
Introductions to SinhIntegral
Introduction to the exponential integrals

General

The exponential-type integrals have a long history. After the early developments of differential calculus, mathemati-

cians tried to evaluate integrals containing simple elementary functions, especially integrals that often appeared

during investigations of physical problems. Despite the relatively simple form of the integrands, some of these

integrals could not be evaluated through known functions. Examples of integrals that could not be evaluated in

known functions are:

à 1

logHtL  â t

à sinHtL
t

 â t

à cosHtL
t

 â t

à ãt

t
 â t.

L. Euler (1768) introduced the first integral shown in the preceding list. Later L. Mascheroni (1790, 1819) used it

and introduced the second and third integrals, and A. M. Legendre (1811) introduced the last integral shown. T.

Caluso (1805) used the first integral in an article and J. von Soldner (1809) introduced its notation through symbol

li.  F. W. Bessel (1812) used the second and third integrals. C. A. Bretschneider (1843) not only used the second

and third integrals, but also introduced similar integrals for the hyperbolic functions:

à sinhHtL
t

 â t à coshHtL
t

 â t.

O. Schlömilch (1846) and F. Arndt (1847) widely used such integrals containing the exponential and trigonometric

functions. For the exponential, sine, and cosine integrals, J. W. L. Glaisher (1870) introduced the notations Ei, Si,

and Ci. H. Amstein (1895) introduced the branch cut for the logarithmic integral with a complex argument. N.

Nielsen (1904) used the notations Si and Ci for corresponding integrals.

Different notations are used for the previous definite integrals by various authors when they are integrated from 0

to z or from z to ¥. 

Definitions of exponential integrals

The exponential integral EΝHzL, exponential integral EiHzL, logarithmic integral li HzL, sine integral Si HzL, hyperbolic

sine integral Shi HzL, cosine integral CiHzL, and hyperbolic cosine integral ChiHzL are defined as the following definite

integrals, including the Euler gamma constant Γ � 0.577216¼:



EΝHzL � à
1

¥ ã-z t

tΝ
 â t �; ReHzL > 0

EiHzL � à
0

z ãt - 1

t
 â t +

1

2
logHzL - log

1

z
+ ý

liHzL � à
0

z 1

logHtL  â t

SiHzL � à
0

z sinHtL
t

 â t

ShiHzL � à
0

z sinhHtL
t

 â t

CiHzL � à
0

z cosHtL - 1

t
 â t + logHzL + ý

ChiHzL � à
0

z coshHtL - 1

t
 â t + logHzL + ý.

The previous integrals are all interrelated and are called exponential integrals.

Instead of the above classical definitions through definite integrals, equivalent definitions through infinite series

can be used, for example, the exponential integral EiHzL can be defined by the following formula (see the following

sections for the corresponding series for the other integrals):

EiHzL �
1

2
logHzL - log

1

z
+ â

k=1

¥ zk

k k !
+ ý.

A quick look at the exponential integrals

Here is a quick look at the graphics for the exponential integrals along the real axis.
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Connections within the group of exponential integrals and with other function groups

Representations through more general functions

The exponential integrals EΝHzL, EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL are the particular cases of the more

general hypergeometric and Meijer G functions.

For example, they can be represented through hypergeometric functions pFq or the Tricomi confluent hypergeomet-

ric function U:

EΝHzL � zΝ-1 GH1 - ΝL -
1

1 - Ν
 1F1H1 - Ν; 2 - Ν; -zL

EΝHzL � zΝ-1 ã-z UHΝ, Ν, zL
EiHzL � z 2F2H1, 1; 2, 2; zL +

1

2
logHzL - log

1

z
+ ý

EiHzL � -ãz UH1, 1, -zL - logH-zL +
1

2
logHzL - log

1

z

liHzL � logHzL 2F2H1, 1; 2, 2; logHzLL +
1

2
logHlogHzLL - log

1

logHzL + ý

SiHzL � z 1F2

1

2
;

3

2
,

3

2
; -

z2

4

ShiHzL � z 1F2

1

2
;

3

2
,

3

2
;

z2

4

CiHzL � -
z2

4
2F3 1, 1; 2, 2,

3

2
; -

z2

4
+ logHzL + ý
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ChiHzL �
z2

4
2F3 1, 1; 2, 2,

3

2
;

z2

4
+ logHzL + ý.

