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Introductions to LucasL

Introduction to the Fibonacci and Lucas numbers

The sequence now known as Fibonacci numbers (sequence 0, 1, 1, 2, 3, 5, 8, 13...) first appeared in the work of an
ancient Indian mathematician, Pingala (450 or 200 BC). Pingala's work with the mountain of cadence (now known
as Pascal's triangle) made him the first known person to have looked into Fibonacci numbers. Next, another Indian
mathematician, Virahanka (6th century AD), took note of the Fibonacci sequence through analysis of a completely
different problem. Virahanka considered the following problem: assuming that lines of n units are composed of
syllables that can be long or short—along syllable takes twice as long as a short syllable to articulate—and each
line of n units takes the same time to articulate no matter how it is composed, how many different combinations of
syllables are there for each line of length n? Research of this question was continued by the Indian scholar
Hemachandra and the Indian mathematician Gopala in the 12th century. Almost a half century later, the sequence
was studied by the man whose name is most heavily linked to Fibonacci numbers, Leonardo of Pisa, ak.a. Fibo-
nacci (1202). Fibonacci considered the famous growth of an idealized rabbit population problem.

Later, European mathematicians began to study various aspects of Fibonacci numbers. Researchers included J.
Kepler (1608), A. Girard (1634), R. Simpson (1753), E. Léger (1837), E. Lucas (1870, 1876-1880), G. H. Hardy,
and E. M. Wright (1938). From this group, it was Francois Edouard Anatole Lucas (1870, 1876-1880) who gave
Fibonacci numbers their name. He also investigated a similar sequence (sequence 2, 1, 3, 4, 7, 11, 18, 29, ...),
which was later coined Lucas numbers. In many works these sequences are notated F, and L, (n=0, 1, 2, ...) to
represent the first letters of the last names Fibonacci and Lucas. Eventually, it was established that both sequences
can be analytically extended on complex z-planes and that they satisfy the same three-term recurrence relation,
reflecting that the Fibonacci and Lucas numbers are the sums of two neighboring terms:
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For integer arguments, Fibonacci and Lucas numbers can be elegantly represented through the symmetric relations
(including the golden ratio ¢ = (1 + \/g)/Z):
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Definitions of the Fibonacci and Lucas numbers:

For any complex v, the Fibonacci numbers F, and Lucas numbers L, are defined by the formulas:
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where ¢ is the golden ratio ¢ = (1 + x/?)/z
Connections within the group of the Fibonacci and Lucas numbers and with other
function groups

Representationsthrough more general functions

The Fibonacci and Lucas numbers F, and L, have the following representations through more general functions
including some hypergeometric functions and Meijer G functions:
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Representations of Fibonacci and L ucas numbersthrough each other and through elementary functions

The Fibonacci and Lucas numbers F, and L, can be represented through each other by the following formulas:
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The Fibonacci and Lucas numbers F, and L, have the following representations through elementary functions:
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The best-known properties and formulas of the Fibonacci and Lucas numbers

Simplevaluesat zero and infinity

The Fibonacci and Lucas numbers F, and L, have the following values at zero and infinity:

Fy L,
FO == 0 LO = 2

Feo=00|Le =00

Specific valuesfor specialized variables

The Fibonacci and Lucas numbers F, and L, with integer argument n can be represented by the following formulas:
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For the cases of integer arguments n /; 0 < n < 25, the values of the Fibonacci and Lucas numbers F, and L, can be
described by the following table:

n [0|1 (23|45 |6 |7 |8 10 |11 |12 |13 |14 |15 |16 (17 |18 |19 |20
Fho|O[1]1(2|3 |5 |8 |13|21|34|55 (89 |144|233|377|610 |987 |1597|2584 4181 6765 |...
Lhn |21 |3(4|7 [11|18|29|47|76|123 [199 |322 | 521 | 843 | 1364 | 2207 | 3571 | 5778 | 9349 | 15127 | ...

©

Analyticity

The Fibonacci and Lucas numbers F, and L, are entire analytical functions of v that are defined over the whole
complex v-plane:

Periodicity
The Fibonacci and Lucas numbers F, and L, do not have periodicity.
Parity and symmetry

The Fibonacci and Lucas numbers F, and L, generically do not have parity, but they have mirror symmetry:
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Poles and essential singularities

The Fibonacci and Lucas numbers F, and L, have only the singular point v = c. Itisan essential singular point.

Branch pointsand branch cuts

The Fibonacci and Lucas humbers F, and L, do not have branch points and branch cuts over the complex v-plane.

Seriesrepresentations

The Fibonacci and Lucas numbers F, and L, have the following series expansions (which converge in the whole
complex v-plane):
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Asymptotic series expansions

The asymptotic behavior of the Fibonacci and Lucas numbers F, and L, is described by the following formulas:
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Other seriesrepresentations

The Fibonacci and Lucas numbers F,, and L,, for integer nonnegative n can be represented through the following

sums involving binomials:
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Integral representations

The Fibonacci and Lucas numbers Fy, and L, have the following integral representations on the real axis:
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on 53 fo + 3 cos(t) sint)dt/;ne
1,3 n-1 7] n-1
Lons1 = 4_1(5) f (gx/gcos(tﬂl) (5n+\/g(n+ 1)cos(t)+3)sin(t)dt/; neZ.
0

Generating functions

The Fibonacci and Lucas numbers F,, and L, can be represented as the coefficients of the series of the correspond-
ing generating functions:

Fn= ([t”] ]/; nen

1-t-t2



http: //functions.wolfram.com

2-t

-([t"] )/ neN.
1-t—t?

