), cs~X(z| m), dc 2(z| m), dn~t(z| m), dsi(z| m), nct(z| m),

nd~1(z| m), ns~1(z| m) have the followi ng quasi-reflection symmetry with respect to z

cd H-z|m)=2Km-cd *zIm cni(-z|m)=

— F(sin’l(z) ‘ %) +en izl m)

csi(—z|m) =csiz|m) - -2

1-m

F(z’s’nh"l(z)|ﬁ) dc Y=z m) = F(sin"l(z)‘%)+dc_l(z|m)

2
vm

dn’l(—z| m) == dn’l(z| m) —

2 " 1 -1 2§ -1z m-1 -1
mF(sm (Z)|ﬁ) ds (—z|m)__mF[sm ( 1_m] m)+ds (z|m

2 F(sin’l(z) | %1) +nctzim/m<l nd Y-z m)=2i F(sin’l(z) |1-m)+ nd(z| m)

ncl(-z|m =
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)

2
nst(-z|m=nstz|m-— F(sinfl(z)
m

The other three inverse Jacobi functions sc1(z| m), Sd’l(z | m), and sn1(z| m) are odd functions with respect to z

scl—zlm=-sclz|m sdi-z|m=-sdt@z|m sni-z|m=-snt@z|m-.
Seriesrepresentations

The inverse Jacobi functions cd(z| m), cn=t(z| m), cs~(z| m), dc Xz m), dn~1(z| m), dsz| m), nc-(z| m),
nd~t(z| m), nsX(z| m), sc1(z| m), sd"1(z| m), and sn~%(z| m) have the following series expansions at the point
z=0:

m+1 3+2m+3n?

cd Yz m) =Km) -z- - A 0 ... /(@20

2m-1 3-8m+8n?
+ +
6(m-1) 40 (m-1)?

cn(z| m) = K(m) - i [1 z4+...]/;(z—>0)
1-m

1 1 z m-2 8-8m+3n?
csMz|my=i K(—)—K(l—m)— 1- 2+ Z-...||;@->0
1-m ‘1-m m-1 6(m-1) 40 (m- 1)

) 1+mZ (3+2m+3m?) 2P
_Z_ p—

5 1 1
dc(z|m)= — K[—
vm m 6m 40 ¢

] /i (z-0)

» 1 ( 1 2-mzZ (8-8m+3nm?)2P
dn""(z| m) = K( )—

z- - —... /i @z-0
1-m 6(1-m) 40 (=1 + m)?

ym-1

o [1 1 z em-1272
ds “(z|m)y=_[ — K(—)— + —...[;(@Zz->0
m M Vm-1 vVm 6m-1)¥m?

Vi-2 2m-1 8m? -8m+3
nc iz m)=iK@L-m+ {z+ : 2+ m+ 25+...]/;(z—>0)
VvmyZ2-1 m 4om
V1-2 2- 8-8m+3n?
nd Yz m) =iK@L-m+ [z+ m23+ me 25+...)/; (z-0)
6 40
V2-1
1 1\Y? 1 1 1+m 3+2m+3n?
nsiz|m=—— (——) K(m) +iK[—) + zZ+ 2+ 2+...|/@z>0
“m \\m m) Vm 6m 40nv
-2 3m-8 8
sc‘l(zlm)==z+m 2+ mr Z2+.../,(z-0)
6 40

1-2m 3-8m+8n?
sdizim =z+ . Z+ ™ 2-.../(z-0
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1+m 3+2m+3n?
snlz|m)=z+ 5 + o 2+.../.(z>0).

The previous expansions are the particular cases of the following series representations of the twelve inverse Jacobi
functions near the point z== 0:

™ (3)
& 2 1 1 1
ozl m = Km - Y —— Fl(—, k- -k —)22k+1

o @k+Dk! 2 m

m K 1
1 > (F) (E) 1 1 m-1

en(z| m) = K(m) - Z ! K Fl(_ -k ——k: )sz+1

Vi- k0(2|(+1)k' 2 m

csi(z|m) =1

w (m=1 (;)k (1
2 1

1 1
( ) K@d-m) - Z — -k - -k 1—m)z2k+l
7 -m £ 2K+ 1)k 2 2

1 1 & m_k(%)k
)

1
dc izl m) = — K(— -
N vm k0(2k+1)k'

m m

1
et o)
2

o @-m™(3)

é 2k+1)k!