Representations of the exponential integrals EΝHzL and Ei HzL, the sine and cosine integrals Si HzL and Ci HzL, and the

hyperbolic sine and cosine integrals ShiHzL and Chi HzL through classical Meijer G functions are rather simple:

EΝHzL � G1,2
2,0 z

Ν

Ν - 1, 0

EiHzL � -G2,3
1,2 -z

1, 1

1, 0, 0
+ ý -

1

2
log 

1

z
- log HzL

Si HzL �
Π

4
z G1,3

1,1
z2

4

1

2

0, - 1

2
, - 1

2

Ci HzL � -
Π

2
G1,3

2,0
z2

4

1

0, 0, 1

2

-
1

2
Ilog Iz2M - 2 log HzLM

Shi HzL �
Π

4
z G1,3

1,1 -
z2

4

1

2

0, - 1

2
, - 1

2

Chi HzL � -
Π

2
G1,3

2,0 -
z2

4

1

0, 0, 1

2

-
1

2
Ilog I-z2M - 2 logHzLM.

Here ý is the Euler gamma constant ý � 0.577216 ¼ and the complicated-looking expression containing the two

logarithm simplifies piecewise:

-
1

2
log

1

z
- logHzL � logHzL �; z Ï 8-¥, 0<

-
1

2
log

1

z
- logHzL � logHzL - Π ä �; z Î 8-¥, 0<.

But the last four formulas that contain the Meijer G function can be simplified further by changing the classical

Meijer G functions to the generalized one. These formulas do not include factors z and terms 1
2

IlogIz2M - 2 logHzLM:
Si HzL �

Π

2
G1,3

1,1
z

2
,

1

2

1
1

2
, 0, 0

Ci HzL � -
Π

2
 G1,3

2,0
z

2
,

1

2

1

0, 0, 1

2

Shi HzL � -
ä Π

2
G1,3

1,1
ä z

2
,

1

2

1
1

2
, 0, 0

Chi HzL � -
1

2
 Π3�2 G2,4

2,0
z

2
,

1

2

1

2
, 1

0, 0, 1

2
, 1

2

.
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The corresponding representations of the logarithmic integral li HzL through the classical Meijer G function is more

complicated and includes composition of the G function and a logarithmic function:

li HzL � ý -
1

2
log 

1

log HzL - log Hlog HzLL - G2,3
1,2 -log HzL 1, 1

1, 0, 0
.

All six exponential integrals of one variable are the particular cases of the incomplete gamma function:

EiHzL � -GH0, -zL +
1

2
logHzL - log

1

z
- logH-zL

SiHzL �
ä

2
HGH0, -ä zL - GH0, ä zL + logH-ä zL - logHä zLL

ShiHzL �
1

2
HGH0, zL - GH0, -zL - logH-zL + logHzLL

CiHzL � logHzL -
1

2
HGH0, -ä zL + GH0, ä zL + logH-ä zL + logHä zLL

ChiHzL � -
1

2
HGH0, -zL + GH0, zL + logH-zL - logHzLL

liHzL � -GH0, -logHzLL +
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL.
Representations through related equivalent functions

The  exponential  integral  EΝHzL  can  be  represented  through  the  incomplete  gamma function  or  the  regularized

incomplete gamma function:

EΝHzL � zΝ-1 GH1 - Ν, zL
EΝHzL � zΝ-1 GH1 - ΝL QH1 - Ν, zL.
Relations to inverse functions

The  exponential  integral  EΝHzL  is  connected  with  the  inverse  of  the  regularized  incomplete  gamma  function

Q-1Ha, zL by the following formula:

EΝIQ-1H1 - Ν, zLM � Q-1H1 - Ν, zLΝ-1
GH1 - ΝL z.