Transformations: Addition formulas

The Fibonacci and Lucas numbers F, and L, satisfy numerous addition formulas:
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Transformations: Multiple arguments

The Fibonacci and Lucas humbers F,, and L, satisfy numerous identities, for example the following multiple
argument formulas:
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Transformations. Products and powers of the direct function

The Fibonacci and Lucas numbers Fy, and L, satisfy numerous identities for products and powers:

F, L,
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I dentities

The Fibonacci and Lucas numbers F, and L, are solutions of the following simple difference equation with con-

stant coefficients:
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W2 =wz-2)+wWz-1)/;w2=c F; +c L,

The Fibonacci and Lucas numbers F, and L, satisfy numerous recurrence identities:

F L,
Fy=F.n-F. L =Luo-Li
Fo=F.a+F_ L=Lo+L,1
F P leié‘/ L _ Lv+17‘/? ¢V
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Other identities for Fibonacci and Lucas numbers F, and L, are just functional identities:
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1 1 1
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F2 n+1 I:2 n+2 F2n

D R & (D
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Complex characteristics

The Fibonacci and Lucas numbers F, and L, have the following complex characteristics for complex arguments:
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10
2% + sinh?(y) + cos(2 7 X) + 4 ¢2* sin(x X) sin(2 y log(¢)) sinh(r y))
Arg arg(Fy.y) = tan (¢~ (¢** costy log(¢)) — cos(z X) cosh(r y) cos(y log(¢)) +
sin(z X) sin(y log(@)) sinh(z y)), ¢~ (¢°* sin(y log(¢)) + cos(r ) cosh(xr y) sin(y log(¢)) +
cos(y log(¢)) sin(r X) sinh(r y)))
Re Re(Fiy) = % (¢* cos(ylog()) — cos(r x) cosh(r y) cos(y log(@)) + Sin(x X) sin(y log(#)) sinh(r y))
5
Im Im (Fyyzy) = "f (¢** sin(ylog(¢)) + cos(r x) cosh(rr y) sin(y l0g(¢)) + cos(y 0g(¢)) sin(x x) sinh(r y))
5
Conjugate Frriy = “’T (#?* (cos(ylog(e)) — i sin(ylog(¢))) + Sin(x X) sinh(z y) (sin(y 10g(¢)) — i cos(y log(¢))) —
5
cos(z x) cosh(z y) (cos(y log(¢)) + i sin(y log(¢))))
Sign N (Fysiy) = (V2 67 (cos(m x) cosh(z y) (i sin(y 10g(#)) — cos(y log(¢))) + ¢* (costy log(¢)) + i sin(y [0g(¢))
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xeRAyYyeR
1 —2x( 2X o 2(x=iy)
Abs |Lsiy] = f \/((1+ \/E) (4 cos(27rx)+2((3+ \/3) +272 y(1+ \/E)
(cos(n (X—iy)) (1 +V5 )My + 2% cos(r (X + i y)))) + 4 cosh(2 7 y)))
Arg arg(Ly..y) = tan™'(¢* costylog(¢)) + ¢~ cos(z x) cosh(r y) cos(y log(¢)) — ¢ sin(xr x) sin(ylog(¢)) sinh(r ),
¢*sin(ylog(¢)) — ¢~ cos(r x) cosh(xr y) sin(y log(¢)) — ¢~ cos(y log(¢)) sin(x x) sinh(zr y))
Re Re{Lsy) == ¢* cos(ylog(¢)) + ¢~ costr X) cosh(r y) cos(y log(¢)) — ¢ sin(x X) sin(y log(4)) sinh(r )
Im IM(Lysy) == ¢ sin(y log(@)) — ¢ cos(x X) cosh( y) sin(y log(4)) — ¢~ cosy log(¢)) sin(z X) sinh(z y)
Conjugate Lysiy = ¢* cos(ylog(¢)) + ¢~ cos(m X) cosh(zr y) cos(y log(¢)) — ¢~ sin(z X) sin(y log(#)) sinh(z y) —
i (¢* sin(ylog(¢)) — ¢~ cos(z x) cosh(rr ) sin(y log(¢)) — ¢~ cos(y log(¢)) sin(xr x) sinh(z y))
Sign son(Ly:iy) = ¢ coslylog(e)) + (2%"" (1 + \/g)_x (u‘ siny csch"1(2)) (1 + \/g)Zx + & cos(m (X +1Y))
(cos(ycsch™(2)) - i sin(y csch*1(2))))) / (\/ ((1 +V5 )7“ (4x OS2 X) + 2 ((3 +V5 )ZX +
220(1+ «/E)Z(H” (cos(ﬂ (x—iy)(1+ w/?)“y + 2% cos(r (X + i y)))) + 4% cosh(