1 1 1
dn""(z| m) = K( )—
vV 1

K 1 1
zFl(— -k — -k 1- m)z2k+1
m— 1-m 2

>’

o (-DFmr¥(3)
1 1 1 1
dstzimy=_/ = K(—] g ’ kz 1[—, -k — -k m )22‘“l
m M m-1 Vm ico @k+Dk! 2 2 m-1

iz

nc izl m=iK@d-m+ i( )() (E,—k-i—k-l)zz”1

V21 v & S @2k+ k! 2 ‘2 m-1

\/ﬁiu_m)k(%)k F[E el L)sz
JZ-1 ko @k+DK 2 ,

2" T2 1-m

—k—— 1

1 1\ 12 o (‘) 1 1

nsi(z| m) == —[(——) K(m) +1K( )J+Z [— -k — -k m]z2k+1
“m \\m o 2k+ k! 2 2

nd’l(z| m)=iK(@1d-m)+

o (M-Df (%)k

1 1 1
sciz| m) = 272':1(—: -k — -k ]22k+1
I (2k+ k! 2 2 1-m

& (1_m)k(l) 1 1 m
Sd—l(z| m) ::Z—Zk 2|:1[_’ —k -k )22k+1
o 2k+Dk! 2 2 m-1
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it (3)

© 2 11 1

sn izl m)= 27“ 2F1[—, -k, ——k; _)sz_
HZekspk© 20 T2 Tm

The inverse Jacobi functions cd(z| m), cnt(z| m), cs~(z| m), dc Xz m), dn~1(z| m), ds"z| m), nc(z| m),

nd~1(z| m), nsX(z| m), sc1(z| m), sd"1(z| m), and sn~%(z| m) have the following series expansions at the point
m==0:

1 3
cd Y(z| m) = cos () + Z(\/ 1-7 z+ cos‘l(z)) m+ ” (2\/ 1-Z (2Z+3)+ cos‘l(z)) M+ ... /; (M- 0)

1 3
cnX(z| m) == cosX(2) + Z(cos‘l(z)—zxj 1-7 )m+ 6—4((222—5)\/ 1-72 z+ 3cos‘1(z))mz+ ... /;(m>0)

(22 + 1) COtfl(Z) -7 3 (—323 -5z+3 (22 + 1)2 COt_l(Z))
csX(z| m)==cot™(2) + m+ M+ .../, (m- 0)
4(Z+1) 64(2 +1)

1 1 3 1
dclzlm =scl@+ —|zsecl@+ [1- — [m+ — 3sec' (@2 +(32+2) [1-— [mP+.../;(m>0)
4z 2 647 2

Vv1i-m [ 1[ m 9n? ] log(4) -1 3(6log4) - 7) ]
dn"(z| m) = —— |1+ —+ —+...|log(-m) +log(4) + m+ m+... |-
1l 2 4 e 128
2
z2y1-2 [tah @ 1[tanh‘l(z) 1 ] 3(-32+52+3(Z-1) tanh'(2)
+ - + m+ m+...[/; (m-0)
N ] SR o42(# - 1)
ds_l(z|m)==
1 Z+1 1 1 (92-127-117+6) 1
csc @+ —|esc i) + 1- — |m+ —|9csci() - 1- — |mP+.../;(m>0)
4 z(1-7) z 64 2Z2-1) 2

1 1 3 1
nctzlm=secl@+—|zsec'@- [1-— |m+ —|[3sect (@2 +(2-57) [1-— |mP+.../;(m>0)
4z rad 647 Z

» [ i[ m 9n? ] i 3i ]
nd~(zjm=|-—|1+—+—+... Iog(m)+i|og(4)+—(Iog(4)—1)m+—(6log(4)—7)n12+... +
2 4 64 4 128

V1-2 L 1z o 3((52-3)z B
tanh (z)+—( +tanh (z)]m+— 72+3tanh @|m+...|/;(m>0)
VZ-1 2~ (Z-1)

1 1 3
nsizlm=cclz)- —| [1- — —zesc (@) |m- —
4z 2 6473

f 1
1- 2 (322+2)—323csc‘1(2)]mz— o [ (m>0)
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2+l -z 3(-52-32+3(Z+ 1) tarl2)

sci(z| m) ==tan"1(2) + m+ M+ .../, (m- 0)
4(Z2+1) 64(2 + 1)
zN1-2 (Z+1)+ (- 1)sin_l(z)
sd"l(zl m) == sin"l(z) + m-—
4(Z2-1)

2\ 1-2 (68 -117-122+9)-9(2- 1) sn @ i
64(2 - 1)°

1 3
s iz|m =sn"(2 - Z(zx/ 1-2 —sin‘l(z))m— ” (2(222+3) Vi-2 —3sin‘1(z))m2 +... /5 (M= 0).