Representations through other exponential integrals

The exponential integrals EΝHzL, EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL are interconnected through the follow-

ing formulas:

EiHzL � -E1H-zL +
1

2
logHzL - log

1

z
- logH-zL

EiHzL � liHãzL �; -Π < ImHzL £ Π

EiHlogHzLL � liHzL
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EiHzL � CiHä zL - ä SiHä zL -
1

2
log

1

z
- logHzL - logHä zL

EiHzL � ChiHzL + ShiHzL -
1

2
log

1

z
+ logHzL

liHzL � -E1H-logHzLL +
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL
liHzL � EiHlogHzLL
liHzL � CiHä logHzLL - ä SiHä logHzLL -

1

2
log

1

logHzL - logHlogHzLL - logHä logHzLL
liHzL � ChiHlogHzLL + ShiHlogHzLL -

1

2
log

1

logHzL + logHlogHzLL
SiHzL �

ä

2
HE1H-ä zL - E1Hä zL + logH-ä zL - logHä zLL

SiHzL �
ä

4
2 HEiH-ä zL - EiHä zLL + log

ä

z
- log -

ä

z
- logH-ä zL + logHä zL

SiHzL �
1

2 ä
 IliIãä zM - liIã-ä zMM -

Π

2
 sgnHReHzLL �;  ReHzL¤ < Π

SiHzL � -ä ShiHä zL
ShiHzL �

1

2
HE1HzL - E1H-zL - logH-zL + logHzLL

ShiHzL �
1

4
2 HEiHzL - EiH-zLL + log

1

z
- log -

1

z
+ logH-zL - logHzL

ShiHzL �
1

2
 HliHãzL - liHã-zLL -

ä Π

2
 sgnHImHzLL �;  ImHzL¤ < Π

ShiHzL � -ä SiHä zL
CiHzL � -

1

2
HE1H-ä zL + E1Hä zL + logH-ä zL + logHä zLL + logHzL

CiHzL �
1

4
2 HEiH-ä zL + EiHä zLL + log

ä

z
+ log -

ä

z
- logH-ä zL - logHä zL + logHzL

CiHzL �
1

2
IliIã-ä zM + liIãä zMM +

Π ä

2
 sgnHImHzLL H1 - sgnHReHzLLL �;  ReHzL¤ < Π

CiHzL � ChiHä zL - logHä zL + logHzL
ChiHzL � -

1

2
HE1H-zL + E1HzL + logH-zL - logHzLL

ChiHzL �
1

4
2 HEiH-zL + EiHzLL + log

1

z
+ log -

1

z
- logH-zL + 3 logHzL
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ChiHzL �
1

2
HliHã-zL + liHãzLL +

Π ä

2
 sgnHImHzLL +

1

2
log

1

z
+ logHzL �;  ImHzL¤ < Π

ChiHzL � CiHä zL + logHzL - logHä zL.
The best-known properties and formulas for exponential integrals

Real values for real arguments

For real values of parameter Ν and positive argument z, the values of the exponential integral EΝHzL are real (or

infinity). For real values of argument z, the values of the exponential integral EiHzL, the sine integral Si HzL, and the

hyperbolic sine integral Shi HzL are real. For real positive values of argument z, the values of the logarithmic integral

li HzL, the cosine integral CiHzL, and the hyperbolic cosine integral ChiHzL are real. 

Simple values at zero

The exponential integrals have rather simple values for argument z � 0:

E0H0L � ¥�

EiH0L � -¥

liH0L � 0

SiH0L � 0

ShiH0L � 0

CiH0L � -¥

ChiH0L � -¥

EΝH0L �
1

Ν - 1
�; ReHΝL > 1.

Specific values for specialized parameter

If the parameter Ν  equals 0, -1 - 2, ¼,  the exponential integral EΝHzL  can be expressed through an exponential

function multiplied by a simple rational function. If the parameter Ν  equals 1, 2, 3, ¼,  the exponential integral

EΝHzL can be expressed through the exponential integral Ei HzL, and the exponential and logarithmic functions:

E0HzL �
ã-z

z

E-1HzL �
ã-z Hz + 1L

z2

E1HzL � -EiH-zL +
1

2
logH-zL - log -

1

z
- logHzL.

The previous formulas are the particular cases of the following general formula:
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EnHzL � zn-1
H-1Ln

Hn - 1L !
EiH-zL +

1

2
log -

1

z
- logH-zL + logHzL + ã-z â

k=0

-n zk

H1 - nLk+n

- ã-z â
k=1-n

-1 zk

H1 - nLk+n

�; n Î Z.

If the parameter Ν equals ± 1
2
, ± 3

2
± 5

2
, ¼, the exponential integral EΝHzL can be expressed through the probability

integral erf HzL, and the exponential and power functions, for example:

E
-

1

2

HzL �
Π

2 z3�2  erfcI z N +
ã-z

z

E 1

2

HzL �
Π

z
erfcI z N.

