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Introductions to JacobiDS

Introduction to the Jacobi elliptic functions

General
Historical remarks

Jacobi functions are named for the famous mathematician C. G. J. Jacobi. In

1827 he introduced the eliptic amplitude am(z| m) as the inverse function of the élliptic integral F(z| m) by the
variable z and investigated the twelve functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| my, ds(z| m), nc(z| m),
nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m). In the same year, N. H. Abel independently studied properties
of these

functions. But earlier K. F. Gauss (1799) gave some attention to one of these

function, namely sn(z | m).

The modern notations for Jacobi functions were introduced later in the
works of C. Gudermann (1838) (for functions cn, dn, and sn) and J. Glaisher (1882) (for functions cd, cs, dc, ds, nc,
nd, ns, sc, and sd). V. A. Puiseux (1850) showed that amplitude am is a multivalued function.

Periodic functions

An anaytic function f(2) is called periodic if there exists a complex constant p # 0, such that
f(z+ p) = f(2) /; ze C. The number p (with minimal possible value of |p|) is called the period of the function f(2).

Examples of well-known singly periodic functions are the

exponential functions and all the trigonometric and hyperbolic functions. ¢?, sin(z), cos(z), csc(z), sec(z), tan(z),
cot(z), sinh(z), cosh(z), csch(z),

sech(z), tanh(z), and coth(z), which have periods p = 27i, p =2n, p=n, p = 27 i, and p = wi. The study of such
functions can be restricted to any period-strip

{zo+ap/;0=<a< 1Az e C}, because outside this strip, the values of these functions coincide with

their corresponding values inside the strip.

Nonconstant analytic functions over the field of complex numbers cannot have
more than two independent periods. So, generically, periodic functions can
satisfy the following relations:

fz+np)=f@/;nez

fz+mpr+npy =@/, Imnez /\Im[ ] #0,
P2
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where p, p1, and p, are periods (basic primitive periods). The condition Im(%) # 0 for doubly periodic functions
implies the existence of a

period-parallelogram {zo + a1 p1 + a2 02 /; 0 < a1 <L A0 =< a; < 1 A 7z € C}, which is the analog of the period-
strip{zo+ @ p /; 0 < a < 1 A\ z5 € C} for the singly periodic function with period p.

Inthecasezy = 0/\ Im(;}—:) > 0, this parallelogram is called the basic fundamental

period-parallelogram: Pog={a1p1+a202/;0<a@;<1AO0=<ay<1}. The two line segments

{ai pi /; 0= a@; <1} /;i =1, 2lying on the boundary of the period-parallelogram and beginning from the

origin 0 belong to Py . The region Py includes only one corner point O from four points lying at the boundary of
paralelogram  with corners in {0, p1, p1+ p2, p2}. Sometimes the convention
Poo={a1p1+azp2/;-1/2<a1<1/2\-1/2 <@y <1/2}isused.

The set of al such period-parallelograms:

Pm,n=={mp1+np2+alp1+azp2/;Osa/1<1/\Osaz<1/\m€Z/\neZ}
coversall complex planes: C == {Ppmp|—co<mn<oco AmeZ Ane Z).

Any doubly periodic function &E(2) is caled an dliptic function. The set of numbers mp; +np, /; {m nf e Z is
called the period-lattice for the elliptic function &(2).

An dliptic function E(2), which does not have poles in the period-parallelogram, is equal
to the constant Liouvill€'s theorem.

Nonconstant elliptic (doubly periodic) functions E(z) cannot be entire functions (this is not the case for singly
periodic
functions, for example, sin(z) is an entire function.

Any nonconstant elliptic function &(2) has at least two simple poles or at least one double polein any period
-parallelogram. The sum of all itsresidues at the polesinside a
period-parallelogram is zero.

The number of zeros and poles of a nonconstant elliptic function £(2) in afundamental period-parallelogram P are

finite.

The number of zeros of E(2) — A, where A is any complex number, in afundamental period-parallelogram Py does
not depend on the value A and coincides with the number s of the poles by, by, ..., bs counted according to their
multiplicity (sis called the order of the elliptic function &(2)).

The simplest elliptic function has order two.

Let &, ay, ..., & (and by, by, ..., bs) be the zeros (and poles) of a nonconstant elliptic function &(z) in afundamen-
tal period-parallelogram Py, both listed one or more times according to their multiplicity. This
resultsin the following:
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r

S
Zaj _Zbk =p p1+vpa/;a€Poo AbcePog AE(R)=0A1/EbY=0AneZA\veZ.
j=1 k=1
So, the number of zeros of a nonconstant elliptic function &(2) in the fundamental period-parallelogram Pg is

equal to the number of poles there and counted according to their
multiplicity. The sum of zeros of a nonconstant elliptic function £(2) in the fundamental period-parallelogram Pg g

differs from the sum of its poles by a period u p; + v po, where u € Z A\ v € Z and the values of y, v depend on
the function &(2).

All eliptic functions E(2) satisfy a common fundamental property, which generalizes addition,
duplication, and multiple angle properties for the trigonometric and
hyperbolic functions such as sin(z, + ), sin(n2) /; n e N*. It can be formulated as:

8(2221 Zk) ’

which can be expressed as an algebraic function of E(z) /; 1 < k < n. In other words, there exists an irreducible
polynomial C(ty, to, ..., thr1) in N+ 1 variables with constant coefficients, for which the following relation
holds:

n

>

k=1

Cl&@), 82), ..., E2Zn), & =0.

Conversely, among all smooth functions, only elliptic functions and their
degenerations have algebraic addition theorems.

The simplest elliptic functions (of order two) can be divideinto the
following two classes:

(1) Functions that at the period-parallelogram Py o have only a double pole with aresidue zero (e.g., the Weierstrass
eliptic functions o(z gz, 93)).

(2) Functions that at the period-parallelogram Pyg have only two simple poles with residues, which are equa in

absolute
value but opposite in sign (e.g., the Jacobian dlliptic functions cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| my,
ds(z| m), nc(z| m), nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| my)).

Jacobian elliptic functions cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z | m) arise as solutions to the differential equation:

W2 = awW@) + BW2),2

with the following coefficients:
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cd(z|m) |[-m-1(2m
cn(zlm) [2m-1|-2m
c(z|m) [2-m |2
de(zlm) |-m-1|2
dn(zlm) |2-m |-2
ds(zlm) |2m-1|2
nc(zlmy |2Zm-1({2-2m
nd(zlm) |2-m |2m-2
ns(zlmy |-m-1|2
sc(zlm) |-m+2(2-2m
sd(z|m) |2m-1|2mm-1)
sn(zlm) |-m-1(2m

Definitions of Jacobi functions

The Jacobi elliptic amplitude am(z| m) and the twelve Jacobi functions cd(z| m), cn(z| m), cs(z| m), de(z| m),
dn(z| my, ds(z| m), nc(z| m), nd(z| m), n(z| m), sc(z| m), sd(z| m), and sn(z| m) are defined by the following
formulas:

w=am(z|m)/;z==Fw|mAO=m=<1
cn(z| m) == cos(@am(z | my)

Jdam(z| m)
dn(z| m)y= —
0z

sn(z| m) == sinfam(z | m))

cn(z| m)
cd(z| m) =
dn(z| m)
cn(z| m)
cs(z| m) ==
sn(z| m)
dn(z| m)
ds(z| m) ==
sn(z| m)
1 dn(z| m)
de(z| m) = =
cdizlm cnz|m)
1 sn(z| m)
sc(z| m) == =
cs(z|m)  cn(z| m)
1 sn(z| m)
w(z | m) == ==
ds(izlm) dn(z|m)
1
nc(z| m) ==

cn(z| m)
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nd(z| m) =
dn(z| m)
1
ns(z| m) == .
sn(z| m)

It is apparent that the amplitude function am(z| m) is the inverse function to elliptic integral F(w | m) == z, and the
functions cn(z | m), sn(z | m), and dn(z | m) are the basic Jacobi functions that are built as the cosine, sine, and
derivative of the amplitude function am(z| m). The other nine Jacobi functions are the ratios of these three basic
Jacobi functions or their reciprocal functions.

A quick look at the Jacobi functions

Hereisaquick look at the graphics for the twelve Jacobi elliptic
functionsalong thereal axisform=1/2.

4l “u s“
/ \ / ns(x | 0.5)
2 / \ i /, nc(x [ 0.5)
< —
« 0 /\:
> />O‘ \\ >
S [ ) |
‘ ] | | dn(x [0.5)
-4 -2 0 2 4 ds(x |0.5)
N de(x | 0.5)

Connections within the group of Jacobi functions and with other elliptic
functions

Representationsthrough related equivalent functions

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), n(z| m),
sc(z| m), sd(z| m), and sn(z| m) can be represented through the Weierstrass sigma functions:

0'1[;; 02, 93)
€€ .

oo| ——; 02, 93)
€ -8

cd(z| m) =

w1, 02, W3} = {W1(G2. G), ~w1(Gz. Ga) — W3(T2, Go). Wa(Gz, G)} /\ M= A( ]/\en-- pn: 82 8 \ne (L 2,3)

A

cn(z| m /i

[J—es » 93)

(w1, w2, w3} == {w1(G2, Ga), ~w1(2, G3) — W3(G2, G3)s W3(T2: Ga)} /\ m= /1( )/\ €n == (wn; G2, Ga) /\ nei{l 23}