The previous expansions are the particular cases of the following series representations of the twelve inverse Jacobi
functions near the point m==0:

() (B (3] 2
Cd_l(ZIm)==Z ﬂ(Z)k(Z)k - (Z)k zFl(E,k+E;k+§; 22) ¢
Sl o2 ekeDkr T N2 272

+.../;(m-0)

cn(z| m) ::i@ [E F(k+ %]—zzFlG, %— k; 2; zz]]rnk

S | 2k
1 2k-1
w (z)kf 1 3 1
cs‘l(zlm)zzzi 1[k+ k+ 1, k+ —; ——)mk
& 2k+Dk! 2" 2

6

dCil(Z| m) == Z _ —
o k! 2k+1k! 2k+1

mk

— k+—;k+—; —
2 2 2 2

\/?l"(k+§) f2kl [l 1 3 1]
2F1

1
wiame ) S e
vm-1 - /22_1 o K!
o . 72j-2k- 1( 1)]+k( ) (%)

1 1 3 1) .
dsil(z“n):zz 2 1(j+—,j+k+—;j+k+_; _]mﬁk
k=0 j=0 2j+2k+1)j!k! 2 2 2" 2

,_\
NI
—

o 1 1 11 31
-1 = E F(k —)—— F(—,——k; - —] mk
neim k! [ 2k! +2 z2 ! 2 2 2 2

k=0

1 k+1
Vi-2 & (-24(3), 2 1 3
ndX(z| m) =iK@L-m) + X zFl(k+§, k+1;k+5;22)mk

JZ_1 o @k+Dk
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Z-2k—1(1)

o 2 )k 1 1 31

ns(z| m ==272F1 — k+—1k+—; —|nmK
k=0k!(2|(+1) 2 2 2 2

sz+1(1)

had 2 )k 1 3

sci(z| m) ==Z—2Fl(k+—,k+l;k+—;—zz]nf‘
Sk 2k+ 1) 2 2

sl m = Zijkkzzmzﬁ[j +— k+—j+—; zz)mj
j=0k=o(21+1)(J—k)!k! 2 2 2
(l) 2kl
Sn*1(2| m ::ZLZF].(_! K+ = K4 —: 22] mk
Siok+nkt T 2" 20 2

Integral representations

The inverse Jacobi functions cd™(z| m), cn=t(z| m), cs~X(z| m), dc Xz m), dn~1(z| m), ds"z| m), nc(z| m),

nd~1(z| m), ns"X(z| m), sc"i(z| m), sd~(z| m), and sn~1(z| m) have the following integral representations, which

can be used for their definitions:

1

cd Hz|m) = f '
fy1-2 y1-me

dt/,-1<z<1lAm<1

dtf;-1<z<1/\m(Z-1)>-1

1 1
en(z| m)== f
‘ \/1—t2 \/mtz—m+1

S 1
csHz|m) = dtfizeR \Z-m>-1

‘ \/t2+1 \/tz—m+1

z 1
dc*l(z|m)==f—dt/;zeuz/\z2>1/\z2-m>o/\m<1
l\/tz—l VtZ-m
1 1
dn’l(z|m==f dt/;—l<z<1/\zz+m>1
*Vi-e Jeim-1
1 o0 1
ds (z|m)==f dt/;ze[R/\22+m>1
z \/t2+m \/t2+m—l
z 1
nc‘l(z|m)==f dt/;ze[R/\22>1/\(l—m)22+m>0
1

\/t2—1 \/(1—m)t2+m

ndl(zlm::flz\/ \/1 atf;zeR \Z>1\a-mZ<1/\m>0
t2-1 V1-(1-mt?
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o 1
ns’l(z|m)::f —d’t/;ZEIR/\22>1/\22>m

t2-1 yt2-m

2 1
sci(z|m) = dtfizeR N@-mZ>-1

*JestVa-me+1

2 1
sd_l(zlm):zf dtfizeR AmZ>-1\a-mZ<1

0 \/mt2+1 \/1—(1—m)t2

sn izl m)= f ’ !
*Vi-2 y1-me

Transformations

dtf;-1<z<1/\mZ <1

Some inverse Jacobi functions satisfy additional formulas, for example:

2.2~ (1-Z)(mZ +(1-m)(1-2Z) (B + 1-m)
1-m-2)(1-2)

] :

ez | m+eni(z | m) = cn‘l[

:

mz 2+ (1-Z)(F +m-1)(1-2)(F+m-1)
m-(1-Z)(1-3)

dn"l(zl | m) + dn‘l(zz | m) = dn‘l[

V-2)(1-m2) 2+ (1-2)(1-m3) 2
1-mzZ2
1 1

zle[R/\zze[R/\me[R/\—%<zl<%/\——<22<—.

m m

sn iz | M)+ sz | m) = snl[

| dentities

The inverse Jacobi functions cd (z| m), cn=t(z| m), cs~(z| m), dc Xz m), dn~1(z| m), ds~ | m), nc-(z| m),

nd~t(z| m), ns2(z| m), sc"X(z| m), sd"X(z| m), and sn~1(z | m) satisfy nonlinear functional equations:
(Z-1)mZ -mZ + 1) cdw(zy) + W(2,) | Mm% +2(M—-1) 2, 2, cdW(zy) + WZ) | M) + B + 2 (1-mZ) =1/, W2 = cd z| m)

(Z-1)mZ -mZ + m-1) cnw(zy) + W(Z) | M +22 2, CN(W(Zy) + W(Z) | M) + (-mZ +m-1)Z +(m-1)(Z-1)=0/,
W(2) == cn~Y(z| m)
(2 - B) cstw(zy) + Wiz | m)* +
2(-Z24+(-4+2m-2)Z+m-1)Z + (M- 1) Z) csW(Z) + W) | M) + (Z Z + m— 1)2 =0/, W2 =csz|m)

(Z-1)Z -7 +m)dcw(z) + W(2) | m? — 2(m- 1) 2, z, do(W(z) + W(Zp) | M) + (Z-1Ym+Z(m-2)=0/,

W(2) == dc"l(zl m)

(Z+m+(Z-1)(-Z) - 1) dn(w(zy) + W(2) | m)? — 2mz, z, dn(W(z,) +W(Z,) | M) + (Z+m-1)Z+m-1)(Z-1)=0/;

W(2) = dn’l(z| m)
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(Z- zg)2 dsw(z) +Wz) |M*-2(Z2Z4 +(Z+(@m-2Z +(m-1m) Z + (M- 1) m2B) dstw(zy) + W(zp) | m)* +
(m-1m-22) =0/, W@ =ds *z|m)

(M-1)(Z-1)Z - (M-1)Z +m)nc(Wz) + W(Z) | M)? = 221 2, NCW(Z1) + W(Z) | M) + (B - 1)m+Z (M- (m-1)Z)==0/,
W(2) == nc X(z| m)

(M-1)(Z-1)2 - Mm-1) 2 -1)ndwz) +Wz) | > +2m2z 2, ndW(z) + W2Z) | M) - Z~Z (M- B +1)+1==0/;

W(2) == nd_l(z| m)

(Z- zg)2 NSW(z) +W(Z) | M)* + (-2Z 2 +(-24 +4(m+ 1) Z - 2m) Z - 2mB) nsw(zy) + W(Z) | m)? + (M- Z zg)2 =0/
W(2) == ns~1(z| m)

(M-1D2Z+1) scw(zy) + W(zp) | m)* +

2(Z((M-DZB+(M-DZ+2(M-2)2%-1)-B)scW(zZ) +W2Z) | M +(Z - zg)2 =0/ W2 =sc}z| m)

((m-1mZ 2 - 1) siowizy) + wiz) | m)* -
2((m-1) (B +B)m+4am=-2)Z+1) 2 + Z) sdwizy) + Wzp) | M2+ (Z - Z) =0/, w(2) = sd *(z| m)

(mZ2z- l)2 NW(Z) +W(Z) | M* = 2((M(Z + ) - 2(m+ 1)) B + 1) Z + Z) sn(W(zy) + W(Z) | m)? +(Z - z%)2 =0/
W(2) == snX(z| m).