The previous formulas can be generalized by the following general representation of this class of particular cases:

E
n+

1

2

HzL � zn-
1

2 erfcI z N G
1

2
- n + ã-z â

k=0

-n-1 zk+
1

2

J 1

2
- nN

k+n+1

- ã-z â
k=-n

-1 zk+
1

2

J 1

2
- nN

k+n+1

�; n Î Z.

Analyticity

The exponential integrals EΝHzL, EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL are defined for all complex values of the

parameter Ν and the variable z. The function EΝHzL is an analytical functions of Ν and z over the whole complex Ν-

and z-planes excluding the branch cut on the z-plane. For fixed z, the exponential integral EΝHzL is an entire function

of Ν. The sine integral SiHzL and the hyperbolic sine integral ShiHzL are entire functions of z. 

Poles and essential singularities

For fixed Ν, the function EΝHzL has an essential singularity at z � ¥� . At the same time, the point z � ¥�  is a branch

point for generic Ν. For fixed z, the function EΝHzL has only one singular point at Ν = ¥� . It is an essential singular

point. 

The exponential integral EiHzL, the cosine integral CiHzL, and the hyperbolic cosine integral ChiHzL have an essential

singularity at z � ¥� .

The function liHzL does not have poles and essential singularities.

The sine integral SiHzL and the hyperbolic sine integral ShiHzL have an essential singularity at z � ¥� .

Branch points and branch cuts

For fixed z, the function EΝHzL does not have branch points and branch cuts.

For fixed Ν, not being a nonpositive integer, the function EΝHzL has two branch points z � 0 and z � ¥� , and branch

cuts along the interval H-¥, 0L. At the same time, the point z � ¥�  is an essential singularity for this function.

The exponential integral Ei HzL, the cosine integral CiHzL, and the hyperbolic cosine integral ChiHzL have two branch

points  z � 0 and z = ¥� . 

The function liHzL has three branch points z � 0, z � 1, and z = ¥� .
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The sine integral SiHzL and hyperbolic sine integral ShiHzL do not have branch points or branch cuts.

For fixed Ν, not being a nonpositive integer, the function EΝHzL is a single-valued function on the z-plane cut along

the interval H-¥, 0L, where it is continuous from above:

lim
Ε®+0

EΝHx + ä ΕL � EΝHxL �; x < 0

lim
Ε®+0

EΝHx - ä ΕL � EΝHxL -
2 Π ä ã-Π ä Ν xΝ-1

GHΝL �; x < 0.

The function EiHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L, where it has discontinui-

ties from both sides:

lim
Ε®+0

EiHx + ä ΕL � EiHxL + Π ä �; x < 0

lim
Ε®+0

EiHx - ä ΕL � EiHxL - Π ä �; x < 0.

The function liHzL is a single-valued function on the z-plane cut along the interval H-¥, 1L. It is continuous from

above along the interval H-¥, 0L and it has discontinuities from both sides along the interval H0, 1L:
lim

Ε®+0
liHx + ä ΕL � liHxL �; x < 0

lim
Ε®+0

liHx - ä ΕL � EiHlogH-xL - ä ΠL �; x < 0

lim
Ε®+0

liHx + ä ΕL � liHxL + Π ä �; 0 < x < 1

lim
Ε®+0

liHx - ä ΕL � liHxL - Π ä �; 0 < x < 1.

The cosine integral CiHzL and hyperbolic cosine integral ChiHzL are single-valued functions on the z-plane cut along

the interval H-¥, 0L where they are continuous from above:

lim
Ε®+0

CiHx + ä ΕL � CiHxL �; x < 0

lim
Ε®+0

ChiHx + ä ΕL � ChiHxL �; x < 0.

From below, these functions have discontinuity that are described by the formulas:

lim
Ε®+0

CiHx - ä ΕL � CiHxL - 2 Π ä �; x < 0

lim
Ε®+0

ChiHx - ä ΕL � ChiHxL - 2 Π ä �; x < 0.

Periodicity

The exponential integrals EΝHzL, EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL do not have periodicity.