T
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cs(z| m) =

{w1, wy,

dc(z| m) ==

{w1, wy,

dn(z| m) ==

{w1, wy,

ds(z| m) ==

{w1, wy,

ne(z| m =

{wy, wy,

nd(z| m) ==

{w1, wy,

z .
1 0'1[ e ; G2, 93) |
Ve-8 0( G2, 93]
€ -8
w3} == {w1(92, ¥3), —~w1(d2, 93) — W3(Qa,
0-2[\/;?; 02, 93) )
o1 \/elzf%: %, 93)
w3} == {w1(Gp, G3), —w1(G2, G3) — w3(Q2,
Agzies)
(m % 93]
w3} = {w1(G2, 93), —w1(92, Us) — w3(dy,
| i)
1 2 = 2, O3 |
& -8 0'[ ;02 93)
€-€3
w3} == {w1(92, ¥3), —~w1(d2, 93) — W3(Qa,
0'3[ <, 02, 93)
€,—€3
sl
01[ Je:?; %, 93)
w3} == {w1(Gp, G3), —w1(G2, G3) — w3(Q2,
0—3(\/;—93; 02, 93] ,
02 y 92, 93]
o€

w3} == {w1(G2, 93),

—w1(d2, G3) — w3(Q,

93), w3(92,

03), w3(Qy,

03), w3(9y,

93), w3(92,

03), w3(Qy,

93), w3(92,

93>/\m==7n( )/\en P(wn

93)/\m::?t( )/\en P(wn;

gs>/\m==7t[ )/\en Pln;

93>/\m==7t( )/\en Plwn

Os)} /\ m== ){ )/\en = p(wn;

g} [\ m= A[ ]/\en P(wn

92

92,

02,

92

92,

02,

% A\neit 23

% \ne123

% \ne123

% \neiL 23

% \ne1,23

% \ne1,23
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o3| —— ;g,g]
3[ o6 2 3 |

€ —6 0'[

ns(z| m) =

02, 93)
€-€3

{w1, w2, w3} == {W1(G2, G3), —w1(G2, G3) — W3(G2: Ga), W3(G2: Ga)) /\ m= 1( )/\ €n == P(wn; G2, Ga) /\ nei{l 23}

o*[ == 93]
€,-€3 )

92, 93]

SC(Z|m) =/ €& — &

z
U-l( Ve&

{w1, Wy, w3} = {w1(G2, F3), —w1(G2, G3) — W3(G2, Ga) W3(G2s Ga)} /\ m== )t( )/\ €n == P(wn; G2, Us) /\ nefl, 23}

02, 93)

a[ :

Ver-es

sd(z|m)==y/e —e 1—/;
0’2[\/;?;92,93]

(w1, w2, W3} == (W1(G2, Ga). ~W1(G2, Ga) — Wa(G2, Ga), walGp B} [\ M= A[ )/\en pni 82 &) \ne L 2,3)

Ve - L0,
! 930'(@ 9293]/.

sn(z| m) ==

S(W 2 Y3

(w1, w2, w3} == {W1(G2, G3), —w1(G2, G3) — W3(G2: Ga), W3(T2: Ga)) /\ m= 1( )/\ €n == P(wn; G2, Ga) /\ nefl 2 3.

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z| m) can be represented through the Weierstrass g function:

z
¢ O, -e
(’[‘/ﬁ 92 93) 1

cdz| m? = /;
(% \/ﬁ ) ng g3) - e2

(w1, p, wa) = (@102, Go), ~w1(Gz. Ga) — a(Gz, Bo), w3(Gz, G} [\ M= A[ ]/\eﬂ Plwn; 62, %) [\ne(L,2,3)

cn(z| my? = [F ) /;
[m 92'93)‘93

{w1, Wz, w3} == {w1(92, F3), ~w1(T2, 93) — W3(F2, G3), W3(T2, T3)} /\m:: )t( ]/\en—— P(wn; G2, 93)/\”6 {1,2,3}
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80{ N Y

Ve e ]

cs(z| m)? = /;
€ -6

{w1, wa, w3z} == {w1(9y, G3),

z . _
W[\/ﬁ' 2 gS) )

de(z | m)2 =

z . _
p[\/ﬁ’ 2 93) €

{w1, Wy, w3} = {w1(92, G3),

(e

dnz| m)* = /;
[ ‘0. 93) -
€—€3

{w1, Wy, w3} = {w1(92, 93),

KL’[ » 02, 93)—92

2 1—€3

ds(z| m)” == /i
€ -6

<

®
SN
:‘

<

:

{w1, Wy, w3z} = {w1(92, P3),

[ —i% 93)—93
nc(z| m? == - /;

[ L0, gs)—el
€—€3

{w1, Wy, w3} = {w1(92, 93),

<

<

:

g)[ =37 93]—93
Ve&
nd(z| m 2. - /;
z . _
50(@ 02, 93] €
{w1, w3, w3} = {w1(G2, 93), —w1(Y2, F3) — W3(Dy,

—w1(G2, 93) — w3(Q2,

—w1(d2, 93) — w3(Q,

—w1(d2, G3) — w3(Q,

—w1(d2, G3) — w3(Q,

—w1(d2, G3) — w3(Q,

03), w3(9y,

03), w3(9y,

93), w3(92,

03), w3(Qy,

93), w3(92,

03), w3(9y,

gs>/\m::A[ ]/\a1 P(wn;

ge,)/\m::)t[ ]/\en Pln;

93>/\m==A( )/\en Plwn

ga)/\m==A( )/\en P(en;

93)/\m==/1( )/\eﬂ Plwn

go,)/\m::){ ]/\a1 P(wn;

92

02,

02,

02,

02,

92

g3)/\ne {123

93)/\ne {1,2,3)

% \neit 23

93)/\ne {1,2,3)

% \neiL 23

g3)/\ne {123
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g)[ L0, 93)—93
€,-€3

ns(z| m? = /;
€ —€

w1, w3, W3} = (W1(G2, o). ~w1(G2, Ga) — W3z, Ba), wa(Gp, B} [\ M= A[ ]/\a1 Pn: 82, %) \ne (L 2,3)

sc(z\/el—eg |m)2 = .81;6381/;

9(Z G2, O3) —

{w1, Wy, w3} = {wW1(G2, G3), —w1(G2, G3) — W3(T2, Ga), W3(G2s Ga)} /\ m= ?t( )/\ €n == P(wn; G2, Ga) /\ neil 23}

2 € -8
sd(z| m)” = /i

z . _
\/ﬁ’ 92, 93) €

(w1, w2, w3} == {W1(G2, G3), —~w1(G2, G3) — W3(G2: Ga), W3(T2r Ga)} /\ m= )t( ]/\ €n == P(wn; G2, Ga) /\ nei{l 23}

9

e —_
sn(u | m? = & /:

&7[ 2 ;gz.gs)—es
€,—€3

{w1, w2, w3} == {W1(G, G3), —~w1(G2, G3) — W3(G2: Ga), W3(T2: Ga)) /\ m= l( ]/\en == P(wn; 92, %3) /\ nefl, 2 3.

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z| m) can be represented through the elliptic theta functions:

s
Cd(Z| m) == m—1/4 M

05( = AM)
s
04 525, q(m)
02| 7 9)

(91( > E(Zm) q(m))

(2K(m )

nz
2\ 2km’

en(z| m) == (1 - mY4m 4

csz|m=v1-m

de(z| m) == \/4 m

s am)

AP )

dn(z|m)::\/4 1-m
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J (ZK(m)’ o ))
01 5=, a(m)

Vm (94(2K(m)’ q(m))
VI—m 0y 5res, om)

ds(z| m) = (m(L - m)**

nc(z| m) =

0u( 3=, QM)
05( 502 q(m)

04( 2 Q(Zm) ’ q(m))

i om)

nd(z| m) = (1-m)~%*

nsz|m=vm

5 9

sc(z| m)==(1-m¥*
(92(2l7<r(m)’ Q(m))

1 1 nzZ
sd(z| m) == 01( ,q(m))
W 4/—l_m (93(%, q(m)) 2K(m)
19 (2K<m>’ A ))
vm (94(%(@» CI(m))

sn(z| m) ==

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z| m) can be represented through the Neville theta functions:

ezl m = S ontzlm = SR etz m = ST
o = 57l m = 2 m = 27
sz | m = ;%((;lg Sz | m) == 0(Zlm; sn(z|m = 35((3:1;

Relationsto inverse functions

The Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| m), sd(z| m), and sn(z| m) are connected with the corresponding inverse functions by the following
formulas:

3

w

an(F(zlm)|m)y==z/;m< 1\/

I\)l
I\)l

Famz|m|m=z/m=<1A-2<z<2
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cd(cd” (z|m)|m)==z enen iz my | m) =z cs(cs*1(2|m)|m =

dc(dc zIm)|m)=z dn(
(

nc(nci(z| m) | m)=2z nd

se(sci(z| m) [ m) =2z sd(sd @lm|m=z sn(sn(z|m)|m
Repr esentations through other Jacobi functions

By definition, the three basic Jacobi functions have the following
representati ons through the amplitude function am:

cn(z| m) = cos(am(z | m))

dn(z| m) = \/1— msin‘(anz| m) /;m<1

sn(z| m) == sin(am(z| m)).

The other nine Jacobi functions can be easily expressed through the three

dn"tz| m |m)=2z ds(ds’l(z| m | m

nd1(z| m) |m)=2z ngnsz|m)|m

basic Jacobi functions cn(z| m), cn(z| m), and dn(z| m) and, consequently, they can aso be represented through the

amplitude
function am.

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),

sc(z| m), sd(z| m), and sn(z| m) are interconnected by formulas that include rational functions, simple
powers, and arithmetical operations from other Jacobi functions. These
formulas can be divided into the following eleven groups:

Representations of cd(z| m) through other Jacobi functions are:

en(zm
cd(z| m) = anam cd(z| m) ==cn(z| m)nd(z| m)
cdz| m)2 _ cn(zim)?
men(zmy2—m+1
cs(zm)
cd(z| m) = asam cd(z| m) ==cs(z| m)sd(z| m)
2 __ cs@m?
cd(z| m)” == o
1
cd(z| m) = pr—
_ 1 2 __ dn@m?+m-1
cdz|m) = ne(zm dn(zm) cd(z| m)” = mdn(zimy?
1 1-m
I M = e CHZIm) =1~
nd(zm) 2 1
Z|lm)= Zlm = ——M—M—
cd(z| m) nc(zim cd(z| m m-(m-1) nc(zZim)?