Representations of derivatives

The derivatives of the inverse Jacobi functions cd™*(z| m), cn~X(z| m), cs~L(z| m), dc~X(z| m), dn~t(z| m),

dsz| m), nci(z| m), nd"t(z| m), nst(z| m), sc~1(z| m), sd~(z| m), and sn~1(z | m) with respect to variable z can

be expressed through direct and inverse Jacobi functions:

acd(z| m) 1

9z (m-1ynd(cd *(z| m) | m) sd(cd ™z | m) | m)
aeni(z| m) 1

0z B dn(cn~Y(z| m) | m) sn(ent(z| m) | m)
acsHz|m) 1

0z N ds(cs(z| m) | m) ns(cs~Y(z| m) | m)
6dc_l(z| m) 1

0z 1-m) nc(dc’1(2| m) | m) sc(dc’l(z| m) | m)
6dn"1(z| m) 1

0z mcn(dn"l(zl m) | m) sn(dn"l(zl m | m)
ads (z| m) 1

0z cg(ds™(z| m) | m)ns(ds 'z m) | m)
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anc l(z| m) 1

0z B de(nc2(z| m) | m) sc(nc(z| m) | m)
6nd"1(z| m) 1

0z mcd(nd"l(zl m | m) sd(nd"l(z| m) | m)
ans(z| m) 1

0z cs(ns‘l(z| m | m) ds(ns(z| m) | m)
asc iz m) B 1

9z de(sc*(z| m) | m) ne(sc(z| m) | m)
asd (z| m) B 1

oz cd(sd ™z m) | m)nd(sd "'z m) | m)
asn~1(z| m) 3 1

0z en(sn(z| m) | m)dn(sn(z| m) | m)'

The previous formulas can be generalized to the following symbolic derivatives of the n'" order with respect to
variable z:

cd Y(z| m 1 (A -Mypej- L . et it

$::(Sncd'l(zlm) Z 20 Z( )[ ) (_J mek(l_ZZ)kz(l_mZZ)kJ 2/neN
87 o (-j-D1@2" g ik

den~l(z| m)

e

i

o A =Mp- 1y (1 _
snen Xz m) - Z 20D 22 Z 1)J+k( )( ) [—) mi~ k(1 22) (mz2 m+ 1) 2 /; neN
io(n-j-11@2"%1 5 k\2/jk

ancsiz|m D ANy (1) (1 St
¥==6ncs*l(2|m)—z o Z(J )(—) (—) Z+1)" 2 Z-m+1) 2 neN
24 (- -1yt g kK 2)d 2/«

ndct n-1 (=11 (1-n) b ot i1
w:(sndc*l(zm) 2 ”22( )( )(—) (22—1)k2(22—m)kJ 2/ineN

07" i (n-j-D!122"? i ik

Mdn Yz m o (1= My i iy (1 et it
N CIm s e m - 2 — Z( DHK(J)H (‘) (-2 (Z+m-1)""2 nen
07" o-j-112™ 2j-1 kJ\2h\2);«

ds *(z| m 1 (A-NMypej)- i i 1 et _i-t
$== nds_l(z|m)+z 20 Z ( )[ )(—] (22+m—1)k2(22+m)k'2/;neN
o7 o (=j-D1@2"2 i 27k
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a"nci(z| m)
oz

- n)2(n—j)—2

n-1
Sanci(z| m - Z

i S (L - Gt kojot
— (-1 ( )(—) [—) m-1i*Z-1) "2 (@-mZ+m) " 2/neN
Sn-j-pieamitig KA 2

on nd'l(z | m)
07"

n- 1 =Mymn-j-2 i

V(1) (1 _ el -2
Sand ™ zIm - Z(‘l)k(:()[g) (5) A-mi*Z-1)" 2 (1-a-mA) "z nen
¢ k j-k

1
on-j-1!22" 15

d"ns(z| m 1 (DA =My J i1y (1 Lt 1
PN S S0 (0] e e
4 o (n-j-D1@y 2t g K 2hd 2/«
d"sci(z| m)
0
(=D A =My J i1y (1 . Lt 1
Sasc iz m) - V) D) ammH 2 T (@-m 2+ 1) T pnen
k
o(n-j-1!22" % 212/«
MsdHz| m)
0
1 (DI (L= Myjo Joriy(Ly (1) (m=1yX Lt 1
Snsd iz m) + “ ],) ZZ(J )(—) (—] (—) (mZ +1) “ 2(1—(1—m)22)k] 2/ineN
o (n-j-D1@2m2t g\ K2A(2)jad m
d"sn1(z| m) n-1 (L-nyn_j-2 I