Parity and symmetry

The exponential integral EiHzL has mirror symmetry:

http://functions.wolfram.com 9



EiHz�L � EiHzL.
The sine integral SiHzL and the hyperbolic sine integral ShiHzL are odd functions and have mirror symmetry:

Si H-zL � -Si HzL Si Hz�L � SiHzL
Shi H-zL � -Shi HzL Shi Hz�L � ShiHzL.
The exponential integral EΝHzL, logarithmic integral liHzL, cosine integral Ci HzL, and hyperbolic cosine integral ChiHzL
have mirror symmetry (except on the branch cut interval (-¥, 0)):

EΝ Hz�L � EΝHzL �; z Ï H-¥, 0L
liHz�L � liHzL �; z Ï H-¥, 0L
CiHz�L � CiHzL �; z Ï H-¥, 0L
ChiHz�L � ChiHzL �; z Ï H-¥, 0L.
Series representations

The exponential integrals EΝHzL, EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL have the following series expansions

through series that converge on the whole z-plane:

EΝHzL µ GH1 - ΝL zΝ-1 -
1

1 - Ν
+

z

2 - Ν
-

z2

2 H3 - ΝL + ¼ �; Hz ® 0L ì Ν Ï N+

EΝHzL � GH1 - ΝL zΝ-1 - â
k=0

¥ H-1Lk zk

Hk - Ν + 1L k !
�; Ν Ï N+

EnHzL �
H-zLn-1

Hn - 1L !
 HΨHnL - logHzLL - â

k=0
k¹n-1

¥ H-1Lk zk

Hk - n + 1L k !
�; n Î N+

E-nHzL � n! z-n-1 ã-z â
k=0

n zk

k !
�; n Î N

EiHzL µ
1

2
logHzL - log

1

z
+ ý + z +

z2

4
+

z3

18
+ ¼ �; Hz ® 0L

EiHzL �
1

2
logHzL - log

1

z
+ â

k=1

¥ zk

k k !
+ ý

liHzL µ
1

2
logHz - 1L - log

1

z - 1
+ ý +

z - 1

2
 1 -

z - 1

12
+

Hz - 1L2

36
+ ¼ �; Hz ® 1L

liHzL �
1

2
logHz - 1L - log

1

z - 1
+ ý + â

k=0

¥ H-1Lk

Hk + 1L !
â
j=1

k+1 B j Sk
H j-1L
j

 H1 - zLk+1
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Si HzL µ z 1 -
z2

18
+

z4

600
- ¼ �; Hz ® 0L

SiHzL � z â
k=0

¥ H-1Lk z2 k

H1 + 2 kL2 H2 kL !

ShiHzL µ z 1 +
z2

18
+

z4

600
+ ¼ �; Hz ® 0L

ShiHzL � z â
k=0

¥ z2 k

H1 + 2 kL2 H2 kL !

CiHzL µ logHzL + ý -
1

4
z2 1 -

z2

24
+

z4

1080
- ¼ �; Hz ® 0L

CiHzL � logHzL + ý +
1

2
â
k=1

¥ H-1Lk z2 k

k H2 kL !

ChiHzL µ logHzL + ý +
z2

4
1 +

z2

24
+

z4

1080
+ ¼ �; Hz ® 0L

ChiHzL � logHzL + ý +
1

2
â
k=1

¥ z2 k

k H2 kL !
.

Interestingly, closed-form expressions for the truncated version of the Taylor series at the origin can be expressed

through the generalized hypergeometric function pFq, for example:

EΝHzL � F¥Hz, ΝL �; FnHz, ΝL � GH1 - ΝL zΝ-1 - â
k=0

n H-1Lk zk

Hk - Ν + 1L k !
�

GH1 - Ν, zL zΝ-1 +
H-1Ln zn+1

H-n + Ν - 2L Hn + 1L !
 2F2H1, n - Ν + 2; n + 2, n - Ν + 3; -zL í n Î N

EiHzL � F¥HzL �;
FnHzL �

1

2
logHzL - log

1

z
+ ý + z â

k=0

n zk

Hk + 1L2 k !
� EiHzL -

zn+2

Hn + 2L Hn + 2L !
 2F2H1, n + 2; n + 3, n + 3; zL í n Î N

SiHzL � F¥HzL �;
FnHzL � z â

k=0

n H-1Lk z2 k

H2 k + 1L2 H2 kL !
� SiHzL +

H-1Ln z2 n+3

H2 n + 3L2 H2 n + 2L !
2F3 1, n +

3

2
; n + 2, n +

5

2
, n +

5

2
; -

z2

4
í n Î N

CiHzL � F¥HzL �;
FnHzL � logHzL + ý +

1

2
â
k=1

n H-1Lk  z2 k

k H2 kL !
� CiHzL +

H-1Ln z2 n+2

4 Hn + 1L2 H2 n + 1L !
2F3 1, n + 1; n +

3

2
, n + 2, n + 2; -

z2

4
í n Î N .