Differentiation

The Fibonacci and Lucas numbers F, and L, have the following representations for derivatives of the first and n
orders or the arbitrary fractional order a:



http: //functions.wolfram.com

11

(Q-a, (in- csch’1(2)) v)=1) + exp(—(im+ csch’1(2)) v)
(v(~in—csch™ (@) (Q-a, —(in+csch™ @) v) - 1) -
2y csch’1(2)a exp(v csch’1(2)) (-, v csch’l(Z)) - 1))
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T = 2 ((v(ri - oseh () exp((i - csch @) v) = ((Q-a, (i - csch™ (@) v) - 1) el
245

(v (i - csch™2)))” + (Q(-a, —(im+csch
e(inresh™ @)y (v(-im- CSCh_l(Z)))Q +2(Q(-«

ST e et ()

Differential equations

The Fibonacci and Lucas numbers F, and L, satisfy the following third-order linear differential equation:

W) +log (@) W’ (v) + (72 ~ log’ () W (v) - 10g(¢) (log($) + 72) W(v) = 0 /; w(v) = C; L, + G, F, + 3¢ sin(rv),

where ¢y, Cp, and c3 are arbitrary constants.

Indefiniteintegration

Some indefinite integrals for Fibonacci and Lucas numbers F, and L, can be evaluated as follows:

245
(v(~im+csch™ @) " T(e, v(—in+csch™(2)) +

(v (i +csch™(@)) " T(e, v (i + csch™(2))

F Ly
__ 1 (¢ dogg)cosimv)-rsnxy) ¢ _ ¢ @sinry)-cosimv)logg) ¢
JFodv= Vs ( log? (@) 2 Iog(¢)) Jrdv= log?(¢y+n? log@)
[F R dy =~ (-2(-»T(a, -vesch ™) osch™@) "+ | [ L, dv = — 2 v (2Ep o (~vesch (@) + Eyy (v (~in+

Eyo(v (i 7 +csch™(2))))

L aplacetransforms

Laplace transforms L, [ f(v)] (2) of the Fibonacci and Lucas humbers F, and L, can be represented by the following

formulas:

F, L,

LIFI@ = m - LILI@ =
Summation

There exist many formulas for finite summation of Fibonacci and Lucas numbers, for example:



http: //functions.wolfram.com

12

Fn/;ineN

Lhn/;ineN

22;0 Fk == Fn+2 -1

ZE:() Lk = I-n+2 -1

5oy ) Fe=Fan

5oy b= Len

5oy Rz =Far

5oy )2 Le=Lan

2(2" (2Fn+Fp,1)-1)

(zLntLyyg) ZW142-2

n n
Zk:o k Z+z-1 Zkzo k Z4z-1
n _ FaFunpig 2" LH(-D)P Frpsq Z¥2-(-DPFypz n _ La=2" Linst) prg HDP 22 Lo pog —(-DP 2Lgp
2i=0 Fip+q 2= (P 2-Lpz+1 /i | Lo Lip+a 2 = (-1P Z-zLp+l z
peZAqeZ peZANqeZ
1
Yo FkFnok = s (nLn—Fy) YkolkLnk=Fn+(+2) Ly

ZE:O FE =Fy Fn+l

ZE:l Lﬁ =Ly I-n+1 -2

Here are some corresponding infinite sums;

o z
YR =-
=1 22+Z—1
© 1 1 2 Y
Py _@2[0, ]
ka Foker 4 3+V5
& 1
Z =1
i1 Fx Fre2
s nﬂ'Fk_l nﬂ'Fk+2
Zsin ]cos( )::O/;neZ
i 2P Ry 2F1 Fy
& 2z
Fi Fiet Fi2 2=
kzz(; o (-2+z+1)(-2-4z+1)
© 2(2z+1)
S 2ED
k=1 Z+z-1

And here are some multiple sums:

B

IDIE Zénz lml_[F s Z(k_'f”_l

my=0m,=0 =

ki=1ky=1

Limit operation

)(?_j)/;neN/\kef\F’

ZZ 26”Zp an __an/nEN/\pEN /\an——(n—i+1]|:n1p1+;(p_

p_

n
— -1
1

) Fn,p—l /\ Fn1==Fn.

Some formulas including limit operations with Fibonacci and Lucas numbers F, and L, take on symmetrical forms:
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kK 1
lim — = —
V=00 L \/E
F, L,
. F, . Loty
lim, e —— =¢* lim, . — = ¢°
FV LV
. Zrkr:olF K . ZE:OILk
My === =¢/imeN* |[lim_ e, ——" =¢/;meN*
Frev—Fy Lmgy—Ly

Other identities

The Fibonacci numbers F,, can be obtained from the evaluation of some determinates, for example:

1 ifk=1I
Frn==|qi iflk=1I]= .
0 ese 1<k=n

1<l=n

Applications of the Fibonacci and Lucas numbers

Fibonacci and Lucas numbers have numerous applications throughout algebraic coding theory, linear sequential
circuits, quasicrystals, phyllotaxies, biomathematics, and computer science.
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