=sn}z| m)én +

il
0z j:zo (n-j-1! (27211 Z(k

k=0

8 o0 e

The derivatives of the inverse Jacobi functions cd™t(z| m), cn=t(z| m), csi(z| m), dc i(z| m), dn~(z| m),

dsY(z| m), ncXz| m), ndX(z| m), ns"X(z| m), sci(z| m), sd~Y(z| m), and sn~%(z| m) with respect to variable m
have more complicated representations that include direct and inverse Jacobi functions and the élliptic integral
E@m(z| m) | m):

acdX(z| m) E(am(cd’l(z| m | m) | m) +(m-1) cdtz| m

om 21-mm

denizim  E(@am(en-i(z|m) | m) | m)+(m-1)cn (z] m) - med(cn (z| m) | m) sn(eni(z| m) | m)

om 21-mm
dcsizim  —E(am(es iz m) | m) | m)+ (1 -m)cs(z| m) + med(cs(z| m) | m)sn(cs~i(z| m) | m)
om B 2(m=-1)m

adczm  E(am(dc @I m)|m)|m) - @-mdc iz m

om 21-mm
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adn Yz m) E(am(dn_l(z| m | m) | m)+(m-1) dn Yz m - zsc(dn_l(z| m | m)

om 2(1-mm
ads ™z m 1
zm = (- E(am(ds‘l(zl m [ m) | m)+(1-m) dsiz|m + mdn(ds'l(z | m) | m) sc(ds'l(z| m) | m))
om 2(m-1)m
anci(z| m) 1

— —E -1 1-— -1 d —1 -1
pr 2(m—1)m( (am(nc*(z| m) | m) | m) + (L - mync™ (z| m) + med(nc ™ (z | m) | m) sn(nc(z | m) | m))

and Yz m 1 nd‘l(z| m|m
@lm = [SC( [m - E(am(nd‘l(z| m | m) | m)+(@-m nd Yz m)
om 2(m-1)m z
ans iz m 1 mcd(ns~t(z| m) | m
@l m = [ ( [m - E(am(nst | m) | m) | m)+ (1 -m)ns"'(z]| m)J
om 2(m-1)ym z
asci(z| m) 1 N 1 1 1
= (—E(am(sc™(z| m) | m) | m) + (1 - m) sc™ (z| m) + med(sc™A(z | m) | m) sn(sc™(z| m) | m))
om 2(m-1)m
asdt(z|m 1 9 » . o
= (—~E(am(sd™(z| m) | m) | m) + (1 - m) sd™"(z| m) + mdn(sd ™~ (z| m) | m) sc{sd™"(z| m) | m))
om 2(m-1)m

dsn(z| m) E(sin’l(z) |m)-@-m F(sin’l(z) | m) - mzcd(F(sin’l(z) | m) | m)

om 21-mm

The previous formulas can be generalized to the following symbolic derivatives of the n™ order with respect to
variable z:

Medtzim  am .11 (~D)"Vrx 2™ 11 1 3
= ZFl(—, —;l—n;m)——Fl(n+—; —,n+—;n+—;22,m22)/;neN
am 2 2' 2 (2n+1)r(§—n) 2'2" 20 2
1
Fenizim  (~)"Wr (1-2)"? 11 1 3
= Fl(n+—; —,n+—;n+—;1—22,m(1—22))/;neN
o (2n+1)r(§—n) 2’2" 20 2
cslzlm (-)"Vrx z2nt [ 11 1 3 1 1—m]/n N
N+ = =, n+—=n+—-;-—, -———|/ine
om’ @n+1r(3-n) 22 2 2 2 2
Ndcizim (-1 x 2t ] 11 ] 1 ] 31 my am" ﬁ[l 1 - m)/n N
+=; = N+ = n+—; —, —|+ —, = 1-nym|/ine
Wioo 72 "2 2 2 2 “H2' 2

ont' (2n+l)l"(%—n)