Asymptotic series expansions
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The asymptotic behavior of the exponential  integrals EΝHzL,  EiHzL,  li HzL,  Si HzL,  Shi HzL,  CiHzL,  and ChiHzL  can be

described by the following formulas (only the main terms of the asymptotic expansions are given):

EΝHzL µ
1

z
 ã-z 1 + O

1

z
�; H z¤ ® ¥L

EiHzL µ
1

2
logHzL - log

1

z
- logH-zL +

1

z
 ãz 1 + O

1

z
�; H z¤ ® ¥L

liHzL µ
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL +
z

logHzL  1 + O
1

logHzL �; H z¤ ® ¥ Þ z ® 0L

SiHzL µ
Π z2

2 z
-

cosHzL
z

 1 + O
1

z2
-

sinHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L

ShiHzL µ -
Π -z2

2 z
+

coshHzL
z

 1 + O
1

z2
+

sinhHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L

CiHzL µ logHzL -
logIz2M

2
+

sinHzL
z

 1 + O
1

z2
-

cosHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L

ChiHzL µ logHzL -
logI-z2M

2
+

sinhHzL
z

 1 + O
1

z2
+

coshHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L.

The previous formulas are valid in any direction of approaching point z to infinity ( z¤ ®¥). In particular cases,

these formulas can be simplified to the following relations:

EΝHzL µ
1

z
 ã-z 1 + O

1

z
�; H z¤ ® ¥L

EiHzL µ
1

z
 ãz 1 + O

1

z
�; H z¤ ® ¥L ß ReHzL > 0

liHzL µ
z

logHzL  1 + O
1

logHzL �; H z¤ ® ¥ Þ z ® 0L ß ReHzL > 0

SiHzL µ
Π

2
-

cosHzL
z

 1 + O
1

z2
-

sinHzL
z2

 1 + O
1

z2
�; Hz ® ¥L

ShiHzL µ
Π ä

2
+

coshHzL
z

 1 + O
1

z2
+

sinhHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L í ArgHzL ¹ -

Π

2

CiHzL µ
sinHzL

z
 1 + O

1

z2
-

cosHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L ì  ArgHzL¤ < Π

ChiHzL µ
sinhHzL

z
 1 + O

1

z2
+

coshHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L ß ReHzL ¹ 0.

Integral representations
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The exponential integrals EΝHzL, EiHzL, Si HzL, and CiHzL can also be represented through the following equivalent

integrals:

EΝHzL � zΝ-1 à
z

¥

t-Ν ã-t  â t �;  ArgHzL¤ < Π

EiHxL � -P à
-x

¥ ã-t

t
 â t �; x Î R

EiHxL � P à
-¥

x ãt

t
 â t �; x Î R

SiHzL �
Π

2
- à

z

¥ sinHtL
t

 â t

CiHzL � -à
z

¥ cosHtL
t

 â t �;  ArgHzL¤ < Π.

The symbol P in the second and third integrals means that these integrals evaluate as the Cauchy principal value of

the singular integral: 

P Ùa

b f HtL
t-x

 â t � limΕ®0 JÙa

x-Ε f HtL
t-x

 â t + Ùx+Ε

b f HtL
t-x

 â tN �; a < x < b.

Transformations

The arguments of the exponential integrals EiHzL,  Si HzL,  Shi HzL,  CiHzL,  and ChiHzL  that contain square roots can

sometimes be simplified:

Ei z2 � EiHzL +
1

2
log

1

z
- logHzL + logH-ä zL + logHä zL +

z2

z
- 1 ShiHzL

Si z2 �
z2

z
 SiHzL

Shi z2 �
z2

z
 ShiHzL

Ci z2 � CiHzL - logHzL + log z2

Chi z2 � ChiHzL - logHzL + log z2 .

Identities

The exponential integral EΝHzL satisfies the following recurrence identities:

EΝHzL �
1

z
 Hã-z - Ν EΝ+1HzLL

http://functions.wolfram.com 13



EΝHzL �
1

Ν - 1
 Hã-z - z EΝ-1HzLL.