_ 1-0-m nd(zm)?
m

cdiz|m=ndiz|1-m) cd(z|m)

cd(z| m)? == DAL
(z| m)” = p—g
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sdZm)
sc(Zm)

cd(z| m) =

cd(z| m? =

1
1-(m-1) sz m)?

cd(z| m2==1—(1—m)sd(z| m)2

sn(Zm2-1

2
cd(z| m) = .
] m) msn(zZim2-1

Representations of cn(z| m) through other Jacobi functions are:

cn(z| m) =cd(z| mydn(z| m) cn(z|m)== :;glg cn(z| my? = %
on(z| m) = ijlg on(z| my = cs(z| msn(z| m) cn(z| m? = %r;fl
cnz| m) == gzgrm"; cn(z| m) = m cn(z| my? == dc(;;ﬁ

cn(z| my? = % +1

cn(z| m? = 7(12(:;;;;?;1

cn(z| m) = " cn(zlmy=nc@Ez|1l-m)

cn(z| my? == 7%;);;:?;1;)2%1

cn(z| m) = m cnz|m?=1- - z:|Lm)2

cn(z| m) == i:;’rr:; cn(z| m? == - :})Zﬂ

cn(z| my? == —m;zzg?jl

cnz| m?=1-snz| m?.

Representations of cs(z| m) through other Jacobi functions are;

cs(z|my=cd(z|mds(z| m) c(z|m) =

cs(z| m) ==cn(z| mns(z| m) cs(z| m) =

ds(zm)

cs(z|m) = Tom cs(z| m) -
2 dn@@m?+m-1
z|m?= ==
cs(z| my 1-dn(zim)?

cs(z| M2 =ds(z| m?+m—1

__ ns@m __
cs(z| m) = T2 csiz| m) =

cd@m 2 __ (m-1cd@m?
zZ|me=——"2—"""
sd@m) cs(z| my cd@my?-1
cn(zm) 2 cn@my?
zZlm® = ——
sn(zim) cszfm 1-cn(zm)?
1 2 m-1
= —_— ZIlMm-= ———
de(zm) sd(zm) c(z| 1-de(zm)?
1 2 1
———— c(z| M) = ———
nc(zm) sn(zim cs(zfm nc(zm2-1
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(m-1) nd(zm?+1
ndzm2-1

cs(z| m)? ==

cSz|m=insiz|1-m cs(z|m?==nsz| m?-1

1

Zlm)=
cs(z| m) prv
2 __ (m=D)sd@m?+1
Zlm® = ——
cs(z| m) am?
i 2 __ 1-sn(Zm?
Zlm) = ——— Zlmye=—= —""
cs(z| m) G2 cs(z| m) m?

Representations of dc(z | m) through other Jacobi functions are:

1
de(z| m) == o
__ dn(@m) _ 1 2 __ men@m?-nmwl
de(z| m) = v de(z|m) = @ o de(z| m)” == o
__ ds@m) _ 1 2 cs@m?-m+l
dc(z| m) == =am de(z| m) = S @ de(z| m)” = R
2
doz| m) = dn(z| myncz| m) doz|m)=dn(iz| 1-m) dc(z|m)?= w
dn(zm)=+m-1
2
do(z| m) = ds(z| m)so(z| m) do(z| m)? = —=A__
ds(zm)“+m-1
__ he@m) 2 __ o 2
de(z| m) = o de(z| M) =m-(m-1)nc(z| m)
1 2 m
de(z|m) == ———— dc(z| m) = ——
z| m) nd(; 21-m) Zlm 1-(1-m) nd(@m)?
de(z| m)? == MEmEm
ns(zm)2-1
doz| m) = 2™ Gz my? == 1 - (M- 1) sc(z| m)2
sd(Zm)
doz| m? = ———
1-(1-m) sd(Zmy
de(z | m)2 - msn(zim?2-1
sn@m?-1

Representations of dn(z| m) through other Jacobi functions are;

1
cd(zm) nc(zim)

_m1
medzm)?-1

cn(zm)
cd(zm)

dn(z| m) == dn(z| m) = dn(z| m? =

dn(z| m)==dc(z| mcn(z| m) dn(z| m)2 =1-m+men(z| m)?

2_,
dn(z| m)? == Sam—m1 2””1
cs(Zm)<+1
2
dn(z| m) == L4 Gnz|m)==dciz|1-m) dn(z|m)? == M-DoEm”

nc@m) m-de(zm)?
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iz m = stz Mzl m) ozl m = Sz m? =
dn(z| m)? = $ -m+1

dn(z| m) == @

dn(z| m) == m dn(z | m)2 =1- ns(;lnm)z

_ 2
dn(z| m)2 -~ 1 m)so(z]zm) +1
sc(Zm)<+1

1
msd(zZm)?+1

dn(z| m) == % dn(z| m)2 =

dnzlm=v1-msn-iz+KA-m-iK(m|1l-m) dn(z|m)2==1—msn(z|m)2-

Representations of ds(z| m) through other Jacobi functions are:

1-m

2
ds(z| m)© =
Szl 1-cd(zim)?

cstm) 1
dSZIM = Gom OSZIM = o

men(zmy2-m+1
1-cn(zm)?

ds(z| my? ==

ds(z| m) == dc(z| m)c(z| m) ds(z|m)2==cs(z|m)2—m+l

sz = 525 sz’ St

ds(z| m) = dn(z| mynsz| m) dsz|m = SE dsz| m)’ = —j”‘:ij‘:j)
ds(z| m? = %

dstz|m) = (G55 dsz|m) = e dezim)” = nd(ZIr;)zfl

ds(z| m? == ns(z| M2 -m

2 1-(m-1)so@m)?
ds(z| m® = ——————
sc(Zm)
ds(z| m) = _1
sd(zm)
1-msn(zim)?
ds(z | m)? == ZZmsdm”
Sz | sn(zm)?

Representations of nc(z | m) through other Jacobi functions are:

nd(zm)
cd(zm)

med(zmy2-1
(m-1) cd(zm)?

nc(z| m) = nc(z| m) = nc(z | m)? =

1
dn(zim) cd(@m)

1
nez|m= ——

i nczimy=cn@z|1l-m)
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ns(zjm) 1 2 1
no(z|m==—"= ncz|m= ———— no@z|m"=1+
@lm cs@m | m sn(zm) cs(zm) Z]m zm?
__ dc@m) _ 2 de@mP-m
noz|m = 3o ne| m ==ndz|mdez|m ne@|m?”= ———
2 m
nc(z| m?=—>,2_
| m dn@my2+m-1
2
ﬂC(Z| m)2 _ ds(zlrr;) +m
ds(zm)“+m-1
2
no(z| my? == —odem-
1-(1-m) nd(zm)?
2
no(z| m) == ns(z| mso(z| M no(z| m? == 22
ns(Zm)<-1
so(@m) 2 5
nc(z| m) == nc(z| my == zIm?2+1
(| m) = C(z| M)~ == sc(z| m)
2
no(z| my? == —me@m=1
(m-1) sd(zim)?+1
2 1
nc(z| m< == ———
(z| m) p—

Representations of nd(z | m) through other Jacobi functions are:

nd(z| m) = 250 nd(z| m) == na(z| m) cd(z | m)
ndz|m=cdiz|1-m ndz|m?= %

1
cn(zm) de(zim)

1

2
ndz| m®= ——
(] m men(Zmy2-m+1

nd(z| m) =

2
nd(z| m)? == =40+

cs(Zm)?-m+1
nc@m 2 m-de(zm)?
nd(z|my=—-"— ndz|m)" = ————
d(z| m) doaim d(z | m) e —
1
nd(z| m) == i
__ ns@m _ 1 2 dsdmPem
nd@z|m == 5o ndzlm = - ndz|m” == g
nd(z| m? = —"am®__
(1-m) ne@m)+m
2 ns(zim?
nd(z| m)==ns(z| msd(z| m nd(z| m)* == s
nd(Z| m)2 == M
(1-m) sc(zm)?+1
__ sd@m 2 __ 2 1
nd(z| m) == wam ndz| m®=msd(z|m*+1 nd(z| m = T
ndz| m?= —— ndz| m) = 1 |
Lmenm 1-m sn(K(1-m)—i K(m)—i Z1-m)
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Representations of ns(z | m) through other Jacobi functions are:

2 medzm?-1
ns(z| m* = ————
S(z| m) po—Y
cs(zm) 1 2 1
ns(z| m) == n(z|ms=———— nyz|m*= ——
Sz m) cn(zim) Sz|m en(zim) sc(zm) Sz | m) 1-cn(zm)y?

ns(zlm=nc(zlmcszlm ns(z|m==ic(iz|1l-m)

2 __ m-de@m?
ns(z|m®=——;
Szl m 1-dc(@m)?
ds(zm) 1 2 m
ns(z| m) == ns(z|m=———— ng(z| M- ==
Sz|m dn(zm) Sz|m dn(zm) sdZm) Szim 1-dn(zim)?

ns(z| m) = ndz| mdsz| m ns(z| m?==dsz| m?>+m

nc(zm) 2 nczm?
ns(zfmy=—— ns(z| M*= ——
Szlm = oy nszim p—a
nd(zm) 2 __ mnd@m?
Nns(z| m) == nsz|m®=—= ————
Sz | m) sd(@m) Szlm nd@m>?-1
i 2 sc(zm)2+1
ns(zfmMy=——— ns(z| M) = ———
Sz m) = oot nsz|m)? = AT
2 msdzm?+1
ns(z| m® = ———
S(z| m) m?
1
ns(z| m) ==

sZm -

Representations of sc(z| m) through other Jacobi functions are:

_ 1 __ sd@m) 2 cd@m?®-1
Scz | m) == ds(zim) cd(zm) So(z | m) == cd@m) oz | m?” == (m-1) cd(@m)?