1

Mdntzim  Vr m-1p™": 1 1 1 11 13 2

== moF| = n+— 1, ——|[-2zF -, =, n+ —; —;22, —|/ineN
ant 2r(§—n) 2 2 '1-m 2'2° 2'2
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Mdsizlm  z2™1 0oyl 1 1 1 1 3 1-m m
= ( )(——k) (k—n+—) Fin+—; -k+n+ —, k+ —;n+ —; ——, ——1/;
am 2n+14WkJ 2 2/« 2 2 2 2 2 2

[z >1A|m>1AneN

ont' (2n+1)r(§—n)

a"nct(z| m) “)"Vr 1\ 11 1 3 1 1
1 Fi n+§;£,n+§;n+§;1——,m 1-—||/ineN

o nd"l(z lm)y mi

(1 1
= —(m—l)‘”zFl(—, —;1—n;1—m)+ Fidn+ — =, n+ —;n+ —; 2 (1—m)22) /ineN
om’ 2 2 2 2 2

iV 2ml ( 11 1 3
)1

(2n+1)r(§-n

n+—n+

Snstzim  (-)"Vr 22t . [n
= +
ant' 1 !

@n+ 1)r(5 - n)

NI w
N | P

)/;|z|>1/\neN

N
N e
"ol 3

1
2

Nsclzim )"V 2

11 1 3
Fl(n+—; — N+ —:n+—; -2, (m—l)Zz)/;neN
) 2 2 2 2

on’ (2n+1)r(§-n

Nsdtzim 2™ Nyl 1 11 1 3
= Z( )(——k) (k—n+—) Fl[n+—;——k+n,k+—;n+—;(1—m)22, —mzz)/;neN
am 2n+ 14k 2 2/« 2 2 2 2

NMsizim ()" 2 11 1 3
= Fifn+—; —,n+—;n+—;22,m22)/;neN_
o’ (2n+1)l“(%—n) 2 2
Integration

The indefinite integrals of the twelve inverse Jacobi functions cd Xz m), cni(z| m), csi(z| m), dc iz m),
dnYz| m), dsiz| m), nciz| m), ndtz| m), nst(z| m), sc(z| m), sd"1(z| m), and sn1(z| m) with respect to
variable z can be expressed through direct and inverse Jacobi and elementary functions by the following formulas:

log(v'm sd(cd *(z| m) | m) - nd(cd *(z| m) | m))
Vm
i idn(cn(z| m) | m)

fcn‘l(zl m dz==zcn(z| m) + log - snen(z| m) | m)

vm vm

fcd_l(z| m dz== zcd"1(2| m) +

fcs‘l(zl mdz==zcs (z| m +log(ds(cs *(z| m) | m) + ns(cs™ (z| m) | )

fdc‘l(z Im)dz=dc X z|mz- Iog(nc(dc‘l(z | m) | m)+ sc(dc'l(z | m) | m))

fds’l(zl m)dz=1zds }(z| m)+ Iog(cs(ds’l(z| m | m) + ns(ds’l(z| m | m))

28
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1 de(nci(z| m) [ m
Iog[ ( [m +se(nc iz m) | m)]
1-m 1-m

fnc‘l(zl mdz=ncz|mz-

cd(nd'l(z| m) | m)

1
fnd"l(zl mydz==nd }(z|mz- Iog[ + sd(nd_l(z| m) | m)]
m-1

m-1
fns‘l(z | m)dz==2zns*(z| m) +log(cs(ns *(z| m) | m) + ds(ns~*(z| m) | m))

de(sc(z| m) | m)

1
fsc‘1(2| mdz=scz|mz- Iog[ +nc(sc(z| m) | m)]
1-m

Vvi-m
) » 1 cd(sd_l(z| m | m) nd(sd"l(zl m | m)
fsd (zlmdz=sd"(z|mz- log +
vm-1+vVm m-1 vm

log(dn(sn~t(z| m) | m) - vV'm en(sniz| m) | ))
fsn‘l(z| mdz==sn"(z|mz- }

vm

The indefinite integrals of the twelve inverse Jacobi functions cd Xz m), cniz| m), csi(z| m), dc iz m),

dntz|m), dsiz| m), nc izl m), nd(z| m), nst(z| m), sc~(z| m), sd"Y(z| m), and sn~1(z| m) with respect to
variable m can be expressed through direct and inverse Jacobi and elementary functions by the following formulas:

1
fcd’l(z| m)dm== Z(E(m) -— (zE(sin’l(z) | m)+ (m- 1)2F(sin’1(z) [m+v1-7Z y1-mZ ]+(m— 1)K(m)) /;
z