All of the preceding formulas can be generalized to the following recurrence identities with a jump of length n:

EΝHzL � H-1Ln HΝLn z-n En+ΝHzL - ã-z â
k=0

n-1 HΝLk H-zL-k-1 �; n Î N

EΝHzL �
zn

H1 - ΝLn

EΝ-nHzL - ã-z â
k=0

n-1 zk

H1 - ΝLk+1

�; n Î N.

Simple representations of derivatives

The derivative of the exponential integral EΝHzL with respect to the variable z has a simple representation through

itself, but with a different parameter:

¶EΝHzL
¶z

� -EΝ-1HzL.
The derivative of the exponential  integral EΝHzL  by its  parameter Ν  can be represented through the regularized

hypergeometric function 2F
�

2:

¶EΝHzL
¶Ν

� zΝ-1 GH1 - ΝL HlogHzL - ΨH1 - ΝLL - GH1 - ΝL2
2F

�
2H1 - Ν, 1 - Ν; 2 - Ν, 2 - Ν; -zL.

The derivatives of the other exponential integrals EiHzL, li HzL, Si HzL, Shi HzL, CiHzL, and ChiHzL have simple representa-

tions through simple elementary functions:

¶EiHzL
¶z

�
ãz

z

¶ liHzL
¶z

�
1

logHzL
¶SiHzL

¶z
�

sinHzL
z

¶ShiHzL
¶z

�
sinhHzL

z

¶CiHzL
¶z

�
cosHzL

z

¶ChiHzL
¶z

�
coshHzL

z
.

The symbolic nth-order derivatives with respect to the variable z of all exponential integrals EΝHzL, EiHzL, li HzL, Si HzL,
Shi HzL, CiHzL, and ChiHzL have the following representations:
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¶n EΝHzL
¶zn

� H-1Ln EΝ-nHzL �; n Î N

¶n liHzL
¶zn

� z1-n â
k=0

n-1 H-1Lk k ! Sn-1
HkL log-k-1HzL �; n Î N+

¶n EiHzL
¶zn

� 2F
�

2H1, 1; 2, 2 - n; zL z1-n + H-1Ln-1 Hn - 1L ! z-n �; n Î N+

¶n SiHzL
¶zn

� 2n-2 Π z1-n
2F

�
3

1

2
, 1;

3

2
, 1 -

n

2
,

3 - n

2
; -

z2

4
�; n Î N

¶n ShiHzL
¶zn

� 2n-2 Π z1-n
2F

�
3

1

2
, 1;

3

2
, 1 -

n

2
,

3 - n

2
;

z2

4
�; n Î N

¶n CiHzL
¶zn

� H-1Ln-1 z-n Hn - 1L ! - 2n-3 Π z2-n
2F

�
3 1, 1; 2,

3 - n

2
, 2 -

n

2
; -

z2

4
�; n Î N+

¶n ChiHzL
¶zn

� H-1Ln-1 z-n Hn - 1L ! + 2n-3 Π z2-n
2F

�
3 1, 1; 2,

3 - n

2
, 2 -

n

2
;

z2

4
�; n Î N+.

Differential equations

The  exponential  integrals  EΝHzL,  EiHzL,  Si HzL,  Shi HzL,  CiHzL,  and  ChiHzL  satisfy  the  following  linear  differential

equations of second or third orders:

z w¢¢HzL + Hz - Ν + 2L w¢HzL + H1 - ΝL wHzL � 0 �; wHzL � c1 EΝHzL + c2

z wH3LHzL + 2 w¢¢HzL - z w¢HzL � 0 �; wHzL � c1 EiHzL + c2 EiH-zL + c3

z wH3LHzL + 2 w¢¢HzL + z w¢HzL � 0 �; wHzL � c1 SiHzL + c2 CiHzL + c3

z wH3LHzL + 2 w¢¢HzL - z w¢HzL � 0 �; wHzL � c1 ShiHzL + c2 ChiHzL + c3,

where c1, c2, and c3 are arbitrary constants.

The logarithmic integral liHzL satisfies the following ordinary second-order nonlinear differential equation:

z w¢¢HzL + w¢HzL2 � 0 �; wHzL � liHzL.
Applications of exponential integrals

Applications of exponential integrals include number theory, quantum field theory, Gibbs phenomena, and solu-

tions of Laplace equations in semiconductor physics.
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