. 1 __ sn(@m) 2 l-cn@my?
Sc(z|m) == ns(zm) cn(zim) So(z|m) == cn(zlm Soz| m)” == on(Zim)?

1
sc(z| m) ==
& cs(Zm)

__ de@m __ 2 __ 1-de@m?
sc(z| m) == v sc(z| m)=sd(z| mdc(z| m) sc(z| m)< = —
<(z| m)2 _ 1-dn(zm)?

dn@my2+m-1
2 1
sc(z| md = ——
zlm ds(zimy?+m-1
nc(zm) 2 2
sc(z| m) = pres— sc(z|m)y==sn(z| mnc(z| m sc(z|m-=nc(z|m--1
<(z| m)g _ nd(zZm)2-1
(M-1) nd(zm?+1

& 2___ 1

SCzZ|m = -1y Szlm?® = pom—
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2
so(z | m)2 == —S@Em”
(m-1) sd@m?+1
2
sc(z|m)=—-isnGiz|1-m scoz|m?= &m)z .
1-sn@m)

Representations of sd(z| m) through other Jacobi functions are:

_ 2
sdz|m) = Zi(jﬂ; sd(z| m) = sc(z| mycd(z| m) sd(z| m)? == =4Em” Cldfnm)
2 _l-en@m?
sz | m” = men(zim)?-m+1
sdz|m = —— sd(z| m? = —=

cs(zm) de(zm) cs(zim)?2-m+1

_ 2
Sd(Z| m) == sc(Zim) Sd(Zl m)z — 1-dc(zm)

de(zm) (m-1) de(zim)?
1 sn(@m) 2 1-dnZmy?
sdz| m)== ———— sd(z|m) == sdz| m)® = ———
(z| m) ns(zm dn(zm) ] m dn(zm) @lm mdn(zim)?
1
sd(z| m) == &
el m)2 _ 1-nc(Zm)?
(M-1) nezZim)?-m
nd(zm) 2 __ nd@m?-1
sd(z| m) = s sd(z| m)=sn(z| mnd(z| m sd(z| m)” = —
2 1
sd(z| m)” == P
sd(z| m? = — <2t
1-(m-1) sc(zm)?
2 sn@m?
sd(z| m)” = par—

Representations of sn(z| m) through other Jacobi functions are:

sn(z| m? = 7;:;?;:):1

sn(z| m) = ;T(j:; sn(z| m) == scz| men(z| m) snz| m? = 1-cn(z| m?
NI M = o 2| M) = - o

sn(z| m)? = 7;221222

sz|m = T8 s(z| m) = sdz| mydnz|m) szl m? = o
NI = g Sz M = o

sn(z|m == :Cciza‘:) sn(z| m®==1- nc(sz)2
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e B e <

Nz = o

sn(z|m=—-isciz|1-m) sn(z| m?== %
s(z| m? = % .

The best-known properties and formulas for Jacobi functions

Real valuesfor real arguments

For real values of arguments z and m, the values of all Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m),
dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) are real (or infinity).

Simplevaluesat zero

All thirteen Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m),
nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) have the following simple values at the origin:

am©0|0)==0

cd0]0==1 cn(0]0) =1 cs0]0) =
dc(0|0)==1 dn(0|0)=1 ds(0|0) =&
nc0]0)==1 nd0|0)==1 ns(0]|0)==c
sc(0]0)=0 sd(0]0)==0 sn(0|0)==0.

Specific valuesfor specialized parameter values

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),

ns(z| m), sc(z| m), sd(z| m), and sn(z| m) can be represented through elementary functions when m==0 or m==1.

The twelve elliptic functions degenerate into trigonometric and
hyperbolic functions:

v

am(z| 0)==z am(z| 1) == 2tan(e?) — 5 amK(m) | m) ::g
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cd(z| 0) == cos(2) cd(z+ 2]0)=-sin@ cdz|1)=1
cn(z| 0) == cos(2) cn(z+ = | 0 =-sin(2) cn(z| 1) == sech(2)
cs(z| 0)=cot(2) cz+ 7 |0)=-tan(d cs(z|1) = csch(?)
do(z| 0) = sec(z) dez+ 5 |0)==-cso) doz| 1) =1

dn(z| 0) =1 dn(z| 1) == sech(2) dn( xi 1) = —icsch(2)

ds(z| 0) = csc(z) ds(z+ % | 0) = sec(2) ds(z
nc(z| 0) = sec(2) nc(z+ 2 | 0)==—csc( ne(z| 1) = cosh(2)
z 1) —isinh(2)

) == —isech(2)

nd(z| 0) = 1 nd(z| 1) = cosh(2) nd(

ns(z|0) =csc(2) ng(z+ % |0)=sec(z) ns(z] 1) == coth(2)
sc(z | 0) == tan(2) sc(z+ 2| 0)=—cot(2) sc(z| 1) =sinh(2)
sd(z| 0) = sin(2) (z+ 2|0)=cos» sd(z|1) ==sinh(2)
n(z| 0) = sin(2) (z+ 2|0)=cos® sn(z|1) ==tanh(2).

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z | m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z | m) have very simple values at z == 0:

am(0|m) =

cdO|m=1 cn0O|m=1 c0|m) =20

dcO|m=1 dnO|m) =1 ds(0|m) =

ncO|my=1 ndO|m)=1 ns(0| m)==c

sc0|m)=0 sd0|m)=0 snO|m)=

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z | m) have the following values at the half-quarter-period

points:

cd(K(m) ‘ m cn(@ ‘ m) =

fim
cs(Km‘ ) dc(@‘m): 1+vV1-m

e
dn(K(m)|m)__\/ ds(@|m):=\4/l—m Vi+vi-m
K(m) ‘m 1[ 1+ 1 m nd(m | m) 1

\1+ 1-m

\7,— 2 1-m
o )=V )= L
N M (L] |} S

\[ 1+ l— 1+m

The partial derivatives of al Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| my, dn(z| m), ds(z| m),
nc(z| m), nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) at the points z==0, m== 0, or m==1 can be repre-
sented through trigonometric functions, for example:
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am®9 0, m =1 am®9 (0, m) = -m

am© (z, 0) == % (Sin(22) -22) am®©®2 (z, 0) == % (—16c0s(22) z—20z+ 16sin(22) + sin(4 2))

am®©b (z, 1) = % (zsech(z) — sinh(z)) am©2 (z, 1) = % (-4 zcosh(2) + 9sinh(2) — zsech(2) (2 ztanh(2) + 5)).

Analyticity

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z| m) are analytical meromorphic functions of z and m that are defined over C2.

Poles and essential singularities

The amplitude function am(z | m) does not have poles and essentia singularities with respect to mand z.

For fixed m, all Jacobi functions cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| my, sd(z| m), and sn(z| m) have an infinite set of singular points, including simple polesin finite
points and an essential singular point z== co.

The following formulas describe the sets of the simple poles for the
corresponding Jacobi functions:

cdr+ DKM+ 2s+DiKA-m|m=5&/;{r,sleZ
cn2rKm +2s+1DiKA-m|m=&/{r,s;e”Z
cs2rK(m)+2siK(1-my|m)y=5/;{r,sle”Z

de(2r+ DKM +2isKd-m|m=c&/{r,sle”Z
dn2rKm+i2s+DHKA-m| M=%/ {r,ste”Z
ds@2rKm +2siK@-my|m=%&%/;{r,sleZ
nc(@r+DHKm+2isK@-m|m==c/{r,sle”Z
nd2r+ HKM+i2s+HDKA-m|m=5&/;{r,steZ
ns2rKm +2isK(l-m|m ==&/, {r,sfe”Z
sc(r+DHKm+2siKA-m|m=c&/{r,sle”Z
d(2r+ DKM +2s+1D)iKA-m|m=&/;{r,sfeZ

sn2rK(m)+(2s+ 1D iK@A-m|m==&/;{r,ste”Z.

The values of the residues of the Jacobi functions at the simple poles are
given by the following formulas:

20
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-1 r-1
res,(cd(z| m) (2s+ 1) i K@QA-m) +2r + 1) K(m)) = b /if{r,steZ
m
-1 r+s—lE~
res,(cn(z| m) (2s+1)iK@A-m)+2rK(m)) == — /; {r, s} e Z
m

res,(cs(z| M) (2siK(L-m)+2rK@m)) = (-1°/;{r,sleZ
res,(de(z| m) 2si KL -m)+@2r+DHKm) =D 1/{r,siez
res,(dn(z| m) (2s+ 1) i KL -m)+2rK@m) = (=1%i/; {r,sleZ

res,(ds(z| m) 2si K(1-m)+2r K(m)) = (-1)"*5/;{r, sl e Z

-1 r+s-1
res,(nc(z| m)) (2si K(I—m) + (2r + 1) K(m)) == L{r,sle”Z
1-m
1t
res,(nd(z| M) (2s+ D i KA -m)+ (2r + 1) K(m)) = /i{r,sleZ
1-m
res,(ns(z| m) (2si K(A-m)+2rKm) == (=" /;{r,se Z
-1 s-1
res,(sc(z| m) (2si KA -m) + (2r + 1) K(m)) == /i{r,ste”Z
1-m
-1 H'S_li
res,(sdiz| m) (2s+1)iKA-m+@2r+ HKm)= —/;{r, s} €Z
mvl-m
, =1
res,(sn(z| m) (2s+1)i K(L—m) + 2r K(m)) == /i{r,steZ.
m

Branch pointsand branch cuts

For fixed z, all Jacobi functions cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z| m) are meromorphic functions in m that have no branch points and branch
cuts.