-l<z<1lAm<1

zAmZ-1)+1 -z v -1 + -1
fcn‘l(zlm)dmzz ( ) +i\/m(E[isinh'1[ m ] m—]—E[isjnh"l( mz] m—]—
Vi-2 1-m m 1-m m
Flisinh + F|isinh —Il/;z<1A0<m<1
v1i-m m 1-m m
1 1
fdc’l(z|m)aﬂm==2\/m(E(—]—E[sin’l(z) —]]/;—1<z<1/\m>1\/z>1/\m<1
m m
1 1
fdn’l(z|m)d/'m::2v m-1 (E[—]—E[sin’l(z) —))/;z< 1Am>1
1-m 1-m
Zim-1+2 Zim-1 +y 72
fds’l(z|m)afm==2 \/ b \/ i —zlog\/ i +\/ b +1]+
z 2z
Yym-1 -1
Vm—li[E[isinh_l[ m ] l —F[isinh"l[ m J l]]J/;Z>O/\m>0
z m-1 z m-1
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fnc‘1(2| m)dm==

[z—zx/m—m22+z2 [ [ 1[ 1—m]
) +v1-m|Elisnh | ——
vVZ2-1

isinh + F|isinh —Il/;z>1Am>0
\/ﬁ m-— \/ﬁ m-1

fnd"l(zl m)dm==

;(—i\/l—zz Vm-12+1 -vm=1 zE(u'sinh"l(\/m—l)

z>1Am>1

) \/—ZE[ESIHh Wm-1 z)

)

1-m

fns‘l(z|m)dm==2(—z—WE( )+E(m)+\/_E(sm 2 )+(m 1)K(m))/z>1/\m<l

] VZ+1V1-m2+2 —1]/ze[R/\(1 mzZ>-1

)

fsc’l(z| m)dm== —( \/—zE(usmh ‘Wi-m z)

fsd_l(zl mdm=2vVm-1 i(E(isinh"l(\/ m-1 z)

1

%) - F(i snh™*(Vm-1 z)

(Z(m—l)\/m22+1 22—\/(m—1)22+1
m-1Z2+1

Iog[%((Zm—1)22+2\/(m—1)22+1 \/m22+1 +2))—2\/(m—1)22+1 +2\/m22+1)/;z>0/\m>0

Vi1i- 22\/1 mz —1

fsn’l(z|m)d’m==2 +E(sin” (z)|m)+(m 1) F(sin® (z)|m)]/ -1<z<1lAm<1.

Differential equations

The twelve inverse Jacobi functions cd™(z| m), cn~t(z| m), csLz| m), dcXz| m), dn~t(z| m), dst(z| m),
nc(z| m), ndX(z| m), ns"1(z| m), sc"X(z| m), sd"1(z| m), and sn~1(z| m) are the special solutions of the following
second-order ordinary nonlinear differential equations:

W@ +(2mZ-m-1)zw (@’ =0/, w2 == cd "(z| m)
W2 -(2mZ -2m+1)zw (2° = 0/, w2 == cn"(z| m)
W@ +(22-m+2)zw(@2° =0/, w2) = cs}(z| m)
W@+ (22 -m-1)zw(2° = 0/; w2 = dc '(z| m)
W@ -(22+m-2)zw(2° =0/, w2 =dn"'(z| m)

W@ +(22+2m-1)zw(@° =0/, W2 = ds '(z| m)
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W@ +(2@A-mZ+2m-1)zw(@°®=0/; W@ = ncl(z| m)
W@ -(2Q-mZ+m-2)zw(@° =0/, W@ =nd ‘(| m
W@ +(22-m-1)zw (@’ =0/, w2 =ns}(z| m)

W@ +(2@A-mZ-m+2)zw (2’ =0/, W2 =< (z| m)
W@ -(2Q-mmZ-2m+1)zw(@* =0/, w@ =sd ‘(z| m)
W2 +(2mZ -m-1)zw (2° = 0/; w2) == sn"*(z| m).

Applications of the inverse Jacobi functions

Fields of application of the inverse Jacobi functions include most of the application areas of the direct functions. In
many applications, the need for the inversion of the eliptic function fortunately does not arise. In cases where
inversion is needed, the invese Jacobi elliptic functions are very useful tools for calculations.
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