For fixed m, all Jacobi functions cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| m), sd(z| m), and sn(z| m) do not have branch points and branch cuts.

Periodicity

The Jacobi amplitude am(z | m) is a pseudo-periodic function with respect to zwith period 2 K(1 — m) and pseudo-
period 2 K(m):

am(z+2rKm +2isK@-m|my=amz|m+rx/;{r,sseZA0=<m< 1
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The Jacobi functions cd(z| m), dc(z| m), ns(z| m), and sn(z | m) are doubly periodic functions with respect to z with
periods 2i K(1 - m) and 4K(m). The Jacobi functions cs(z| m), dn(z| m), nd(z| m), and sc(z| m) are doubly
periodic functions with respect to z with periods 4 K(1 — m) and 2 K(m). The Jacobi functions cn(z| m), ds(z| m),
nc(z| m), and sd(z| m) are doubly periodic functions with respect to z with periods 4 K(1 — m) and 4 K(m). That
periodicity can be described by the following formulas:

cd(z+4KM) |m)==cd(z|m cd(z+2iK(@L-m)|m) ==cd(z| m)
cnz+4Kmy|my=cn(z|m) cn(z+4iK@d-m)|m) =cn(z| m)
cS(z+2K(M) | M) =cgz|m) cs(z+4iK(A-m)|m)=cz|m)
de(z+4K(M) |m)==dc(z| m) dc(z+2iK(1-m)|m) ==dc(z| m)
dn(z+2KmM) | m)=dn(z|m) dnz+4iK@A-m)|m) ==dn(z| m)
ds(z+4K(m)|m)=ds(z|m ds(z+4iK(@1-m)|m)=ds(z| m)
ncz+4K@m) | m=nc(z|m nc(z+4iK(@-m)|m)==nc(z| m)
nd(z+2Km) |m)=nd(z| m) nd(z+4iK@A-m)|m) ==nd(z| m)
n(z+4Km|m=ns(z|m ns(z+2iK@A-m)|m)=ns(z| m)
sc(z+2K(M) | m)=sc(z|m) sc(z+4iK(@A-m)|m)=sc(z| m)
sd(z+4K(m) | m)==sd(z| m) sd(z+4iK@d-m)|m)==sd(z| m)
sNz+4K(m)|m)=snz|m) snz+2iK(@d-m)|m)=sn(z| m).

The periodicity of Jacobi functions follow from more general formulas that
also describe quasi-periodicity situations such as sn(z+ 2 K(m) | m) == —sn(z| m):

cdz+2rK(m +2siK@-m)|m)=(-1)"cdiz|m)/;{r,s}eZ
cn(z+2isK@A-m) +2rKm) | m)=(-1D*%cnz|m) /; {r, s} e Z
cS(z+2isK(I-m+2rKm) | m ==(-1)°cz|m)/;{r,S}e Z
de(z+2isK@-m+2rK@m) | m)=(-1)"dcz|m)/;{r,s}eZ
dnz+2isK(A-m)+2rK@m) |m) = (-1)°dnz|m) /; {r, s} e Z
ds(z+2isK@-m)+2rKm) | m) = (-1)*Sds(z| m) /; {r, sl e Z
nc(z+2isK@-m+2rKm | my=(-1"Sncz|m)/;{r,sjeZ
nd(z+2isK(@A-m)+2rKm) | m) ==(-1)°nd(z| m) /; {r,s}eZ
n(z+2isK@-m+2rKm|m=(-1"nsz|m/;{r,sleZ
sc(z+2isK(L-m+2rK@m) | m = (-1)°scz|m)/;{r,sleZ

sd(z+2isK@A-m)+2rK(m) | m) = (-D)"3sd(z| m) /; {r, s} e Z
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sn(z+2isK@A-m)+2rKm) |m)=(-1"'sniz|m/; {r, s} eZ.
Parity and symmetry

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| my, sd(z| m), and sn(z| m) have mirror symmetry:

am(z | m) = am(z| m)

cdz|m =cd(z|m cn(z|m=cn(z|m) cs(z|m =cs(z|m
dez|m) ==dc(z|m) dn(z|m=dn(z| m) ds(z|m)==ds(z| m)

nc(z|m==nc(z|m nd(z|m==nd(z| M) ng(z| M ==ngz| m)

sc(z|mM=sc(z|m sdz|m=sd(z|m) snz|m) ==sn(z|m).

The Jacobi functions cd(z| m), cn(z| m), dc(z| m), dn(z| m), nc(z| m), and nd(—z| m) are even functions with
respect to z

cd(-=z|m)=-cd(z| m) cn(-z|m)==cn(z| m)
de(=z|m)=dc(z| m) dn(-z|m)==dn(z| m)
nc(—z|m)=nc(z| M nd(-z|m) ==nd(z| m).

The Jacobi functionsam(z | m), cs(z | m), ds(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) are odd functions with
respect to z:

am(—z| m) == —am(z| m)

cS(—z|m)=—-cs(z|m) ds(—z|m)==-ds(z| m)

ns(—z| m)=—ns(z|m) sc(—z|m)==-sc(z|m
sd(=z|m)=-sd(z|m) sn(-z|m)==-sn(z| m).
Seriesrepresentations

The Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| m), sd(z| m), and sn(z| m) have the following series expansions at the point z == 0:

m 1
amz|moz- =22+ —(@4m+n?)Z2+.../; (2> 0)
6 120

1 1
od(z|m)o<1+5(m-1)22+£(1-6m+5mz)z4+.../;(z—>0)
Z 1
enzlmoal-—+—@A+4mZ +.../;(z-> 0)
2 24
11 1
ezl Mo —+ = (M-2)z+ — (7P +8m-8)Z +... /; (2> 0)
z 6 360

1 1
dc(zlm)oc1+E(l—m)22+£(5—6m+mz)z4+.../; z-0)
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mzZ  mm+4)

dnz|m)ocl- — + Z+../,(z-0)
2 24

1 1 1
dsz|m o —+ = (1-2mz+ — (7+8m-8n?) 2 +... /; (2> 0)
z 6 360
Z 1
nczlmol+r—+—G-4mz+.../;z-0)
2 24
mzZ 1
ndz| m e 1+ — + — (-4m+5m?) 2 + ... /; (z> 0)
2 24
1 1 1
nszime —+—1+mz+ —(7-22m+7m?) 2 +... /; (2> 0)
z 6 360
1 1
Szl Mo«z+—2-mZ+—(16-16m+n?) 2 +... /; (2> 0)
6 120

1 1
sdz|m o z+ g(2m-1)z3+ E(1-16m+ 16n?) 2 + ... /; (2 0)

1+m . (1+14m+n?)2
sn(z|m)o«cz— + +.../;(z~-0).
6 120

The Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| m), sd(z| m), and sn(z| m) have the following series expansions at the point m == 0:

1 1
am(z| m) « z+ g(s'n(Zz)—Zz)m+ g(—16cos(22)z—202+ 16sin(22) +sin(42)mf + ... /; (M- 0)

1
cd(z| m) « cos(z) + 4_1 sin(z) (z+ cos(z) sin(2)) m+

1
P ((7-82) cos(z) - 8cos(32) + cos(52) + 24 zsin(2) - 12zsiN(32)) NP + ... /; (M- 0)

1
cn(z| m) « cos(z) + 5 sin(z) (2z-sin(22) m+

1
P (-(82 +9)cos(2) + 8cos(32) + cos(52) + 16 zsin(2) + 12zsiN(32)) NP + ... /; (M- 0)

1 1
cS(z| m) o« cot(2) + 2 (zesc(2) - cot(z)) m+ o (4(87 - 3)cos(2) + 13cos(32) — cos(52) + 8zsin(2)) cs3 () P + .. /;

(m-0)
1
de(z | m) o« sec(z) - Z (z+ cox(2) sin(2)) tan(z) sec(z) m+

1
o (-8c0o8(22) 7 + 247 + 4sin(22) 2+ 4sin(42) 2+ 5¢0842) - 5) sec} (@) P + ... /; (M- 0)

1 1
dn(z| m)oc1— Esinz(z) m-— Esin(z) (-8zcos(2) + 55N(2) + SiN(32) M + ... /; (M- 0)
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1
ds(z| m) o csc(2) + = (4zcos(2) - 78N(2) + Sin(32)) csc(2) m +

1
o (247 +12sin(22) z— 4sin(42) 2+ 8(Z + 4) cos(22) - 3cos(42) — 29) csc3 (D) NP + ... /; (M- 0)

1
nc(z| m) o sec(2) + Z (sin(2) — zsec(2)) tan(z) m -

1
E(8003(22)22—2422+443in(22)z+4sin(4z)z+11003(42)—11)sec3(z)m2+.../; (m-> 1)
1 .2 1 . . .
nd(z|m)oc1+§sm(z)m—Esm(z)(Szcos(z)—1ls|n(z)+sm(3z))mz+.../; (m-0)

1

ns(z| m) « csc(2) + Z cot(2) (z— cos(z) sin(2)) csc(z) m+

1
= (8cos(22) 7 + 247 - 4sin(22) 2+ 4sin(42) 2+ 5co8(42) - 5) cs* (D NP + ... /; (M- 0)

1 1

sc(z| m) o tan(2) + 2 (tan(2) — zsec*(2)) m- o (72zcos(z) + 2(-16 Z - 18c0s(22) + cos(4 2) — 19) sin(2)) sec*@ NP + ... /;

(m-0)

1

sd(z| m) o sin(z) - E(4zcos(z)—7sin(z)+sin(32))m+

1
P (—48zcos(z) + 12zcos(32) — (87 — 79) sin(2) — 16sin(32) + sin(52)) P +.... /; (M > 0)

1
sn(z| m) e sin(z) + gcos(z) (sin22-22m+
1
P (—24zcos(z) - 12zcos(32) + 2(-4 7 + 9c0S(22) + Co(4 2) + 8) SIN(Z)) NT + .... /; (M - O).

The Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z | m) have the following series expansions at the point m== 1.

n 1
am(z| m) o 2tan™(e?) — 3 + 2 (zsech(2) — sinh(2)) (m— 1) +

1
6_4 (=4 zcosh(z) + 9sinh(2) — zsech(2) (2 ztanh(2) + 5)) (M- 1% + ... /; (M > 1)
1 1
cdiz| m) o« 1+ Esjnhz(z) (m-1)+ 5 sinh(2) (8zcosh(z) — 11 sinh(2) + sinh(32) (M=1)?+ ... /; (M> 1)

1
cn(z| m) o« sech(z) + Z (sinh(z) — zsech(2)) tanh(z) (M- 1) +

1
o (8cosh(22) 2 — 247 + 44sinh(22) z+ 4sinh(42) z— 11 cosh(4 2) + 11) sech®2) (M- 12 + ... /; (M — 1)
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1
cS(z| m) o csch(z) + 4_1 coth(2) (cosh(z) — zcsch(z)) (m—-1) +

1
o (8cosh(22) 7 + 2472 - 4sinh(22) z+ 4sinh(42) z— 5 cosh(4 2) + 5) csch®@ (m=-12— ... /: (m— 1)
1 ) 1
de(z|m) oc 1 - Esinh @(m-1)+ 3—2 sinh(2) (-8zcosh(z) + 5sinh(2) + sinh(32)) (M- 1) + ... /; (M > 1)

1
dn(z| m) o sech(z) - Z tanh(2) (z+ cosh(2) sinh(2)) sech(z) (M- 1) +

1
= (8cosh(22) Z — 247 — 4sinh(22) z— 4sinh(4 2) z+ 5cosh(4 2) - 5) sech® (@ (M=12+.../;(m> 1)

1
ds(z| m) o< csch(z) — E (4zcosh(z) — 7 sinh(z) + sinh(32) cschz(z) (m-1)+

1
= (247 +12sinh(22) z— 4sinh(4 2) 2+ 8(Z — 4) cosh(22) + 3cosh(4 2) + 29) esch’@M-12+... /; (M- 1)

1
nc(z| m) o cosh(z) — g sinh(z) (sinh(22)-22 (Mm-1) +

1
P (87 - 9) cosh(z) + 8cosh(32) + cosh(52) — 16 zsinh(z) - 12zsinh(32)) (M- 1% + ... /; (M 1)

1
nd(z | m) « cosh(z) + 4_1 sinh(2) (z + cosh(z) sinh(z)) (m—1) +

1
P (87 +7) cosh(z) — 8cosh(32) + cosh(52) — 24 zsinh(2) + 12zsinh(32)) (M= 1) + ... /; (M- 1)

1
ns(z | m) « coth(z) + 2 (coth(z) - zcschz(z)) (m-1)+

1
o (4(87 + 3) cosh(2) — 13 cosh(3 2) + cosh(52) + 8zsinh(2)) esch®@ (M=12+ ... /;(m— 1)

1
sc(z| m) « sinh(z) — g cosh(2) (sinh(22) -2z (m-1) +

1
P (—24zcosh(z) - 12zcosh(32) + (87 + 7) Sinh(2) + 8sinh(32) + sinh(52)) (M= 1% + ... /; (M- 1)

1
sd(z| m) o sinh(z) + E (4zcosh(z) — 7sinh(2) + sinh(32) (m-1) +

1
P (—48zcosh(z) + 12zcosh(32) + 2(4 7 — 15cosh(2 2) + cosh(4 2) + 32) sinh(2)) (M- 1)? + ... /; (M > 1)

1
s(z| m) o tanh(2) + Z (zsech’(2) — tanh(2)) (m— 1) —
1
o (72zcosh(2) + 4 (82 - 5) sinh(2) — 19sinh(32) + sinh(52)) sech®(@ (M=-12+ ... /; (m— 1).

g-seriesrepresentations



http: //functions.wolfram.com

The Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z | m), sc(z| m), sd(z| m), and sn(z| m) have the following so-called g-series representations:

nz > qmX krz
am(z| m) = +2 sin[ )
2K(m) 1 k(q(m)Zk + l) K (m)
27 & DfamM2 (2k+ Dz
cd(z| m) = cos{ ]
Vm Km) i 1-gmy?kt 2K(m)

2n R q(m)nJ'% 4
cn(z| m) = cos((z n+ 1) )
Vm K(m) nso 1+ qm)?™? K(m)

2| nZ) 2n &, qm)?¥ _[knz]
z|m)== -

i COt( SN
2Km)  A2Km/  Km i gm?k+1 (KM

n nz 21 &, (=D qmyk+t Rk+lrnz
dc(z| m) = sac( )+ Z cos( ]
2K(m) 2K(m) KM i 1- q(m)2k+1 2K(m)

27 &, gm" nrz

dn(z| m) == Z s{ )

2K Km o1 1+gm?" VKM

2 o0 m 2k+1 2k+1

et~ T eef 1) 2T AN kb

2 K(m) 2Km)/ KM 3 qm2k+t + 1 2K(m)

n nz 27 = (=D* qmy?*+t QRk+rnz

nc(z| my == sec[ ) - cos( ]

2vVi-mKm 2KM) T Tm Km) ko gmkt+1 2K(m)

2n © (-~ gm)* krz

nd(z| m) == + cos[ ]

2VI—mKm Vi-m Km) ic qm??<+1 K(m)

b nz 27 &, qm)2kt Rk+1rnz

ns(z| m csc( ) + Z sjn( ]

2 K(m) 2K(m) KM i35 1 - qm)? k+1 2K(m)

n nz 2n = (=D gq(m)2* knz

sc(z| m) = tan( ) + sin( )

2vVI-mKm CZ2KM/ 1T Tm Km) e am<+1 K(m)

27 © (-Dkgmk2  (2k+Dnz

sd(z| m) == sin[ ]

Vm ViI-m Km ko gm?l+1 2K(m)

2 > qm™z nz
Sn(Z | m) == Z (( 1) )
vVm K@m) nso 1- q(m)2”+l 2K(m)

where q(m) isthe elliptic nome and K(m) is the complete dliptic integral.

Product representations
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The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), n(z| m),
sc(z| m), sd(z| m), and sn(z| m) have the following product representations:

cd(z| m) =

2+/q(m)
CO

m

Vi-m
en(z| m) = 2+ gq(m) cos(
=

csz|m=+v1i-m cot(

4

de(z| m) =

S{ 7 )oo 1+2q(m)2kcos(K(m))+q( my*k

2KM/ 1 1+ 2 gmy2k-t cos( )+ q(my*k-2

K(m)

7 )m 1+2q(m)2”cos(K(m))+q(m)4”

2K(m)

m n=11-2q(m)2"? cos(m) +q(my*n-2

. )m 1+2q(m)2kcos(K( ))+q( m)*k

2Km)/j 11— 2q(m)2kcos( )+q(m)4k

K(m)

2+/q(m)

dn(z| m) = JV1i-m
n=

o 14+2qm?3" lcos(

WA i U

2Km /g 1+2q(m)2kcos( +g(m)*¥

K(m))

4n-2
=)+ am

11-2qm?3" 1cos(K( ))+q(m)4“’2

ol m 7 )m 1+ 2qmk 1cos(K(m))+q(m)4'<‘2
zlm=+v1
2\4/q(m) 2KM/ g 1- 2q(m)2kcos(K(m))+q(m)4k
| 1 1 Jm 17\ 1—2q(m)2”’1cos(K’:;))+q( my*n-2
nc(z|m=— sec( )
2 Jam V1-m 2K 14 2qm2" cof 25 ) + gy
1 w 1-2qm?3"™ 1cos(|<(m))+q(m)4"‘2
nd(z| m) ==

V1-m n=11+2qm?2" 1cos(K(m))+q(m)4"‘2

1 Vm o 1-2qm)2k?t cos( K(m)) +g(my**2
ns(z| m = - cso( )

2 4(—q(m) 2 K(m) kel 1-2 q(m)Zk COS( K(m)) + q(m)4k

rz e 1= 2am? cog 22+ g(my*k

sc(z| m) = an( )

Vi-m 2KM 411+ 2q(m)2'<cos(K(m))+q(m)4k

2/qm xz ye 1-20m? cog 2%+ gmyk

sd(z| m) == ] ( )

Vm Vi-m 2KMJ4 1 14+ 2qmy2kt cos( K(m)) +q(m)*k2

Jam oz oy L-20mcof )+ am
sn(z|m =2 sin( )
2K(m)

m

k=1 1—2q(m)?k- 1cos(K( ))+q(m)‘”"2
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where q(m) isthe elliptic nome and K(m) is the complete dliptic integral.

Transformations

The amplitude function am(z | m) satisfies numerous relations that allow for transformations of its

arguments, for example:

am(\/l—mz )::g—am(K(m)—z|m)/;me§(l,oo)
m_
arn(\/l—mz )::—z+am(K(m)—z|m)/;m>l.
m-1 2

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),

sc(z| m), sd(z| m), and sn(z | m) with specific arguments can sometimes be represented through elliptic

functions with other mostly simpler arguments, for example:

1

cdiz|m)y=nd(z|1-m) cniEz|m)= P cs(iz, m)==—insg(z, 1 —m)
deiz|m)=dn(z| 1-m) dn(iz|m)= ggg‘ig ds(iz| m) == —i ds(z| 1—m)
no(i z| m == cn(z| 1-m) ndiz|m == "= Ns(i z| m) = —i c(z| 1—m)
scizm=isnz 1l-m sdiz|m=isdz|l-m snG@z|m) =i j;ﬁ;‘i:g
cdz|1-m)==nd@Ez| m) cn(zll—m)::m(t_lz‘m) cS(z|1-m)==ins(i z| m)
de(z|1-my=dnGz|m) dnz|1l-m)= Sg;:;'g ds(z| 1-m)==ids(iz| m)
nc(z| 1-m)==cn(z| m) nd(zll—mzzm—j:; ns(z|1-m)==ics(iz| m)
sc(z|1-m)y=—isn(iz|m) sd(z|1-m)==—isd@z|m) sn(z|1—m)==—u’::$j"n:;

72| )=zt efyz| ) e m
dc( m z‘ %) = cd(z| m) dn( ‘ ;) = cn(z| m)
ndvm z| £)=ndzim  ndVm z|%)=naz|m

| 3] stz (2| )~V
AT 23]t T 2| 2] - 52

dVi=mz| ) =nczim dn(vI-mz| )= 1o
(

l1-mz _) = nda@m

m
SC( 1-mz —1)::\/1—m sc(z | m)

sd( 1-mz ll):\/l—m sn(z| m)

W] o T 2

cs(\/ﬁz| l):: Lds(z|m)

o772 ) - 2
ns(ﬁz‘ )::—ns(zlm)
sn(Vm z| 2)=Vm snz| m)
cs(\/l—mz‘%)::\/ll__mcs(ﬂm)
T 2] )=

Tim
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sn(m z

sn(z| m)
):: 1-m

m
m-1 dn(z| m)'

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z| m) with the argument complex z == u + v can be represented through elliptic functions

with arguments z==u and z==v, for example:

cdu+v|m)=

cn(U+Vv|m)==

cs(U+v|m)==

de(u+v|m)=

dn(@a+v|m)==

dsiu+v|m)==

ncu+v|m =

nd(u+v|m=

nsu+v|m)==

sc(U+Vv|m)==

sdu+v|m)==

sn(U+Vv|m)==

cn(u | m)en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

dn(u | m)dn(v | m) —msn(u | m)cn(u | m)sn(v| m)cn(v | m)

cn(u| myen(v| m) —sn(u | m)dn(u| m)sn(v| mdn(v| m)

1—msn(u | m)? sn(v | m)?

cn(u | m) en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

cn(v | m)ydn(v| m)sn(u| m) +cn(u | m)dn(u | m)sn(v| m)

dn(u | m)dn(v| m)—msn(u | m)cn(u | mysn(v| m)cn(v | m)

cn(u | m)en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

dn(u | mydn(v | m)—msn(u| m)cn(u | m)sn(v| m)cn(v| m)

1—msn(u | m)% sn(v | my?

dn(u | m) dn(v | m) —msn(u | m) cn(u | m)sn(v | m) cn(v | m)

cn(v | m)dn(v| m)sn(u| m) +cn(u| m)dn(u | m)sn(v| m)

1—msn(u | my? sn(v | m)?

cn(u | m)en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

1—msn(u | my? sn(v | my?

dn(u | mydn(v| m)—msn(u | m)cn(u | m)sn(v| mycn(v | m)

1—msn(u | m?sn(v | my?

cn(v | m)dn(v| m)sn(u| m) +cn(u| m)dn(u | m)sn(v| m)

cn(v | m)dn(v| m)sn(u| m) +cn(u | m)dn(u | m)sn(v| m)

cn(u | m)en(v | m) —sn(u | m) dn(u | m) sn(v | m) dn(v | m)

cn(v | m)dn(v| m)sn(u| m) +cn(u| m)dn(u | m)sn(v| m)

dn(u | mydn(v| m)—msn(u | m)cn(u | m)sn(v| m)cn(v | m)

cn(u | m)dn(u | m) sn(v | m) +cn(v | m)dn(v | m)sn(u | m)

1—msn(u | m?sn(v | my?

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),

sc(z| m), sd(z| m), and sn(z | m) satisfy the following half-angle formulas:
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ol | M)’ = e o | M) = P o3 | m)* =
dC(g | m)z _ 1—m;(2|2(nqu>r:1)dt1r(nz‘cr:)(zlm) dn(g | m)2 _ 1—m+d:iz(|jrrr]1();nr:1>cn(z|m) ds(g | m)2 _ 1—m+d:(_z(|:rr:);nr:1)cn(z|m)
o3 | M = i MG = e G M = P

<G = g G M = mamemeam G = S

The twelve Jacobi functions cd(z| m), cn(z| m), c(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z | m) satisfy the following double-angle (or multiplication) formulas:

en(z| m)? — sn(z | m2 dn(z| m?

cd(2z| m) =
dn(z| m? — msn(z| m? cn(z| m?
22| m — en(z| m)? — sn(z| m2 dn(z| m?
1-msn(z| m?*
m o2 e AKM) (u+vT1) n+1
cn(nz| m) == (—) 1—[ cn(z+ _ m) [/, —— eN*
1-m 11v=0 n 2
22| m) en(z| m)2 — sn(z| m2dn(z| m?
B 2sn(z| mycn(z| m)dn(z| m)
do22|m = dn(z| m? — msn(z| m? cn(z| m)2
en(z| m)? — sn(z| m2 dn(z| m?
22| m dn(z| m? — msn(z| m? cn(z| m)2
1-msn(z| m?*
n2-1 1
1 n- AK(M) (u+vT1) n+1
dn(nz|m) = [—) ) l_[ dn[z+ # m) /i —— eN*
1-m 4v=0
ds22] m) dn(z| m? — msn(z| m?2 cn(z| m?2
B 2sn(z| m)cn(z| m)dn(z| m)
221m 1-msn(z| m?*
nc2z| m ==
en(z| m)? — sn(z | my2 dn(z | m)?
nz—l
1-my=z ™1 AK(mM) (u+vT1) n+1
nc(nz|m ::[—] l—[nc(z+7 m)/;—eN+
m 0 n
nd2z|m) == L-msnzim*
dn(z| m? — msn(z| m?2 cn(z| m)2
L 4K(mM) (u+ n+1
ndnz|m=@1-m) + l_lnd(z+ (W@+vo m)/; eN*
n 2

1,v=0
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1-msn(z| m?*

ng2z|m)==
2sn(z| m)cn(z| m)dn(z| m)
il
L S 2 LK(m +ivK(@-m) ) n+1
nsnz, m==(-1)2 m 4 n 2 m|/; N*
sz, m=(-1) ]_[]_[{u - ‘/26
H== V=T
2sn(z| myen(z| m)dn(z| m)
sc(2z|m) =
en(z| m)2 — sn(z| m2dn(z| m?
2sn(z| mycen(z| m)dn(z| m)
sd2z|m) =
dn(z| m? — msn(z| m? cn(z| m)2
2sn(z| myen(z| my)dn(z| m)
sn2z|m) ==
1-msn(z| m?*
ntoond
1?12 2 K(m +ivK(@l-m n+1
sn(nz,m)::(—l)TlmT1 1_[ rl sn[z+2ﬂ (m+ iV )‘m)' eN*.
==t n 2
I dentities

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z| m) satisfy the following nonlinear functional equations:

mw(2)* - 2w(2)? + (MW2)* - 2mw(2? + 1)W(22) + 1= 0/; W(2) = cd(z| m)

mw(2)* - 2(Mm- 1) W(@)?* + m+ (Mw@* - 2mw@?® +m-1)W22) - 1=0/; W(2) == cn(z| m)
4w(2)? (W(2)? + 1) (W(2)® - m+ 1) w(22)” - (W2)* + m- 1)2 =0/; W(2) = cs(z| m)

W(2)* - 2mw(2)® + m+ (W2)* - 2W(2)? + m)w(22) == 0 /; W(2) == dc(z | m)

W(2)* +2(M-1) W22 - m+ (W2)* - 2W2)° - m+ 1)w(22) + 1= 0/, W(2) == dn(z| m)

Aw(2? (W2)? + m-1) (W2? + mw(22? - (W2)* - n? + m)2 =0/, W(2) = ds(z| m)
(M-DHwW2* - 2mw2? + m+ (M- DwW@* +2(1-mw? + mw(22) == 0/; W(2) = nc(z| m)
(M-DHwW2* +2wW2)? + (M- DHw* + 2(1 - mwW@?® - 1) W22 — 1= 0/; W(2) == nd(z| m)
Aw(2? (W2)* - 1) (W(2* - m)w(22)* — (m- W(Z)4)2 =0/; W(2) == ns(z| m)

((m-DHw@2*+ l)2 W(22? - 4(W27? + 1) (1 - mw(@)? + 1) W(2)? = 0 /; W(2) = sc(z| m)

(M= 1 mw* - 1)° W22? - 4W@? (M- D) mw2* + @m- D) W2? + 1) = 0 /; W(z) == si(z| m)

(mw@* - 1)2 W(22)? - 4W(2)? (W(2)? - 1) (mMwW(2)? - 1) == 0 /; W(2) = sn(z| m).
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Simplerepresentations of derivatives

The derivatives of all Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m),
nc(z| m), nd(z| m), n(z| m), sc(z| m), sd(z| m), and sn(z| m) with respect to variable z have rather simple and
symmetrical representations that can be expressed

through other Jacobi functions:

dam(z| m)
— =dn(z|m)
0z
dcd(z| m)
= (M- 1) nd(z| m) sd(z| m)
0z
acn(z| m)
= -sn(z | m) dn(z | m)
0z
acs(z| m)
== —ds(z| m)ns(z| m)
0z
adc(z| m)
= (1-m)nc(z| m)scz| m)
0z
adn(z| m)
- = —mSﬂ(Zl m) Cn(z| m)
0z
ads(z| m)
= —cs(z| M) ns(z| m)
0z
anc(z| m)
== dC(Z | m) $(Z | m)
0z
ond(z| m)
— == mcdz| m)sdz| m)
0z
ons(z, m)
= —Cs(z| m)ds(z| m)
0z
dsc(z| m)
==dc(z| m) nc(z| m)
0z
asd(z| m)
== cd(z| m) nd(z| m)
0z
asn(z| m)
== cn(z| m)dn(z| m).
0z

The derivatives of al Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), dc(z| m), dn(z| m), ds(z| m),
nc(z| m), nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) with respect to variable m have more complicated
representations that include other Jacobi functions

and the dliptic integral E(am(z | m) | m):



http: //functions.wolfram.com 34

dam(z| m) ((m=1)z+ E(@am(z| m) | m))dn(z| m) — men(z| m)sn(z| m)
= fm<1\/-

N W
IA
N
IA

N W

om 2(m-=1)m

ocdizlm  (m-21)z+E@m(z| m | m)) nd(z| m)sd(z| m)

om 2m
acn(z| m) 1
(sn(z| mydn(z| m) ((m-1) z+ E(@m(z| m) | m) — msn(z| m) cd(z | m)))
om 2m(1l-m)
acs(z| m)

= - (ns(z| myds(z| m) (m-1) z+ E(@am(z| m) | m) — msn(z | m) cd(z| m)))

ddc(zlm)  so(z| mync(z| m) ((1-mz-E@mz|m | m)

om 2m
adn(z| m) 1
= (sn(z| m)en(z| my (M- 1) z+ E@am(z | m) | m) —dn(z | m) sc(z| m)))
om 2(1-m)
ods(z| m) 1
== (cs(z| mns(z| m) (M- 1) z+ E(am(z | m) | m) — mdn(z | m) sc(z | m)))
om 2m(1-m)
onc(z| m)
(sc(z| myde(z| m) (1 - m) z— E(am(z| m) | m) + med(z| m) sn(z| m)))
om 2m(1-m)

ond(zlm)y sd(zlm)cd(z| m) ((1-m)z—E@m(z| m)| m)+dn(z| m)sc(z| m))

om 2(1-m)

ans(z| m) 1
= (ds(z| mycs(z| m) (=(1-m) z+ E@m(z| m) | m) — msn(z| m) cd(z | m)))
aom 2m(1-m)

osc(zlm)  nc(z] myde(z| m) ((1-m)z-E@m(z| m) | m)+mcd(z| m) sn(z| m))

om 2m(l-m

osd(zlm)  cd(z| mnd(z| m) ((1—m)z—E@m(z| m) | m)+mdn(z| m)sc(z| m)

om 2m(1-m)
asn(z| m) 1
= (dnzmyen(z| m) (L-m)z— E@am(z| m) | m) + mcd(z| m) sn(z| m))).
om 2m(1l-m)
Integration

The indefinite integrals of the twelve Jacobi functions cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m),
nc(z| m), nd(z| m), ns(z| m), sc(z| m), sd(z| m), and sn(z| m) with respect to variable z can be expressed through
Jacobi and elementary functions by the following

formulas:

log(nd(z| m) + vVm sdz| m))
Vm

fcd(zl mdz==
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cos(dn(z| m)) sn(z| m)
V1-dnz| m)2

fw(ZI m) dz==log(ns(z| m) — ds(z| m)

fcn(zl mdz==

fdc(z| m) dz==log(hc(z | m) + sc(z | m))

fdn(z| m)dz==am(z| m)

1-cn(z| m)
fds(z| m dz== Iog(—]

sn(z| m

log(de(z| m) + V1-m so(z| m))

fnc(z| mdz==

1-m

vV 1-cdz| m? cos(cd(z| m)

(1-mysd(z|m

fnd(z| mdz==

IHS(ZI m) dz==log(ds(z| m) — cs(z| m))

log(de(z| m) + vV 1-m nc(z| m))
fsc(zl mdz==
1-m

sin_l(\/ﬁ cd(z| m)) vV 1-mcdz| m? dn(z| m)

A-m+vm

fsd(z| mdz==-

1
fsn(zl m)dz== —— log(dn(z| m - V'm cn(z| m)).
Vm

Differential equations

The Jacobi amplitude am(z | m) satisfies the following differential equations:

oW(2)
6— —dn(z| m) =0/, w(2) = am(z| m)
z

W32 (1-W(@2%) -W(©2° +2W (@2 + W (@° W (@) - W (2 =0/, W) = am(z| m).

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z | m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z | m) are special solutions of ordinary second-order nonlinear differential
equations:

W(2° + (W2 +m-1) (W@ -1) =0/, W2 == am(z| m)

W (2) - W(2) (2mw(2? - m- 1) =0 /; W(2) = cd(z| m)
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W(2) +W(@) (2mw@2? - 2m+ 1) = 0/; W(2) = cn(z| m)

W (2) - W2 (2W(2)® - m+2) = 0 /; W(2) == c(z| )

W (2) - W2 (2W(2)* - m- 1) == 0 /; W(2) == do(z | m)

W (2) +W(2) (2W(2? + m-2) = 0/; W(2) == dn(z| m)

W (2) - W(2) (2W(2? + 2m-1) = 0/; W(2) == ds(z| m)

W (2 -W2 (2(1-mWw@? +2m-1) =0/; W(2) = nc(z| m)
W (2 + W2 (2(1- mW@? +m-2) =0/; W(2) = nd(z| m)
W (2) - W(2) (2W(@? - m-1) = 0/; W(2) = n(z| m)

W (2 -W2 (2(1-mW@? - m+2)=0/; W2 = sc(z| m)
W (2 +W2 (2m1-mw2?-2m+1) =0/, w2 == sd(z| m)
W (2) - W(2) (2mw(2)? - m- 1) == 0 /; W(2) == sn(z| m).

The twelve Jacobi functions cd(z | m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z | m), nd(z| m), ns(z| m),
sc(z| m), sd(z| m), and sn(z | m) satisfy very complicated ordinary differential equations with respect to
variable m, for example:

m? Zwm?? + (=32 m? =32 n? - HJwm)* + (32 m* + 92 n? + 3Z m+ 4) w(m)® +
(-2 -9Zn?-9Zm-Z - 6)Wm° + (3n? Z +9mZ + 37 + 4)wm* + (-3mZ - 37 - 1) w(m)® +
(-64 (M- 1> m* wm)® + 64 (M- 1) n® (M+ 1) wm)* - 16 (m— ) n? (M+ 1)? w(m)?) W' (m)* +
(64(m- 1 m w(m)’ - 32(m- 1) m? (m+2) (3m— 1) w(m)° +
32(m-1m(m® +7m? - m-1)wm® - 32(m- ) mm+ 1) 2m- D wm) w(m)®* + 2 +
(-16m? (m? — m+ 1) w(m)® + 8m(m+ 1) (417 - m+ 1) w(m)® — 16 (m+ 1) (M + 5n% — 4m+ 1) w(m)* +
8(7n® + 12n? — 15m+ 4) wm)? — 16 (2m - 1)%) W (m)* + (—16 (m— 1)? i w(m)® + 32 (m~ 1)? n®* (m + 1) w(m)® -
16 (M- 1)% n? (P + 4m+ 1) w(m)* + 32 (m - 1)? m? (m+ 1) w(m)? - 16 (m - 1)? m?) w’(m)” +
(-8mPw(m)® +8(m+ 1) Bm- D w(m)’ — 24 (n? + 2m— 1) w(m)® + 8(n? + 6 m— 3)w(m)® - 8(2m - 1) w(m)) w'(m) +
(-8(m- 1P w(m)® + 8(m-1)m@Bm+ ) wm)’ - 24 (m- 1) m(m+ 1) w(m)® +
8(m—1) m(m+ 3)w(m)® - 8(m- 1) mw(m) + (64 (m— 1)? m* w(m)’ — 96 (m - 1)? m® (m+ 1) w(m)® +
32(m- 2 n? (m? + 4m+ 1) wm)® — 32 (m— 1) n? (m+ 1) w(m)) w'(m)* +
(-32(m-1) m*wm)® + 32(m- 1) n? (2n? + 3m- 1) wm)® - 32(m- 1) m(m® + 6n? — 1) w(m)* +
32(m-1)m(3m? +3m-2) wm)? - 32(m- 1) m(2m— 1)) W (m)) w’(m) /; w(m) == sn(z| m).

Zeros

All Jacobi functions am(z| m), cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m),
ns(z| m), sc(z| m), sd(z| m), and sn(z| m) are equa to zero in the points z== k K(m) + ni K(1 — m), where K(m) is
the complete elliptic integral of the first kind and k, n are even or odd integers:

am2siK(1l-m)|m=0/;seZ
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cd2r+ DKM +2siKA-m)|m=0/;{r,sleZ
cn(@r+2s+HK(m+2si KL-m)|m)=0/;{r,sfe”Z
c(2r+ DKM +2siKA-m)|m=0/;{r,sleZ
de(2r+ DKM+ 2s+1D)iKA-m)|m)=0/;{r,sleZ
dn(2r+HKm+2s+DiKA-m|m=0/;{r,sleZ
ds(r+DHKm+2s+DiKA-m)|m=0/;{r,s}eZ
nc2rKm+2s+1)iK@A-my|m=0/;{r,sleZ
nd2rKm+2s+1)iK@-m|m=0/;{r,sfeZ
ns2rKm+@2s+1)iK@A-m|m=0/;{r,s}eZ
sc2rK(m)+2siK(L-m)|m)=0/;{r,sfe”Z
sd2rK(m) +2siK@A-m) |m)=0/;{r,s}eZ

sn2rK(m +2siK@-m)|m)=0/;{r,s}eZ.

Applications of Jacobi elliptic functions

Applications of Jacobi eliptic functions include conformal mappings,
electrostatics and magnetostatics, fluid dynamics, mechanics of tops,
nonlinear integrable equations, the Ising model of statistical mechanics,
celestial mechanics, closed-form solutions for nonlinear Schr

odinger equations, analysis of exactly solvable

chaos-exhibiting sequences, solution of equations of motion for

guartic potentials, and elliptic function theory.
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